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Abstract In this paper we investigate in detail the applications of the classical Newton-Raphson
method in connection with a space-time finite element discretization scheme for the inviscid

Burgers equation in one dimensional space. The underlying discretization method is the

so-called streamline diffusion method, which combines good stability properties with high
accuracy. The coupled nonlinear algebraic equations thus obtained in each space-time slab

are solved by the generalized Newton-Raphson method. Exploiting the band-structured

properties of the Jacobian matrix, two different algorithms based on the Newton-Raphson
linearization are proposed. In a series of examples, we show that in each time-step a qua-

dratic convergence order is attained when the Newton-Raphson procedure applied to the
corresponding system of nonlinear equations.
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1. Introduction

The Burgers equation as a fundamental and simplest nonlinear scalar hyperbolic partial
differential equation is a canonical model in various fields such as turbulence, acoustics,
shock wave theory, hydrodynamic, and traffic flow [4, 9].

The streamline diffusion method (the SD-method for short) is a general finite-element
method (FEM) and was first introduced by Hughes et al. [10] and [11], in order to cope
with hyperbolic type problems specifically to treat the particular difficulties, like shocks
and boundary layers, numerically. It is based on a least-squares modification of the stan-
dard Galerkin FEM on a general space-time mesh giving added stability without sacrificing
accuracy; the error is of order O(hk+ 1

2 ) for smooth solutions when polynomials of degree
k are used. The mathematical analysis of this method for linear problems, together with
extensions to time-dependent problems using space-time elements, was started by Johnson
et al. [15]. This methodology together with a solid mathematical analysis has now been
successfully applied to various types of practical problems due to its good stability and high
accuracy. Among others, we emphasize in the case of convection-diffusion problems [7],
incompressible and compressible Euler and Navier-Stokes equations [16, 21], second-order
wave equations [14], Vlasov-Poisson-Fokker-Planck system [1] as well as inverse scattering
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problems [2] and (viscous) conservation laws [13, 22] (see also references therein for more
information).

The study of SD-method for hyperbolic conservation laws has been initialized by Johnson
and Szepessy in [17, 18]. Afterwards, the SD-method and its modification, i.e., the shock-
capturing SD-method has been developed rapidly in theory and practice in [19, 22]. In the
shock-capturing variant artificial viscosity is added with the viscosity coefficient depending
locally on the residual and the mesh parameter h.

Two main theoretical results for the basic SD-method applied to Burgers equation was
proven in [17]:

A) If a sequence of finite element solutions converges (as the mesh size h tends to zero)
boundedly a.e. to a function u, then u is an entropy solution of Burgers equation.

B) If the finite element solution stays uniformly bounded, then a subsequence will
converge a.e. to a function u.

Subsequently, in [19] proved that the hypothesis of B) holds for the shock-capturing SD-
method in the case k = 1. Combining the latter result with A), they obtained that a
subsequence of the finite element solutions given by the shock-capturing SD-method with
k = 1 converges to an entropy solution of Burgers equation.

However, in this study as an extension of the work in the above references, we are inter-
ested in the computational aspects behind the basic SD-method for the Burgers equation
that has not yet been considered so far (to the best of our knowledge), rather than the
theoretical counterparts. We will first review some of the theatrical results on this subject
and will then look more closely at the ways one may solve the obtained nonlinear systems
of equations arising from the discretization of Burgers equation by the SD-method. We
will mainly be concerned with the application of the classical Newton-Raphson method in
connection with a space-time finite element basis functions.

More specifically, we shall consider the Burgers equation in one dimensional space, i.e.,
finding a scalar function u(x, t) such that

∂u

∂t
+ u

∂u

∂x
= 0, (x, t) ∈ Ω := R× (0,∞), (1.1a)

with initial condition

u(x, 0) = u0(x), x ∈ R, (1.1b)

where u0(x) is a given real valued function with compact support. Equation (1.1a) is a
nonlinear hyperbolic conservation law ut + f(u)x = 0 with flux function f(u) = u2/2.

It is well-known that even for smooth initial condition u0, the initial boundary value
problem (1.1a)-(1.1b) does not always have a solution in the classical sense, which means a
solution that is continuously differentiable satisfying (1.1a)-(1.1b). Instead, solutions in the
sense of distributions, called integral solutions, or weak solutions, must be considered (see
for instance [6]). To be more precise, let us recall that a function u ∈ L∞(Ω), is a weak
solution of (1.1) if for all test functions ϕ ∈ C∞0 (Ω̄),Ω := R× [0,∞), we have∫

Ω

(
u
∂ϕ

∂t
+
u2

2

∂ϕ

∂x

)
dxdt = −

∫
R
u0(x)ϕ(x, 0)dx. (1.2)

Unfortunately, in the class of weak solutions uniqueness does not hold in general. Therefore
an additional criteria, the so-called entropy admissibility condition has to be satisfied for
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the problem (1.1). We further recall that a weak solution u of ut + f(u)x = 0 is an entropy
solution if the following entropy inequality holds∫

Ω

(
η(u)

∂ϕ

∂t
+ q(u)

∂ϕ

∂x

)
dxdt ≥ 0, (1.3)

for every test function ϕ ∈ C∞0 (Ω) with ϕ ≥ 0 and for all entropy pairs (η, q) with convex
entropy function η and the associated entropy flux q that satisfies the compatibility condi-
tion q′ = η′ · f ′. In the scalar case, every convex function η leads to an entropy pair by
putting q(u) :=

∫
η′(u)f ′(u)du. This specific explicit formulation for the entropy pairs was

used by Kruzhkov [20] to obtain existence, uniqueness and stability of solutions for scalar
conservation laws.

This implies that for the numerical treatments of conservation laws, one needs to devise
suitable algorithms not only to deal with discontinuous solutions but also select those so-
lution that satisfy the entropy condition. As demonstrated in [17], the approximated SD
solution for the Burgers equation has the satisfactory properties, including not only con-
verging to a weak solution in the sense (1.2) but also capturing those weak solutions that
satisfies the entropy condition (1.3). In the other words, they prove that a subsequence of
solutions Uh of a SD-method for the Burgers equation converges almost every where to an
entropy solution u of (1.1) corresponding to the entropy function η = u2/2.

The content of this paper is organized as follows: In Section 2, we construct a space-time
discretization and formulate the streamline diffusion method for the Burgers equation (1.1).
In addition, we introduce some notations that will be used later on. Section 3 is devoted to
the statement and proof of the basic stability estimates, the convergence theorem towards
entropy solutions as well as a priori error estimates for the SD-method for the Burgers equa-
tion in a triple norm. In Section 4, we employ a space-time basis function and describe
the algorithm formulation and practical implementation of the SD-method in detail. Hence,
we briefly discuss the Newton-Raphson procedure to linearize the resulting coupled system
of nonlinear equations in each space-time slab. Based on this linearization, two different
algorithms then are proposed to solve the obtained linear systems. In computational Sec-
tion 5, numerical results obtained by the SD-method, with emphasis on performance of
two proposed algorithms are compared with the exact solutions. We provide conclusions in
Section 7.

2. Space-time discretization

We shall formulate a finite element method for the Burgers equation in (1.1). We shall
use the Galerkin method with piecewise linear basis functions which are continuous in space
and discontinuous in time, i.e. the SD-method. To do this we first introduce some basic
notation.

Let ∆ := {0 = t0 < t1 < . . . < tN = T} be a subdivision of the time interval I :=
(0, T ] into an increasing sequence of discrete time-levels and set In := (tn, tn+1) to be the
corresponding subintervals with time steps kn = tn+1 − tn for n = 0, 1, . . . , N − 1. Next, we
define the corresponding space-time strips or “slabs” as

Sn :=
{

(x, t) : x ∈ R and t ∈ In
}
, n = 0, . . . , N − 1.
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Further, for h > 0 and for n = 1, . . . , N − 1, let Tn
h be quasi-uniform partitions of the

space-time slab Sn into space-time elements K of diameter hK . Note that the partitionings
of two consequent slab Sn and Sn+1 may be chosen differently, but they must satisfy the
standard quasi-uniformity conditions for finite element meshes (cf. [5]). This means that for
each K ∈ Tn

h there is an inscribed sphere in K such that the ratio of the diameter of this
sphere and the hK is bounded below, independently of K and h.

Let now q be a positive integer. By Pq(K) we denote the space of polynomials of degree
less than or equal to q on K ∈ Tn

h . Associated with the slab Sn, we introduce the finite
element space

Un
h =

{
u ∈ H1(Sn) : u

∣∣
K
∈ Pq(K), ∀K ∈ Tn

h

}
,

where H1 denotes the usual Sobolev space of order one. Due to the fact that u0 has compact
support, the solution u has also compact support in R× [0, t] for any t > 0. Thus, we may
define the trial and test function spaces as the subspaces of Un

h by

Vn
h =

{
v ∈ Un

h : v(x, t)→ 0 as |x| → ±∞
}
,

Summing over n, taking all the slabs together we get the function spaces

Vh =

N−1∏
n=0

Vn
h .

Thus, we shall seek an approximate solution Uh ∈ Vh such that for n = 0, 1, ..., N − 1 we
will have that Uh

∣∣
Sn

= Un
h .

We emphasize that a function in Vh is continuous within each Sn, and in particular
continuous in x everywhere. It may be discontinuous in t at discrete time levels tn, i.e.,
across the lines Ln := R × {tn}. Hence a function Uh ∈ Vh has always two values on both
sides of Ln denoted by Un

h,+ and Un
h,−, where

Un
h,+(·) = lim

s−→0+
Uh(·, tn + s), Un

h,−(·) = lim
s−→0−

Uh(·, tn + s).

Therefore, it is natural to introduce the jump terms [Uh] across each time level by defining,
for x > 0 and n = 0, 1, . . . , N − 1,

[Uh](·, tn) =

{
U0
h,+(·) if n = 0

Un
h,+(·)− Un

h,−(·) if n 6= 0.

We shall use the following notation: Given a domain Q, we denote by (·, ·)Q the usual
L2(Q) scalar product, ‖ · ‖ = ‖ · ‖L2(Q) the corresponding L2 norm, and for a positive integer

s, Hs(Q) will denote the usual Sobolev space of functions with square integrable derivative
of order less than or equal s and with the norm ‖ · ‖s,Q. We also write ‖ · ‖∞,Q = ‖ · ‖L∞(Q).

We also write

(u, v)n :=

∫
Sn
uvdxdt, ‖v‖n :=

√
(v, v)n,

〈u, v〉n :=

∫
Ln

u(x, t)v(x, t)dx, |v|n :=
√
〈v, v〉n.
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Furthermore, we use the convention that

(u, v)ΩN
=

N−1∑
n=0

(u, v)n,

where ΩN := R×(0, tN ). In what follows, C and c will denote positive constants, independent
of h, and not necessarily the same at each occurrence, unless explicitly stated otherwise.
Normally if C and c appear in the same chain of estimates, then we shall mean Cc = O(1).

3. The SD-method and the basic stability estimate

Now the SD-method as an discrete approximation to (1.1) can be successively formulated
as follows: Given Un

h,−, for some n ∈ {0, 1, . . . , N − 1}, find Un
h ∈ Vn

h , such that(
Un
h,t + Un

h U
n
h,x, w

n
h + δ(wn

h,t + Un
h w

n
h,x)

)
n

+ 〈Un
h,+, w

n
h,+〉n = 〈Un

h,−, w
n
h,+〉n, (3.1)

where U0
h,− = u0 is the initial data and δ = ch for some appropriately chosen positive

constant c. The system (3.1) is nonlinear in Un
h , which then requires a certain linearization.

For this there are many possibilities, a simple fixed-point iteration or the more sophisticated
Newton method (see Section 5, below).

In order to write the above SD formulation in a compact form suitable for analysis, after
summing over n = 0, . . . , N − 1 we may rewrite (3.1) as follows: Find U ≡ Uh ∈ Vh such
that

B(U,w) = L(w), ∀w ∈ Vh, (3.2)

where

B(U,w) :=
(
Ut + UUx, w + δ(wt + Uwx)

)
ΩN

+

N−1∑
n=0

〈[U ], w+〉n,

and

L(w) := 〈u0, w+〉0.
The stability of the SD-method is a consequence of the coercivity properties of the bilinear
form B in (3.2). The next lemma gives us a basic stability estimate for (3.2) (see also [17]
and [12]):

Lemma 3.1. For U ∈ Vh, and with compactly supported boundary conditions we have

B(U,U) ≥ |||U |||2,
where

|||U |||2 :=
1

2

[
|U−|2N + |U+|20 +

N−1∑
n=1

|[U ]|2n

]
+ δ‖Ut + UUx‖2ΩN

.

Proof: By setting w = U in the definition of B in (3.2) we get

B(U,U) = (Ut + UUx, U)ΩN
+ δ‖Ut + UUx‖2ΩN

+

N−1∑
n=0

〈[U ], U+〉n.
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Applying the integrating by parts for the first term and using the compactly supported
boundary conditions yields

(Ut + UUx, U)ΩN
= (Ut, U)ΩN

.

On the other hand, an easy calculation shows that

(Ut, U)ΩN
=

1

2

[
N∑

n=1

|U−|2n − |U+|20 −
N−1∑
n=1

|U+|2n

]
.

Collecting the terms as

(Ut, U)ΩN
+

N−1∑
n=1

〈[U ], U+〉n + 〈U+, U+〉0 =
1

2

[
|U−|2N + |U+|20 +

N−1∑
n=1

|[U ]|2n

]
,

and putting into the above formula will complete the proof.

Taking w = U in (3.2), utilizing the triple norm defined in Lemma 3.1, and applying the
following form of Young’s inequality

αβ ≤ εα2 +
β2

ε
,

which holds for any real numbers α, β ∈ R and ε > 0, one can easily conclude the following
estimate:

Corollary 3.2. Under the assumptions of Lemma 3.1, the following estimate holds

1

2

[
|U−|2N +

N−1∑
n=1

|[U ]|2n

]
+ δ‖Ut + UUx‖2ΩN

≤ 1

2
|u0|20. (3.3)

To proceed we also use the following estimate for ‖U(t)‖ΩN
for all t > 0, a proof of which

can be found in [17] or [12]:

Lemma 3.3. For any c > 0 and with the compactly supported boundary conditions, we have

for U ∈∏N−1
n=0 H

1(Sn) that

‖U(t)‖2ΩN
≤
[

N∑
n=1

|U−|2n +
1

C
‖Ut + UUx‖2ΩN

]
exp(Ch). (3.4)

With a comparison between equations (3.3) and (3.4), it is not a difficult task to show
that the approximated solutions U ≡ Uh bounded by

‖U(t)‖ΩN
≤ C‖u0‖ΩN

, t > 0. (3.5)

It remains to show that the method (3.1) cannot produce discrete solutions converging to a
nonphysical solution of (1.1). The following theorem proves that if the solutions Uh of (3.1)
converge boundedly almost everywhere to a function u, then u satisfies (1.2) and (1.3) with
η = u2/2; a proof of which can be found in [17]:

Theorem 3.4. Let the solutions Uh of (3.1) converge boundedly a.e. in Ω to a function u
as h tends to zero, so that in particular for h > 0,

‖Uh‖∞,Ω ≤ C.
Then u satisfies (1.2) and (1.3), and thus u is an entropy solution of (1.1).
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3.1. An a priori error estimate for the SD-method. Let us now state without proof a
basic a priori error estimate for the SD-method (3.2); for the exact solution in the Sobolev
space Hk+1, we show that the error is of order O(hk+1/2). The foundation of the proof is
relied on the concepts of Galerkin orthogonality and introducing the linear nodal interpolant
of the exact solution (see [12]).

Theorem 3.5. If Uh ∈ Vh satisfies (3.2) and the exact solution u satisfies (1.1), and further

‖u‖∞,Ω ≤ c,

then there is a constant C such that

|||u− Uh||| ≤ Chk+ 1
2 ‖u‖k+1,Ω. (3.6)

4. The coupled systems of nonlinear equations

To implement the space-time SD-method (3.1) in practice, let {φ1, φ2, · · · , φm} be a
spatial basis for Vn

h . Take {θ1, θ2} as the basis for the space P1 and defined on the interval
In = (tn, tn+1) as

θ1(t) =
tn+1 − t

k
, θ2(t) =

t− tn
k

.

Now, the space-time basis {Ψ11,Ψ12, . . . ,Ψ1m,Ψ21,Ψ22, . . . ,Ψ2m} of Vh can be constructed
as follows:

Ψ11(x, t) = φ1(x)θ1(t),Ψ12(x, t) = φ2(x)θ1(t), . . . ,Ψ1m(x, t) = φm(x)θ1(t),

Ψ21(x, t) = φ1(x)θ2(t),Ψ22(x, t) = φ2(x)θ2(t), . . . ,Ψ2m(x, t) = φm(x)θ2(t).

This means that we use finite element approximation on a space-time slab with the trial
functions which are piecewise polynomials in space and linear in time. Therefore, for (x, t) ∈
Sn, we let

Un
h (x, t) =

m∑
i=1

(
Ψ1i(x, t)Ũ

n
i + Ψ2i(x, t)U

n+1
i

)
, (4.1)

where, the nodal values of u for node i at (tn)+ and (tn+1)− are denoted by Ũn
i and Un+1

i ,
respectively. The test functions for each space-time slab are defined as Ψ1j(x, t) and Ψ2j(x, t)
for j = 1, . . . ,m.

Being the approximate solution on Sn by Un
h as in (4.1), substituting in (3.1), we arrive

at the following systems of nonlinear equations of order 2m:

m∑
i=1

∫
Sn

[
∂Ψ1i

∂t
Ũn
i +

∂Ψ2i

∂t
Un+1
i +

{ m∑
l=1

(Ψ1lŨ
n
l + Ψ2lU

n+1
l )

}(
∂Ψ1i

∂x
Ũn
i +

∂Ψ2i

∂x
Un+1
i

)]

×
[

Ψ1j + δ

(
∂Ψ1j

∂t
+

{ m∑
l=1

(Ψ1lŨ
n
l + Ψ2lU

n+1
l )

}
∂Ψ1j

∂x

)]
dxdt = 0,

(4.2a)
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and

m∑
i=1

∫
Sn

[
∂Ψ1i

∂t
Ũn
i +

∂Ψ2i

∂t
Un+1
i +

{ m∑
l=1

(Ψ1lŨ
n
l + Ψ2lU

n+1
l )

}(
∂Ψ1i

∂x
Ũn
i +

∂Ψ2i

∂x
Un+1
i

)]

×
[

Ψ2j + δ

(
∂Ψ2j

∂t
+

{ m∑
l=1

(Ψ1lŨ
n
l + Ψ2lU

n+1
l )

}
∂Ψ2j

∂x

)]
dxdt

+

m∑
i=1

∫
R
φi(x)φj(x)

(
Ũn
i − Un

i

)
dx = 0,

(4.2b)

for all j = 1, . . . ,m. We emphasize that in the two above equations (4.2), the unknown nodal

values Ũn
i and Un+1

i at the points marked by solid circles in Fig. 1 while the known nodal
values Un

i as given data are indicated by open rectangles in Fig. 1. Let the spatial basis

Figure 1. A uniform mesh of size h and k.

tn

tn+1

t

x

+
Sn

−

−

xi

Un
i

Un+1
i

Ũn
i

h

k

functions φi for i = 1, 2, . . . ,m be the piecewise linear finite elements satisfying φi(xj) = δij
for 1 ≤ i, j ≤ m, i.e.,

φi(x) =


1
h (x− xi−1) x ∈ [xi−1, xi],

1
h (xi+1 − x) x ∈ [xi, xi+1],

0 x /∈ [xi−1, xi+1].

After substituting into equations (4.2), the entries of different kind of matrices MMM,NNN,OOO,
PPP ,QQQ,RRR, SSS,TTT ,UUU , VVV ,XXX,YYY need to be evaluated. Due to the fact that the selected basis
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functions have finite compact support, most elements of these matrices become zero.

mmmij :=

∫
R
φiφjdx =

 ±
h
6 , j = i± 1,

2h
3 , j = i,

0, elsewhere,

nnnij :=

∫
R
φiφi−1φ

′
jdx =

 −
1
6 , j = i− 1,

1
6 , j = i,
0, elsewhere,

oooij :=

∫
R
φ2
iφ
′
jdx =

{
± 1

3 , j = i± 1,
0, elsewhere,

pppij :=

∫
R
φiφi+1φ

′
jdx =

 0, elsewhere,
− 1

6 , j = i,
1
6 , j = i+ 1.

Also we have that

qqqij :=
∫
R φi−1φ

′
iφjdx =


1
3 , j = i− 1,
1
6 , j = i,
0, elsewhere,

rrrij :=
∫
R φ

2
i−1φ

′
iφ
′
jdx = 2

hnnnij ,

sssij :=
∫
R φi−1φiφ

′
iφ
′
jdx = 1

hnnnij , tttij :=
∫
R φiφ

′
iφjdx = − 1

hoooij ,

uuuij :=
∫
R φ

2
iφ
′
iφ
′
jdx =

 −
1

3h , j = i± 1,
2

3h , j = i,
0, elsewhere,

vvvij :=
∫
R φiφ

′
iφi+1φ

′
jdx = − 1

hpppij ,

xxxij :=
∫
R φi+1φ

′
iφjdx =

 0, elsewhere,
− 1

6 , j = i,
− 1

3 , j = i+ 1,
yyyij := 2vvvij .

Further using the fact that we have for i, j = 1, 2∫
In

θi(t)dt =
k

2
,

∫
In

θi(t)θj(t)dt =
k

6
,

∫
In

θ2
i (t)dt =

k

3
,∫

In

θ3
i (t)dt =

k

4
,

∫
In

θ2
i (t)θ2

j (t)dt =
k

30
,

∫
In

θ4
i (t)dt =

k

5
,∫

In

θ2
i (t)θj(t)dt =

k

12
,

∫
In

θ3
i (t)θj(t) =

k

20
,

we can rewrite equations (4.2a)-(4.2b) as a 2m× 2m system of nonlinear equations:

FFF(UUU) = 0, (4.3)

where

FFF :=

[
FFF1

FFF2

]
, UUU :=

[
ŨUUn

UUUn+1

]
.

The unknown solution vectors UUUn+1 and ŨUUn at the discrete time levels (tn+1)− and (tn)+

are defined as follows (see Fig. (1))

UUUn+1 := (Un+1
1 , Un+1

2 , . . . , Un+1
m )T , ŨUUn := (Ũn

1 , Ũ
n
2 , . . . , Ũ

n
m)T .
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Similarly, at each slab Sn the known solution vector UUUn at the time level (tn)− is denoted
by UUUn := (Un

1 , U
n
2 , . . . , U

n
m)T . Looking at equation(4.2b), it is clear that for computing FFF2

at the slab Sn one needs to have UUUn, which is already known from the preceding slab Sn−1.
Obviously this vector at the first time level (t0)− is computed as UUU0 := (u0

1, u
0
2, . . . , u

0
m)T ,

where u0
j = u(xj , t0) = u0(xj) for j = 1, . . . ,m .

Remark 4.1. Alternatively, one can combine UUUn+1 and ŨUUn to construct the components of
the single vector solution as

UUU i =

{
(ŨUUn)i if i odd,

(UUUn+1) i
2

if i even,

or UUU := (Ũn
1 , U

n+1
1 , Ũn

2 , U
n+1
2 , . . . , Ũn

m, U
n+1
m )T , so that we have again (4.3). In this case,

the Jacobian matrix will be utilized in the Newton-Raphson procedure (see 5.4 below) has
no longer a block-wise structure with four tridiagonal submatrices (see Fig. 2), but will be
a matrix with two pentadiagonal subblocks.

To proceed , by defining the following constants

c±1 :=
1

2
± δ

k
, c±2 :=

k

12
± δ

6
, c±3 :=

k

12
± δ

3
, c±4 :=

k

6
± δ

3
, c±5 :=

k

4
± δ

3
, (4.4)

the elements of vectorsFFF1 = FFF1(ŨUUn,UUUn+1) andFFF2 = FFF2(UUUn, ŨUUn,UUUn+1) can more compactly
be expressed. For j = 1, 2, . . . ,m we have

FFF1
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m∑
i=1

{
c−1 mmmij(U
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(4.5)

Similarly, for FFF2
j we have
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n
i ) + (

δ

6
nnnij + c+2 qqqij)Ũ
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n
i+1U

n+1
i +

δk

5
sssijŨ
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(4.6)

In the following, the main task is in the computation of the nonlinear system (4.3). This pro-
cess relied on the Newton-Raphson method to linearize the coupled nonlinear equations (4.3)
so that the computed solution is obtained by iteration in each time-step.

5. Numerical algorithms: Newton-Raphson linearization

To show the advantages of the SD-method (3.1) for the Burgers equation (1.1) numerically,
one needs to solve the nonlinear systems of equations (4.3) in each space-time slab Sn. As
there several schemes for solving systems of nonlinear equations such as (4.3), the methods
based on Newton-Raphson method which we also utilize here, are used much more often in
practice (see [3] for a historical note on the notions, Newton or Newton-Raphson method).
It is known that this method converges quadratically once the approximation is close to the
actual solution of the given nonlinear system.

Let us briefly describe the main idea of the Newton-Raphson method. Given a (con-
tinuously differentiable) function FFF : Rs −→ Rs, the goal is to find the root UUU? ∈ Rs

such that FFF(UUU?) = 0. Suppose UUU0 be some known initial guess for the solution vector UUU?.
Approximating FFF by the linear part of the Taylor series we have

FFF(UUU?) ≈ FFF(UUU0) + JFFF
∣∣
UUU=UUU0

δUUU ,
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where JFFF := dFFF
dUUU denotes the Jacobian matrix and δUUU is a small displacement between UUU?

and UUU0, i.e., δUUU = UUU? −UUU0, which can be found by solving

FFF(UUU0) + JFFF
∣∣
UUU=UUU0

δUUU = 0.

By applying the linearization process repeatedly, one can devise the following iterative
scheme to get closer to the root UUU?, which may be not known in most practical problems:

FFF(UUU (l)) + JFFF
∣∣
UUU=UUU(l)∆UUU = 0, (5.1)

where superscript l is an iteration index and ∆UUU = UUU (l+1)−UUU (l) is the increment. Obviously,
equation (5.1) represents a linear system of equations needs to be solved in each iteration
step l in order to get the increment ∆UUU :[

JFFF
]∣∣
UUU(l)∆UUU = −FFF(UUU (l)). (5.2)

As an iterative procedure, a stopping criterion is required for the convergence. Chosen an
appropriate norm ‖ · ‖ and given the predefined tolerance parameter 0 < tolf � 1, or

0 < tolu � 1, one may use either the condition ‖∆UUU‖ < tolu, or ‖FFF(UUU (l))‖ < tolf to get
the desired accuracy.

Let now come back to our nonlinear system (4.3) and rewrite it as (see Figure. 1)

FFF(UUU) =

[
FFF1(UUU⊕,UUU	)

FFF2(UUU�,UUU⊕,UUU	)

]
= 0 with UUU =

[
UUU⊕
UUU	

]
:=

[
ŨUUn

UUUn+1

]
, UUU� := UUUn. (5.3)

Using Eq. (5.2) we arrive at the representation ∂FFF1

∂UUU⊕
∂FFF1

∂UUU	

∂FFF2

∂UUU⊕
∂FFF2

∂UUU	

 ∣∣∣∣∣
UUU(l)

[
∆∆∆UUU⊕
∆∆∆UUU	

]
= −

[ FFF1(UUU (l))

FFF2(UUU�,UUU (l))

]
, (5.4)

with

UUU (l) :=

[
UUU (l)
⊕

UUU (l)
	

]
, ∆∆∆UUU⊕ := UUU (l+1)

⊕ −UUU (l)
⊕ , ∆∆∆UUU	 := UUU (l+1)

	 −UUU (l)
	 .

The Jacobian matrix in the algorithm of the Newton-Raphson method is a block-tridiagonal
matrix due to choosing the basis function in the finite element method as linear functions.

This implies that all m×m matrices ∂FFFi

∂UUU⊕ and ∂FFFi

∂UUU	 for i = 1, 2 are tridiagonal matrices. For

m = 19, the sparsity pattern of the Jacobian matrix is plotted in Figure. 2.
The system (5.4) can be solved in one single step or by taking into account the band-

structured properties of the matrices ∂FFFi

∂UUU⊕ ,
∂FFFi

∂UUU	 (see [8]). Solving the first equation in (5.4)

for ∆∆∆UUU⊕ we obtain that

∆∆∆UUU⊕ = −
[
∂FFF1

∂UUU⊕

∣∣∣∣∣
UUU(l)

]−1(
FFF1(UUU (l)) +

[
∂FFF1

∂UUU	

∣∣∣∣∣
UUU(l)

]
∆∆∆UUU	

)
=: GGG1(∆∆∆UUU	,UUU (l)). (5.5)

In order to obtain the increment ∆∆∆UUU	, after inserting the former relation into the second
equation in (5.4), one needs to solve

GGG2(UUU (l))∆∆∆UUU⊕ = GGG3(UUU�,UUU (l)), (5.6)
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Figure 2. The sparsity structure of Jacobian matrix for m = 19.

0 5 10 15 20 25 30 35

0

10

20

30

nz = 220

where,

GGG2(UUU (l)) :=

 ∂FFF2

∂UUU	

∣∣∣∣∣
UUU(l)

− ∂FFF2

∂UUU⊕

∣∣∣∣∣
UUU(l)

[
∂FFF1

∂UUU⊕

∣∣∣∣∣
UUU(l)

]−1
∂FFF2

∂UUU	

∣∣∣∣∣
UUU(l)

 ,

GGG3(UUU�,UUU (l)) := −FFF2(UUU�,UUU (l)) +
∂FFF2

∂UUU⊕

∣∣∣∣∣
UUU(l)

[
∂FFF1

∂UUU⊕

∣∣∣∣∣
UUU(l)

]−1

FFF1(UUU (l)).

To summarize, the first Algorithm 1 will use the above described Newton-Raphson procedure
in each time step tn+1 for n = 0, . . . , N − 1 to solve the nonlinear system (5.2). Algorithm
start at the slab S0 with the solution vector UUU0 computed as the initial condition at grid
points. Hence the solution vectors UUU1,UUU2, . . . ,UUUN are computed iteratively by means of the
Newton-Raphson algorithm.

We emphasize, the difference between two vectors UUU� and UUU (0) as the initial guesses in
Algorithm 1. The vector UUU (0) (in line 4) is taken as zero in all time levels tn for n = 1, . . . , N
before the computations involved in the Newton-Raphson procedure (lines 5-9). On the
contrary, the vector UUU� in each time step tn, is initialized by the approximated solution at
the previous time step tn−1 and mainly utilized in the evaluation of the vectorFFF2 (see (4.6)).
In the first initialization, i.e., at t0 = 0, it is exact and is taken as UUU0 while will be updated
in the all subsequent initializations.

The computation of the inverse matrix [ ∂FFF
1

∂UUU⊕

∣∣
UUU(l) ]

−1 in the formula (5.5) and (5.6) may

be inefficient. Instead by defining the quantities [8]

ZZZ1 :=

[
∂FFF1

∂UUU⊕

∣∣∣∣∣
UUU(l)

]−1

· ∂FFF
1

∂UUU	

∣∣∣∣∣
UUU(l)

, ZZZ2 :=

[
∂FFF1

∂UUU⊕

∣∣∣∣∣
UUU(l)

]−1

· FFF1(UUU (l)),

one can solve the the system of linear equations (5.4) with several right hand sides

∂FFF1

∂UUU⊕

∣∣∣
UUU(l)
· [ZZZ1 | ZZZ2] =

[
∂FFF1

∂UUU	

∣∣∣
UUU(l)
| FFF1(UUU (1))

]
. (5.7)

Therefore, Algorithm 2 as an modification of the previous Algorithm 1, will compute the
solution of nonlinear system 5.2 without using any direct matrix inversion. In the following
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1 function NewtonI (h, δ, k,UUU0,MMM,NNN,OOO,PPP ,QQQ,RRR,SSS,TTT ,XXX,YYY );

Input : The mesh parameters h, δ, k, the initial solution vector UUU0, and the
nonzero entries of tridiagonal matrices MMM,NNN,OOO,PPP ,QQQ,RRR,SSS,TTT ,XXX,YYY .

Output: Discrete solution vectors UUUn+1, 0 ≤ n ≤ N − 1.
2 UUU� ←UUU0 = (u0

1, u
0
2, . . . , u

0
m)T ;

3 for i← 1 to N − 1 do

4 UUU (0) =

[
UUU (0)
	

UUU (0)
⊕

]
← 0;

5 repeat l = 0, 1, . . .
6 Solve GGG2(UUU (l))∆∆∆UUU	 = GGG3(UUU�,UUU (l));  ∆∆∆UUU	
7 ∆∆∆UUU⊕ ←GGG1(∆∆∆UUU	,UUU (l));

8 Update UUU (l+1) ←UUU (l) +

[
∆∆∆UUU⊕
∆∆∆UUU	

]
;

9 until convergence criteria is fulfilled ;

10 UUU� ←UUU (l+1)
	 ;

11 end

Algorithm 1: Newton-Raphson scheme for solving the coupled nonlinear system of
equations.

numerical part, we will test and compare the performance and efficiency of Algorithm 1 and
Algorithm 2.

6. Numerical experiments

In this section, we present some results of computations using the SD-method described
in the preceding sections to test its accuracy and efficiency when applied to the Burgers
equation with emphasizing on the performance of two proposed Algorithms 1 and 2. We
solve this problem using the SD-method on uniform meshes with the mesh width h :=
∆x = 2a/N obtained by partitioning the domain [−a, a], a ∈ R into N subintervals with
N = 25, 50, 100, 200, 400, 800, 1600, and using the space P1×P1, i.e., with the basis functions
continuous piecewise linear in space and discontinuous piecewise constant in time defined
in (4.1). The time interval [0, T ] is divided into nt = dTk e small time-step k := ∆t. Here, to
ensure the CFL condition, the time-step is taken as k/h = 0.5. Moreover, for the inviscid
Burgers equation, by Ts we denote the time at which the characteristics cross and a shock
forms. This “breaking” time, can be determined exactly as Ts = −1

minu′0(x) .

To measure the accuracy of the numerical algorithms, we compute the difference between
the analytic and numerical solutions. For this purpose, we calculate the discrete L∗-norm
error, i.e., ‖eh‖∗ = ‖Uh−uexact‖∗, where ∗ stands for L1, L2 or L∞ norm. The relative error
norms of numerical solutions Uh are defined by

E∗,h =
‖eh‖∗
‖uexact‖∗

.
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1 function NewtonII (h, δ, k,UUU0,MMM,NNN,OOO,PPP ,QQQ,RRR,SSS,TTT ,XXX,YYY );

Input : The mesh parameters h, δ, k, the initial solution vector UUU0, and the
nonzero entries of tridiagonal matrices MMM,NNN,OOO,PPP ,QQQ,RRR,SSS,TTT ,XXX,YYY .

Output: Discrete solution vectors UUUn+1, 0 ≤ n ≤ N − 1.
2 UUU� ←UUU0 = (u0

1, u
0
2, . . . , u

0
m)T ;

3 for i← 1 to N − 1 do

4 UUU (0) =

[
UUU (0)
	

UUU (0)
⊕

]
← 0;

5 repeat l = 0, 1, . . .

6 Solve ∂FFF1

∂UUU⊕

∣∣
UUU(l) · [ZZZ1 | ZZZ2] =

[
∂FFF1

∂UUU	

∣∣
UUU(l) | FFF1(UUU (1))

]
;  ZZZ1,ZZZ2

7 GGG2(UUU (l))← ∂FFF2

∂UUU	

∣∣
UUU(l) − ∂FFF2

∂UUU⊕

∣∣
UUU(l) ·ZZZ1;

8 GGG3(UUU�,UUU (l))← −FFF2(UUU�,UUU (l)) + ∂FFF2

∂UUU⊕

∣∣
UUU(l) ·ZZZ2 · FFF1(UUU (l));

9 Solve GGG2(UUU (l))∆∆∆UUU	 = GGG3(UUU�,UUU (l));  ∆∆∆UUU	
10 ∆∆∆UUU⊕ ← −ZZZ1 −ZZZ2 ·∆∆∆UUU	;

11 Update UUU (l+1) ←UUU (l) +

[
∆∆∆UUU⊕
∆∆∆UUU	

]
;

12 until convergence criteria is fulfilled ;

13 UUU� ←UUU (l+1)
	 ;

14 end

Algorithm 2: A modified Newton-Raphson scheme for solving the coupled nonlinear
system of equations.

Moreover, we compute the order of convergence rate of the SD-scheme through defining the

convergence ratio r = ‖eh‖∗
‖eh/2‖∗

and then calculating log2(r).

The convergence (stopping) criterion used in Algorithms 1 and 2 is in the form∥∥∥FFF(UUU (l))
∥∥∥

2
< tolf ,

where the predefined tolerance tolf is taken by default as 10−4. However, for comparison
we may consider different values for tolf ranging from 10−4 to εM as the machine precision.

In addition, the starting point UUU (0) in all time-steps is taken as a zero vector. All methods
were implemented in Matlab and run on a personal laptop computer. On our system εM =
2.22× 10−16 in double precision.

Example 6.1. We first consider the inviscid Burgers equation (1.1) with the continuous
initial profile given by

u0(x) = exp(−16x2),

which is a smooth Gaussian pulse function centered at x = 0. The computational domain
is [−1, 1] and final time is T = 0.5. The corresponding exact solution develops a shock at

time Ts =
√
exp(1)/32 ≈ 0.2915.
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First, for a fixed mesh size ∆x = 0.01 we plot the numerical solutions as well as the
exact solutions at different times t = ∆t, 10∆t, 20∆t, . . . , 90∆t, and t = 100∆t using the
SD-method with δ = h and δ = 0 in Fig. 3. Note that choosing the SD parameter δ = 0
corresponds to the standard Galerkin method. From Fig. 3 one can observe that both the
SD and Galerkin mehtods work well and the computed results are in excellent agreement
with the exact solutions before the shock formation time Ts. However, at the presence of the
discontinuity it is evident that for δ = 0, the Galerkin method does not work well and often
produces widely oscillatory solutions. On the other hand, for δ = h, the SD-method adds
a numerical diffusion in the direction of the streamline to suppress oscillation. Of course,
one must take care of selecting the parameter δ as an appropriate multiple of mesh size h
to have more accurate results (see also [17] ).

Figure 3. Numerical (dashed lines) and exact (solid lines) solutions of the
Burgers equation correspond to Example 6.1 with the SD parameters δ = h
(left) and δ = 0 (right) at different times t = s∆t, s = 1, 10, 20, . . . , 100.

−1

−0.5

0

0.5

1

0.005

0.05

0.1

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.5

0

0.5

1

x-ax
is

T
im
e
(s)

−1

−0.5

0

0.5

1

0.005

0.05

0.1

0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.5

0

0.5

1

x-ax
is

T
im
e
(s)

In the next figure, we use different number of spatial elements N = 25, 50, . . . , 1600, and
measure the relative errors in the various norms L1, L2, and L∞. These results that evaluated
at time t = 0.25 (< Ts) are visualized in Figure. 4, left. Furthermore, the corresponding
convergence rates are reported in the same Figure. 4, right, for a fixed degree of polynomials
(k = 1) while the mesh size h is decreased. The numerical experiments shown in Figure. 4
indicate that achieving an order (k + 1/2) or even an (optimal) order (k + 1) of accuracy is
possible, if one uses the SD-method with polynomials of degrees of k, here k = 1.

In order to compare the performance of Algorithm 1 with Algorithm 2, we investigate
the number of Newton-Raphson iterations required by them with respect to the attainable
accuracy. Let us fix a mesh size h = 0.02. Thus our time-step becomes k = 0.01 and
therefore we have nt = 50 number of time-step. The two next figures show not only the
required total number of iterations (left plot), but also present the corresponding L2-norm
of ‖FFF(UUU (l))‖2 < tolf in the log scale (right plot), in each time-step number 1 ≤ l ≤ nt.
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Figure 4. Relative L1, L2, and L∞-errors (left) and the corresponding
convergence rates (right) evaluated at time t = 0.25 for different N .
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Three values of tolerance are taken as tolf = 10−4, 10−8, 10−16. A comparison between

Figure 5. Number of iterations (left) and the corresponding reached ac-
curacies (right) versus the number of time-steps in Algorithm 1 for different
tolerance tolf = 10−4, 10−8, 10−16 for Example 6.1 with δ = h = 0.02.
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Figure. 5 and Figure. 6, it may well turn out that Algorithm 1 is superior to Algorithm 2 for
the SD-method applied to the Burgers equation with the initial data given in Example 6.1.
In average, the number of iterations obtained by Algorithm 1 during nt = 50 time-steps
correspond to tolf = 10−4, 10−8, 10−16 are 3.38, 4.62, and 5.70, while in the same situation
by Algorithm 2 these values are 32.50, 77.78, and 186.68 respectively. On the other hand,
the iteration sequence obtained by Algorithm 1, shows a quadratic convergence as expected
in the Newton-Raphson procedure. This means that the norm of ‖FFF(UUU (l))‖2 goes down
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Figure 6. Number of iterations (left) and the corresponding reached ac-
curacies (right) versus the number of time-steps in Algorithm 2 for different
tolerance tolf = 10−4, 10−8, 10−16 for Example 6.1 with δ = h = 0.02.
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from 10−4 in iteration numbers 3, 4 to 10−8 in iteration numbers 4, 5 and 10−16 in iteration
numbers 5, 6. In other words, the number of significant digits of accuracy doubles with
every iteration. The former fact is not hold for the results achieved by Algorithm 2 and
one observes an exponential growth in the number of iterations once we reach the desired
accuracies, as indicated in Figure. 6. In the case of Galerkin method (δ = 0), a moderate
number of iterations will be needed by Algorithm 2 as illustrated in Figure. 7, but by
exploiting Algorithm 1 the number of iterations remains the same as in the case δ = h.

Example 6.2. As the second test case, we consider the inviscid Burgers equation (1.1) with
piecewise continuous initial data u0(x) defined as

u0(x) =

 0, |x| ≥ 1/4,
1/2 + 2x, −1/4 < x ≤ 0,
1/2− 2x, 0 < x ≤ 1/4.

The exact solution which develops a shock at x = 1/4 and Ts = 1/2 is given by

u(x, t < Ts) =


0, |x| ≥ 1

4 ,
1
2 + 2x

1 + 2t
, − 1

4 < x < t
2 ,

1
2 − 2x

1− 2t
, t

2 < x < 1
4 ,

u(x, t ≥ Ts) =


0, x < − 1

4 or x > xs(t),
1
2 + 2x

1 + 2t
, − 1

4 < x < t
2 ,

where xs(t) = −1+
√

2+4t
4 . Our spatial domain is restricted to [−0.5, 0.5] and T = 0.6.
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Figure 7. Number of iterations versus the number of time-steps in Algo-
rithms 1 and 2 for different tolerance tolf = 10−4, 10−8, 10−16 for Exam-
ple 6.1 with h = 0.02 and δ = 0.
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In this example, we take ∆x = 0.02 and tolf = 10−8. Based on these assumptions, we
depict the numerical and exact solutions at different times t = ∆t, 6∆t, 12∆t, . . . , 54∆t, and
t = T in Figure. 8. We use the SD-method via Algorithm 1 with parameter δ = h.

Looking at Figure. 8, one can observe that the approximated solutions obtained with the
SD-method is almost perfectly aligned with the exact solutions before the shock formation
time. However, after time Ts a slightly oscillation can be seen in the proximity of steep
gradients.

Similarly, we will investigate in detail the behavior of Algorithm 1 for the second test
case. For δ = h = 0.02 and using tolf = 10−4, 10−8, 10−16, the number of iterations l

needed in each time-step as well as the corresponding L2-norm of ‖FFF(UUU (l))‖2 are visualized
in Figure. 9. Under the same assumptions, the minimum and maximum number of iterations
required by Algorithm 2 correspond to tolf = 10−4, 10−8, 10−16 are 26 − 27, 69 − 71, and
153 − 157 respectively. Obviously, the experiments in Figure. 9 show that the order of
convergence of the Newton-Raphson in Algorithm 1 is equal to 2, whereas the modified
version of Algorithm 1, i.e., Algorithm 2 fails to provide a quadratic convergence. Finally
for the this example, we examine the behavior of relative errors in the L1, L2, and L∞ norms
with respect to varying the spatial mesh size h. The corresponding convergence rates are
also obtained and represented in Figure. 10. These results that are evaluated at time t = 0.4
show that the order of convergence of the SD-method in the L1-norm is at least 3

2 , which
justified the theatrical results (see Theorem 3.5).

Example 6.3. The third test case, we propose for Burgers equation, is the propagation
of initial square wave in different directions. This test case contains both expansion of
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Figure 8. Numerical (dashed lines) and exact (solid lines) solutions of
the Burgers equation correspond to Example 6.2 with the SD parameters
δ = h = 0.02 at different times t = s∆t, s = 1, 6, 12, . . . , 60.
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Figure 9. Number of iterations (left) and the corresponding reached ac-
curacies (right) versus the number of time-steps in Algorithm 1 for different
tolerance tolf = 10−4, 10−8, 10−16 for Example 6.2 with δ = h = 0.02.

1 10 20 30 40 50 60
2

3

4

5

6

7

No. of Time-Steps (nt)

N
o.

of
It
er
at
io
n
s

tolf = 10−4

tolf = 10−8

tolf = 10−16

1 10 20 30 40 50 60

10−4

10−6

10−8

10−10

10−12

10−14

10−16

10−18

No. of Time-Steps (nt)

‖FF F
(UU U

(l
) )
‖ 2

discontinuities and collision of shocks. The initial state is given as

u0(x) =

{
−1, |x| ≤ 1/2,
0, otherwise,
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Figure 10. Relative L1, L2, and L∞-errors (left) and the corresponding
convergence rates (right) evaluated at time t = 0.4 for different N .

2
25

1
25

1
50

1
100

1
200

1
400

1
800

10−6

10−5

10−4

10−3

10−2

10−1

100

mesh sizes (h)

R
el
a
ti
v
e-
E
rr
o
rs

L1-Error

L2-Error

L∞-Error

1
25

1
50

1
100

1
200

1
400

1
800

0.5

1

1.5

2

mesh sizes (h)

C
o
n
v
er
g
en

ce
-R

a
te
s

which is obviously discontinuous. The corresponding exact (weak) solution has a rarefaction
wave centered at x = 1/2 and develops a shock first at x = −1/2 and t = 0, is given by

u(x, t < Tc) =


0, x < − t

2 − 1
2 ,

−1, − t
2 − 1

2 < x < −t+ 1
2 ,

x− 1
2

t
, −t+ 1

2 < x < 1
2 ,

0, x > 1
2 ,

where Tc = 2 is the time at which the left side of the rarefaction wave collides the shock at
x = −3/2. After this time, the second shock will be produced and therefore the solution
takes the form

u(x, t ≥ Tc) =


0, x < xs(t) or x > 1

2 ,

x− 1
2

t
, xs(t) < x < 1

2 ,

where xs(t) = 1
2 −
√

2t. The computational domain is taken as [−2, 1] and the final time for
computations is T = 2.5.

Below we give the numerical experiments performed by Algorithm 1 using again with
∆x = 0.02 and tolf = 10−4. The results are represented in Figure. 11 computed after
1, 25, 50, . . . , 225, and 250 time-steps with δ = h. The numerical solutions are expressed
as the dashed lines while the exact counterparts by the solid lines. The empirical results
in Figure. 11 show that the SD-method exhibits a solution with small oscillations at the
leading and trailing edges of the discontinuities, but not elsewhere. Furthermore, for a
comparison we illustrate the SD-method associated with δ = 0 after 1, 75, 175, and 250
time-steps in Figure. 12. From this figure, it is evident that the Galerkin method is unstable
for a discontinuous problem.
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Figure 11. Numerical (dashed lines) and exact (solid lines) solutions of
the Burgers equation correspond to Example 6.3 with the SD parameters
δ = h = 0.02 at different times t = s∆t, s = 1, 25, 50 . . . , 225, 250.
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To proceed, we investigate also the performance of Algorithm 1 for computing the approx-
imated SD solutions for the Burgers equation subject to the initial condition in Example 6.3.
We take δ = h = 0.02 with tolerance ranges from tolf = 10−4 to tolf = 10−16. Since
∆t = 0.001, we need to calculate the solution in nt = 250 time-steps. The number of itera-
tions in each time level is plotted in Figure. 13, left. The right plot in Figure. 13 exhibits the
norm ‖FFF(UUU (l))‖2 corresponds to each time level at iteration number l in which the stopping
convergence criteria is fulfilled. The obtained results in the Figure. 13 indicate that con-
vergence are obtained within 6 iterations. Analogous calculations by means of Algorithm 2
for different tolf = 10−4, 10−8, 10−16 reveal that the number of iterations needed is signifi-
cantly large rather than Algorithm 1. For tolf = 10−4, it ranges from 33 to 36 while from
78 up to 101 iterations required for the case tolf = 10−8. The corresponding values for
tolf = 10−16 are 190 and 252.

We conclude our numerical section with a comparison between the SD scheme and Lax-
Friedrichs finite difference method as well as Godunov scheme. For the last example, we give
the results at the corresponding time levels obtained by these methods with ∆x = 0.02 and
for the value 0.5 of the CFL number. Figure. 14 displays the numerical solutions at times
t = 1 and t = 2, at which the second shock forms. It seems that the Godunov scheme works
better near the discontinuity and gives very smeared solutions, however, it is a first-order
accurate procedure.
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Figure 12. Numerical and exact solutions of the Burgers equation corre-
spond to Example 6.3 with the SD parameters δ = 0 and h = 0.02 at times
t = ∆t, 75∆t (top), t = 175∆t, T (bottom).
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Figure 13. Number of iterations (left) and the corresponding reached ac-
curacies (right) versus the number of time-steps in Algorithm 1 for different
tolerance tolf = 10−4, 10−8, 10−16 for Example 6.3 with δ = h = 0.02.
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Figure 14. Numerical and exact solutions of the Burgers equation corre-
spond to Example 6.3 with the Lax-Friedrichs, Godunov, and SD methods
after 100 (left) and 200 (right) time-steps.
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7. Conclusions

In this work, we have reviewed some fundamental aspects of the SD-method for the in-
viscid Burgers equation. In particular, we have investigated with a detailed description the
performance of the Newton-Raphson method in connection with a space-time finite element
basis functions. Based on the block-tridiagonal property of the Jacobian matrix, two dif-
ferent algorithms NewtonI and NewtonII are devised to iteratively solve the corresponding
coupled system of nonlinear equations in each time level. While the first algorithm exploits
the inversion procedure, the second one is free of inversion. Our numerical experiments show
that the first Algorithm 1 is superior in terms of the number of iterations (and consequently
execution time) for different mesh sizes. This means that by utilizing Algorithm 2 which
is based on the Newton-Raphson scheme, a good accuracy is obtained in only few itera-
tions. To summarize, it can be concluded that the approximated solutions obtained with
the SD-method (δ = h) through Algorithm 1 is almost in good agreement with the exact
solutions whereas the Galerkin method (δ = 0) fails to provide reasonably accurate results,
particularly in the proximity of the discontinuity.
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