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1. INTRODUCTION

Fractional calculus and fractional differential equations are commonly used in most
areas of science, including mathematics, chemistry, physics, and engineering [1, 2, 5].
Many researchers have used fractional calculus to model the nonlinear oscillation of
earthquakes [17], fluid dynamics for traffic flow [18], frequency-dependent damping
behavior of viscoelastic materials [2], signal processing [27], and control theory [5].
This increase in applications have led to schemes being proposed to solve fractional
differential equations. The most frequently used methods are Adomian decomposition
method (ADM)[25], Homotopy Perturbation Method (HPM)[13], homotopy analysis
method[16], and Variational Iteration Method (VIM)[12]. Moreover, the operational
matrices of fractional order integration for Haar wavelets [9, 22, 29] have been de-
veloped to solve fractional differential equations. In the last two decades, the use
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of wavelets for solving fractional differential equations has increased. Of these ap-
proaches, Haar wavelets have been more concerned with their simple nature . The
matrix of the integral operator was first obtained by Chen and Hsiao [8]. As a branch
of mathematical physics, fluid dynamics and astrophysics, it examines singular non-
linear partial differential equations. In fact, these equations have been used to model
phenomena in these three fields. Examples of nonlinear singular equations include the
equation of motion of a point mass in a central force field, the generalized equation
of conventional current flow, Navier-Stokes cylindrical and spherical equation and
hydrodynamic equations of cylindrical and spherical fluid instability. Despite their
importance, singular nonlinear partial differential equations (PDEs) are difficult to
solve [10, 11, 33]. These equations have recently been solved using methods such as
ADM [14, 32], modified HPM (MHPM) [30], HPM [13], and MDM [11]. Nevertheless,
a literature survey makes it clear that the Haar and second-kind Chebyshev wavelets
collocation methods are never attempted when solving singular nonlinear PDEs. The
goal of the current research is to solve a class of singular nonlinear differential equa-
tions using the Haar and second-kind Chebyshev wavelets collocation methods in
combination with the Picard technique. The Picard technique was used to convert a
fractional nonlinear singular equation into a system of linear equations to obtain an
approximate solution using the Haar and second-kind Chebyshev wavelets collocation
methods.
The model is:
o B
O a() 0 dayu? = (o), (1)

0<a<l 1<p<L2, p>1,
with initial and boundary conditions,
u(z,0) =gi1(x), 0<x<1.
u(0,t) = Y1(¢), u(1,t) = Ya(t), t e 0,1],
such that a(x) or d(xr) maybe have singularity at the point x = 0, %C;'j donates
the Caputo fractional derivative to time and gi(z), Y1(t), Ya(t), f(z,t) are the given
functions. It must be noticed that till now, no one has attempted the wavelets (Haar

and Chebyshev) collocation Picard methods on solving fractional singular nonlinear
partial differential equations.

2. WAVELETS AND OPERATIONAL MATRIX OF GENERAL ORDER INTEGRATION

2.1. Haar wavelet and operational matrix of general order integration. The
Ith Haar wavelet h;(z),z € [0,1) is defined as

{ 1 a(l) < t < b(l)

hi(z) =4 —1 b(l) <t<c(l) (2.1)

0 otherwise,

where a(l) = %,b(l) = %,c(l) = %,l =2 4+k+1,=0,1,2,3,...,J are dilation
parameters, m = 2/ and k = 0,1, 2,...27 —1 are translation parameters. When k = 0,
j =0, we have [ = 2, which is the minimal value of [, and the maximal value of [ is

2M where M = 27, J is maximal level of resolution. For the uniform Haar wavelet,

(e
BE
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the wavelet-collocation method is applied. The collocation points for uniform Haar
wavelets are usually taken as z; = ]2_1\04'5,]' =1,2,3,...,2M.
The Riemann-Liouville fractional integral of the Haar scaling function and the

Haar wavelets are given as [28]

1 xr
Par@) = I9)hi(x) = F(a)/(l)(x — 9" lds, a>0 (2.2)

P,i(z) = IZhi(x)

. ff(z)(x — 5)*~Lds, a(i) < < b(i)

b(% a— T a— . .

= T fa((z)) (x —s)* tds — fb(i)(x —5)> s, b(i) <z < (i)

fb(.z) (x —s)* tds — fbc((;))(x —5)* s, c(i) <a.

0

Each function y € L3[0, 1] can be expressed in terms of the Haar wavelets as
y(x) = > bil(w),
=1

where b;’s are the Haar wavelets coefficients given by b; = fol y(x)hy(x)dx.
The function y(x) can be approximated by the truncated Haar wavelets series:

y(@) % ym(x) =D bilu(x). (2.3)
=1

where | =29 +k+1,7=0,1,...,J,k=0,1,...27 —1.
In order to find the numerical approximation of a function, we put the Haar into a

discrete form. For this purpose, we utilized the collocation method. The collocation
points for the Haar wavelets are taken as z.(i) = 1;}\)/1‘5, where i = 1,2,...2M. Each

function of two variables u(z,t) € La([a,b] x [a,b]) can be approximated as

u(w,t) = Y Y eihu(a)hi(t) = H (z)CH(1),

1=1 i=1
where C is a m x m coefficients matrix which can be determined by the inner product
cri = (hu(), (u(z, t), hi(t))).
Taking the collocation points as x(i) =
Haar matrix as

1;72_5 where i = 1,2,...,m, we define the

ha(ze(1))  ha(ze(2)) ha(zc(m))
Hm><m - . . .
b (2c(1))  hm(2(2)) .. h(xc(m))
We can represent Eq. (2.3) in vector form as y = cH, where ¢ = [c1,¢a,. .., cm]T.
The Haar coefficients b; can be determined by matrix inversion
b=yH !, (2.4)

where H ! is the inverse of H. Eq. (2.4) gives the Haar coefficients b; which are used
in Eq. (2.3) to get the solution y(x). Similarly, we can obtain the fractional order
(&)
EE
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integration matrix P of Haar functions by substituting the collocation points in Eq.
(2.2) P(l,i) = pa,i(zc(i))), as

pr(ze(1))  pa(ze(2)) pi(ze(m))

i p2(xc 1)) pg(xc(Q)) p2<xc m))

Porrxon = : : N :
pr(@e(1)) Pm(@e(2) .. pm(e(m))

For instance, with a = 0.25, J = 2 (m = 8), we get the Haar wavelets operational
matrix of fractional integration

HPgys =

0.5516  0.7259 0.8248 0.8972 0.9554 1.0046 1.0474 1.0856

0.5516  0.7259 0.8248 0.8972 —0.1478 —0.4473 —0.60239 —0.7089

0.5516  0.7259 —0.2783 —0.5547 —0.14267 —-0.0639 —0.0385 —0.0263
0 0 0 0 0.5516 0.7259 —0.2783 —0.5547

0.5516 —0.3772 —0.0754 —-0.0265 —0.0142 —0.0090 —0.0063 —0.0046
0 0 0.5516 —-0.3772 —0.0754 —0.0265 —0.01420 —0.0090
0 0 0 0 0.5516 —0.3772 —-0.0754 —0.0265
0 0 0 0 0 0 0.5516 —0.3772

We derive another operational matrix of fractional integration to solve the frac-
tional boundary value problems. Let ¢ > 0 and z : [0,¢(] — R be a continuous function
and assume that Haar function has [0, {] as compact support, then

¢
A (Q) = 2(a) [(C = 9)%ds, v = 2(2)Co (2:5)

and
b(l) a(l)
ADGHQ) = 2o [ (¢=9) s [ (¢=9)" ), v = (@) Cos, (20)
a(l) 0

where Ca1 = rrys Caont = raery | (€ = (D) = 2(C = b(@) + (¢ = e(i)?].
In particular, for { =1, 2(z) =z, = 1.25,m = 8, we get

Hy/1.25.2,1 _
8x8 =
0.8826 0.8826 0.8826 0.8826 0.8826 0.8826 0.8826 0.8826
0.1404 0.1404 0.1404 0.1404 0.1404 0.1404 0.1404 0.1404
0.0216 0.0216 0.0216 0.0216 0.0216 0.0216 0.0216 0.0216
0.0590 0.0590 0.0590 0.0590 0.0590 0.0590 0.0590 0.0590
0.0047 0.0047 0.0047 0.0047 0.0047 0.0047 0.0047 0.0047
0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061 0.0061
0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091 0.0091
0.0248 0.0248 0.0248 0.0248 0.0248 0.0248 0.0248 0.0248

ee—
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2.2. Second-kind Chebyshev wavelets and operational matrix of general or-
der integration. The second-kind Chebyshev wavelets ¢, () = ¥(k, n, m,t) have
four arguments k, m, n, t, which k can assume any positive integer, n = 1,2,3,...,2F 1
, m is the degree of the second-kind Chebyshev polynomials and ¢ is the normalized
time. They are defined on the interval [0,1) as

k _
bnm(t) = { " R T (27)

otherwise.

U, (t)’s are the second-kind Chebyshev polynomials of degree m which are orthogonal
with respect to the weight function w(t) = v/1 — t? on the interval [—1, 1] and satisfy
the following recursive formula

Us(t) =1, Uy(t) =2t
Uni1(t) = 2tUp(t) — Up1(t), m=1,2,3,....

The weight function @(t) = w(2t — 1) has to be dilated and translated as w,(t) =
w(2¥t — 2n 4+ 1). A function f(z) € Lo(R) defined over [0,1) can be expanded by the
second-kind Chebyshev wavelets as

f(‘T) = Z Z Cn,m"/’n,m(x)a (2.8)

n=1m=1
where

Cnm = <f($)a¢n,m($)>
If the infinite series in Eq.(2.8) is truncated, then

2k~ M —1
flz) = Z Z CnmWnm (@) = CT\II(m), (2.9)

n=1 m=0
which the coefficients vector C' and the second kind Chebyshev wavelet function vec-
tors W(x) are m = 2¥~1M column vectors. For simplicity, we rewrite Eq. (2.9) as

’
m

fla) =} eibi = CTW(@), (2.10)

where ¢; = Cpm, ¥i(t) = Ypm(t). The index i can be determined by the relation
t=M(n—1)4+m+ 1. Thus, we have

C= [61762763, . .,cm/]T’

\Il(t) = [¢1>¢27¢37 oo 7¢m’]T~
By taking the collocation points as t; = gﬁ} vi=1,2,3,...,2F 1M, we define the
second-kind Chebyshev wavelets matrix ®(z),,/ xm’ as

) W(g—)s - ¥(

/

B = [Wg) W )

2m/ 2m/

(&)
EE
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where m’ = 2F—1 ).

615

For example, when M = 4 and k = 2, the second-kind Chebyshev wavelets matrix

is expressed as

Psxs =
1.5958 1.5958 1.5958 1.5958 0 0 0 0
—2.3937 —2.3937 —2.3937 —2.3937 0 0 0 0
1.9947 1.9947 1.9947 1.9947 0 0 0 0
—0.5984 —0.5984 —0.5984 —0.5984 0 0 0 0
0 0 0 0 1.5958 1.5958 1.5958 1.5958
0 0 0 0 —2.3937 —2.3937 —2.3937 —-2.3937
0 0 0 0 1.9947  1.9947  1.9947  1.9947
0 0 0 0 —0.5984 —0.5984 —0.5984 —0.5984

In the same way, a function u(z,t) € La([0, 1] x [0, 1]) can be also approximated as

u(z,t) = U (2)UW(t), (2.11)

which U is a m’ x m/ matrix with u;; = (¥;(z), (u(z,t),¥;(t))). We use the wavelet
collocation method to determine the coefficients u; ;.

Fractional integral formula of the Chebyshev wavelets in the Riemann-Liouville
sense is derived by means of the shifted second-kind Chebyshev polynomials U},
which play an important role in dealing with the time fractional equations.

Theorem 2.1. [34] The fractional integral of a Chebyshev wavelet defined on the
interval [0, 1] with compact support [2%=%, 7] is given by

I m () = (2.12)
07 T < ;Lk%la
1L ok [2 5 W = munk (=1)7
l—‘(o¢)22 \/;7‘2::0 z;r j;O ,1—=T  jHa
1 jta n

2
X m m r ok (=1)
rt2ty/2 IDPIPIE G

T'(m+i+2) i CJ = r!
(m—i+1)I"(2i4+2) (n—r)lr! )2~ = Gl(G—r)!"

(e

BE

i,i—T

nk m—r92igr(k— i—r
where TW"™" = (—1)m—r22igr(k=1) (1) (F
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For instance, in the case of k =2, M =4,z = 0.6, « = 0.9, we obtain

0.838817891721642
0.045706956934399
0.290734994150959
0.021626272477045
0.208881853762857
—0.329813453309774
0.323368822612918
—0.217309447751042

where Wgy1 = (Y1,0(2), ¥1,1(2), ¥1,2(2), ¥1,3(x), Yo,0(x), Y2,1(2), P12,2(x), Ya,3(2))".
We can obtain the fractional order integration matrix “P2, . = I%), .(z) by
substituting the collocation points in Eq. (2.12) as:

I1%9g,1(0.6) =

C pa

2k—1 M x2k=1)M =
I%910(2(1)) IY1o(x(2)) oo I%ro(x(2MTM))
Iy 1 (2(1)) Iy 1(2(2)) I 1 (@ (2F1 M)
I9gen p(2(1)) TP p(2(2)) oo T¥grr gy (2(2871 M)
In particular, we fix k =2, M = 4 and o = 0.9, then
Py =

0.1368  0.3678  0.5825  0.7885  0.8517  0.8165  0.7939  0.7771
—0.2377 —-0.4452 —-0.3985 —0.1245 0.0545  0.0337  0.0246  0.0194
0.2789  0.2423  0.0032  0.0615  0.2996  0.2783  0.2680  0.2612
—-0.2570 —0.0232 —-0.0530 —-0.2259 0.0274  0.0148  0.0104  0.0081

0 0 0 0 0.1368  0.3678  0.5825 0.7885
0 0 0 0 —0.2377 —0.4452 —0.3985 —0.1245
0 0 0 0 0.2789  0.2423  0.0032 0.0615
0 0 0 0 —0.2570 —0.0232 —0.0530 —0.2259

We derive another operational matrix of fractional integration to solve the frac-
tional boundary value problems. Let n > 0 and ¢ : [0,7] — R be a continuous
function, put

9(@) 1 Yp,m () = v™". (2.13)

We define a matrix V' by substituting the collocation points x; = 3}7\41 i=1,2,... 21

in Eq. (2.13),

VT s =
g(ml)lawl,o(n) 9(952)[%/}1,0(77) 9(552&*1”1)[%/}1,0(77)
g(ml)lawl,l(n) 9(1’2)[%/}1,1(77) g(iﬂzkflM)Ial/Jl,l(U)
9(951)]&%’;—171\/1—1(77) g($2)1a¢2’;—1,M—1(77) 9($2k—1M)IO‘;/)2’«—1,M—1(77)

(&)
EE
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In particular, for n =1,g(z) =z, = 0.9,k = 2 and M = 4, we get

Cy/0.9,1,x
V8><8 -

0.0374 0.1112 0.1870  0.2618  0.3366  0.4114
—0.0083 —0.0249 —0.0416 —0.0582 —0.0748 —0.0914
0.0125 0.0374 0.0623  0.0873  0.1112  0.1371
—0.0033 —0.01007 —0.0166 —0.0233 —0.0299 —0.0366
0.0125 0.0374 0.0623  0.0873  0.1122  0.1371
—0.0083 —0.0249 —0.0416 —0.0582 —0.0748 —0.0914
0.0042 0.0125 0.0208  0.0291 0.0374  0.0457
—-0.0033 —0.0100 -0.0166 —0.0233 —0.0299 —0.0366

3. CONVERGENCE

3.1. Haar wavelets.

617

0.4862 0.5610
—0.1080 —0.1247
0.1621 0.1870
—0.0432 —0.0499
0.1621 0.1870
—0.1080 —0.1247
0.0540  0.0623
—0.0432 —0.0499

Theorem 3.1. Consider the functions wu,(x,t) obtained by the Haar wavelet with

approzimation u(zx,t). Then, ||u(z,t) — un(z,t)|g < ﬁ, where

(fo fo (z,t) dxdt) 5.

Proof. Suppose u,,(x,t) is the following approximation of u(z,t),

m—1m—1

U (2, 1) = Z Z Unihin (7)o (1)

n=0 [=0

Then we have

U(Z,t) um z, Z/ Z Z unlh Z Z unlh

n=ml=m n=2pr+1 |=2p+1

The orthogonality of the sequence h;(z) on [0,1) implies that

hi() =25 h(29 () — k).

/01 /01(“(5””5) — Uy (2, 1)) dadt

Therefore

llu(z, ) = um(z, 1)

n=2p+1 [=92p+1 /—=9p+1 [/ —2p+1

</ hy(t)hye (t dt>—27 Z Z u?,

n=2p+1 |=2p+1

X

[u(z, )lle =

1(8).

e ° 0 o0 1
Z Z Z Z unlun/l/</0 hn(l')hn/(l')dx>




618 A. MOHAMMADI, N. AGHAZADEH, AND SH. REZAPOUR

where un; = <hn(x)7 (u(z,t), hl(t)>>.

According to Eq. (2.1) and definition inner production, we have

k—0.5

<u(ac7t),hl(t)> :/Olu(x,t)m@)dt:z%(/j u(x,t)dt—/i u(x,t)dt).

By using mean value theorem of integrals

S 19 k_1<t k—0.5 k—0.5<t k
1, . 7 St < 27 ) 2J St < 57
so that
i, k=05 k-1 k k—-05
(wmo) = 24 (5 =S5t - (g - T D))
2%
= o u(z,t1) —u(z, ta)
1 1
Up = <hn(a:),2;+1(u(x,t1) —U(matQ))> = W/o b (@) (u(z, t1) — u(z, t2))dz
J k—0.5 & k—0.5 K
_ 22 27 £d 27 d 27 £V de + 27 Vd
= i\ e u(x,ty)dz o u(x,ty)dx - u(z,ta)dx s u(zx, to)dz ).
By using mean value theorem of integrals again
= . k—1< k—0.5 k—0.5<
L1,T2,T3, T4 . 7 ST, 22 < 2] ) 2] S 23,74 < 27
1( k=05 k-1 k— k—0.5
Unl = 2{(23 - T)U(mhh) - (T Y Ju(x2,t1) —
k—05 k-1 k. k—0.5
S - B uten ) + 5~ S5 utwn )}

_ jSg{(u(xl,tl) —u(wa, 1)) — (u(zs, t) — u(x4,t2))}

Uny = 22;4{(11(3«"1,151) —u(z2, t1)) — (u(xs, t2) — U(u,tg))} :

By using mean value theorem of derivatives

31,6 21 <6 <2, w36 <3y
so that

un < g {(iﬁz - $1)2[M]2 + (24 — $3)2[M]2 +

nl Ox Ox
ou(&r,t1) || Ou(éa, ta)
Ox Ox '

2D
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We assume that % is continuous and bounded on (0,1) x (0, 1), then
0 t
3K > 0,Va,t € (0,1) x (0,1), ’“(x)‘ < K.
x
1 4K? 4K?
2 -
Uni < <22j+4> 92 | o4j+4 (3-3)
substituting Eq. (3.3) into Eq. (3.2), we have
00 29t _129%1 ] 271201
oot ol = > (X Y)Y (X% 35)
j=p+1 n=27 n=27 j=p+1 n=27 n=27

i+l _q19it+1_4

- Y (2% )

=p+1 n=27 n=27

K21 K?
3 4ptl T 3,2’
Thus, |u(z,t) — um(z, )| < ﬁ and so ||Ju(z,t) — um(z,t)||g — 0 when m — oo.
By using a similar procedure, we can show that ||u,41(z,t) — u (z,t)||p < ﬁ

which implies that error between the exact and approximate solution at the (r+1)-th
iteration is inversely proportional to the maximal level of resolution. This shows that
u (z,t) converges to uy41(x,t) as m — oo. Since u,41(x,t) is obtained at (r 4 1)-
th iteration of Picard technique, we conclude that u,41(z,t) converges to u(z,t) as
r — 0o. Thus, limy, » o0 w1 (2, 1) = u(x,t). O

3.2. Second-kind Chebyshev wavelets.

Theorem 3.2. [35] Let f(x) be a second-order derivative square-integrable function
defined on [0,1) with bounded second order deriwative, say |f"(x)] < B for some
constant B, then

(i) f(x) can be expanded as an infinite sum of the second kind Chebyshev wavelets
and the series converges to f(x) uniformly, that is

= Z Z Cnm/wn,m(x)

n=1m=1

where cpm = (f(2), Yr.m(2)).
(i)
B S 1
OfkM < \/53 ( Z o (ml)4> )
n= m=M

1 2Pt M—1
where o ¢ 1 = (fo |f () Z Z CnmPn,m ()] n(x)dx)

n=1 m=0

N

N
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Theorem 3.3. [34] Supposing that u(z,t) € L%(R?) is a continuous function defined

on [0,1) x [0,1), %, g%; and % are bounded with some positive constant B.

Then for any positive integer k:
i) the series

219—1 2k—1 )

Yo D Dyt Ynan (@) (2)

n=1 p’'=1m=0,," =0
convergences to u(x,t) uniformly in L2(R?), where

dn,m,n',m’ =< U(:L',t), @Z)n,m(z)d}n’,m' (t) > 12 ([0,1]x[0,1]) -

) BrP i~ 13~ 1 & 1
< J—
Tk, M 26 — n3 ’21 n'3 mZM m2(m — 1)2

= o — =
k—1 k—1

L (B — 11 i 1 i 1

215 L=pd 4= 'S L= mP(m—1)2 £~ m2(m — 1)
n =1 m m' =
where
ok—1 gk—1 00 2

u(a:, t)_ Z Z Z dn,m,n/ m’ wnﬂ” (x)wn' ;m’ (t)

m’' =0

Since k, n and m are positive finite constants, from Theorems (3.2), (3.3), we
conclude that w41 (z,t) = u(x,t) as r — oo.

4. DESCRIPTION OF THE PROPOSED METHODS

4.1. The Haar wavelets method. In this section, we describe the procedure of
implementing the method for solving singular nonlinear fractional partial differential
equation (SPDE). First, we convert SPDE into a discrete fractional PDE by the
Picard technique. Thus, we solve it to obtain the solution of the problem by the Haar
wavelet operational matrix method.

Consider the following nonlinear singular fractional partial differential equation:

o B
% — a(x)% +d(z)u? = f(z,t), (4.1)

0<a<l 1<p<2, p>1,
with initial and boundary conditions:
u(z,0) =g1(x), 0<x <1,
u(0,t) = Y1(¢), u(l,t) = Ya(t), t €10,1],
where the a(z) or d(z) maybe have singularity at the point x = 0.

(&)
EE

[N

wp (x)w,, () da:dt)
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TABLE 1. Absolute error of |us(z,t) — u(x,t)], for different values of
a, B when they tend to 1,2 respectively at the 5th iteration, J = 4
in Example (5.1) using HWCM

(z,t) a=0.7 a=0.95 «=0.95 a=1 a = 1 method[30]
B=17 =195  f=2 5=2 B=2
4.7655e-03 4.3028e-04 1.7837e-05 1.7260e-06 7.7254e-03
4.1936e-03 2.6200e-04 1.1640e-04 3.1004e-06 7.0041e-03
9.9047e-03 5.4967e-04 2.5370e-04 1.2849e-06 6.5127e-03
1.1744e-02 8.7121e-04 3.9266e-04 2.5508e-07 1.2543e-03
1.3552e-02 1.1836e-03 5.1850e-04 1.4435e-07 2.2215e-04
1.5329e-02  1.4910e-03 6.3004e-04 2.9942e-07 3.0219e-04
1.7075e-02 1.7820e-03 7.2762e-04 3.8982e-07 4.0546e-04
2.4886e-02 2.0631e-03 8.1290e-04 4.8944e-07 3.7491e-04
2.2391e-02 2.3308e-03 8.8798e-04 6.4271e-07 2.7741e-04
1.9748e-02 2.5897e-03 9.5451e-04 8.8990e-07 2.5123e-04
1.6960e-02 2.8387e-03 1.3726e-03 1.2652e-06 2.1752e-04
1.4027e-02  3.0805e-03 1.3434e-03 1.7799e-06 2.0514e-04
1.0951e-02 3.3151e-03 1.2763e-03 2.3957e-06 1.7517e-05
7.7348e-03 1.2613e-03 6.2277e-04 2.9841e-06 1.4721e-05
4.3814e-03 7.3475e-04 1.3665e-04 3.1817e-06 1.9541e-06
8.9485e-03 1.8182e-04 4.6175e-05 1.9165e-06 1.1449e-07

A~ N N N~ N N N~ N N~~~ o~ —~
DS O[Tt DT D= D= D= DW DWW DN DN DN D= D= D (=2} (=2}
,,;\,_. M«I .u‘os .»‘w A‘U\ M»—t »Jk‘\l .u‘w »‘@ Mm MH .u‘\l »‘w M@ M‘” .JJ"

~— Y ' O M e O e ) O N

DS DT O|UT D D D W DWW DN DN DN D= D= D [« [=2}
22 29 2% 2ls 25 AR 2% 218 2B 2% 2R 215 2 Rle Rl 2=

Applying the Picard technique [4] to Eq. (4.1), we get

aaurJrl aﬁur+1 o
Bra —a(x) 9P = f(z,t,up), (4.2)

O<a<l 1<p<L2, ,r>1

with the initial and boundary conditions:

ury1(2,0) = g1(z), 0<z <1,
’LL»,‘+1(0,t) = Yl(t), Ur+1(17t) = 1/2(1/‘)7 t e [0, 1],
where f(z,t,u,) := f(z,t) — d(z)ub.
Applying the Haar wavelet method to Eq. (4.2), we approximate the higher order
term by the Haar wavelet series as

m

35ur+1 _ Z icr+1hl(x)hp(t) _ HT(.T)CT+1H(t), (43)

0zP Ip
=1 p=1
EE
BE
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TABLE 2. Absolute error of |us(z,t) — u(x,t)|, for different values
of o, 8 when they tend to 1,2 respectively at the 5th iteration, k =
2, M = 8 in Example (5.1), using CWCM

(z,t) a=0.5 a=0.95 a=1 a = 1 method[30]
=175 B=195 f=2 B=2
1.0235e-03  2.9795e-04 9.8797e-13 4.2154e-02
2.7733e-03 7.6429e-04 6.3487e-12 4.0041e-02
3.8470e-03 8.8657e-04 3.7582e-11 6.1784e-03
4.4533e-03  8.4230e-04 2.3422e-10 1.9223e-03
4.5295e-03  5.9850e-04  9.6780e-10 2.7205e-04
4.0359e-03 1.4470e-04 2.9476e-09 2.3709e-04
2.8440e-03  5.9145e-04 7.3681e-09 2.6057e-04
9.8309e-04 1.5515e-03 1.6114e-08 4.0174e-04
2.0000e-03  3.0606e-03 3.1917e-08 3.4774e-04
5.7003e-03  4.7506e-03 5.8314e-08 3.6823e-04
1.0550e-02  6.9530e-03  9.8903e-08 1.7064e-04
1.6528e-02  9.6129e-03 1.5538e-07 3.7981e-04
2.3668e-02 1.2753e-02  2.2322e-07 2.9751e-04
3.1955e-02 1.6371e-02 2.8391e-07 1.4021e-04
4.1299e-02  2.0420e-02  2.9268e-07 1.0691e-05
5.1541e-02  2.4899e-02 1.6170e-07 1.0037e-05

N[O NN N[0T W N N[O N[N N[O N[W N[F N
e T O N N~ S~

AAAAAAAAAAAAAAAA
S I 8IS €15 G5 8 9z 85 815 S S §lo & & & 8-

applying the fractional integral operator I on Eq. (4.3) gives
g1 (z,t) = (TPHTC™HH(t) + p(t)z + q(t), (4.4)

where p(t) and ¢(t) are functions of t. Using the boundary conditions and Egs.
(4.3),(4.4), we get

q(t) = Y1 (t)

p(t) ==Y e P I h(x))hy (1) + Ya(t) — Yi(t).

1 p=1

hE

l

Eq. (4.4) can be written as
ura(z,t) = (TP)TCTTH(E) ~ ﬁ?[(HPf(l))TCT“H(t) (4.5)

+Ya) - Vi) + 1),

2D
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TABLE 3. Comparison of the absolute error |us(x,t) — u(z,t)|, for
a =1, = 2 at the 5th iteration, k = 2, M = 8,J = 3 in Example

(5.1)
(z,t)  Emwcem  Ecwem  Ewmmpm(30]
(35-35) 1.1842e-05 9.8797e-13  4.2154¢-02
(3, 55) 1.3220e-05 6.3487e-12  4.0041e-02
(35,35) 2.2711e-07 3.7582e-11  6.1784e-03
(55, 55) 8.1053e-07 2.3422e-10  1.9223e-03
(35, 55) 7.2534e-07 9.6780e-10  2.7205e-04
(33, 35) 1.5311e-06 2.9476e-09  2.3709e-04
(33,33) 7.2014e-07 7.3681e-09  2.6057¢-04
(353,42) 1.3386e-06 1.6114e-08  4.0174e-04
(i1,47) 1.0314e-06 3.1917e-08  3.4774e-04
(33,39) 8.2611e-07 5.8314e-08  3.6823e-04
(25,2)) 1.6654e-06 9.8903¢-08  1.7064e-04
(23,2%) 5.4611e-07 1.5538e-07  3.7981e-04
(25,22) 2.7450e-06 2.2322e-07  2.9751e-04
(21,20) 1.6417e-06 2.8391e-07  1.4021e-04
(23,22) 6.1593e-07 2.9268¢-07  1.0691e-05
(31,31) 3.8078e-06 1.6170e-07  1.0037e-05

For simplicity, let

S(x,t) = fx, t,uy) = Z Zmlphl(x)hp(t) = HT(z)MH(t), (4.6)
=1 p=1
where my, = (h(z), (S(z,t), hy(t))). Substituting Eqs. (4.6),(4.3) in Eq. (4.1) we
obtain
6QUT+1
ot
We apply fractional integral operator I to Eq. (4.7) and use the initial conditions
to obtain
w1 (a1) = ale) HT ()CH (TPR) + HT (@) M(TPP) + 1 (2). (48)

Let K(z,t) = —g1(z) + z(Ya(t) — Y1(t)) + Y1(¢). From Egs. (4.8),(4.5)

= a(x)HT (x)C"™ T H(t) + HT (x) M H(t), (4.7)

EPHTC ™ H(t) — x|(FPPA))TC T H(t)| + K(,1) (4.9)
=a(x)H" ()" (" P+ H (x) M (" P).

(e
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TABLE 4. Absolute error of |ug(z,t) — u(z,t)], for different values of
a, B when they tend to 1,2 respectively at the 6th iteration, J = 4
in Example (5.2), using HWCM

(z,t) a=0.7 a=0.8 a=1 a=1 a = 1 method[30]
B=17 B=18 B=195 B=2 B=2
(51> 51) 3-6794e-03 1.9186e-03 2.6858e-04 6.5242e-06 4.1257¢-02
(&, 3) 1.6448e-02 1.8094e-02 3.2705e-03 1.2905e-05 4.1007e-02
(&) 29277e-02 2.6402e-02 5.2280e-03  4.1986¢-06 3.0574e-02
(8,83) 4.1427e-02 3.3969¢-02 7.0957¢-03 1.1843e-05 2.9743¢-02
(45 %5) 5.2605e-02 4.0971e-02 8.9773¢-03 1.2676¢-05 2.7714e-02
(2,2) 1.1756e-01 4.7314e-02 1.0664e-03 1.1320e-05 2.0468e-02
(22,23) 1.2149e-01 5.3088¢-02 1.2272¢-03 9.6613e-06 1.9724¢-02
(23,2]) 2.9076e-01 5.8305e-02 1.3684e-03 8.1439¢-06 1.7752¢-02
(22,33) 2.4825e-01 8.1434e-02 9.1821e-03  6.7756e-06 1.4029e-02
(35,37)  2.0626e-01 7.9743e-02 8.4079e-03 5.4982e-06 9.0051e-03
(35, 85) 1.6487e-02 7.7926e-02 7.6241e-03 4.2648¢-06 7.8057¢-03
(22,42) 1.2416e-02 7.5991e-02 6.8316e-03 3.1086e-06 4.6721e-03
(57,81 8.4215e-03 7.3946e-02 6.0310e-03 2.3351e-06 2.2147¢-03
(22,33) 4.5107e-03 7.1799e-02 1.9388e-03 2.6056e-06 1.6858e-03
(35,27) 5.0256e-03 3.2819e-03 1.1079e-03  3.1908e-06 9.6858¢-04
(8,50) 6.9186e-04 6.1649e-04 2.7489¢-04 3.2617e-06 7.6858¢-04

In discrete form, using Eq. (4.9) and collocation points , we have the matrix form

(HPf)TOT‘-'rlH _H Vﬂ’,l,mcr+1H
_AHTCT+1(HPta) _ HTM(HPta) n K- O,

where H is a m x m Haar matrix, 7V51* = xIlﬁHT is m x m fractional integration
matrix for boundary value problem and #P? = I8HT H P = [®H are m x m
matrices of fractional integration of the Haar wavelets. M is a m x m coeflicients

(4.10)

matrix determined by inner products my, = (h(z), (S(z,t), hp(t))).

Let Q := (AHT)~! is a m x m matrix, where A is a diagonal matrix and is given

by

2D
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TABLE 5. Comparison of the ucwcea(at the 5th iteration), k =
2,M =8,a=1and 8 =2, the ugwen(J = 3), the exact solution
and the MHPM [30] approximate solution in Example (5.2)

UHWCM UCWweM UEzact Euwerm  Ecwem  Emmapa(30]

1.0905e-04 5.7490e-05 5.7445e-05 5.1606e-05 4.5476e-08  3.6472e-04
1.4831e-03 1.3878e-03 1.3877e-03 9.5304e-05 1.4538e-08  1.5483e-03
5.7102e-03  5.8129e-03 5.8129e-03 1.0267e-04 1.0483e-08  1.2287e-03
1.4540e-02 1.4564e-02 1.4564e-02 2.3910e-05 4.4076e-09  1.0073e-03
2.8419e-02 2.8477e-02 2.8477e-02 5.7525e-05 8.4568e-09  4.5571e-03
4.8097e-02 4.8141e-02 4.8141e-02 4.3717e-05 6.3251e-09  7.1737e-03
7.3950e-02  7.3983e-02 7.3983e-02 3.2961e-05 1.8287e-08  7.0063e-03
1.0629e-01 1.0632e-01 1.0632e-01 3.1537e-05 5.2295e-08  4.2133e-03
1.4536e-01 1.4539e-01 1.4539e-01 2.8429e-05 4.9514e-07  2.8067e-04
1.9137e-01 1.9138e-01 1.9138e-01 1.2920e-05 1.6857e-07  5.2674e-04
2.4440e-01 2.4443e-01 2.4443e-01 3.0522e-05 3.6552e-08  5.1135e-04
3.0467e-01  3.0466e-01  3.0466e-01 4.6925e-06 8.0461e-09  2.3357e-04
3.7214e-01  3.7217e-01 3.7217e-01 2.7440e-05 7.9465e-09  1.9736e-05
4.4701e-01 4.4702e-01 4.4702e-01 4.1784e-06 8.3986e-09  1.6483e-05
5.2930e-01  5.2928e-01 5.2928e-01 2.8561e-05 3.4844e-08  1.0247e-05
6.1894e-01 6.1900e-01 6.1900e-01  5.2938e-05 1.3780e-07  9.7433e-06

= N[O NN N[0T W N N[O N[N N[0T N[ N= N
~— e v O O N N~ N

e 1 1% I e I 8l 15 s s e e 0 e e B | 2

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~

So Eq (4.10) can be written as
Q((pr)T _H Vﬁ,l,x)cr+1 (411)
7Or+1(HPta)H71 4 Q(K _ HTM(HPtOé)) — O7

which is Sylvester equation. Solving Eq. (4.11) for C™1, and substituting in Eq. (4.4
or 4.8), we get solution u,41 at the collocation points.

In particular, given an initial approximation ug(z, t), we get a linear fractional singular
problem in wj(x,t) by substituting » = 0 in Eq. (4.1), which is solved by above
procedure to get uq(x,t) at the collocation points.

4.2. The second-kind Chebyshev wavelets method. Similarly, we describe the
method of solving the singular fractional nonlinear partial differential equations us-
ing the second-kind Chebyshev wavelets. The first step is converting the singular
fractional nonlinear partial differential equations to a system of linear equations by
the Picard technique. Then, we solve the obtained linear system by the second-kind
Chebyshev wavelets operational matrix method. We apply the Picard iteration tech-
nique to Eq. (1.1):

[c]v)

BEE
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0%*u,. dPu,
le — a(x) axfjl = f(z,t,u,), (4.12)

O<a<l, 1<B<2, ,r>1

with the initial and boundary conditions:
ur+1(xa O) = gl(x), 0 S X S 13
ur+1(03t) :Y1(t)a u7"+1(17t) = }/Q(t)7 te [O’ 1]7
where f(z,t,u,) = f(x,t) — d(z)ub.
For applying the second-kind Chebyshev wavelets collocation method to Eq. (4.12),
we suppose

821;1 _ Z Zcm (1) = U7 (2)CTHU (1), (4.13)

=1 p=1
Applying the fractional integral operator I on Eq. (4.13), we get
urir (@, t) = (CP2)TCTHN(E) + p(t)z + q(t), (4.14)

where p(t) and ¢(t) are functions of ¢. Using the boundary conditions and Eqs. (4.14,
4.13), we get

q(t) =11 (t),
p(t) = —(CP2))TOTHU(E) + Ya(t) - V().
Eq. (4.14) can be rewritten as:
Uy (z,t) = (CPPTC™IH(t) - x[(CPﬁ(U)TCT“H(t) (4.15)

+ Ya(t) — Yl(t)] + Y1 (2).

For simplicity, let
S(z,t) = f(x,t,u,) szlm = 0T () MY (t), (4.16)
=1 p=1
where my, = (hy(x), (S(z,t), hy(t))). Substituting Eqs. (4.16, 4.13) in Eq. (4.12) we
obtain
8aur+1

ot
Apply fractional integral operator I to Eq. (4.17) and use the initial conditions to
obtain

= a(x)UT ()™ U (t) + U (2) MU(t). (4.17)

(e, t) = (@)W (@) (PR + T (@) M(TP) + g1 (). (4.18)
Let K(z,t) = —g1(z) + x(Ya(t) — Y1(t)) + Y1(¢). From Eqs. (4.18, 4.15) we have
(CPAYTCTHw () — w[(CPP()TCTH ()| + K (w,1) (4.19)

= a(2)¥" (@)CTFH(OPY) + T (2) M (TP,

2D
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In discrete form, using Eq. (4.19) and collocation points, we have the matrix form
(CPB)TCT+1\IJ e Vﬁ,lyf(z)cvr—i-lq/ - (420)
ATTCr (O Py T M(“P?) + K =0,
where ¥ is a 2571 M x 2¥=1 M second kind Chebyshev matrix, “V51% = 18 (W(1))7
is 2510 x 28=1M fractional integration matrix for boundary value problems and
OpP = I1°P(W),C P = I%(W) are 2F"1 M x 28~ M matrices of fractional integration
of the second-kind Chebyshev wavelets. M is a 2871 M x 28=1 M coefficients matrix
determined by inner products my, = (h(x), (S(z,t), hy(t))). Let Q := (A¥T)"lisa
k=10 x 2K=1 M matrix, where A is a diagonal matrix and is given by

a(x(gl)) ( 0(2)) 8
A= : ' x: :
0 0 ... a(z(2¥1M))

So we rewrite Eq (4.20) as
Q((CPB)T _C Vﬁﬂyf(z))c”"‘"l _ (4.21)
CT+1(CPta)\IJ_1 4 Q(K _ \I/TM(CPta)) — 07
which is the Sylvester equation. Solving Eq. (4.21) for C™1, and substituting in Eqgs.
(4.14 or 4.18), we get the solution u,;1 at the collocation points.
In particular, given an initial approximation wug(x,t), we get a linear fractional
singular problem in u;(z,t) by substituting » = 0 in Eq. (4.12), which is solved by
above procedure to get uq(z,t) at the collocation points.

5. EXPERIMENTS AND RESULTS

In this section we use the HWCM (Haar Wavelets Collocation Method) and CWCM/(Chebyshev
Wavelets Collocation Method) for solving the nonlinear singular fractional differential
equations. We provide two examples to illustrate the methods.

Example 5.1. Consider the singular fractional nonlinear partial differential equation:
A Y ) 6.
— —)— —u° = x, .
ot “sin(z) 37028
with initial and boundary condition:

u(z,0) = sin(z), u(0,f) =0,
u(1,t) = e'sin(1), 0<az,t<1.

Exact solution for a = 1, 8 = 2 is u(x, t) = e'sin(z) and f(z,t) = Le'(3—3e’(sin(z))*+
(x 4 3)sin(x)).

We use ug = sin(z) as an initial approximation and apply our techniques to get
the approximate solution of this singular problem and describe the procedure of im-
plementation in more details, which enable the readers to understand the method
more efficiently.

(e
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FIGURE 1. The Haar wavelets collocation approximate solutions, ex-
act solution and absolute errors for « = 1,8 = 2,J = 5 in Example
(5.1)

Haar solution at the st iter Exact solution Absolute error

By om D0 00
Haar solution at the 2nd iter Exact solution Absolute error

oy 0 00 0
Haar solution at the 3rd iter Exact solution dr Absolute error

oy 0 00 04
Haar solution at the 4th ter Exact solution ot Absolute error

0
1 ) 1 )
By om By B By 6
Haar solution at the th iter Exact solution
4
2
|
1
05 )0 05

Step 1. Applying the Picard technique to Eq. (5.1), we get

0%up41(2,t) — 1 £)85UT+1(x,t)
ot sin(z) 3 OzxP

(5.2)

—ul(z,t) = %et(?) — 3ef(sin(z))? + (z + 3)sin(z)),
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FIGURE 2. The Haar wavelets collocation approximate solution, ex-
act solution and absolute error for « = 1,5 = 2,J = 2 in Example
(5.1)

Haar solution at the 5th iteration Exact solution

Absolute error

FIGURE 3. The Haar wavelets collocation approximate solution, ex-
act solution and absolute error for « = 1,5 = 2,J = 3 in Example
(5.1)

Haar solution at the 5th iteration Exact solution

Absolute error

with initial and boundary conditions:

tp11(2,0) = sin(z), ur+1(0,t) = 0,
upy1(1,t) = e'sin(l), 0<az,t<1.
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FIGURE 4. The Haar wavelets collocation approximate solution, ex-
act solution and absolute error for « = 1,5 = 2,J = 4 in Example
(5.1)

Haar solution at the 5th iteration Exact solution

Absolute error

FIGURE 5. The second-kind Chebyshev wavelets approximate solu-
tion, exact solution and absolute error fora =1, =2,k =2, M =4
in Example (5.1)

Chebyshev method approximate solution at the 5th iter Exact solution

Absolute error

Step 2. Applying the second-kind Chebyshev wavelets method to Eq. (5.2), we
have
6ﬁ'ur+1 U r—+1 T r41
S = Y @ () = U @) (), (5.3)
=1 p=1
[c ]
(0] ¢ ]



CMDE Vol. 8, No. 4, 2020, pp. 610-638 631

FIGURE 6. The second-kind Chebyshev wavelets approximate solu-
tion, exact solution and absolute error fora =1, =2,k =2, M =8
in Example (5.1)

Chebyshev method approximate solution at the 5th iter Exact solution

3
2
1
0
9
p
05 05 08
02 04
(U]

Absolute error

F1GURE 7. The second-kind Chebyshev wavelets approximate solu-
tion, exact solution and absolute errors fora =1,8=2k=2, M =
12 in Example (5.1)

Chebyshev method approximate solution at the 5th iter Exact solution

Absolute error

Applying the fractional integration operator I to Eq. (5.3) and using initial and
boundary conditions, we have
trgr (2, 8) = (CPHTCH(1) — x[(cpﬁ(n)Tcmqf(t) n etsmu)}, (5.4)

(e
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FiGURE 8. The second-kind Chebyshev wavelets approximate solu-
tions, exact solution and absolute errors fora =1, =2k =2, M =
8 in Example (5.1)

Chebyshev solution at the 1st iter Exact solution Absolute error
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05 05

00 00 00
Chebyshev solution at the 2nd iter Exact solution Absolute error
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Chebyshev solution at the 3rd iter Exact solution

00
Absolute error
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Chebyshev solution atthe 4th ter Exact solution W0 Absolute error
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Chebyshev solution atthe 3th ter Exact solution {0} Absolute error

4 4 2
2 2 1
! | !

i f i

L ) 05 L ) 05 L ) 05
Rewriting Eq. (5.4)
wrsa(e,t) = [(CPY)T = w(C P )T CTHW(E) + we'sin(1), (5.5)

where z(“P#(1)) is the fractional integration matrix for boundary value problems
introduced in Eq. (2.13).
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Step 3. We set S(z,t) = u2(x,t) + 3e'(3 — 3e(sin(z))* + (z + 3)sin(x)), so
S, t) =Y ) mupt(a)ihy(t) = U7 (2) MU(t), (5.6)
=1 p=1
where my, = (hi(z), (S(z,t), hy(t))). Substituting Egs. (5.6),(5.3) in Eq. (5.2), we
have
0%Upy1(z,t) 1 x
ot N (sm(x) * 3
Step 4. Applying the fractional integral operator I to Eq. (5.7), and using
tr11(x,0) = sin(x), we have

)(\IIT(x)CTH\IJ(t)) + 0T () MU(1). (5.7)

1 T r+1 « « .
s (00) = (s g)(\IfT(z)C +1(Cp; )) + 0T (2)M(CPY) + sin().
(5.8)
For simplicity, let
1 T . t
A(z) = (W g),K(x,t) = sin(x) — xze'sin(1).
Using Egs. (5.8),(5.5), we get
(CPOT —(CPP)T|Cm () - (5.9)

Aw) W7 (@)CTH (O] = 0T (@) M (OPP) + K (1),

In discrete form, from Eq. (5.9) and using collocation points, we have the matrix
form

[(CPf)T—(Cvﬁvlvm)T] C’"H\II—A[\IITCTH(CPﬁ)] = U7 M(CPY)+K. (5.10)
Step 5. Let @ := (AVT)~! and some calculations we get
Q[EPET - (CyPraT]crt (5.11)
CTHEP) (W) = Q[UTM(CP) + K| (¥) 7,

which is the Sylvester equation.

Step 6. Solving Eq. (5.11), we get the coefficients C"*!. Replacing » = 0
and using ug(x,t) = sin(x) in Step 3, solving Eq. (5.11), we get C! coefficients and
substituting these coefficients in Eqgs. (5.5 or 5.8), we obtain the approximate solution
uq (z,t). By doing this process, replacing » = 1 and using wu; (x,t) in Step 3, solving
Eq. (5.11), we obtain uz and so on.

The approximate solutions from the HWCM and CWCM and the Picard technique
were plotted at = 1,8 =2,J =4,k = 2 and M = 8 and the solutions at different
iterations were compared with the exact solution (Figures (1,8)). This revealed that
the absolute error decreased as the number of iterations increased. Furthermore,
Figures (2, 3, 4, 5, 6 and 7) compare the exact and approximate solutions for Example
(5.1) at the 5th iteration for different values of J and M and showed that the absolute

[c]v)
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errors decreased as J for HWCM and M for CWCM increased. Tables (1,2) show
the different values of o, 3. When o = 1,5 = 2, the absolute errors showed that
the solution of the proposed method converged to the exact solution. Table (3)
compares the absolute error between the HWCM and CWCM and the MHPM][30].
As seen, the absolute errors of the CWCM and HWCM in comparison with the MHPM
demonstrate the high accuracy and efficiency of the proposed methods.

Example 5.2. Consider the following nonhomogeneous singular partial differential
equation of fractional order

0“u 1 ) Pu 1
with initial and boundary condition:
2
u(z,0) = 22%,  u(0,t) =0, wu(l,t)= T 0<at<l. (5.13)
Exact solution for « = 1,8 = 2 is u(x,t) = 12%;, and
—12(2t + D)wsin(z) — 4a* — 423 — 24t — 12
oty = 22E Dosintn) — 4e .
(1+2t)

The initial approximation of ug(x,t) = 223 was used when applying the proposed
methods to arrive at an approximate solution to this singular problem. The solu-
tions were plotted using the HWCM and CWCM and the Picard technique subject to
a=1,8=2,J =5k =2,M = 8. The solutions obtained at different iterations were
compared with the exact solution, as shown in Figures (1,8). It was revealed that ab-
solute errors decreased as the number of iterations increased. Moreover, comparison
of the Haar and Chebyshev Picard methods and MHPM [30] solutions with the exact
solution by computation of the absolute errors of these methods clearly revealed that
the proposed techniques were much more efficient and accurate with equal colloca-
tion points than the MHPM [30] as shown in Tables (4,5). Table (5) compares the
approximate solutions obtained from the HWCM and CWCM with the exact solution
and the approximate solution obtained from the MHPM [30]. As seen, the solutions
obtained from the wavelets methods(HWCM and CWCM) are more accurate that of
the MHPM [30].

2D
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FIGURE 9. The Haar wavelets collocation approximate solutions, ex-
act solution and absolute errors for « = 1,8 = 2, J = 5 in Example
(5.2) at various iterations

Haar solution at the st iter Exact solution Absolute error

05 05

00 N

Haar solution at the 2nd iter Exact solution Absolute error

D )
00 = 00

Haar solution at the 3rd iter Exact solution Absolute error

I 5 ‘
00 » 00 ‘ 00

Ahsolute error

Haar solution at the th iter Exact solution

08

6. CONCLUSION

The Haar and Chebyshev wavelet collocation methods have been employed to solve
singular nonlinear fractional differential equations, which are used to model various
types of problems in fluid dynamic and mathematical physics. The solution is sub-
stantiated using illustrative examples and the numerical solutions are presented in
the tables and figures. It was observed that the Haar Wavelets Collocation Method
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FiGURE 10. The second-kind Chebyshev wavelets collocation ap-
proximate solutions, exact solution and absolute errors fora = 1,8 =
2,k =2, M = 8 in Example (5.2) at various iterations
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(HWCM) and Chebyshev Wavelets Collocation Method (CWCM) provide more ac-
curate approximate solutions in comparison with the exact solution than does the
Modified Homotopy Perturbation Method (MHPM). It is clear that these methods
are more accurate when computing approximate solutions and the results show the
efficiency of the proposed method. This is the first time that these singular fractional
equations have been solved by the HWCM and CWCM and the Picard technique.
[c]v)
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(3]
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(12]

(13]

(14]

(15]

The advantages of the present methods over other methods are as follows:

(1) Instead of an operational derivative, an operational integral matrix was used.

(2) The boundary and initial conditions were derived automatically. By using
the derivative matrix, we usually have to choose the base to satisfy the initial
conditions, but we do not have this restriction for the integral operator.

(3) Instead of approximating the integral operation with the use of black-pulse
functions, the fractional integral operation was directly obtained for better
approximation.

(4) By using the wavelet bases and transforming the nonlinear and singular prob-
lem into a Sylvester equation, good results were obtained with little calcula-
tion and few iterations.

(5) The main advantage of these methods is the conversion of singular nonlinear
PDEsS to a system of algebraic equations. These equations can be easily solved
by a computer.
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