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ABSTRACT In this work, we investigate a fractional version of the Fisher equation and solve
it by using an efficient iteration technique based on the Haar wavelet operational
matrices. In fact, we convert the nonlinear equation into a Sylvester equation by
the Haar wavelet collocation iteration method (HWCIM) to obtain the solution. We
provide four numerical examples to illustrate the simplicity and efficiency of the
technique.
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1. INTRODUCTION

Fractional calculation has different applications in physics and engineering such
electro-magnetics, acoustics, viscoelasticity, electrochemistry and material science (see
for example [1, 13, 18, 23]). In 1937 Fisher , Kolmogorov, Petrovsky and Piscounov [5,
10] investigated independently the Fisher-KPP equation, after then, it is extensively
known as the Fisher’s equation. Fisher’s equation belong to the class of reaction-
diffusion equation, it is one of the simplest nonlinear r.d.e. Fisher proposed this
equation in his article, "The wave of advance of advantageous genes" in 1937, which
is about of population dynamics to describe the spatial spread of an advantageous
allele and explored its trowelling wave solutions.

Distinct numerical methods have been applied for approximate solutions of Fisher’s
equation including the Adomian decomposition method (ADM) [9], the homotopy per-
turbation method (HPM) [24], the variational iteration method (VIM) [15], the Haar
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wavelet method [3, 4, 7, 8, 11, 17, 20] and the tanh method [21]. As you know the
time fractional Fisher’s equation, which is a mathematical model for a wide range
of important physical phenomena, is a partial differential equation obtained from the
classical Fisher’s equation by replacing the time derivative with a fractional derivative
of order 0 < a < 1. In fact, the Fisher’s equation as a model for the propagation
of a mutant gene is encountered in chemical kinetics and population dynamics which
includes problems such as nonlinear evolution of a population in a one-dimensional
habitat, neutron population in a nuclear reaction. Moreover, the same equation occurs
in logistic population growth models, flame propagation, neurophysiology, autocat-
alytic chemical reactions and branching Brownian motion processes [14, 16]. Due to
the occurrence of Fisher’s equation in many biological and chemical processes, it is
one of the most important classes of nonlinear equations [6].

There are different kinds of wavelets. The simplest orthogonal wavelet with com-
pact support is the Haar wavelet. Since the derivatives do not exist in the points
of discontinuity, it is not possible to apply the Haar wavelets for solving differential
equations directly. We use Haar wavelet based on the collocation method. In this
paper, we use a combination of Haar wavelet and iteration technique for numerical
solutions of the modified Fisher’s equation with time-fractional derivative of the form

Diu(z,t) = Dygu(z,t) + Mu(z, t)(1 — u" (z,t)) + q(z, 1), (1.1)
(li,t) € [O’ 1] x [07 1]7“(1770) = f(x)’u(oat) = yl(t)au(Lt) = yQ(t)7

where 0 < o < 1, A is real parameter, Dy denotes the Caputo fractional derivative in
time and 1 (¢), y2(t), f(x) and g(z, t) are known functions. We discretize the nonlinear
fractional partial differential equation by iteration technique (Picard iteration) and
then convert the obtained discritized equation into a Sylvester equation by the Haar
wavelet collocation method to obtain the solution.

2. OPERATIONAL MATRICES

2.1. Integer and fractional integration of operational matrix. The i-th uni-
form Haar wavelet h;(z) is defined by

1 a(i) <z < b(i)
hi(z) =< =1 b(i) <z <c(i) (2.1)
0 otherwise,
where a(i) = 1 b(i) = 95 (i) = £ i =2 +k+1,j=0,1,23,...,/J,
x € [0,1), js are dilation parameters, m = 29 and k = 0,1,2,--- , 2/ —1 are translation
parameter. The Maximum level of resolution is J. In particular hi(z) = x[0,1)(%) is
the Haar scaling function, where x[o,1)() is characteristic function on interval [0, 1).
Let us define the collocation points z; = l‘% where [ = 1,2,3,..., m. We establish
an operational matrix for integration via Haar wavelet. The operational matrix of
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integration of integer order is obtained by integrating Eq. (2.1) as following

1 ¢ _
Poi1(z) = Ijyha(z) = —/ (x—5)""ds, a>0

I'(a) a(1)
Po () = Ihi(z) = (2.2)
. fazm(x —5)*ds a(i) <z < b(i),
) Jii @ = 9)"hds — [ (x—5)*lds b(i) < @ < (i),

Juth (= 9)* s =[5 (@ = ) Hds @ > c(i).

By simplifying, we get

_ (z—a(1))"
P (z) = Tlatl) (2.3)
and
Poi(x) = Ighi(x) (2.4)
o[ @—al)", a(i) < & < b(i);
= T (z —a()™ —2(z —b(i))", b(i) < w < c(i);
(x —a(@)™ —2(x — b)) + (x — c(4)*, x> c(i).

Each function y € £5]0, 1] can be expressed in terms of the Haar wavelet by:
oo
y(I) = Z Cihi(x)v
i=1

where ¢;s are the Haar wavelet coefficients given by ¢; = fol y(x)h;(z)dz. We can
approximate the function y(z) by the truncated series:

m—1

y@) = Y cihila). (25)

i=

=

By taking the collocation points x(l) = l’# for I = 1,2,...,m, we define Haar
wavelet matrix H,,x.m by
ha(z(1))  ha(2(2)) - ha(z(m))
ha(x(1))  ho(x(2)) -+ ha(x(m))
mem = . . . .
hn(#(1))  han(2(2)) -+ han(x(m))
We can represent Eq. ( 2.5) in vector form as y = c¢H, where ¢ = [c1,¢a,...,Cnm).

The Haar coefficients ¢; can be evaluated by ¢ = yH ! where H~! is inverse of H.
Similarly, we can obtain the fractional order integration operational matrix P of Haar
function by substituting the collocation points in Eq. (2.3) and Eq. (2.4) as following;:

Par(2(1)) Pan(2(2)) - pan((m))

) Pan(2(1)) pan(z(2) - Paola(m))

mem: . . . .
Pom(@(1)) Pom(@(@) - pom(zm))
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For example, if m = 8 and a = 0.9, the Haar wavelet operational matrix of fractional
integration is given by:

0.0857  0.2305 0.3650 0.4941 0.6195 0.7421 0.8625 0.9811

0.0857  0.2305 0.3650 0.4941 0.4480 0.2812 0.1325 —0.0071

0.0857  0.2305 0.1935 0.0331 —0.0248 —0.156 —0.115 —0.0091

po9 _ 0 0 0 0 0.0857 0.2305 0.1935 0.0331
8x8 — 0.0857 0.0590 —0.0102 —0.0054 —.0037 —0.0028 —0.0022 —0.0018
0 0 0.0857 0.0590 —0.0102 —0.0054 —0.0037 —0.0028
0 0 0 0 0.0857 0.0590 —0.0102 —0.0054

0 0 0 0 0 0 0.0857 0.0590

2.2. Haar wavelet operational matrix of fractional integration for boundary
value problems. We derive another operational matrix of fractional integration to
solve the fractional boundary value problems. Let n > 0, g : [0, 1] — R be a continuous
function and [0, 7] be the Haar function support. Put

g@ﬂ3m0n=g@y47n—sww&

v*"h = g(2)Cap
and
b(i) ) e(3) )
s@ 5t =g [ =) s [ s tdsy,
a(i) b(i)
’Uaﬂ%i = g(x)ca,i7

where Cp 1 = 1“(2711) and C,; = ﬁ {(n —a(i)*=2(n—=0b()*+ (n— c(z))a} . By

using the introduced collocation points, we obtain

gx()Ihi(n)  g(@(2)I§hi(n) ---  g(z(m))I§hi(n)
ety _ | SEODI0) eIl alalm) R
@) h()) g @)Ighm(n) - g(e(m))Ighum(n)

3. METHOD OF SOLUTION

In this section, we describe the solving method of the time fractional modified
Fisher’s equation. The first step is to convert the fractional nonlinear partial differen-
tial equation to a linear partial differential equation by using the iteration technique.
The second step is to solve the obtained discretized fractional partial differential equa-
tion by Haar wavelet operational matrix method.

Consider the problem:

Diu(z,t) = Dygu(z,t) + Mu(z, t)(1 — u(z, 1)) + q(z, 1), (3.1)
O<a<l, AeR, n>1,
with the initial and boundary conditions:
u(z,0) =g(z), w(0,t)=y1(t), w(l,t)=y2(t) t>0,0<2<1).

(&)
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By applying the iteration method of Picard to Eq. (3.1) (see [2]), we get the following
problem:

6aur+1 . azur_;,_l
ot Ox?
with the initial and boundary conditions:
ur-i—l(xao) = g(‘r)aur-ﬁ-l(ovt) = yl(t)aur-i-l(lvt) = y2(t)7 (t > 07 0 <z < 1)
For applying the Haar wavelet method to Eq. (3.2), we suppose that

82’ur+1 _ ZZCT+1h ) _ HT(J:)CTJ'_lH(t)- (3.3)

2
X
9 i=1 j=1

= Aup(x,t) (1 —up(z,t) + q(z,t), 0 <a<1, 7>0) (3.2)

By applying the fractional integral operator I2 on the Eq. (3.3), we obtain:
Upy1(z,t) = (PHYTC™T H (1) 4 p(t)z + q(t). (3.4)
By using the boundary conditions and putting z = 0 and « = 1, we get ¢(t) = y1(t)
for x = 0 and p(t) = y2(t) — y1(t) — (P2(1))TC" L H(t) for x = 1. Thus, the Eq. (3.4)
can be rewritten as:
uryi(z,t) = (PHTCTTH(t) — x{(P2(1)"C™T H(t)} (3.5)
T (y2(t) = y1(t) + v (t).
Now for simplicity, we denote the right side of Eq. (3.2) by S(z,t), that is,

S(z,t) = )\ur(x (1 —up(z,t)) + gz, t) (3.6)
— szj i(t) = HT (2).M.H(¢t),

where m;; = (hi(x),(S(z,t),h;(t))). By substituting Eq. (3.6) and Eq. (3.3) in
Eq. (3.2), we get:
0%Up 1
ote
By applying fractional integral operator I* to Eq. (3.7) and using the initial condition,
we obtain:

= H'(x)C™ ™ H(t) + H (x) M H (t). (3.7)

wr(@,t) = HY (2)C7 P2 + BT () M P + g(a). (3.8)
Now, from Egs. (3.8) and (3.5) we get:

K(z,t) + (P2)TC T H(t) — x((Pa?(l))TCT“H(t)) (3.9)

—H"(z)C""' Py — H" () M P = 0,
where K (z,t) = —g(z) + z(y2(t) — y1(t)) + y1(t). By discrediting Eq. (3.9) and
using collocation points, we obtain the matrix form:

((PI?)T - VZLQ(I)) O H — HTCTH P — HTMPS + K =0, (3.10)

(e
BE
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where H is the m x m Haar matrix, V219 = g(2)[7HT = 2(P?(1))7 is the m x m
fractional integration matrix for boundary value problem, P¥ = I¢H” and P® =
I H are the m x m matrices of fractional integration of the Haar function. Also,
K = K(xz(i),t(i)) (i =1,2,...,m) is the matrix determined by using the collocation
points. Note that, the Eq. (3.10) can be written by:

(HT)—I ((PZ)T _ V2,1,g(:l;)) ortl _ ortt Pta(Hfl) _ (HT)—I (HTMPta _ K) (Hfl), (3.11)
N e’

—B

A D

where it is the Sylvester equation(A C+C B=D). We solve the Eq. (3.11) for
C"™! which is m x m coefficients matrix. By substituting C"™*! in Eq. (3.8) or
Eq. (3.5), we get solution w1 (x, t) at the collocation points. By considering an initial
approximation ug(z,t), we obtain a linear fractional partial differential equation in
uq (z,t) by substituting » = 0 in Eq. (3.2). Again, we solve it by the above procedure.
Similarly, for » = 1, we obtain us(z,t) and so on.

4. CONVERGENCE

Theorem 4.1. Consider the functions wu.m,(x,t) obtained by the Haar wavelet with
approzimation u(x,t). Then, ||u(x,t) — um(x,t)||p < ﬁ, where

lu(a, t)] = = (// xtdxdt)

Proof. Since um(z,t) = > 1" Zl 0 Y piha (@) (t), we have

u(x,t) — up, Z Zunlh Z Z Unihn (2 (L).

n=ml=m n=2r+1 [=2p+1

/2

The orthogonality of the functions h;(x) on [0, 1) implies that h;(.) = Q%h(?( )—k).
Hence,

lu(z,t) — um(z, t)|% = // (z,t) — Up (2, 1)) dadt (4.1)
HED 1D Sl b s

n=2prp+1[=2p+1 n/—2p+1 |/ —92p+1

< / o )dx) ( /0 1 hl(t)hl/(t)dt>

D SN

n=2p+1 |=2p+1

2D
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where u,; = <hn(;1c)7 (u(z, 1), hl(t)>> By using Eq. (2.1), we get:

<u(m,t)7 hy (t)> = /01 ulz, t)hy(t)dt = 2% (/:?O u(z,t)dt — /:_’jo u(z, t)dt>.

By using mean value theorem of integrals, there exist ’El <ty < BS08
to < 55 such that

<u(x,t),hl(t)> = 2% ((k _2j0'5 - k;] 1)u(m7t1) — (% _k ;jO'S)u(w,tz)>

_ ;H (u(m, t) — u(z, t2)>

and

wi = (o) %1( (@.t0) ~ u(a.t2) ) (12)

u(x,ty)dr — /2] u(x,ty)dzx
k .5

2%+1

1
= 2]+1/0 hp(2)(u(z, t1) — u(z, te))dx
k—0.5 k_
27 27
_ / (x7t2)dx+/ u(m,tg)dx>.
k=1 k—0.5
27 27

k—1
7

k—0.5 k
= and 5 <

<xp,22 <

3 X such that

1(,k—05 k-1 k— k—-05
Unl = 5 (

T3, Ty <

B YRy Ju(zy,t1) — (5 — 2 Ju(za, t1) —
k—05 k-1 k. kE—-05

S = B e + (g - S5 Gt}

_ jSz{(u(xl,tl) (o tr)) — (u(s, t2) — u(x4,t2))}

2
and so u2, = 22].1+4{(u(x1,t1) —u(za,t1)) — (u(ws, ta) — u(xy,t2)) p . By using mean

value theorem of derivatives, there exist 1 < & < x5 and x3 < & < x4 such that

Ut < 227% {(:102 - xl)Q[W]Q + (x4 — :63)2[%]2 +

du(1,t1) ‘3U(52»t2) }

2(.’E2 — .’El)(l'4 — 1’3)

Ox ox
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Since % is bounded on (0, 1) x (0, 1), there exists K > 0 such that w <K

for all ,¢ € (0,1) x (0,1). This implies that u2, < () 457 = 2 and so

o 2i+1_19i+1_1 o i+l _19i+l_ 1 4](2
2 2
e ot = > (X X d)s> (XX gx)
j=p+1 n=27 n=27 j=p+1 n=27 n=27
o oi+1l_q9i+l_q L
_ 2
-ty (2% )
j=p+1 n=2J n=27
K? 1 K?

3 4l 3m?’

Thus, [|u(x,t) —um(z,t)||g < ﬁ and so ||u(x,t) —um(z,t)||g — 0 when m — oco.

By using a similar procedure, we can show that ||u,41(z,t) — u(z,t)||p < ﬁ
which implies that error between the exact and approximate solution at the (r-+1)th
iteration is inversely proportional to the maximal level of resolution. This shows
that " (x,t) converges to u,41(x,t) as m — oco. Since u,41(x,t)is obtained at
(r+1)th iteration of Picard technique, we conclude that u,1(z,t) converges to u(z,t)
as r — 00. Thus, limy, e uy 1 (2,1) = u(z, ). O

5. EXPERIMENTS AND RESULTS

In this section, we use the Haar wavelet collocation iteration method (HWCIM)
to solve the fractional Fisher’s equations. We provide four examples to illustrate the
method.

Example 1. Consider the problem (1.1) for A\=1,n =6, q(x,t) = 0.
ou_ P
ote  Jx?

with the initial and boundary conditions:

+ u(z,t) (1 —u(z,1)) (5.1)

u(w.0) = gla) = (——) w0, = () = (— =)

1+ez l1+e 4
1 3
u(l,t) = y2(t) = (W) .
1+e 1
%
It is known that the problem has the exact solution tegpqer = <+5t+gf) fora=1.
1+e 4

1
3

We put ug(z,t) = (1%) and apply the Haar wavelet iteration technique. By
+e2

e
applying the iteration technique of Picard, we obtain:

8‘“ur+1 _ 82ur+1
ote 0x?

=u, (1— (u,)®) (5.2)
c[v)
EE
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with the initial and boundary conditions: u,y4+1(z,0) = g(z), u,+1(0,t) = y1(¢) and
ur11(1,t) = y2(t). We suppose that

Pursy _ HT (z)C™ 1 H (1) (5.3)
Ox? '
Now, by applying the fractional integral operator I2 on the Eq. (5.3), we get:
upsi (@, t) = (P7)TCTFLH(#) + p(a)t + q(t). (5.4)

By using the boundary conditions and putting z = 0 and © = 1, we get ¢(t) = y1(t)
for x = 0 and p(t) = ya(t) — y1(t) — (P2)TC™ 1 H(t) for x = 1. Thus, the Eq. (5.4)
can be rewritten as:

Phes _ BT )CT H (1) - 2(PHTCTVH() + 2(n(t) ~ 1(0) + ().

(5.5)

We put the right of Eq. (5.2) by S(z,t), and we estimate by Haar wavelet, that is,
ur(z,t) (1= (up(2,1)%) = S(z,t) (5.6)

= Y mah(a)hy ) = HTMH(),
i=1 j=1

where m; ; = (hi(z), {S(z,t), h;(t))). We substitute Egs. (5.6) and (5.3) in Eq. (5.2),
86;;2“ = H"(2)Cr  H(t) + H () MH(t). (5.7)

We apply fractional integral operator I to Eq. (5.7) and use the initial condition,
Upy1(x,t) = H (2)Cryy P + Hp(x) M P + g(x). (5.8)

Now, from Egs. (5.8) and (5.4) we get:

K(,1) + (PHTCTH (L) — o (P21)TCT H()) (5.9)

—HY(z)C" P — HT (z)MP? =0,

where K (z,t) = —g(z) 4+ z(y2(t) — y1(t)) + y1(t). By discrediting Eq. (5.9) and using
collocation points, we obtain the matrix form as follow:

((PIQ)T _ V2,1,g(9¢)) CT-+1H _ HTcr+1Pta _ HTMPta + K= 0, (510)

where H is the m x m Haar matrix, V219 = g(2)[7HT = 2(P?(1))7 is the m x m
fractional integration matrix for boundary value problem, P¥ = I¢H” and P® =
IXH are the m x m matrices of fractional integration of the Haar function. Also,
K = K(xz(:),t(i)) (i =1,2,...,m) is the matrix determined by using the collocation
points. Note that, the Eq. (5.10) can be rewritten by:

(HT)—l ((P2)T _ V2,1‘g(x)) Cr+1 _ Cr+1 Pta(Hfl) _ (HT)—I (HTMPta _ K) (Hfl), (5.11)
a—/
A -B D

where is the Sylvester equation. By considering » = 0 and initial approximation
up(z,t) and solving the Sylvester equation by Matlab software, we obtain C*. Then,
[c]v)
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TABLE 1. Absolute error for Example 1, with m = 64 and a — 1

method HWCIM HWCIM HWCIM HWCIM MVIM][16] HPM [12]
(z,t) a=0.5 a=0.7 a=0.9 a=1 a=1 a=1

lua — vex|  |ua —uex|  ua —tUea|  |ua — ues] lus — Uea| [ug — Uea|
(&%, 45) | 1.34x 1072 951 x107% 3.79 x 1072 4.06 x 1075 | 2.47x 1072 | 4.09 x 1072
(S, 3Ly | 1.40x1072 948 x107% 3.84x107% 559x107°% | 4.92x1072 | 1.10x 107"
(35, 22y | 7.74x107% 452x107% 1.57x 107% 4.02x107° | 6.30x 1072 | 2.29x 10"
(£%,88) | 3.08x107* 535x107* 6.23x107* 2.60x10"* | 593x1072 | 4.26x 107"
(%, 72%) | 5.12x107% 4.34x107° 1.66x 107° 7.36 x 10™* | 3.69 x 1072 | 7.27 x 10"
(25,35) | 7.31x107% 534x107% 1.61x107% 1.17x107° | 6.75x107% | 1.15 x 10°
(L1 U1y | 587 x107% 3.98x107% 9.98x 107* 1.01x10"* | 4.08x1072 | 1.73 x 10°
(422,127) | 4.95x107* 3.19x107* 6.87x107° 890x107° | 7.83x107% | 2.46 x 10°

by substituting C* to Eq. (5.8) or Eq. (5.4) we get u1(x,t) at the collocation points.
Similarly for r = 1, we obtain us(z,t) and so on.

The numerical results for m = 64 are given in Figure 1 and Table 1. Note that,
Table 1 shows that the solutions obtained by the present method for different value
of «, convergence to the exact solution whenever « tends to 1. Also, the obtained
numerical results have been compared with HPM [12], [22] and MVIM [16].

Example 2. Consider the problem (1.1) for A\=1, n =1 and q(z,t) =0,

[ 2
% = % + u(z, t)(1 — u(z,t))
with the initial and boundary conditions
w(,0) = Bu(0,8) = — L8y, = — B¢
e R N N A Ny 2

Where 8 be a constant. It is known that the problem has the exact solution Uegpacr =
t
% fOT’ a=1.

Put ug(x,t) = S and apply the Haar wavelet iteration technique. The numerical
results for m = 64 and 8 = 2/3 at 4 iterations are given in Figure 2, Figure 3 and
Table 2. Note that, Table 2 shows that the solutions obtained by the present method
for different values of «, convergence to the exact solution whenever « tends to 1.
Also, the obtained numerical results have been compared with HPM [24] and MVIM
[16] and Figure 3 shows that the approximate results are closer to the exact solution
by increasing the resolution (m).

Example 3. Consider the problem (1.1) for A\=6, n =1 and g(x,t) =0

0w 0%u
o _Z= 11—
= o+ ula, (1 — ()
with the initial and boundary conditions:
1
0) = +——,u0,t) = ————,u(l,t) = ———+5.
u(z,0) (1+ ez)Q’u( 1) (14 e-5t)2° u(1,1) (1+ el=5t)2

(&)
EE
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FIGURE 1. Comparison of the exact solution and the Haar wavelet collo-
cation iteration solution for Example 1

(a) exact solution for « 1 (b) approximate solution at the 4th iteration with m =

64, a =1
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(e) absolute error for the 3rd iteration with m = 64, (f) absolute error for the 4th iteration with m = 64,
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FIGURE 2. Comparison of the exact solution and the Haar wavelet collo-
cation iteration solution for Example 2

0.8
075
0.7

0.65

(b) approximate solution at the 4th iteration with m =
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TABLE 2. Absolute error for Example 2, m = 64 and a — 1.

method HWCIM HWCIM HWCIM HWCIM HPM [24] MVIM [16]
(z,t) a=0.5 a=0.7 a=0.9 a=1 a=1 a=1
‘u‘l_uem‘ ‘u4_uex‘ ‘u4_uem‘ ‘u4_uex‘ |u4_uez| |wa —uem|
(S, 2Ly | 734 x107% 491 x107% 1.92x107% 259x1077 | 2.88x 1077 | 2.17x 1073
(S, 88y | 267x107% 1,39 x107% 3.73x107* 1.74x1077 | 6.26x107°% | 898 x 1073
(S5, 35) | 888 x107* 1.02x107% 5.60x10"* 501x1077 | 219x107° | 2.04 x 1072
(£5,428) | 361 x107* 273x107% 1.14x107% 1.24x10°% | 9.10x107°% | 3.68x 1072
(S5, 3Ly ] 9.95x107% 6.69x107% 2.65x107% 3.78x 1077 | 288x 1077 | 2.17x107?
(85,88) | 366 x107% 1.94x107% 538x10"*% 249x 1077 | 6.26x107°% | 898 x 1073
(22, 28) | 115x107% 1.34x107% 7.38x107*% 7.24x1077 | 219x107° | 2.04x 1072
(83,127) | 4.84x 1073 3.66x107° 1.53x 107% 1.80 x 107¢ 9.10 x 107% | 3.68 x 10~2
(25, 8L) | 765x107% 512x107% 2.01x107% 272x1077 | 288x 1077 | 2.17x 1073
(2, 8) | 278x107% 1.45x107% 3.91x107* 1.82x1077 | 6.26x107° | 8.98x 1073
(25,35) | 9.21x107* 1.06x107% 5.82x10"*% 526x1077 | 2.19x 107° 2.04 x 1072
5% Ton 75 x 1077 284 x107° 1.19x107° 1.30x107° | 9.10x 107 | 3.68 x 10—
25, 12T 3.75x107% 284 x107% 1.19x107% 1.30x107% | 9.10x107% | 3.68 x 1072
(422, 3Ly | 3.13x107* 2.06x10™* 7.85x107° 3.20x 107° 2.88x 1077 | 2.17x 1073
(427, 88y | 1.10x107* 550x107° 1.32x107° 1.10x107° | 6.26x 107° | 8.98 x 1073
(427, 95) | 424 x107° 4.80x107° 257 x107° 1.26x107% | 219 x 107° | 2.04 x 1072
(427,127) | 159 x107* 1.20x 107* 5.00 x 107° 4.01x107% | 9.10x 1077 | 3.68 x 1072

It is known that the problem has the exact solution Uegzqct = W for a=1.

We put wg(z,t) = W and apply the Haar wavelet iteration technique. The
numerical results included absolute error and approximate solutions for m = 64 at 4
iteration are given in Figure 4 which shows that, numerical solution is in very good
coincide with exact solution by increasing iterations. The present method solution
(HWCIM) has been compared with HPM [24] and MVIM [16] at Table (3), which
shows Haar wavelet collocation iteration method is more accurate than the HPM and
MVIM methods.

Example 4. Consider the problem (1.1) (non-homogenous time fractional fisher
equation) for A\ =1, n =3 and

2tfoc 2 tlfa
ﬂ@ﬂ:t(&—x@+@ﬂ—ﬁﬁ@+@ﬂ+ x e ),

T2—a) TB3-a)

with the initial and boundary conditions u(x,0) = 0, u(0,t) = 0 and u(1,t) =t + ¢,
where it is known that the problem has the exact solution Uepact(T,t) = xt? + tx2.

Put ug(z,t) and apply the Haar wavelet collocation iteration technique. The nu-
merical results included absolute error and approximate solutions for m = 64 at 4
iterations are shown in Figure 5 and Table 4.

(e
BE
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TABLE 3. Absolute error for Example 3, m = 64 and a — 1
method HWCIM HWCIM HWCIM HWCIM HPM [24] MVIM [16]
(z,t) a=0.5 a=0.7 a=0.9 a=1 a=1 a=1
‘u4 - ue:cl ‘u4 - uea:‘ ‘u4 - uex‘ |U4 - ueml ‘u4 - uem‘ |’LL4 - uez‘l
(S5, 2L) | 0.60x1072 4.25x107% 1.72x 1072 4.11x107° | 2.07x107% | 512x 10°°
(8, 88y | 3.61x107% 283x107* 6.06x107* 2.77x107° | 2.11x107" | 7.99 x 1072
(85, 35) | 244x107% 1.82x107% 7.36x107° 4.98x10"* | 563x107"' | 1.12x10°"
Bl 127 3.15x 1072 216 x 1072 7.87x 1072 7.76 x 1074 | 8.85x 107! 1.91 x 1071
1287 128
63 3L 8.68 x 1072 6.10 x 1072 249 x 1072 7.75x 107° 2.30 x 10~! 1.54 x 1073
1287 128
(5, 88) | 9.38x107% 3.71x107% 564x10"* 2.85x107° | 2.96x10""' | 8.95x 1072
(22, %8) | 317x107% 238x107% 9.72x107% 7.06x10"* | 9.97x107"' | 2.90x 107"
(£2,420) | 428x107% 295x 1072 1.08x 1077 1.12x107° | 2.07x107"' | 1.91x 107"
(2, 2L) | 689x107% 485x 1072 1.95x 1072 6.62x107° | 2.01x107"' | 1.10x 1072
(% 55) | 1.08x107% 515x107% 1.20x107% 1.20x107° | 3.16 x 107" | 5.40 x 1072
(25,35) | 243x1072 1.86x 1072 7.67x107% 5.00x10"* | 1.21x107"' | 3.18x 107"
95 127 343 x 1072 237x1072 875x107% 8.10x10"* | 270 x 107! 6.52 x 10~*
128 128
127 3L 2.85x 1072 1.89x 107% 2.80x 10°* 1.63 x 10~° 1.39 x 1072 2.00 x 1072
1287 128
(427, 83y | 258 x107% 1.62x107% 559 x 107* 1.37x1077 | 2.76 x 107" | 8.65x 107°
127 95 504 x 107% 5.15x107% 1.47x10"% 1.66 x 10~° 1.20 x 10~* 2.29 x 107!
1287 128
($22,420) | 1.88x107% 1.37x 107 4.72x107* 2.72x107° | 298x 107" | 6.44x 107"
TABLE 4. Absolute error for Example 4, m = 64 and o — 1.
method HWCIM HWCIM HWCIM HWCIM
(z,t) a=0.5 a=0.7 a=20.9 a=1
(35, 35) | 2.04x 1072 1.37x107%  526x107%  2.80x107°
(35, %) | 226 x 1072 1.45x 1072 530x107% 459 x107°
(35, %) | 2.08x 10772 1.28 x 1072 4.44x107° 7.45 x 107°
55, 12L) | 1.34x 1072 8.17 x 107° 2.65 x 107° 8.84 x 1077
128 128
(%, 85) | 355 x 1072 2.37 x 1072 9.06 x 10~° 4.03 x 10~°
(5%, 5%) | 3.80x107? 2.43 x 1072 8.74 x 107° 6.37 x 107°
(22, 25) | 3.37x 1072 2.06 x 1072 7.04 x 1073 8.31 x 107°
63 127 1.87 x 1072 1.12 x 1072 3.42 x 107° 3.80 x 1074
128> 128
(2, 2L) | 3.50x 1072 2.33 x 1072 8.77 x 1073 2.89 x 107°
(25, 88y | 3.57x 1072 2.25 x 1072 7.96 x 107° 4.12 x 107°
(25, 25) | 3.00x 1072 1.81 x 1072 6.01 x 107° 3.33x 107°
(25, 42%) | 1.16 x 1072 6.40 x 10~® 1.22 x 1073 1.19 x 1073
(422, 3Ly | 545 x 107® 3.56 x 10~° 1.28 x 1073 3.93 x 1078
T5E, T5E .00 x 10~ .03 x 10~ .00 x 10~ 18 X 10~
127 83) | 5.00x 1073 3.03 x 1073 1.00 x 1073 1.18 x 1077
(422, 25y | 3.92x 107® 2.21 x 107° 6.67 x 10~* 2.38 x 1077
(321 1274y | 1.07 x 1073 1.99 x 1074 3.92 x 107* 5.52 x 107*

2D

i
0]
s
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0]
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FIGURE 3. Absolute error of Haar wavelet collocation iteration solution
with different values of M for Example 2

(C) absolute error for the 4th iteration with m = 32, (d) absolute error for the 4th iteration with m = 64,

a=1 a=1

6. CONCLUSION

In this work, we successfully apply the combination of Haar wavelet operational
matrices method and the iteration Picard technique to obtain the solution of frac-
tional fisher’s equation. By the use of iteration technique, we transform the nonlinear
fractional partial differential equation to the linear equation and Sylvester equation.
The obtained results have been compared with exact solutions, the HPM method, and
the MVIM method, which shows that numerical solutions are in very good coincide
with the exact solution by increasing iterations or level of resolution or both. These
results have been cited in the tables in order to justify the accuracy and efficiency of
the proposed method.

an
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FIGURE 4. Comparison of the exact solution and the Haar wavelet collo-
cation iteration solution for Example 3

(a) exact solution for a« =1 (b) approximate solution at the 4th iteration with m =

64, a =1
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(C) absolute error for the 1st iteration with m = 64, (d) absolute error for the 2nd iteration with m = 64,
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(e) absolute error for the 3rd iteration with m = 64, o =1 (f) absolute error for the 4th iteration with m =64, aa =1
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FIGURE 5. Comparison of the exact solution and the Haar wavelet collo-
cation iteration solution for Example 4

(a) exact solution for m = 64, a =1 (b) approximate solution at the4th iteration with m =

64, a =1

(C) absolute error for the 1st iteration with m = 64, (d) absolute error for the 2nd iteration with m = 64,

a=1 a=1

(e) absolute error for the 3rd iteration with m = 64, (f) absolute error for the 4th iteration with m = 64,

a=1 a=1
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