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Abstract The present paper considers the group analysis of extended (1 + 1)-dimensional
Buckmaster equation and its conservation laws. Symmetry operators of Buckmas-

ter equation are found via Lie algorithm of differential equations. The method of
non-linear self-adjointness is applied to the considered equation. The infinite set

of conservation laws associated with the finite algebra of Lie point symmetries of

the Buckmaster equation is computed. The corresponding conserved quantities are
obtained from their respective densities. Furthermore, the similarity reductions cor-

responding to the symmetries of the equation are constructed.
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1. Introduction

Partial differential equations (PDEs) form the basis of many mathematical models
of the physical, chemical and biological phenomenon, and more recently their appli-
cations have spread into economics, financial forecasting, image processing and other
fields. Symmetries and conservation laws belong to the central studies of non-linear
evolutional equations. Specially, one non-linear PDE is believed to be integral in the
sense that it possesses an infinite number of symmetries or conservation laws. Be-
sides, one can construct one or more conservation laws from one known symmetry,
but almost all the conservation laws of PDEs may not have physical interpretations
except for several well-known cases, such as the invariance of the spatial transfor-
mation ensures the conservation of momentum and the invariance of the temporal
transformation guarantees the energy conservation.

In this paper, the Lie point symmetry method is used for solving a non-linear PDE.
In fact, some linear and most non-linear differential equations are virtually impossible
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to solve using exact solutions, so it is often possible to find numerical or approximate
solutions for such type of problems. The main goal of this paper is to analyze the
symmetry properties of the (1+1)-dimensional Buckmaster equation:

ut = (u4)xx + (u3)x. (1.1)

The Buckmaster equation is used in thin viscous fluid sheet flows and has been widely
studied by the various methods [6]. The dynamics of thin viscous sheets reveals a
number of interesting phenomena such as draw resonance or buckling. Buckling is
an instability that occurs in thin bodies when longitudinal compression exceeds a
well-defined threshold and makes the body bend out-of-plane. Purely viscous two-
dimensional sheets have been considered by Buckmaster, Nachman, and Ting (1975)
(referred to hereafter as BNT) and Wilmott (1989), and the onset of buckling in a two-
dimensional sheet impinging on a plate is considered by Yarin and Tchavdarov (1994).
The linear stability of a viscous sheet subjected to shear was treated by Benjamin and
Mullin (1988). Models for axisymmetric viscous sheets have been derived by Pearson
and Petrie (1970) and Yarin, Gospodinov, and Roussinov (1994). A fully non-linear
model for the evolution of a three-dimensional sheet of arbitrary geometry has been
derived by Howell (1994) and applied to the blowing of glass sheets by van de Fliert,
Howell and Ockendon (1995).

The goal of this paper is to illustrate available methods of flux construction for
Eq. (1.1). For this purpose, three different methods are applied including Noether’s
theorem, direct and Herman-Poole method. The paper is organized in the following
manner. It is shown that the Buckmaster equation is non-linearly self-adjoint and
then the Lie point symmetries are computed. Using this property and applying the
theorem on non-local conservation laws the conservation laws corresponding to the
symmetries of the equation in question are calculated. Finally, similarity reductions
and explicit solutions are derived.

2. Non-linear Self-Adjointness

The construction of conservation laws demonstrates a practical significance of the
non-linear self-adjointness [5, 9, 10]. The general concept of non-linear self-adjointness
is suggested here. Let us consider a system of m−differential equations (linear or non-
linear)

Fα
(
x, u, u(1), · · · , u(s)

)
= 0, α = 1, · · · ,m, (2.1)

with m-dependent variables u = (u1, · · · , um). Eqs. (2.1) involve the partial deriva-
tives u(1), · · · , u(s) up to order s.

Definition 2.1. The adjoint equations to Eqs. (2.1) are given by

F ∗α
(
x, u, v, u(1), v(1), · · · , u(s), v(s)

)
=

δL
δuα

, α = 1, · · · ,m, (2.2)
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where L is the formal Lagrangian for Eqs. (2.1) defined by

L = vβFβ ≡
m∑
β=1

vβFβ . (2.3)

Here v = (v1, · · · , vm) are new dependent variables and v(1), · · · , v(s) are their deriva-
tives, e.g. v(1) = vαi , vαi = Di(v

α). We use δ/δuα for the Euler-Lagrange operator

δ

δuα
=

∂

∂uα
+

∞∑
s=1

(−1)sDi1 · · ·Dis

∂

∂uαi1···is
, α = 1, · · · ,m. (2.4)

The total differentiation is extended to the new dependent variables:

Di =
∂

∂xi
+ uαi

∂

∂uα
+ vαi

∂

∂vα
+ uαij

∂

∂uαj
+ vαij

∂

∂vαj
+ · · · .

For a linear equation L[u] = 0, the adjoint operator defined by (2.2) is identical
with the classical adjoint operator L∗[v] determined by the equation vL[u]−uL∗[v] =
Di(p

i). Now let us investigate the Eq. (1.1), for non-linear self-adjointness. Consider
the Buckmaster equation in the expanded form

F ≡ ut − 4u3uxx − 12u2u2
x − 3u2ux. (2.5)

Using its formal Lagrangian

L = v
(
ut − 4u3uxx − 12u2u2

x − 3u2ux
)
. (2.6)

The following adjoint equation is obtained to Eq. (1.1)

F ∗ ≡ −vt − 4u3vxx + 3u2vx. (2.7)

Eq. (1.1) is said to be non-linearly self-adjoint if the Eqs. (2.5) and (1.1) can be
related by the equation F ∗ = λF after the substitution v = ϕ(t, x, u) with a certain
function ϕ 6= 0. Here λ is an undetermined variable coefficient; it will be found in the
process of calculations. Thus, the non-linear self-adjointness condition is written by

− vt − 4u3vxx + 3u2vx = λ
(
ut − 4u3uxx − 12u2u2

x − 3u2ux
)
, (2.8)

where one makes the following replacements of v and its derivatives:

v = ϕ(t, x, u), vt = Dt(ϕ), vx = Dx(ϕ), vxx = D2
x(ϕ).

After this replacement Eq. (2.8) should be satisfied identically in the variables
t, x, u, ut, ux, uxx. Let us express the derivatives of v involved in the adjoint equa-
tion (2.7) in the expanded form,

vt = ϕuut + ϕt, vx = ϕuux + ϕx,

vxx = ϕuuu
2
x + ϕuuxx + 2ϕxuux + ϕxx,

and substitute them in the left side of Eq. (2.8). The comparison of the coefficients for
ut in both side of Eq. (2.8) yields λ = −ϕu. Then the comparison of the coefficients for
uxx leads to the equation −4u3uxxϕu = −4u3uxxλ. It follows from these equations
that ϕu = 0, hence, ϕ = ϕ(t, x), and λ = 0, vt = ϕt, vxx = ϕxx. Now Eq. (2.8)
becomes to −ϕt − 4u3ϕxx + 3u2ϕx = 0. It yields that ϕt = 0, ϕx = 0, ϕxx = 0.
The general solution of the above system is easily found and provides the following
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substitution v = C. We demonstrated that Eq. (1.1) is non-linearly self-adjoint via
Definition 2.1 and that the substitution v has the form v = C.

3. Lie Symmetry Analysis of The Buckmaster Equation

Symmetry plays a very important role in various fields of nature. Lie method
is an effective method and a large number of equations are solved with the aid of
this method. There are still many authors who use this method to find the exact
solutions of non-linear differential equations. Since this method has powerful tools
to find exact solutions of non-linear problems. For example, when we are confronted
with a complicated system of PDEs or ODEs, it is interesting to find a vast set of
exact solutions for the given system via a systematic method with no limitation, this
would be done by using Lie’s symmetry as an analytic applicable method. The general
procedure to obtain Lie symmetries of differential equations, and their applications to
find analytic solutions of the equations are described in detail in several monographs
on the subject (e.g. [8, 13]) and in numerous papers in the literature (e.g. [11, 12,
15, 16, 17]).

In this section, the Lie point symmetries of the Eq. (1.1) are obtained by using
the standard Lie algorithm. The one-parameter continuous groups of equivalence
transformations have the form:

t̄ = t̄(t, x, u), x̄ = x̄(t, x, u), ū = ū(t, x, u),

and map the Eq. (1.1) into the following equation:

ūt̄ = (ū4)x̄x̄ + (ū3)x̄. (3.1)

The vector field associated with the above group transformations can be written as

X = τ(t, x, u)
∂

∂t
+ ξ(t, x, u)

∂

∂x
+ η(t, x, u)

∂

∂u
.

The second prolonged generator of X with respect to the derivatives involved in Eq.
(2.5) is

X(2) = τ
∂

∂t
+ ξ

∂

∂x
+ η

∂

∂u
+ ηt

∂

∂ut
+ ηx

∂

∂ux
+ ηxx

∂

∂uxx
,

where

ηi = Di(η)− ux(Diξ)− ut(Diτ), ηij = Dj(ηi)− uxj(Djξ)− utj(Djτ),

are the coefficients of prolongation. Eq. (2.5) admits X as a symmetry if the following
condition is satisfied

X(2)F
∣∣∣
F=0

= 0. (3.2)

The invariance condition (3.2) gives the following determining equation:

ηt − 6ηuxu− 24ηuu2
x − 24ηxuxu

2 − 12ηuxxu
2 − 3ηxu

2 − 4ηxxu
3 = 0. (3.3)

The solution of the expanded form of this linear system of PDEs gives the symmetry
Lie algebra of the Buckmaster equation which is spanned by the following generators:

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = t

∂

∂t
− x ∂

∂x
− u ∂

∂u
. (3.4)
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The one-parameter groups Gi generated by the Xi are given in the following table.
The entries give the transformed point exp(εXi)(t, x, u) = (t̃, x̃, ũ):

G1 : (t+ ε, x, u), G2 : (t, x+ ε, u), G3 : (teε, xe−ε, ue−ε).

Since each group Gi is a symmetry group, exponentiation shows that if u = f(t, x) is
a solution of the Buckmaster equation, so are the functions

u(1) = f(t− ε, x), u(2) = f(t, x− ε), u(3) = eεf(e−εt, eεx),

where ε is any real number. The groups G1 and G2 demonstrate the time and space-
invariance of the equation, reflecting the fact that the Buckmaster equation has con-
stant coefficients. The well-known scaling symmetry turns up in G3.

4. Conservation Laws Provided by Lie Point Symmetries

Noether showed that if one PDE has a point symmetry of the action functional
(action integral), then one obtains the fluxes of a local conservation law through
an explicit formula that involves the infinitesimals of the point symmetry and the
Lagrangian (Lagrangian density) of the action functional [3, 4].

Consider the Lagrangian action principle of the form:

J [u] =

∫
R

L(xi, uα, uαi , u
α
ij , · · · )dx. (4.1)

At a critical point, the action is stationary, i.e.;

δJ = J [u+ εv]− J [u] =

∫
R

δLdx = 0,

where

δL ≡ L[u+ εv]− L[u] = ε
(
vγEγ(L) +DiC

i[u, v]
)

+O(ε2). (4.2)

Thus, the critical point requirement δJ = 0 is satisfied if the uαs satisfy the Euler-
Lagrange equations:

Eα[L] =
∂L
∂uα

−Di

(
∂L
∂uαi

)
+DiDj

(
∂L
∂uαij

)
−DiDjDk

(
∂L
∂uαijk

)

+ · · ·+ (−1)kDj1 · · ·Djk

(
∂L

∂uαj1···jk

)
= 0, α = 1, · · ·m, (4.3)
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where DiC
i’s vanish on the boundary ∂R of the domain R. In (4.2) the boundary

vector Ci[u, v] is given by

Ci[u, v] = vγ

[
∂L
∂uγi

−Dj

(
∂L
∂uγij

)
+DiDk

(
∂L
∂uγijk

)
− · · ·

]

+vγj

[
∂L
∂uγij

−Dk

(
∂L
∂uγijk

)
+DlDk

(
∂L
∂uγijkl

)
− · · ·

]

+vγjk

[
∂L
∂uγijk

−Ds

(
∂L

∂uγijks

)
+ · · ·

]
+ · · · .

Theorem 4.1. (Noether’s theorem): If the action (4.1) is invariant under a
generalized Lie transformation x̃ = x+ εξi +O(ε2), ũα = uα + εφα +O(ε2), then for
any solution u of the Euler-Lagrange equation Eγ [L] = 0, there is a corresponding
conservation law:

Di(C
i[u,Wα] + ξL) = 0. (4.4)

Let us introduce the notation x1 = t, x2 = x and u1 = u. Thus, a conservation law
corresponding to the operator (2.4) has the form[

Dt(C
1) +Dx(C2)

] ∣∣∣
(1.1)

= 0, (4.5)

where
∣∣∣
(1.1)

means that the equation holds on the solutions of the Eq. (1.1). Since

the maximum order of derivatives involved in formal Lagrangian L given by Eq. (2.6)
is equal to two, this formula is reduced to

Ci = ξiL+Wα

[
∂L
∂uαi

−Dj

(
∂L
∂uαij

)]
+Dj(W

α)

[
∂L
∂uαij

]
,

where Wα = ηα − ξjuαj , is the characteristic of the symmetries. The above formula
must be applied to the symmetries (3.4) for computations. Invoking that the Eq.
(1.1) is non-linearly self-adjoint with the substitution v = ϕ(t, x, u) = A, we will
replace in Ci the variable v with u. Thus, two conserved vectors arrived for the Eq.
(1.1). Since the formal Lagrangian (2.6) vanishes on the solutions of the Eq. (1.1), we
can omit the term ξiL and the take formula for the conserved vector in the following
form:

Ci = Wα

[
∂L
∂uαi

−Dj

(
∂L
∂uαij

)]
+Dj(W

α)

[
∂L
∂uαij

]
. (4.6)

Using in (4.6) the expression (2.6) for L and eliminating v with constants A, we obtain

C1 = WA, (4.7)

C2 = W [−24u2uxA− 3u2A−Dx(−4u3A)] +Dx(W )(−4u3A).
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4.1. Conservation Laws via X1. The operator X = ∂
∂t with characteristic W =

−ut gives the conserved vector C = (C1, C2) such as

C1 = −Aut, C2 = A
(
12u2uxut + 3u2ut + 4u3utx

)
. (4.8)

Now we continue with the following less trivial and useful operation with conserved
vectors. Let

C1|(1.1) = C̃1 +D2(H2) + · · ·+Dn(Hn). (4.9)

Thus, the conserved vector C = (C1, C2, · · · , Cm) can be replaced with the equivalent
conserved vector

C̃ = (C̃1, C̃2, · · · , C̃m) = 0, (4.10)

with the components

C̃1, C̃2 = C2 +D1(H2), · · · , C̃m = Cm +D1(Hm). (4.11)

The passage from C = (C1, C2, · · · , Cm) to the vector (4.10) is based on the commu-
tativity of the total differentiation. Namely, we have

D1D2(H2) = D2D1(H2), D1Dn(Hn) = DnD1(Hn),

and therefore the conservation equation (4.5) for the vector
C = (C1, C2, · · · , Cm) is equivalent to the conservation equation

[Di(C̃i)](1.1) = 0.

Now the differential conservation equations (4.8) will be written to an equivalent form
by using the operations (4.9)-(4.11) of the conserved vectors. Namely, let us apply
these operations to the conserved vector (4.8). Noting that C1 = −Aut−utx+Dx(ut),
and using the operations (4.9)-(4.11) we transform the vector (4.8) to the form

C̃1 = −Aut − utx, C̃2 = A
(
12u2uxut + 3u2ut + 4u3utx

)
+ utt, (4.12)

if the differential conservation equation rewritten with the vector (4.12), the following
equation is obtained:

Dt(C̃1) +Dx(C̃2) = Autt − uttx + 24Auutu
2
x + 12Au2utuxx + 24Au2uxutx

+6Auuxut + 3Au2utx + 12Au2uxutx + 4Au3utxx + uttx

∣∣∣
(2.5)

= 0.

4.2. Conservation Laws via X2. Similarly the symmetry X = ∂
∂x with character-

istic W = −ux of the Eq. (1.1) provides the conserved vector C = (C1, C2) with
components

C1 = −Aux, C2 = A
(
12u2u2

x + 3u2ux + 4u3uxx
)
. (4.13)

Note that if C1 = −Aux−uxx+Dx(ux), by transferring the terms of the form Dx(· · · )
from C1 to C2 we obtain

C̃1 = −Aux − uxx, C̃2 = A
(
12u2u2

x + 3u2ux + 4u3uxx
)

+ uxx. (4.14)
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4.3. Conservation Laws via X3. Finally the symmetry X = t ∂∂t − x
∂
∂x − u

∂
∂u of

Eq. (1.1), gives the characteristic function W = −u− tut + xux. So, one can obtain
the conserved vector C = (C1, C2) with components

C1 = A(−u− tut + xux),

C2 = A(12u3ux + 3u3 − 12xu2u2
x − 3xu2ux

+12tu2uxut + 3tu2ut − 4xu3uxx + 4tu3uxt). (4.15)

It is clear that they are involve an arbitrary solution A of the adjoint system (2.7),
and they present an infinite number of the conservation laws.

5. Direct Method for Construction of Conservation Laws

A more general systematic method of constructing local conservation is laws called
the direct method [1]. Within this method, one seeks a set of local multipliers (also
called integrating factors or characteristics) depending on independent and dependent
variables of a given system of PDEs and derivatives of dependent variables up to some
fixed order.

Consider a system (2.1) of N−PDEs of order k with n−independent variables
x = (x1, · · · , xn) and m−dependent variables u(x) = (u1(x), · · · , um(x)), given by

Fσ[u] = Fσ(x, u, ∂u, · · · , u(k)) = 0, σ = 1, · · · , N. (5.1)

In general for a given system of PDEs, non-trivial local conservation laws arise from
linear combinations of the equations of the PDEs with multipliers that yield non-
trivial divergence expressions. By their construction, such divergence expressions

DiΦ
i[u] = D1Φ1[u] + · · ·+DnΦn[u] = 0, (5.2)

vanish on all solutions of the system of PDEs. In (5.2), Di is the total deriva-
tives with respect to xi and Φi[u] = Φi(x, u, ∂u, · · · , u(r)), i = 1, · · · , n, are called

the fluxes of conservation laws. In particular, a set of multipliers {Λσ[U ]}Nσ=1 =
{Λσ(x, U, ∂U, · · · , U(`))}Nσ=1 yields a divergence expressions for system of PDEs F [u]

if the identity Λσ[U ]Fσ[U ] ≡ DiΦ
i[U ], holds for arbitrary functions U(x). Then, on

the solutions U(x) = u(x) of the system (5.1), if Λσ[u] is non-singular, one has the
local conservation laws

Λσ[U ]Fσ[U ] ≡ DiΦ
i[U ] = 0.

Theorem 5.1. A set of non-singular local multipliers {Λσ(x, U, ∂U, · · · , U(`))}Nσ=1

yields a local conservation law for the system (5.1) if and only if the set of identities

EUj (Λσ(x, U, ∂U, · · · , U(`))F
σ(x, U, ∂U, · · · , U(k))) ≡ 0, j = 1, · · ·m, (5.3)

holds for arbitrary functions U(x).

The set of Eqs. (5.3) yields the set of linear determining equations in order to
find all sets of local conservation law multipliers of the system (5.1) by considering
multipliers of all orders ` = 1, 2, · · · . Since Eqs. (5.3) hold for arbitrary U(x), it follows
that one can treat each Uµ and each of its derivatives Uµi , U

µ
ij , etc. as independent

variables along with xi, and consequently the linear system of PDEs (5.3) splits into
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an over-determined linear system of determining equations whose solutions are the
sets of local multipliers {Λσ(x, U, ∂U, · · · , U(`))}Nσ=1 of the system (5.1).

This method is applied to obtain the local conservation laws of Eq. (1.1). Suppose

F [u] = ut − 4u3uxx − 12u2u2
x − 3u2ux. (5.4)

We seek all local conservation law multipliers of the form Λ = ξ(t, x, U) of the PDE
system (5.4). In terms of the Euler operators

EU =
∂

∂U
−Dt

∂

∂Ut
−Dx

∂

∂Ux
+Dxx

∂

∂Uxx
,

the determining Eqs. (5.3) for the multipliers (5.5) become

EU
[
ξ(t, x, U)(ut − 4u3uxx − 12u2u2

x − 3u2ux)
]
≡ 0, (5.5)

where U(t, x) is an arbitrary function. The solution ξ(t, x, U) is the local multi-
pliers of all non-trivial local conservation laws of zero-th order of the Buckmaster
Eq. (5.4). Solving the above determining equation yields Λ = C where C is con-
stant. The zero-th order conservation laws are true and we avoid to express them.
Next consider first order multipliers, i.e., Λ = Λ(t, x, U, Ut, Ux) and second order
Λ = Λ(t, x, U, Ut, Ux, Utt, Utx, Utt). We can find the first and second order conserva-
tion laws from these multipliers by the amended method. See Tables 1 and 2 for the
results.

Table 1. Fisrt order local conservation laws

Density Fluxes First order conservation laws

−xux − u xut Dt(−xux − u) + Dx(xut) = 0
−tux tut + u Dt(−tux) + Dx(tut + u) = 0

−2xt x2 Dt(−2xt) + Dx(x2) = 0

x2 t2 Dt(x2) + Dx(t2) = 0
t2 −2xt Dt(t2) + Dx(−2xt) = 0

x− t −t + x Dt(x− t) + Dx(−t + x) = 0

−ux ut Dt(−ux) + Dx(ut) = 0
−uux uut Dt(−uux) + Dx(uut) = 0

6. Hereman-Poole method

One method to investigate the complete integrability of a system of PDEs is to de-
termine whether the system has infinitely many conservation laws. While developing
a method for computing conservation laws of non-linear PDEs in (1+1)-dimensions,
the authors needed a technique to symbolically integrate expressions involving un-
specified functions. Mathematica’s integrate function often failed to integrate such
integrands, in particular, when transcendental functions were present. The compu-
tation of conservation laws of non-linear PDEs in multiple space variables requires
a tool to invert total divergences. The homotopy operator used in the proof of the
exactness of the (bi-)variational complex can do the required integrations. In the
case of complicated forms of multipliers and equations, for the inversion of divergence
operators, one can use homotopy operators that arise in differential geometry and
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Table 2. Second order local conservation laws

Density Fluxes Second order conservation laws

−utx utt Dt(−utx) + Dx(utt) = 0
−uxuxx 2uxutx Dt(−uxuxx) + Dx(2uxutx) = 0

−xuxx − ux xutx Dt(−xuxx − ux) + Dx(xutx) = 0

tuxx tutx + ux Dt(uxx) + Dx(utx + ux) = 0
−uxutx − utuxx −uxutt + ututx Dt(−uxutx − utuxx) + Dx(uxutt + ututx) = 0

−xutx − ut xutt Dt(−xutx − ut) + Dx(xutt) = 0

−tutx + ux tutt Dt(−tutx + ux) + Dx(tutt) = 0
−uuxx − u2

x uutx + utux Dt(−uuxx − u2
x) + Dx(uutx + utux) = 0

−uutx − uxut uutt + u2
t Dt(−uutx − uxut) + Dx(uutt + u2

t ) = 0

−xux − u xut Dt(−xux − u) + Dx(xut) = 0
−tux tut + u Dt(−tux) + Dx(tut + u) = 0

ututx −ututt Dt(ututx) + Dx(−ututt) = 0
−uxx utx Dt(−uxx) + Dx(utx) = 0

reduce the problem of finding fluxes to a problem of integration in single-variable
calculus. We begin this part by a brief definition of a homotopy operator [7, 14].

Definition 6.1. Let x be the independent variable and f = f(x, u(M)(x)) be an
exact differential function, i.e. there exist a function F such that F = D−1

x f . Thus,
F is the integral of f . The First homotopy operator is defined as

Hu(x)(f) =

∫ 1

λ0

 N∑
j=1

Iuj(x)(f)

 [λu]
dλ

λ
,

where u = (u1, · · · , uj , · · · , uN ). The integrand Iuj(x)(f), is defined by

Iuj(x)(f) =

Mj
1∑

k=1

(
k−1∑
i=0

ujix(−Dx)k−(i+1)

)
∂f

∂ujkx
,

where M j
1 is the order of f in dependent variable uj with respect to x. The homotopy

with λ0 = 0 is used, except when singularities at λ = 0 occur.

Definition 6.2. Let f = f(t, x, u(M)(t, x)) be an exact differential function involving
two independent variable (t, x). The second homotopy operator is a vector operator

with two components
(
Hxu(t,x)(f),Htu(t,x)(f)

)
, where

Ht
u(t,x)(f) =

∫ 1

λ0

 N∑
j=1

Ituj(t,x)(f)

 [λu]
dλ

λ
, (6.1)

Hx
u(t,x)(f) =

∫ 1

λ0

 N∑
j=1

Ixuj(t,x)(f)

 [λu]
dλ

λ
. (6.2)

The t−integrand, Ituj(t,x)(f), is defined as

Ituj(t,x)(f) =
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Mj
1∑

k1=1

Mj
2∑

k2=0

(
k1−1∑
i1=0

k2∑
i2=0

Btuj
ti1xi2

(−Dt)
k1−i1−1(−Dx)k2−i2

)
∂f

∂uj
tk1xk2

,

(6.3)

with combinatorial coefficient

Bt = B(i1, i2, k1, k2) =

(
i1+i2
i1

)(
k1+k2−i1−i2−1

k1−i1−1

)(
k1+k2
k1

) .

Similarly, the x−integrand Ixuj(t,x)(f), is given by

Ixuj(t,x)(f) =

Mj
1∑

k1=0

Mj
2∑

k2=1

(
k1∑
i1=0

k2−1∑
i2=0

Bxuj
ti1xi2

(−Dt)
k1−i1(−Dx)k2−i2−1

)
∂f

∂uj
tk1xk2

,

(6.4)

where

Bx = B(i1, i2, k1, k2) =

(
i1+i2
i2

)(
k1+k2−i1−i2−1

k2−i2−1

)(
k1+k2
k2

) .

The usual homotopy operator with λ0 = 0 applies when (6.1) and (6.2) converge.
However, due to a possible singularity at λ = 0; (6.1) and (6.2) might diverge for
λ0 → 0: This can occur with rational as well as irrational integrands. In such cases,
one can take λ0 →∞ or, alternatively, evaluate the indefinite integral and let λ0 → 1.

Using homotopy operator Div−1 is guaranteed by the following theorem.

Theorem 6.3. Let f = f(t, x, u(M)(t, x)) be exact, i.e. f = DivF for some F =

F (t, x, u(M−1)(t, x)). Then, F = Div−1(f) =
(
Hxu(t,x)(f),Htu(t,x)(f)

)
.

Each of the multipliers Λσ = ξσ found in the direct method produces a conservation
law as DtΨ

i +DxΦi = 0 with the characteristic

DtΨ
i +DxΦi = ξσ(F ).

So we can find flux and density of the Eq. (1.1) by using the multiplier Λ = ξ = C
found in the direct method. Once we have one component of the conservation law,
e.g., the density or a component of the flux, the remaining components could be
computed using the homotopy operator. For calculating flux (Φ) and density (Ψ)

for each coefficient Λi use second homotopy operator
(
Htu(t,x)(f),Hxu(t,x)(f)

)
. For

ξ = 1, by using (6.3), we compute Ituj(t,x)(f) = u. Likewise, by considering (6.4), we
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compute Ixuj(t,x)(f) = −16u3ux − 3u3. Then by using (6.1) and (6.2), we have

Ψ = Htu(t,x)(f) =

∫ 1

0

Ituj(t,x)(f)[λu]
dλ

λ
=

∫ 1

0

λu
dλ

λ
= u, (6.5)

Φ = Hxu(t,x)(f) =

∫ 1

0

Ixuj(t,x)(f)[λu]
dλ

λ
=

∫ 1

0

(−16λ3u3λux − 3λ3u3)
dλ

λ

= −4u3ux − u3. (6.6)

Now we see that the conservation laws corresponding to multipliers ξ = 1 for system
Eq. (1.1) is given by: Dt(Ψ) +Dx(Φ) = ut − 12u2u2

x − 3u2ux − 4u3uxx.

7. Similarity reductions

The first advantage of symmetry group method is to construct new solutions from
known solutions. To do this, the infinitesimals are considered and their corresponding
invariants are determined. The Buckmaster equation is expressed in the coordinates
(t, x, u), so the problem of reduction this equation is to search for its form in specific
coordinates. Those coordinates will be constructed by searching for independent in-
variants (r, V ) corresponding to an infinitesimal generator. So using the chain rule,
the expression of the system in the new coordinate allows us to the reduced system.
Since our original PDE has two independent variables, then this equation transforms
into an ODE. Here we will compute some invariant solutions with respect to symme-
tries. At first, the similarity variables for each term of the Lie algebra of symmetries
are obtained by integrating the characteristic equations. Then this method is used to
reduce the system for finding the invariant solutions [2, 13].

7.1. Time translation invariance X1. The classical similarity solution of Eq. (1.1)
for this symmetry is obtained by integrating the group trajectories dt

dε = 1, where ε

is a parameter along the trajectories. Integration of dt
dε = 1 yields the invariant

transformation x = r, u(x, t) = V (r), thus, the reduced equation with respect to
above invariants is

− V (r)2
(

4V (r)(V ′′(r)) + 12(V ′(r))2 + 3(V ′(r))
)

= 0, (7.1)

and the similarity solutions are V (r) = 0 and

r + 4V (r)− 4/3C1
3
√

4 ln
(
V (r) +

3
√

4C1

)
+2/3 ln

(
(V (r))

2 − V (r)
3
√

4C1 + 2
3
√

2C2
1

)
3
√

4C1

−4/3C1
3
√

4
√

3 arctan

[
1√
3

(
1/2

3
√

42V (r)

C1
− 1

)]
+ C2 = 0.
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With subsititution u(t, x) = V (r) and x = r we have u(t, x) = 0 as a trivial solution
and

x+ 4u− 4/3C1
3
√

4 ln
(
u+

3
√

4C1

)
+2/3 ln

(
u2 − u 3

√
4C1 + 2

3
√

2C2
1

)
3
√

4C1

−4/3C1
3
√

4
√

3 arctan

[
1√
3

(
1/2

3
√

42u

C1
− 1

)]
+ C2 = 0.

7.2. Solution translation invariance X2. For this symmetry every translated so-
lution with any constant is a similarity solution. Because dx

dε = 1 by integration of
that we have t = r, u(t, x) = V (r). Then, the reduced equation is V ′(r) = 0 so we
have ut = 0, thus u(t, x) = C.

7.3. Solution translation invariance X3. The classical similarity solution of Eq.
(1.1) for the last symmetry is obtained by integrating the group trajectories

dt

dε
= t,

dx

dε
= −x, du

dε
= −u. (7.2)

Integration of (7.2) yields the invariant transformation

t = req, x = 1/eq, u(x, t) = V (r)/eq, (7.3)

thus the reduced equation with respect to invariants (7.3) is

4V ′′(r)V (r)3r2 + 12V (r)2V ′(r)2r2 + 32V (r)3V ′(r)r

+3V (r)2V ′(r)r + 12V (r)4 + 3V (r)3 − V ′(r) = 0. (7.4)

Consequently, the Eq. (1.1) reduced to the ODE (7.4), but the solution is so tedious
and could be found by some numerical methods.

8. Conclusion

In this paper, a Lie group analysis for an important PDE called Buckmaster equa-
tions is given. The Lie algebra of symmetries was found by a useful algorithm.
Also, these operators are applied for finding conservation laws of the system due
to Noether’s method. Because of the limitation of this method, the direct method is
used to obtain fluxes and densities for the system. In the case of complicated forms
of multipliers and/or equations, for the inversion of divergence operators, one can use
homotopy operators that arise in differential geometry and reduce the problem of find-
ing fluxes and densities to a problem of integration in single-variable calculus. After
computing multipliers, fluxes and densities of the corresponding divergence expression
can be reconstructed via Hereman-Poole algorithm. Finally, the reduced forms of the
equation are found via the similarity variables obtained from the symmetries.
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