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Abstract In this article we consider, impulsive initial value problems for a class of implicit
fractional differential equations involving the Caputo fractional derivative of order
B € (1,2]. The solutions of this nonlinear equation are analyzed by establishing
sufficient conditions for existence and uniqueness using Banach’s contraction map-
ping principle and the Schaefer’s fixed point theorem. In addition, using the Banach
contraction principle, we establish uniqueness result. To demonstrate main results
two examples are presented.
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1. INTRODUCTION

The theory of fractional calculus has received remarkable consideration from the
researchers of widespread fields of science and engineering due its applicability of de-
scribing the hereditary and memory effect of numerous processes arise in mathematical
modeling of many nonlinear phenomena which includes aerodynamics, thermodynam-
ics, diffusion processes, control theory, blood flow phenomena, electromagnetic and
many more, see the monographs [2, 13, 14, 15, 17]. The analysis of these types of
initial and boundry value problems involving fractional differential operators plays
significant role in finding applications to many realistic problems. Several numerical
and analytical methods are suggested to find exact and approximate solutions of non-
linear fractional differential equations [8, 9, 11, 18, 19, 20].

Moreover, the study of impulsive fractional differential equations has turned out to
be significant object of research as of late due to its extensive applications to numer-
ous physical phenomena in nature like the impact of mechanical systems, dynamical
systems with automatic regulations, electromechanical systems having relaxation os-
cillations, the function of pendulum clock, and so forth are governed by impulsive
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fractional differential equations [3, 16, 21, 24]. These equations gives natural descrip-
tion of the processes of development subjected to unexpected changes and irregular
jumps in their states and present a realistic outline for describing several mathematical
models. Many mathematicians contributed in development of existence, uniqueness
and stability results of solution for fractional differential equations with impulses
[1, 4, 5, 12, 22, 23].

In [7], Benchohra and Slimani considered the impulsive initial value problem to find
existence and uniqueness criteria of solutions,

“DPu(t) = f(t,u(t)), teQ=10,T],
t#tja .7: 1,2,"‘,77’7/, BE (071]a
A7—’4|t:t_7' = Ij(u(t]_))7 Jj=12,---m
u(0) = wuy,
where °D# is the Caputo fractional derivative, f : Q x R — R is continuous function,
U(O)ZUOER, Ij:R—)R, i=1,2,---m,and 0 =ty < t <ty < <Kt < e <
t, <tmy1 = T.

In [6], Benchohra and Lazreg have discussed fractional order impulsive differential
equations

*D7u(t) = f(t, u(t), Du(t)) teQ=[0,T)
t #tj7 .7: 1,2,"',77’7/, 5 € (Oal]a
Au|t:tj = Ij(u(t;)), ] = 1,2, R 11
u(0) = uy,
where ¢D? is the Caputo fractional derivative, f : Q x R? — R is a continuous func-

tion,u(O)zuoeR,Ij:R—)R,j:1,2,---,m,and0:t0<t1<t2<---<tj<
...<tm<tm+1:T,

Motivated by some ongoing work on impulsive fractional differential equation, in
this paper, we explore the existence and uniqueness results for the implicit fractional
differential equations with impulses:

°DPu(t) = f(t,u(t), DPu(t)), teQ=][0,T], (1.1)
t£t;, j=12---m, B (1,2
Aule=t; = Li(u(t;)), j=1,2,--,m (1.2)
Au'l—y, = fj(u(t;)), i=12---m (1.3)
u(0) = up, u'(0) = uy, (1.4)

where D7 signifies the Caputo fractional derivative, f : Q x R? — R is a given con-

tinuous function, u(0) = ug, w'(0) =u; €R, [;, [;: R >R, j=1,2,---,;m,and 0 =
lim w(t; +¢) and u(t;) = lim wu(t; + ¢) shows the right and left limits of u(t) at
¢—0+ J ¢—0~
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t=t;, 7=1,2,---m

The rest of this paper is sorted out as follows. In Section 2, some helpful funda-
mental definitions and introductory results which will be required to demonstrate our
principle hypotheses are displayed. In Section 3, we center around the verification of
main results of existence and uniqueness criteria by utilizing Schaefer’s fixed point
theorem. In Section 4, two examples are introduced to represent the fundamental
outcomes.

2. PRELIMINARIES
Throughout this article we denote C(£2,R) as the Banach space of all continuous

functions with the norm ||u||o, = sup{|u(t)|: t € Q}.

Further, we introduce the Banach space
PC(Q,R) = {u Q= R/ue C((ty, ti41],R),4=0,1,- - -,m in addtion
there exists u(t; )and u(t;),i = 1,2, - -, m with u(t; ) = u(tj)}

PC(,R) is the Banach space with the norm ||u||pc = sup |u(t)].
teQ

Set Q' == [0, 7]\ {t1, b2, - tm ).

Definition 2.1. ([14]) The Riemann-Liouville fractional integral operator of order
B € R, for the function f € L'([a,b],R;) is defined as,
1 t
Ifft :—/ t — )" f(z)dz, t>a.
© =535 | €= @

Definition 2.2. ([14]) The Caputo fractional derivative operator for the function
f € L*([a,b],R,), is defined for order 8 > 0 by

t n
fo(t)zﬁ / -2y fyar, v a,

where n—1< g <neNU{0}.

Proposition 2.3. [14] For o, § > 0. We have
(’L) Iﬁ : Ll([OaT]aR+) - Ll([OaT]aR+)7 and Zf f € Ll([OaT]aR+)7 then

I°IP f(t) = IPIf(t) = I*TP f(t).
(it) If fe€ LY([0,T], Ry), 1 <p< +oo, then H15f||L < ﬁ+1 ||f\|L
(#i7) gim IBf(t) = I"f(t), n=1,2,---. uniformly.
—n
We state the following theorems

Theorem 2.4. ([10]) For non-empty closed subset U of a Banach space X, any con-
traction mapping F of U into itself has a unique fixed point.

(e
BE
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Theorem 2.5. [10] Let X be a Banach space, and assume that F : X — X is a
completely continuous operator with the set S is bounded, where

S ={u € X|u=0Fu, for some6 € (0,1)}
then F has fized point.

The above theorem is known as Schaefer’s fixed point theorem. Motivated from [5],
for further analysis we consider the following hypothesis are satisfied.

(H1) Consider the function f : Q x R? — R is continuous.
(H2) There exists constants A > 0 and 0 < B < 1, such that

|f(t,z1,22) — f(t,y1,92)| < Alzy — yi| + Bloa — y2l,

vVt € Q and z1, 22, y1,y2 € R.
(H3) For all z, y € R,and t € Q, there exists constants x, & > 0 such that

|7(x) = I;(y)] < slz —yl,
and
\I(z) — L;(y)| <klz—yl, j=1,2,---,m.

3. MAIN RESULTS

Definition 3.1. A function v € PC(Q,R) is said to be a solution of (1.1)-(1.4)
with its B-derivative if u satisfies the equation *DPu(t) = f(t,u(t)) on 2, and the
conditions

Aufe—, = I;(u(t])),

Au'le—e, = Ij(u(t;)),

w(0) = ug, u'(0) = uq,
are satisfied for j =1,2,---,m.
Lemma 3.2. [25] The differential equation

°DPp(t) =0, B >0, (3.1)
has solutions p(t) = ko+kit+kot?>+-+k,t" 1 n=[B]+1, k; €R, i =0,1,2,---,n.
Lemma 3.3. [25]. Let 8 > 0, then

I°DPp(t) = p(t) + ko + k1t + kot? + - - - + E,t" L, (3.2)

for n=1[8]+1and k €R, i=0,1,2,---,n.
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Lemma 3.4. [1] Let p:Q — R is continuous and 1 < § < 2. A function u is a solution
of the impulsive fractional integral equation

t
o + urt + %B) £ (t — 1)~ p(T)dr for t €10,t4],

. tr
g + urt + gy Shes I (tg — 1)~ p(7)dr+
k—1

tr

u(t) = +r<£—nEi—1<ttk>I (t = 7)"p(r)dr+ (3.3)

k—1
t
+F(1f6)._[,: (t — 1) p(r)dr+

300 Te(u(ty) + S0 (6 — ) T (ulty),

fOT‘ te (tj7tj+1}7 ] =1,2,---,m,

if and only if u is a solution of the impulsive fractional IVP

cDPu(t) = p(t) t € Q' =[0,T], (3.4)
t #tjﬂ B € (172}
Aule—g; = I;(u(t})), (3.5)

Aul‘t:tj = jj(u(t]_))v Jj=L4L2,---m
w(0) = up u'(0) = uy.
Theorem 3.5. Suppose that (H1), (H2) and (H3) hold. If

(m(1+4 B) +1)AT?
(1-B)(B+1)

then impulsive fractional IVP (1.1)-(1.4) possesses a unique solution on €.

+m(s+TF) < 1, (3.8)

Proof. We define the operator H by rewriting the equations (1.1)-(1.4) as a fixed
point problem given by F : PC(Q,R) — PC(Q,R) as

F(u)(t)=u0+u1t+ﬁ 3 /j (6, — 7)1 £(r, u(r), DPu(r))dr
0<t; <t
1

Y2 R —t; v 7)) u(r Pu(r))dr
* R, ) ) D

ti-1

L ’ —T’B_l T, u(T BuT T
+ g [, -7, Dt
+ Y Luy )+ Y (=t (ut;). (3.9)

0<t;<t 0<t; <t
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We define o, ¢ € C(,R) by o(t) = DAu(t) and £(t) = DPv(t), hence
we get o(t) = £(t,u(t), o(t)) and £(t) = F(t, v(t),£(t)).

It is obvious that the solutions of the equations (1.1)-(1.
operator F. Next, We prove that f is a contraction.
Let u,v € PC(,R), for every t € Q we get,

1 t o
| F(u)(t) = F (v)(t) ISm > /t (t; =)~ [a(r) = &(r) | dr

0<t;<t”ti—1

4) are the fixed points of the

71 —t; v — 1) 2 o(r) — &7 T
* i, ot G e e
L ' )P o(r) - &(r T
* g T o) g
F L) - L)+ 3 (- eIl - L))
0<t <t 0<t; <t

By (H2) we have,
| o(t) = &(t) [ = [f(t,u(t),o(t)) — f(t,v(t),&(t))|
< Afu(t) —v(t)| + Blo(t) — £(b)],
hence we get
[ o(t) —&(t) [<
For t € Q,
| F(u)(t )*F(v)(t) <

5 2 [ G ) oty s

A
s fu(e) — o(t)]

- ( O<t <t

$ —t; K '—T'872 u(T) — ol T
+ (1—B)F(ﬁ—1)0<%:<t(t W) [ =) ) o) et

# ’ — ) () —u(r T
+(1—B)F(ﬁ)/tj(t P fur) - o(r) | dr+
+r Z t)) +R D (6= t)(ult))) — (v(t;))]

mATB mATP
|lu—v|pc + lu — v|| pc+

=0-Br@E+1 (- BI(3)
ATA

TACBrGLD
mATP mAT?P ATP

0o BrGEE) 0-Br@) (1-BTE+1)

[ = vllpc + mkllu = v]|pe + mET|ju —v]|pc

+m(k+ET) | |Ju—v| pe.
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Thus

(m(1+ B) + 1)AT?
(- BT(B+1)

Consequently, by (3.8) F is a contraction. Hence F has a fixed point by Banach fixed

point theorem. ]

Theorem 3.6. Suppose that (H1), (H2), (H3) and following assumptions hold

| F(u)(t) = F (0)(t) [< +m(k+TE)|lu—v|pc.

(H4) There exist constants r,h,q € C(,Ry) with gx = supq(t) < 1
teQ
such that

|f(t,u,v)| < 7(t) + h(t)|ul + g(t)|v], ¥VteQand u,veR.
(H5) The functions I;,I; : R — R are continuous for some constants
7,(,7,(>0,Vue R j7=1,2,---,m, such as
|1 (uw)| < nlul+¢ and |I;(w)] < qlul +,
(m +mB+ 1)h*T?

L= )T(+1)
Then IVP (1.1)-(1.4) has at least one solution in Q.

+mn+mTn < 1.

Proof. We prove this result in four steps by using the Schaefer’s fixed point theorem.
Step 1. We show that f is continuous for a sequence u, such that uw, — wu in
PC(2,R). For any t € Q,

[ F (un)(t) = F (u)(t) [<

71 K =) o (1) — o(r T
w2 [, = o) —oto) s
71 —t; K =12 o, (1) —o(T T
+nﬁ4%§%@ m[”uj V=2 | o(r) — o) | dr+
71 ' — )P (7)) — a(T T
* g T () () L
+ > () = Luy )+ Y (&= t6) 5 (un(t]) — Li(u(t;))],
0<t; <t 0<t;<t

where o,and o € C(£2,R) and given by
on(t) = f(t, un(t),on(t)) o(t) = f(t,u(t), o(t)).
By (H2) we get
[ on(t) —o(t) [ = [f(t, un(t),on(t)) — f(t, u(t),o(t))|
< Alun(t) — u(t)| + Bloa(t) — a(t)],

Hence we get

A
[ 7u(t) = () 1 7 un(®) — (o))
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Since u, — u , we get o,(t) = o(t) as n — oo for each t € Q. For § > 0 and for any
t € Q, we get |o,(t)] < d and |o(t)| < 0. Therefore, we have

(t=7)"Hou(r) —o(r)| < (8 =) Hon(T)| + o (7)]]
< 20(t —7)°1
and
(b = 1) How(m) — o ()] < (b = 1) Hlow(r)| + |o(7)]]
< 20(tp —7)P 7L,

For each t € €, the functions 7 — 26(t—7)°~land 7 — 25(t; —7)”~! are integrable on
[0, t], hence equation (3.7) and the Lebesgue dominated convergence theorem imply
that

| F(un)(t) — F (u)(t) |— 0 as n — oo
and hence
1F (un)(t) = F (u) ()] = 0 as n — o0
consequently, H is continuous.
Step 2. Next we prove boundedness of F in PC(Q,R). Indeed, we show that for

any R > 0, there is some positive constant K such that for every v € Br = {u €
PC(Q,R) : |Ju|lpc < R}, we have ||F(u)||pc < K. For each t € Q we have,

[F)(®)] < Juol + Twr + 7oz Z (t; — 7)o (r)ldr
0<t <t/ti-1

71 —t; v = 7)o (1) |dr
eI t»/ (& =) lo(r)ld

0<t; <t t—

L ' —757107 T

5 /tj(t Voo (r)|d
+ Y L))+ D (6=t Lult;)], (3.10)

0<t; <t 0<t; <t

where o € C(£2,R) is such that

U(t) = f(t’u(t)’ J(t))'
By (H4) for each t € Q,

o (t)] = [f(t, u(t), o(t))]
< 7(t) + h(t)|u(t)| + q(t)]o(t)]
< 7(t) + h(t) R+ q(t)]o(t)]
<7 +h*R+q"|o(t)],

2D
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where 7* = supr*(t), and h* = sup h*(t). Then
teqQ teQ

™ +h*R
o (t)] < T = L.

Thus equation (3.10) gives

mLT? n mLT? n mT?
rg+1 @)  rE+1
+m(nful + Q) +mT(lu] + )

mLT? n mLTP n LT?
rg+1y  IE)  rE+1
+mnR+¢) + mT (MR + (),

F)(t)] < uol + Thua| + o

<ug| + T|u1| +

)-i-

hence

(m+mpB+ 1)TPL
L(B+1)

+m[nR+ )+ T(AR+ ()] == K.

Step 3: Here we prove f maps bounded sets of PC(€Q,R) into equicontinuous sets.

I (W)llpo < luol + Tlu| +

Let 21,29 € Q, 21 < z3, Br be a bounded set of PC(Q,R) and take u € Bg.
This gives

| F(w)(22) = F (u)(21) [<
1

< L /36 (2 — 1) — (1 — 7))\ dr

L'(B) Jo
+ F(lﬁ)/ |(ac2 — 7)571||0(7')\d7'
tro 3 @t [ =) lelar
0<t;<zp—x1 ti-1
fren 5 e [ et
0<t;<w1 ti-1
+/I2 (zg — 7')5*1|0(7')|d7' + /tgg1 }(:1:2 - 7')5*1 — (z1 — T)ﬁ71||0'(7')|d7'
Y L))+ DS (@) Lu(t))]
0<t;<z2—71 0<t;<z2—71
Haa—z) Y |Lu(t))],
0<t;<zy

where o € C(2,R) is such that
o(t) = f(t, u(t),o(t)).
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Whenever 1 — x2, the RHS of the inequality approaches to zero, consequently by us-
ing Arzeld-Ascoli theorem and above steps 1 to 3 the map F : PC(Q,R) — PC(Q,R)
is completely continuous.

Step 4: A priori bounds.

In this step we prove that the set

D = {u € PC(Q,R)|u = 0F (u), for some 6 € (0,1)} is bounded. Consider u € D,
where u = 0F (u) for some 6 € (O 1). Then for every t € €2, we have

ul(t )_9u0+0T|u1|+ Z /t (t; — 1) f(r,u(r), DPu(r))dr

0<t <t

o, o Y / "= ) D)
L t — )P (ru(r Pu(r))dr
*rw)/t,.“ P (7). DPu(r)d
+0 Y Liut))+60 D (t—t)(u(t))). (3.11)
0<t; <t 0<t; <t

By (H4) for each t € Q, we get

()] = [£(t, u(t), o(t))]
r(t) + h(t)|u(t)] + q(t)]o(t)]
7 B u(t)] + ¢ o (t)],

where 7* = supr*(t), and h* = sup h*(¢t). Then
teQ teQ

4 hru(t)]
t) < .
(6] <
By (H4) and (H5), for every te Q, we have

mT? (r* + h*u(t))

u(t)] < Juol + Tlur| +

rp+1) 1—g¢*
mT? (v W@\ | T° (o)
* ') ( 1—gq* ) + I‘(ﬂ+1)( 1— g ) +m(ﬁ\u(t)|

+ m(nlu(t)| + ¢) + mT (flu(t)| + C).

Hence

mT? (4 h*|u(t
lu(t)l|pe < Juol + Tlur| + ( [ >||pc>+

rp+1) 1—g¢
T ( +h*||U(t)||Pc> T’ ( +h*|“<t>”PC)+
T(8) L-¢ L6 +1) -

+ m(nllu(t)| pc + ¢) + mT(7llu(t)|| pc + C).

2D
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This gives

m+mpB+1)r* TP >
| + Ty | + GBI (¢ + TC)

(m4+mpB+1)h*TF _ :
1= “G=5ramn — mn+Thn)

This gives the set D is bounded and consequently H has a fixed point. [J

[u(t)[[po <

4. ILLUSTRATION
To demonstrate the applicability of Theorems 3.1 and 3.2, we present two examples.

Example 4.1. Consider the following fractional initial value problem with impulses:

1

“DPu(t) = 4.1

“8) = 521 1 (o) 1 [FDPu(®)])’ 1)

lu(z )l
Aule_y = 2 (4.2)
30+ |u(g )l
-
w1 = [u(3 )‘, ; (4.3)
T50+fu(z )
u(0) = u'(0) = 0, (4.4)
forteQ=1[0,1], t#1, 1<B<2
Set
1
t = teQ= 1
f( 7m7y) 9€t+2(1+1’1 +$2), € [0, ]a X1,T2 S [0700)7
T
I =
H@) = 3y
_ T
I = .
@) = s
Let x1, T2, %1, %2 € [0,00) and t € Q. Then we have

1 1 1
t - t - [ = J—
e zm) = f6 o0 0) = o T T o

_ |1 — &1 + |22 — 22|
9et+2(1 + x1 + x2)(1 + 21 + 22)
|.%‘1 — .’LT1| + |$2 — .f2|

= Qctt2
< 9?(|$1 — 1| + |22 — 72)).
Hence the condition (H2) holds with A = B = 5l;. Also we have
T T2 30[x1 — 3|
I - I - — =
lw) = Ie(w2)l = 1552 = 55500 | = B0+ 20) @0 1 20)
1
< %|171 — To|
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and
-lk T -lk X2 z Zal,

therefore the condition (H3) verified with k = 55 and & = z5. Indeed, we will see

that the condition (3.8) is fulfilled with 7= 1 and m = 1.

(m(1 + B) +1)AT# (B+2)ges 1 1)

=BT+ 1) (- LT3 +1) 30 50

9e2

+m(/£+T/<):<

_ fr2 11
S\ (9e2—1)I(B+1) 30 50
< 0.09913,

which is satisfied for any 8 € (1,2]. Hence by Theorem 3.1 the Eqs. (4.1)-(4.4) has a
unique solution on €.

Example 4.2. Consider following fractional initial value problem with impulses:

3+ |u(t)] + [¢DPul(t)]

"DPu(t) = AT 1 (o) - FDPu{®)])’ (4.5)
ulg—1 = Ma (4.6)
P T+ u(3 )
, lu(3 )]
Au'|y_1 = ————— .
=3 11+ u(3 )] o
u(0) = u'(0) = 0, (4.8)

forteQ=[0,1], t#£41, 1 <B<2

Set

3+ T+ 29
f( ,1’1,332) 816t+3(1+$1+$2), S [ ’ ]a T1,T2 6[ 700)7

obviously the function f is mutually continuous. For any x1,zq, @1, 22 € [0,00)
and t € €,

1
(&, 21, 22) = f(t, 21, 22)| < o5 (Jor — 2] + oz — 22).
Hence, condition (H2) is satisfied with A = B = g=5. For each t € [0, 1],

1
|f(t, 21, 72)] < == (3 + 1 + 22).

8le3
oy . . . o 1 o o 1
Thus condition (H4) is satisfied with T(t) = 373 and h(t) = q(t) = gletFs- Let
T F L1
I = I =
o) = P Talen) =

therefore for each @1 € [0,00), |Ii(z1)| = 21 + 1, and [T (z1)] = o1 + 1
Thus condition (H5) is satisfied with n = %7 ¢ =117 = 1—11, (=1
[c ]

EE

Hence the
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condition
(m+mB+ 1)h*T?
- (B+1)

)
+mn+miln= ((1 6+ )8163

1
— ) D(B+1) T
- 842 11
(i i+3)
< 0.2356,

is satisfied for any 8 € (1, 2]. Hence by Theorem 3.2 the Egs. (4.5)-(4.8) has a unique
solution on €.

5. CONCLUSION

In this article, sufficient condition for the existence and impulsive initial value
problems for a class of implicit fractional differential equations involving the Caputo
fractional derivative were obtained using Banach’s contraction mapping principle and
the Schaefer’s fixed-point theorem. Obtained results were illustrated using two initial
value problems of fractional order. We conclude that the present method to anal-
yse impulsive implicit fractional differential equations is most reliable and efficient,
moreover it can be used in various differential equations of fractional order arising in
mathematical modelling of several real-life problems.
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