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Abstract This paper aims to investigate the stability and numerical approximation of the
Sivashinsky equations. We apply the Galerkin meshfree method based on the radial
basis functions (RBFs) to discretize the spatial variables and use a group presenting
scheme for the time discretization. Because the RBFs do not generally vanish on
the boundary, they can not directly approximate a Dirichlet boundary problem by
Galerkin method. To avoid this difficulty, an auxiliary parametrized technique is
used to convert a Dirichlet boundary condition to a Robin one. In addition, we
extend a stability theorem on the higher order elliptic equations such as the bihar-
monic equation by the eigenfunction expansion. Some experimental results will be
presented to show the performance of the proposed method.
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1. INTRODUCTION

The approximate solution of the Galerkin method is to determine the solution of
a system of equations obtained by the variational formulation of the main problem.
Also the key property of the Galerkin approach is that the error is orthogonal to
the chosen subspaces. In the variational formulation, it is almost always necessary
to estimate some integrals. This method has also more computational cost than the
collocation method, but it is a stable algorithm and well computes the approximate
solution of the well-posed problems. Although it has suffered from deficiencies, special
techniques can be used to alleviate the defects in the applications.
Investigated by authors of [6], a set of background cells were required to evaluate
the integrals resulted from the use of the Galerkin weak-form. Global numerical
integrations were needed to obtain the coefficient matrix of the equation system.
Hence, a global background cell structure had to be used for these integrations, so
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that the method was not truly meshless. Also, emphasis was placed on the relationship
between the supports of the shape functions and the sub-domains used to integrate
the discrete equations. It was shown that constructing the quadrature cells with no
attention to the local supports of the shape functions may result in the considerable
integration error. They employed the conventional Gauss quadrature rules in the
cells for which the high order quadrature rule was needed for sufficient accuracy in
the Galerkin meshfree method. Nodal integration, on the other hand, led to rank
instability and significant loss of accuracy in the numerical solution. In contrast with
using background meshes for integration, discussed above, a truly meshfree Galerkin
computational method rely chiefly on the nodal integration maintaining the meshfree
characteristics of the weak forms.

The Sivashinsky differential equation, which models a planar solid-liquid interface for
a binary alloy for @ = 0, is considered as the following nonlinear biharmonic equation
[6, 4, 12]

ug + A% —a Au+bu=—-Af(u), in Q,
u=0, Au=0, on 09, (1.1)
u(0) = u,, on Q.

where a,b are two positive real numbers, 2 is a bonded Lipschitz region with its
boundary 02, and u,, and f satisfy suitable conditions. This problem was surveyed
and solved by the numerical method given in [9, 10]. Dehghan [6] applied the meshless
weak form techniques based on the radial point interpolation method for solving this
equation and derived an error estimation of its global weak form.

In this work, we apply the Galerkin meshfree method based on the RBFs to the
Sivashinsky equation and consider the stability of this equation by the eigenfunction
expansion. This paper is organized as follows. In section 2, we introduce eigenfunc-
tions of the biharmonic operators and use them to study the stability of the method.
The Galerkin meshless method is presented in section 3. Some numerical results will
be presented in section 4.

2. STABILITY

Eigenvalue problems are important in the mathematical analysis of partial differ-
ential equations (PDEs), and occur, e.g. in the modeling of vibrating membranes and
other applications. In our study of time-dependent PDEs it will be important to de-
velop functions in eigenfunction expansions, and we therefore discuss such expansions
in this section.

2.1. Solution of Au = f by Eigenfunction Expansion. We first solve A =
A? — aA 4 bl with the Positive Parameters a and b by the use of eigenfunction expan-
sions. We denote by (.,.)q and ||.||q the inner product and the norm in L? = L?(Q),
respectively. Also a Hilbert space of functions satisfying the double Dirichlet bound-
ary condition H = {u € H*(Q) s.t. u =0, Au=0, on 9Q} with the inner product
()n = (A, A)g+a (V., V)g+b (., Do that H*(Q), k > 0, is the Hilbert
c[v)
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Sobolev space of kth order [2]. We find an eignepair (A1) € C x H\{0} such that
forall v e H

(A, v)a = A (¥, v)a. (2.1)
Using integration by parts twice, we obtain

(A, v)q = (Y, ). (2.2)
Substituting (2.2) into (2.1), we have

(, V)3 = A (¥, v)a. (2.3)

By the result of Theorem 19.9 in [3] for classical regions with smooth or convex
polygon boundary, we may conclude at once that the eigenfunctions are smooth,
¥ € C*, because if u is a solution of Au = f and f € H*(Q2), then u € H*4(Q)NH
being similar with elliptic regularity [2] that we call A—regularity and

l[ullk+a < [|f]lx, (2.4)

where ||.||x is the norm of H*(Q). Since ¢ € L2, A-—regularity implies that 1 €
H*(Q2) N*H, which in turn shows ¢ € H8(Q2) N H, and so on.

Theorem 2.1. The eigenvalues of A are real, positive and tend to infinity. Two
eigenfunctions corresponding to different eigenvalues are orthogonal in L2 and H.
Also the nth eigenvalue is calculated as

An = inf{HVH?_L st. veH, |vla=1 and (¢;,v)q=0 foralli=1,2,--- ,n—l},

where 1; 1s eigenfunction corresponding to eigenvalue A;. {¢n 52, is an orthonormal

base of L? and H.

Proof. Let X\ be an eigenvalue and v be the corresponding eigenfunction. Then

MIlIG = 119113,
which implies that A > 0. Let A; and Ay be two different eigenvalues and v; and 9
be the corresponding eigenfunctions. Then

Al(w17¢2)ﬂ = (¢17¢2)7‘[ = (1/}27/(/)1)7'[ = )\2(@/12»1/11)97
so that

(A1 = X2) (Y1, 92)0 = 0.
Since \; # Ao, it follows that (¢1,12)q = 0 and (¢1,v2) = 0. The property of
tending to infinity can be proved by Theorem 6.3 in [7]. It is clear that the inequality
[vlla = (lvll, v eH. (2.5)

holds and obviously A, < Api1. Let ||U,|lg = An and ||¢,lo = 1, we get v € H
such that v = Z?;ll vip; and ||v]|q > 1, for an integer number n, C,, corresponds
to the transformed of B, = {v € #, |v|o <1 and (¢;,v)g =0 forall i =
1,2,--- ,n— 1} v is a weakly compact set on H by the Banach-Alaoglu Theorem [11].
Denote f,(v) = 3(||v[|3, — Anlv]3 — An) on C,, that is the closed convex bounded
(e
BE
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set, also function f,, has an argument of minimum value on C,, such as v + 1, so for
any A, there is at least a solution 1,, € B,, from Theorem 3.1 of [5] such that

De fr(v+ )y —,] >0, VveB,,
where Dg f, is Gateaux differential fn at ¥y, so

(U +7/}7L’V - 1//n)71 = (’(/),“1/ - '(/)n)?'l > 07 Vv e Bna

from (Vn,¥n)y = An, v + 9, implementing minimal argument of f, in C,, and
simplifying above term we have

(Un, V) — An(¥n, V)0 >0, Vv e B,.

It is clear that H = spanB,, ® span{iy, - ,¥n_1}, also
(Y V)3 = An(¥n,v)2 20, Vv EH,

thus

(’(/}nvl/)'H :)‘n(’lpnay>ﬂ, Yv € H.

By Theorem 12.10 of [11] and that .4 has the self-adjoint linear operator, we conclude
that {1, }5; is an orthonormal base for L? and H.
O

Theorem 2.2. Any solution of Au= f for f € L? has a representation in terms of

{Wn}tnly as
1

Proof. Multiplying both sides of Au = f by ,,, yields
(Au’ ’l/)n)g = (f7 wn)ﬂ7
and using integration by parts, we have
(uv Ad)n)g =An (ua wn)Q = (fa wn)sy
but we get u, = (u, wn) o Which is a multiple of Fourier representation for u =
oo | Untby, that is, 4, = Tln(ﬁ wn)Q. O

We consider the time-independent solution in the next section.

2.2. Stability of the Sivashinsky equation. We first solve u; + Au = 0 by using
eigenfunction expansions and seeking a solution of the form

U(X, t) = Z Up, (t)'(/)n(x)7 (26)
n=1

where 4, : [0,T) = R, T € (0,00], are coefficients to be determined. Because this
is a sum of products of functions of x and ¢, this approach is called the method
c[v)
EE
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of separation of variables. Inserting (2.6) into the differential equation in the initial-
boundary value problem u;+.4u = 0 and using eignepairs property we obtain formally

oo

dii, (t .
E:(i;)+&m4ﬂﬂm@%:Q for  (t,x) € (0,7] x &,
n=1
and, since the 1),,’s form a base, we have
diin (t N
udt()+>\nun(t):0’ tG[O,T], Vn=1,2,---,

so that
T (t) = G, (0)e™ Mt

Moreover, from the initial condition, it follows that
oo oo
u(x,0) = Yt (0)¢n(X) = o(X) = D lntn(X), n = (Yn,uo)a, Vn=1,2,--.
n=1 n=1
We thus see that, at least formally, the solution has to be
o0
u(x,t) =Y dipe ey (x), (2.7)
n=1
where by Parsevals relation, with L?—norm,
o0 o0
lu(s 01 =D lan]e™ A < e i [* = e fuo|§ < oo,
n=1 n=1

thus

[u(,O)lle < lluolle, ¥t € [0,T]. (2.8)
Modifying the above inequality, yields

lu(., o < e M uolla, Vtel[0,T]. (2.9)
Theorem 2.3. Assume, for u(t) € H, for all t > 0, that D" A*u € L2, D, being
time differential operator, for k and m, then

| D" AR u(., ) |lo < Congt ™™ F|luolla, V¥t € (0,7,
and

D Aru(cy )|l < Copt ™™ % |Juo|lq,  VE € (0,T].
Proof. The solution of this problem has the representation as (2.7). We first note

that for any m, k > 0 there is a constant C such that the=t < Cy, for t > 0. Using
this with k, m,

oo
D" AFu(, )| = 725N i [P (A t) 2 FFMem At < OF 72T 22 g |3,
n=1

so that
1D Afu(.s t)lle < Crpmt™ "™ fuo .
Because ||u(t)||3, = (Au(t),u(t))q, the other part can be proven similarly. O

(e
BE



594 M. MESRIZEDEH AND K. SHANAZARI

Acting the solution operator E(t), being the defined linear operator, on the initial
data uo is resulted in u(t) = E(t)uo. By (2.7) this operator satisfies the stability
estimate

[E()usllo < lluclla, Vit e [0,T],
and Theorem 2.3 may be expressed as
D" E(t)uollo < Cnt ™™ [|us [l

which expresses a smoothing property of the solution operator. In fact, as we shall
see, the solution of u; + Au = f may be expressed as

w(x, £) = B(t)uo(x) + /O Bt — 5)f(x, 5)ds. (2.10)

This formula represents the solution of the inhomogeneous equation as a superposition
of solutions of the homogeneous equations, so that

lu®)lla < lluslla + / 1£(5)llads, (2.11)

where we write u(t) for u(.,t) and similarly for f(s). We can modify the inequality
(2.11) similar to the above process such that

t
lu®)lla < e uolla + / M=) £(s) [ ds. (2.12)

Now we are ready to express a stability theorem for the problem (2.1).

Theorem 2.4 (Stability of Sivashinsky problem). Assume that u is the solution of
equation (1.1) and there is a Ly >0 for allv € H

(V) Vv)a < Ly | VV[I3,
then for a C > 0 we have
lu(®)le < Clluoq-

Proof. Multiplying both sides of (2.10) by v € H., ||v|lq = 1, and using integration
by parts, gives

(u(t),v)o = E(t)(uo, v)a + /0 E(t —s)(Vf(u(s)), Vv)ads,

where H C H. is the set of functions of H! that vanish on the boundary of Q. Let
v =u(t)

t
(u(t), u(t))o < e " |(uo, u(t))a| + Lf/ e M) (Vu(s), Vu(s))ads,
0
associating to the inequality (2.5), so that
t
lu@)lIE, < e u@®lelluola + Lf/0 e lu(s) |5, ds,
c[v)
EE
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also by Cauchy-Schwarz inequality and Theorem 2.3 we derive as follows

t
lu@®)1§ < e uollllul®)lle + Lf/o e M55 ug B

— A1t

t
e g (t—s) =L
< —5— (Ol + lluoll) +||uo||?z(Lf/0 e M5 ds).

1 2
% < (1+ ﬁ) and thus we have
2

[u®)lle < Cllus|la-

+
B

Let C? =

O

f(u) =2u — 1u? (see [6]), and we can give Ly = 3. Hence problem (1.1) is stable.

3. GALERKIN MESHFREE METHOD

In this section, we introduce the Galerkin meshfree method based on the RBFs.
Assume that Xy = {x1,-- ,zn} is a set of pairwise distinct points in the compact set
Q. An RBF is a radial function II(x) = 7(||x||), where m € C[0, c0), that is positive
definite or m-order conditionally positive definite on R™ with respect to the set of
polynomials II?, having total degree m — 1 or less when all nonzero a € R™ satisfying
Zf\il a;p(x;) = 0, for all p € TI",, we have

N N
Z Zaiajl_[(xj — Xi) > 0.

i=1 j=1

We use compactly-supported positive definite RBFs (CS-RBFs) in this paper. For
m = 0, the fourth order CS-RBFs is defined by

r? 5rd 4r® 51 ar”
I(x) = - +% -F+E) 0<r<
0 1<,

where IT € C%, and ¢ > 0 is a parameter. For the biharmonic equation, we must
apply higher-order Wendlands CS-RBF's that causes complex and costly calculations.

3.1. Galerkin meshfree method based on the radial basis functions (GRBFs).
The approximation space is used to Galerkin meshfree method as follows

N
Vy = {Zaiﬂi(x) such that II;(x) =II(x —x;) a; €R, Vi=1,2,-- ,N}.
i=1

The meshless weak form techniques based on radial point interpolation has been
applied to the nonlinear biharmonic equation [6]. Also, the error estimate of meshless
global weak form methods has been derived for this problem. RBFs do not satisfy
the double boundary conditions, directly; however, the Robin boundary conditions to

(e
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approximate Dirichlet boundary conditions of Eq. (1.1) by two positive parameters
«a and B, can be used as follows,

82“5 + A% 5 —a Mig g +b s = —Af(uag), in Q
Ua,3 + oot _ =0, Augp+ ﬂa Yob 0, on 09, (3.1)
on on

Uq,3(0) = Uo, Q,

where n is the surface normal to 9. The weak form of (3.1) with twice integration
by parts can be obtained when for all v € H?(Q) and from Theorem 2.4 there is a
unique u, 5 € H?(Q) called weak solution of Eq. (3.1) as follows

i(ua 8,V ) + (Auawg, Av)ﬂ + ﬁ(Aua,g,v>aﬂ+
a(Vuaﬁ,Vv)Q — aa(uaﬁ,v)aﬂ + b(uaﬂ,v)g = —<Af(uaﬁ)’v)9 (3.2)
“a,B(O) = Uo, Q,

where (ta,8,0)g = [ Ua,s(X, )v(x)dx and (ta,p, )0 = [0 ta.s(X,t)v(x)do. We
investigate by some examples that solution of Eq. (3.2) tend to solution of Eq. (1.1)
as a — oo and B — oo via typically weak convergence. The approximate solution
represented in Vy is given as

uN a 5 x,t) Z a;(t
By substituting the approximate solution into Eq. (1.1), we have, forall j = 1,2,--- | N,
d
«a ;H) (A @ aAH) (A «a aH)
dt(“N 1L )+ (Bunap Allj) +B(Aunap 1)+

a(VuN’a,g,VHj)Q - aa(uN,a’g,Hj)aﬂ + b(uN’a”g,Hj)Q = —(Af(uN’a,g),Hj)

uN,a,,@(O) = Uo, Qa

Q

(3.3)
so that
a N
> daéit) (HZ,HJ) + ;ai(t) (AH“AHJ>Q+
B i a;(t) (AH“ HJ)BQ +a i a;(t) (VH“ VHJ)Q—
i=1 2

i=1 4 Q Pl ' ) li_v;f (uN,a,8(x;) (AHi’Hj>Q
)Q = (Hiauo>Q, Q,
(3.4)
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which results in the following first order system of differential equations with the
initial conditions

dc;it) — f(a(t)) — Anga(t), tel0,T], (3.5)
a(O) = Qo,

where the vectors a, can be obtained. Also A, g is the constant coefficient matrix
corresponding to (3.3). Let

u(t) = a(t),
so that

fa(t),t) = f(a(t)) — Aapa(t), tel0,T],
with the initial condition

u(0) = a..

Authors of [8] presented geometric numerical integration method to solve first order
differential equation such as Eq. (3.5) called group preserving scheme (GPS) as follows

U1 = Uk + ety (3.6)
where
e = (o — DEF g + B[]
15[ ’
f
ay, = cosh(Az I ),
[[u |
f
B = sinh(Ax £ ),
[

where fi, = £(Uy, xy).

4. NUMERICAL RESULTS

In this section, we present some numerical results by applying GRBF's to the two-
dimensional Sivashinsky equation. In all examples, different values of parameters of
Eq. (1.1) with some regularly distributed nodes are used. As mentioned before, to
approximate the time variable, the GPS is employed and the relative least square
error (r.l.s.e) is used to measure the error as follows

2
SN (wnses (@i, pos T) = (s, s, T))

4 4 2’
=1 (Shoo (1) seeprmruton 7))

rl.s.e =

where NT is the number of test points and wup, s+ denotes the numerical solution for the
parameters h and d¢t. So an iterative scheme is used to achieve the final time 7" = 1, in each
problem. The results are obtained in the case of ¢t = 0.01 and 0.001.

[c]v)
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FIGURE 1. Considered domain 2 of Example 4.1.
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Example 4.1. Consider Eq. (1.1) with two sub-examples corresponding to sets of differ-
ent parametersofa =1, b=1, ¢=0.7and o, 8 € {10"™ s.t. n = 3,4,5,6} via various mesh
spatial and time steps h = 0.2, 0.1, 0.05 and 6t = 0.01, 0.001 on the domain as Figure 1.
The corresponding exact solution of the collective parameters is given by

u1(x,t) = e ' sin(wxy) sin(7xz),

where x = (x1,X2), the functions f(u) = 2u—3u and u, is obtained using the exact solutions.
Table 1,2 presents — log,(r.l.s.€) comparing h = 0.2, 0.1, 0.05 for different values log,, a
and log,, 8 for ¢ = 0.01 and 0.001, respectively. In Figure 3, the red and blue points
respectively show the dispersion to different values of o and 5. Planes A and B are the
regression plane based on the spatial common parameter h = 0.05 and the different time
parameters 6t = 0.01 and 6t = 0.001, respectively, which demonstrate growth of the accuracy
can be deduced from the growth of the accuracy when increasing auxiliary parameters o and

B.

TABLE 1. Comparing — log;,(r.l.s.e) errors for 6t = 0.01 of Example 4.1
by different parameters «, § and h for discretization GPS.

h=10.2 h=0.1 h = 0.05
logjga=3 4 5 6 logipa=3 4 5 6 logipaa=3 4 5 6
log1g(B) =3 1.0068 1.1849 1.1016 1.1610 1.6915 1.7457 1.7275 1.5822 2.0350 2.0066 2.0884 2.1731
4 0.9591 1.0870 0.9259 1.1138 1.5353 1.5533 1.5498 1.6105 2.2161 2.2371 2.2305 2.1992
5 1.0091 0.9777 0.9948 0.9502 1.5764 1.6492 1.7772 1.5590 2.2061 2.0808 2.1387 2.2270
6 1.0810 1.1370 0.9840 0.9888 1.4690 1.5681 1.5836 1.6941 1.9866 2.3576 2.1330 2.1721

2D
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TABLE 2. Comparing — log,,(r.l.s.e) errors for 6t = 0.001 of Example 4.1
by different parameters «, 5 and h for discretization GPS.
h = 0.2 h =0.1 h = 0.05
logjpaa=3 4 5 6 logijpax=3 4 5 6 logjpac=3 4 5 6
log10(B) =3 0.9216 0.9716 0.9025 1.0377 1.5478 1.6951 1.5257 1.5210 1.8673 2.0243 2.0847 2.0473
4 1.0688 1.1887 0.9037 1.0140 1.5052 1.5842 1.7244 1.7792 2.1786 2.2916 2.1720 2.3041
5 1.0522 1.1094 1.1734 1.0364 1.5290 1.5145 1.5334 1.5860 2.2218 2.0915 2.2546 2.1918
6 1.1349 0.9043 1.1242 0.9907 1.5667 1.5021 1.7506 1.7786 2.1441 2.3717 2.3798 2.2610
FIGURE 2. The above and below planes are estimated by multi-linear
regressions of the responses in —log,,(r.l.s.e) on the predictors in
(logyo(ax),log,o(B)) for the parameters h = 0.05, 6t = 0.001 and h =
0.1, 6t = 0.01, respectively.
2.4 — * The red scatting nodes are shown
s the responses variable-on the predictor variables
for the parameters h =005 and dt = 0.01. \' 23
23
e®
< 225
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@ 22
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(h(:. p.\mumrfnsl he {)’?J;’a‘:mrl . for the parameters b = 0.05 and 5t = 0.001.
= 205
18—
6 55 8
8 5 45 4 45 2
g, 8 °° 33 85 g0
REFERENCES

[1] K. Atkinson and W. Han, Theoretical numerical analysis, Berlin: Springer, Vol. 39, 2005.
[2] H. Brezis, Functional analysis, sobolev spaces and partial differential equations, Springer Science

(3]

(5]

[6]

[7]

& Business Media, 2011.

J. J. Duistermaat and J. A. C. Kolk, Distributions, Birkhuser Boston, 2010, 33-44.
[4] V. L. Gertsberg and G. I. Sivashinsky, Large cells in nonlinear Rayleigh-Benard convection,

Progress of Theoretical Physics, 66(4) (1981), 1219-1229.

N. Hadjisavvas and S. Schaible, Quasimonotone variational inequalities in Banach spaces, Jour-
nal of Optimization Theory and Applications, 90(1) (1996), 95-111.
M. Ilati and M. Dehghan, Error analysis of a meshless weak form method based on radial
point interpolation technique for Sivashinsky equation arising in the alloy solidification problem,

Journal of Computational and Applied Mathematics, 327 (2018), 314-324.

S. Larsson and V. Thomée, Partial differential equations with numerical methods, Springer

(e
BE

Science & Business Media, Vol. 45, 2008.



600

(8]

(9]
(10]
(11]

(12]

(13]

2D

M. MESRIZEDEH AND K. SHANAZARI

C. S. Liu, Elastoplastic models and oscillators solved by a Lie-group differential algebraic equa-
tions method, International Journal of Non-Linear Mechanics, 69 (2015), 93-108.

R. C. Mittal and S. Dahiya, A quintic B-spline based differential quadrature method for nu-
merical solution of Kuramoto-Sivashinsky equation, International Journal of Nonlinear Sciences
and Numerical Simulation, 18(2) (2017), 103-114.

M. Rouis, and K. Omrani, On the numerical solution of two dimensional model of an alloy
solidification problem, Modeling and Numerical Simulation of Material Science, 6(01) (2016),
1-9.

W. Rudin, Functional analysis, Internat. Ser. Pure Appl. Math., 1991.

G. 1. Sivashinsky, On cellular instability in the solidification of a dilute binary alloy, Physica
D: Nonlinear Phenomena, 8(1-2) (1983), 243-248.

H. Yang, R. P. Agarwal, H. K. Nashine, and Y. Liang, Fized point theorems in partially ordered
Banach spaces with applications to nonlinear fractional evolution equations, Journal of Fixed
Point Theory and Applications, 19(3) (2017), 1661-1678.



	1. Introduction
	2. Stability
	2.1. Solution of Au=f by Eigenfunction Expansion
	2.2. Stability of the Sivashinsky equation

	3. Galerkin meshfree method 
	3.1. Galerkin meshfree method based on the radial basis functions (GRBFs)

	4. Numerical results
	References

