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Abstract In this paper, we use the three critical points theorem attributed to B. Ricceri in
order to establish existence of three distinct solutions for the following boundary
value problem:

Apu = a(z)|ulP~3u in Q,

|[VulP~2Vu.v = Af(z,u) on ON.

Keywords. Three critical points, p-Laplacian, Multiplicity, Existence.
2010 Mathematics Subject Classification. 35J60,35J25.

1. INTRODUCTION

For p > 1 and A > 0, consider the following boundary value problem:
Apu = a(z)|uP~u in Q,

(1.1)
|VulP=2Vu.v = A\f(z,u) on 09,

where A,u = div(|Vu|[P~2Vu) is the usual p-Laplacian operator. Our general assump-
tions are that Q C R (N > 2) is a bounded domain with smooth boundary 02, and
v is the unit outer normal on 9. In addition, we assume, a(x) € C(f) is a positive
function and f : 9Q x R — R is continuous. Problem (1.1) is used to model physical
phenomena related to non-Newtonian fluids, flow through porous media, nonlinear
elasticity, glaciology, see for example [2], [3], [4] and [6].

In this note we intend to use a three critical points theorem attributed to Ricceri
to show that under certain conditions problem (1.1) has three solutions in WP (Q).
This theorem has already been used by other authors to address similar goal. For
example see [8], [9] and [12].
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2. PRELIMINARIES

We begin by recalling that u € W1P(Q) is a weak solution for (1.1) whenever the
following integral equation holds:

/(|Vu|p_2Vqu0 + a(z) |[ulP~?up) dx = )\/ fz,u)p do, (2.1)
Q 1)

for all o € W1P(Q).
We prefer to use another norm in W1?(2) which is defined as follows:

Jull = ( [0 +atatur dx)’l’. (22)

This norm is equivalent to the usual norm in W1?(Q2), see [7, Corollary 2.3]. Hence-
forth, ||u||, and |u|, denote the norm of w in LP(2) and LP(0SY), respectively.

As mentioned earlier our main tool is a three critical points theorem attributed to
Ricceri, see [10, 11]. A simplified version of Ricceri’s work appears in [5, Theorem
2.1], and that is what we need for problem (1). Here is [5, Theorem 2.1] reformulated
incorporating the new norm (2.2):

Theorem 2.1. Let J : WHP(Q) — R be a continuously Gateauz differentiable func-
tional such that J(0) = 0. We also assume:

(i) There exist uy € WHP(Q) and r > 0 such that

J
lur||? >rp and sup < rp (ulz)).
llull< /7D [Jua|

(i1) J is sequentially weakly upper semicontinuous.
(iii) For some b > 0 and for each A € [0,b]:

lim  ([Jul? — AJ(w)) = +o0.
lull—>-+o0

(iv) The functional %H.Hp —\J(.) satisfies the Palais-Smale condition on W1P(Q).

Then, there exists an open interval A C [0,b] and a positive real number p, such that
for each A € A, the equation

5 (31l = ) o

admits at least three solutions in W1P(Q) whose norms are less than p.

3. MAIN RESULT
Weak solutions of (1.1) are exactly the critical points of the functional
1
&myzqmw—x/‘n%mdm
where F(z,u) = [} f(x,t) dt. Let’s define J(u) := [, F(x,u) do, for ue WhP(Q).

Now we are ready to state our main result.

Theorem 3.1. Let f : 002 x R — R be a continuous function which satisfies the
following conditions:

c[m

oe
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(A1) For some A > 0 and 1 < q < p, |f(z,t)] < A(1 + [t]97 1), Vt € R and a.e
x € 0.
(A2) there is v > p such that:

1 13
limsup | —— sup / flz,t)dt| < 4o0;
e—0 | €17 zean Jo
(A3) there exists w € WP (Q) such that [, fow(w) f(x,t) dt do > 0.

Then, for every o > 0, there exist an open interval A C [0, «] and p > 0 such that for
each A € A, problem (1.1) has at least three weak solutions in W1P(Q) whose norms
are less than p.

IN

Proof. From (A1) we infer
A
/ F(z,u) do A/ |l dJ+—/ |u|? do
o0 o0 q Joq
c1(lulg + [ulg),

for some ¢; > 0. By the trace imbedding W4(Q) — L7(99Q), see [1], we have

IN

F(z,u) do
a0
From (3.1) we obtain

[ul]” = A () = [lull” = Aea(l[ull + [[ull?),

< ca(flull + flull®). (3.1)

thus
lm  (||u]” = AJ(u)) = +o0, (3.2)

llull—+o0
since p > ¢ > 1. Now we show that &, satisfies the Palais-Smale condition. Let {u,}
be a sequence in W1P(£2) such that

Ex(up) — B, and &\ (uy,) — 0, (3.3)

asn — 0o. From (3.2) and (3.3) we infer that {u,} is a bounded sequence in W1P(().
Whence, there exists a subsequence of {u,, }, still denoted {u,}, and v € W1?(£2) such
that u, — v in WHP(Q). Now by the compact imbeddings W1?(2) — LP(Q) and
WP(Q) — L*(9Q), for all 1 < s < p, we deduce

u, v in  LP(), (3.4)
u, v in  L%(0Q), (3.5)
up(z) = v(x) ae. on I 3.6)
From (3.3) and (3.4) we derive
(E\(up) — EN(V), up — v) — 0, (3.7)

as n — oo. Here (-,-) denotes the usual pairing between W12 (Q) and W2(Q). It
is readily seen that (3.4), (3.5) and (3.7) yield

/ [V, [P*Vu, — [Vo|P~>Vo] .V (u, —v)dz — 0, (3.8)
Q

(e
BE
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as n — oo. At this stage we recall the following formula, see [13],

ClA-—BP  ifp>2,

|A-B|? .
C qanmy=r ifp=<2

(|A]P~A—|B[""*B,A - B) > { (3.9)

where A and B denote vectors in R™, and (.,.) the usual dot product. First, we
assume p > 2. By (3.9) we have

/ [V, —VolP de < C’/ [[Vun P2V, — [VolP~2Vv] .V (u, —v)dz. (3.10)
Q Q
Therefore, (3.8) implies

lim / [Vu, — Vv|P de = 0.

n—oo Q

Next, we assume p < 2. Let us observe that

/ |Vu, — Vv|Pdz (3.11)
Q

2—p

([ vl fvz)nz—pdx)g (vt woprac)

Applying (3.9) to the first integral on the right hand side of (3.11), yields

(NS}

/ [Vu, — VolPde < C {/ [[Vun [P~*Vu, — [Vo|P~2Vo] .V (u, — v)dx}
Q Q

2-p

« {/Q(Nun—f—Wv)pdx} i

Thus, by (3.8) we derive

lim/|Vun—Vv|p dx = 0.
Q

n—oo

Therefore u,, — v in WHP(§). So, &, satisfies the Palais-Smale condition.
From (A2), there exist 7 > 0 and M > 0 such that

F(z,§)
< M, (3.12)

for 0 < [£] <, v € 00 Assume [jul| < ¢/pr < n, whence from (3.1) and (3.12) we
deduce

=C(||lu]| + Nlul|?) < J(u) < C||lu||”, for some C > 0. (3.13)
Thus
0< sup J(u)<Clpr)?,
llull< ¢/pr
hence

1
lim — sup J(u)=0.
T2 0T T fu) < gpr

2D
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By (A3) we deduce that w is not identically zero. If 0 < & < p%, then there exists
e (0, W) such that
J
sup  J(u) <re<rp (w)
lull < g/57 [[wl]?
Now from Theorem 2.1 , with u; = w, we deduce our conclusion. O

Remark 3.2. Here is an example of a function f that satisfies the conditions (A1)-
A(3) of theorem 3.1;

T <,
f(m,t)—{ M Ny
where 1 < ¢ <p <.

4. CONCLUSION

In this paper, we used the three critical points theorem to prove the existence of
three distinct solutions for an important clas of boundary value problems associate
with p-Laplacian equation. This theorem has already been used by other authors to
address similar goal. Recently, many authors apply the Ricceri’s theorem to prove
the existence of solutions for singular elliptic boundary value problems.

REFERENCES

[1] R. Adams, Sobolev spaces,Academic Press, New York, 1975.

[2] D. Arcoya, J. I. Diaz, and L. Tello, S-shaped bifurcation branch in a quasilinear multivalued
model arising in climatology, J. Differential Equations, 150(1) (1998), 215-225.

[3] C. Atkinson and C. R. Champion, On some boundary value problems for the equation V -
(F(|Vw])Vw) = 0, Proc. R. Soc. Lond. Ser. A, 448 (1995), 269-279.

[4] C. Atkinson and K. El Kalli, Some boundary value problems for the Bingham model, J. Non-
Newton. Fluid Mech., 41 (1992), 339-363.

[5] G. Bonanno, Some remarks on a three critical points theorem, Nonlinear Anal., 54 (2003),
651-665.

[6] J.I. Diaz, Nonlinear partial differential equations and free boundaries, Vol. I Elliptic Equations,
in: Research Notes in Mathematics, vol. 106, Pitman (Advanced Publishing Program), Boston,
MA, 1985.

[7] B. Emamizadeh and M. Zivari-Rzapour, Rearrangements and minimization of the principal
eigenvalue of a nonlinear Steklov problem, Nonlinear Anal., 74 (2011), 5697-5704.

[8] J. R. Graef, S. Heidarkhani, and L. Kong, A critical points approach for the existence of multiple
solutions of a Dirichlet quasilinear system, Journal of Mathematical Analysis and Applications,
388 (2012), 1268-1278.

[9] L.L. Wang, Y. H. Fan, and W. G. Ge, Ezistence and multiplicity of solutions for a Neumann
problem involving the p(z)-Laplace operator, Nonlinear Analysis: Theory, Methods & Applica-
tions, 71 (2009), 4259-4270.

[10] B. Ricceri, on a three critical points theorem, Arch. Math. (Basel), 75 (2000), 220—-226.

[11] B. Ricceri, Ezistence of three solutions for a class of elliptic eigenvalue problem, Math. Comput.
Modelling, 32 (2000), 1458-1494.

[12] X. Shang and J. Zhang, Three solutions for a perturbed Dirichlet boundary value problem in-
volving the p-Laplacian, Nonlinear Anal., 72 (2010), 1417-1422.

[13] J. Simon, Differentiation with respect to the domain in boundary value problems, Numer. Funct.
Anal. and Optimiz., 2 (1980), 649-687.

(e
BE



	1. Introduction
	2. Preliminaries
	3. Main result
	4. Conclusion
	References

