Computational Methods for Differential Equations C
http://cmde.tabrizu.ac.ir

Vol. 7, No. 1, 2019, pp. 16-27 na

Nordsieck representation of high order predictor-corrector Obreshkov
methods and their implementation

Behnaz Talebi

Faculty of Mathematical Sciences,
University of Tabriz, Tabriz, Iran.
E-mail: b.talebi93@tabrizu.ac.ir

Ali Abdi*

Faculty of Mathematical Sciences,
University of Tabriz, Tabriz, Iran.
E-mail: a_abdi@tabrizu.ac.ir

Abstract Predictor-corrector (PC) methods for the numerical solution of stiff ODEs can be
extended to include the second derivative of the solution. In this paper, we con-
sider second derivative PC methods with the three-step second derivative Adams-
Bashforth as predictor and two-step second derivative Adams-Moulton as corrector
which both methods have order six. Implementation of the proposed PC method
is discussed by providing Nordsieck representation of the method and preparing an
starting procedure, an estimate for local truncation error and a formula for chang-
ing stepsize. Efficiency and capability of the method are shown by some numerical
experiments.
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1. INTRODUCTION

Many codes have been introduced for solving

y/(.’E) = f(x’y)v y(xO) =Y, T€ I:= [Z'O?f]a (11)
where f : I x R™ — R™ and m is the dimensionality of the system, in the class
of linear multistep methods (LMMs) which use first derivatives of the solution (for
instance [6, 9, 15]). Adams methods [7, 14] for the numerical integration of (1.1) are
an special case of LMMs which are usually implemented in predictor-corrector (PC)
form.

For problems in which

9(,y) = fo(z,y) + fy(@,y) - fl2,y) =y,
can be calculated along with f(z,y), at a moderate additional cost, second derivative
methods become feasible which can be of high order of accuracy. In this class of the
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methods, some successful methods have been introduced that have good properties,
especially for stiff problems [1, 2, 3, 4, 5, 8, 10, 11, 12, 13, 16, 17]. Here, we will
use second derivative Adams methods as PC pairs which k—step second derivative
Adams-Bashforth method (ABM)

Yn = Yn—1 +h(a1fn—1 +aofn—o+ -+ arfn-k)

) . . (1.2)
+ h*(b1gn—1 + bagn—2+ - + bpgn—=),

is used for predicted part and (k — 1)—step second derivative Adams-Moulton method
(AMM)

Yn = Yn—1 + Maofn + a1 fn—1+ -+ ap—1fn—k+1)

1.3
+ h*(bogn + b1gn—1+ - + br—1Gn—k+1), (1:3)

is used for corrected part. Here, frn—i = f(Tn—i,¥Yn—i) and gn—; = 9(Tn—i, Yn—i),
i=0,1,....k

In this paper, we describe a nice approach to the implementation of the PECE
(predict-evaluate-correct-evaluate) mode of PC formulas (1.2)—(1.3) with k = 3 in a
variable stepsize environment using Nordsieck representation. For k = 3, the coeffi-
cients of the methods (1.2) and (1.3) are chosen so that these methods have order six.
In this way, the resulting ABM and AMM take the forms

949 38 581 637
n = Yn-1— o= Afn_ —hfn- —hfn— 7h2 n—
Yo = Yn-1 = gpphfn—1+ Jghin-a + Gphin—s + 55 9 L4
9 173 (1.4)
+ §h gn—2 + ﬁoh 9n—3,
and
101 8 11 13
n = Yn— —hfn —hfn ——hfno— 7h2 n
Yn = Yn-1+ pghln + fphin-1+ g5hin-2 = 55k (L5)
1 1 ’
+ 6h2gn71 + %hggnf%
respectively.

The paper is organized along the following lines. In Section 2, Nordsieck represen-
tation of the PC pairs (1.4) and (1.5) is obtained. This leads to a discussion of the
variable stepsize mode of the proposed method and implementation issues including
starting procedures, local error estimation and stepsize control. These are explained
in Section 3. Finally, some numerical results are given in Section 4 to show efficiency
of the method.

2. NORDSIECK REPRESENTATION OF THE PC PAIRS

Nordsieck representation of the methods makes them very proper for implementa-
tion in a variable stepsize environment. Indeed, in this way, changing stepsize can be
done very simple and inexpensive. Here we concentrate on a sixth order PC method
consisting of the three step ABM (1.4) as a predictor and two step ABM (1.5) as a
corrector.

(el
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For a Nordsieck method of order p, the input and output data at the step number
n are in the form

y(xn—l) y(l‘n)
h ! Tpn— h ! T
Nowa= | O oty and Ny = | Y| o),
hpy(p)(xnfl) hpy(p)(xn)

respectively. So, for our method which is of order six, the output vector must have
seven components including values at the current point z, and previous points z,_1
and z,_o. We choose the output vector as

hfn hy' ()
thn h2y//(xn)
Yo=|hfn1 | = hy' (T—1) + O(h"). (2.1)
hzgn—l h2y”(xn—l)
hfn—Q hy/('rn—Q)
7 T R R T C )

Where y(z) is the exact solution of the equation 3’ = f(z,y) at the point z. By using
Taylor expansion for each component of the vector in the right hand side of (2.1), we
have

O )
hy(lf(cn)) hy' (zr)
Y (Tn h?
thII(.%‘n) gy”(fﬁn)
W (ens) | =T | Aa) | O, (2.2)
/! 4
2y ) 0,
hy (l'n—Q) e (5)
h2y”(xn,2) ﬁy (xn)
6
L %y(G)(xn> i
where
(1 0 0 0 0 0 0 ]
01 0 0 0 0 0
00 2 0 0 0 0
T=10 1 -2 3 —4 5 —6
00 2 -6 12 -20 30
01 —4 12 =32 80 —192
0 0 2 —12 48 —160 480 |

So, we obtain the relation between the vectors Y,, and N,, given by
Y, =T Ng . (2.3)
Now, we derive Nordsieck form of the PC pairs (1.4) and (1.5) in the PECE mode.

(<)
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e First stage
At the first stage, we obtain an approximation using predictor equation

. 949 38 581 637 ,
Yn = Yn—1 %hfnfl + ﬁhfn72 + %hfnfS + %h 9n—-1 4
4 25 PEICE =y
9 9n—2 240 9In—3-

Since the values ¥, 1, fn_1, 9n—1, fn—2, gn—2, fn—3, and g,_3 are available,
the vector representing input and output data at the step number n, are in

the form
Y(zn_1) y(an)
hf(zn-1) hf(zn)
hZQ(xnfl) h29($n)
anl ~ hf(xn—2) and Zn ~ hf(xn—l) ) (25)
hZQ(In—Q) hQ.‘](xn—l)
hf(zn-3) hf(zn—2)
L h2g(x,3) ] L h2g(xn—2) J

respectively. Now we define the vector Z’: The first component of it is y}
obtained by predictor equation (2.4) and the next two components are related
to the evaluate step, and the last four components are hf(z,_1), h?g(xn_1),
hf(xn_2), and h?g(z,_2). So it can be written in the form

Z:=HZy 1, (2.6)
where

M —9249 637 38 9 581 1737

240 240 15 2 240 240

0 0 0 0 0 O 0

0 0 0 0 0 O 0
H= |0 1 0 0 0 O 0

0 0 1 0 0 O 0

0 0 0 1 0 O 0

o o 0o 0 1 0 0]

We note that Z; means the vector of predicted values and Z,,_; is the vector
of values at the previous step.

e Second step
The second step is to evaluate functions f and g at the point (x,,) and
add them into the formula (2.6). To do this, we define the vectors

B = [0 hf(zny:) 0 0 0 0 0},

and

By = [0 0 h2g(zn,yZ) 0 0 0 0},

then we define a new vector of two stages predict-evaluate in the form

Y; =HZ, 1+ E; + Es. (2.7)

(el
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To write (2.7) in terms of Nordsieck vectors, at first we note that by Taylor
expansion, we have

Ei=e[0 1 2 3 4 5 6 Nepn_1+O(h"),
and
Ey=e3[0 0 1 3 6 10 15| Ng,—1 +O(h"),

where the vectors ea and e are the second and third columns of the identity
matrix of dimension seven, respectively. Now, the Nordsieck representation
of (2.7) is

Ng, =P Nen-1,

with

P=T'HT+T 'e;[0 1 2 3 4 5 6]
+2T'e3[0 0 1 3 6 10 15],

which is the upper triangular Pascal matrix.

Third step

In this step, we include the correction equation. The Nordsieck representation
for PEC Adams method of order six is

Nen = PN 1+ 0T ra+ 8T8, (2.8)

where o« and S are equal to vectors age; + es and bge; + ez, that are the

corresponding coefficients ag = % and by = —% from the terms %h fn
13

and —mhzgn, respectively, in the correction equation (1.5). Here, the error

estimations 6; and do with
o1=hf(y,)—[0 1 2 3 4 5 6]Ngn-1,
So=h%g(y:)—20 0 1 3 6 10 15/Ng,_1.

represent the correction of the first and second derivatives, respectively.
Fourth step
Finally, we include the final step which is related to the functions evaluations

at (Tn,Yn)

In :f(xnayn)a In :g(xnayn)v

to be used in the next time step.

3. PRACTICAL IMPLEMENTATION OF THE METHOD

In this section, we concentrate on the implementation issues for our method. Nord-

sieck PC method (2.8) in the variable stepsize mode is in the form

(=]

Ne.n = (PD(0,,))Ng -1+ 0111 + 6215 (3.1)
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where
101 23 33 17 1
=55 10 -5 -% -3-3
240 12 16 20 8
B R R R R
>~ 1240 2 16 10 241
and D(6,,) is the rescaling matrix defined by
D(an) = dlag(la anv 9317 ceey 02)7
with 6,, as the ratio of consecutive stepsizes, 8,, = hy,/hn—_1, and h, = x,, — Tp_1.

3.1. Starting procedure. For the method of order p = 6 (2.8), a starting procedure
of order six is required to approximate the initial Nordsieck vector Ng ¢ which is an
approximation to the vector

h6

h? T
W) hy'(@o) Gpv'(wo) - Gy @]

Since the first three components of this vector is known, we need to approximate only
the last four components of that. To do that, we carry out one step of a Runge-Kutta
method with abscissa vector ¢ which gives sufficient output information, 71 ~ y(zo +

ho) and }72 ~ y(xog + Giho), 1 = 1,2,...,s. We can obtain a reliable approximations
by using some linear combination of these information as

W3y (20) = ary(zo) + azhy/ (o) + azh®y" (o) + ash®g(Y1) + ash?g(Ya)
+ agh®g(Ys) + arh®g(Ys) + O(h7),

Ry ™ (20) = biy(xo) + bahy' (z0) + bsh®y” (o) + bah>g(Y1) + bsh>g(Y2)
+bsh2g(Y3) + brh2g(Ya) + O(R7),

"(20)

(h")

WPy (20) = ery(xo) + cahy’ (z0) + c3hy" (x0) + cah®g(Y1) + esh?g(Ya)
+ CﬁhQQ(?g) + C7h2g()~/4) + O h? ,

WOy (z0) = diy(xo) + dahy/ (z0) + dshy" (x0) + dahg(Y1) + dsh?g(Yz)
+ dsh®g(Ys) + d7h*g(Ya) + O(RT).

3.2. Local error estimation. The local truncation error of a method of order p, in
the step number n, is defined by

LTE(x,) = Cph? 1y (z,) 4 O(hPF2),
where (), is the error constant of the method. In order to control the stepsize, we
need to estimate the local truncation error for each step. Here, the estimation of LTE
is produced by using the Milne device which is based on the difference of the predictor

and corrector approximations: Denoting the error constants for the Adams-Bashforth
and Adams-Moulton of order p by C and Cp, respectively, we have

yh =y(z,) — C;hp+1y(p+1)(xn) + O(hp+2),

(el
BE
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Yn = y(xn) — Cph? Ty (2,) + O(WP*?),
which using the Milne device implies
Cp—C;
53 1
C =
4725" 7% 9450

Y(Tn) — Yn (V" —yn) + O(hp+2)'

and so

For p = 6, we have C§ =
+ 102 (o — 03) + O(1®)
105~ Yn ‘
Hence ||LTE(x,)|| can be estimated as
1

ILTE @)l = 12 1 n — )l

Y(Tn) = yn

3.3. Stepsize control. After estimating the local truncation error, we can control
the stepsize by monitoring this estimation. For the given absolute and relative toler-
ances, Atol and Rtol respectively, we use the following control

ILTE(zn)|| < Rtol - max{{[ynll; [[ynt1][} + Atol, (3.2)

to control the stepsize in the proceeding from z,, to x,11. If the control (3.2) is not
satisfied, the current step is repeated with the halved stepsize. Otherwise, the current
step is accepted and we carry our the next step with the new stepsize as

thrl = 9n+1hn7

where

Ony1 = min{Q, Q(WO(IJM)”) T }

In our numerical experiments we have used Atol = Rtol = tol, and the safety factor
a = 0.9 to guard against unnecessary step failures.

4. NUMERICAL EXPERIMENTS

In this section we present the results of numerical experiments to show efficiency
of the constructed method of order six in the variable stepsize mode.

Computational experiments are done by applying our method on the following
problems.

P1. The modified Kepler problem

yp = 2w,
yh = 2w,
yh = — 25,
vy =25,

=
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_ystyi 1 e

with H(y) .53 and = /y? + y3 where € is a positive or negative
small number. The initial conditions are

y1=1—c¢,

y2 =0,

ys =0,

_ J1+e
NI e

In the numerical results, we take ¢ = 0.01 and e = 0.6.
P2. The famous Lorenz equations provide a simple example of a chaotic system.
They are given by

y1 =0(y2 —y1),
Yy =TY1 — Y2 — Y1Ys3,
Y3 = y1y2 — bys,
where 0,7 and b are positive parameters. Following Lorenz, we set ¢ = 10, b =
8/3, r =28, y(0) = [0,1,0]T and z € [0, 50].
P3. The third problem is the Kepler’s problem also known as the one-body problem

which describes the motion of a single planet moving around a heavy sun. The
problem is given by

yi = Ys,

Yy = Y4,

Y=
(43P
/ —Y2

Yy =

(yi +y3)3/%

and the initial values are prescribed to be

91:1_67
y2:07
y3:07

_ J1+e
SR Vi

where e is the eccentricity of an ellipse on which the orbit lies. With these initial
values, all points in the orbit lie on the ellipse

Y5
1—e2
The results of numerical experiments for these problems are presented in Tables

1 — 4. In these tables ns, nrs, hyin, Amax, and ge are the number of steps, the number
of rejected steps, the smallest used stepsize, the largest used stepsize, and the global

error, respectively.
[c]v)

(y1 +e)° + =1
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TABLE 1. Numerical results for problem P1 solved by the method
(3.1) with hg = 1072 and x € [0, 500].

tol ns nrs Bomin Rmaa ge

10710 9787 185 ~6.92x107* ~211x10"! 6.8136 x 10712
107 13365 5 ~327x107% ~148 x10"! 6.4037 x 1012
10712 18583 6 ~1.56x107* ~1.04x10"' 5.8367 x 10~13
10714 35806 8 ~364x107° =~5.33x1072 5.2873x 1071

TABLE 2. Numerical results for problem P2 solved by the method
(3.1) with hg = 1072 and « € [0,50].

tol ns nrs Ronin homaz ge

1077 4952 592 ~1.32x107% ~265x1072  3.7237 x 10°8
1078 5289 278 ~647x107% ~2.05x1072  4.5766 x 107°
1072 6474 48 ~3.05x107% ~1.71x1072 6.0246 x 10~10
10710 8923 9  ~146x107* =~ 1.26x1072 4.7838 x 10~

TABLE 3. Numerical results for problem P3 solved by the method
(3.1) with e = 0.5, hg = 1073 and x € [0, 107].

tol ns nrs Romin hmaz ge

10710 759 331 ~498x107* ~1.85x10"' 1.6253 x 1077
107 1050 488 ~1.79x107* ~1.14x10"' 1.0812x 1078
10712 1448 677 ~251x107% ~895x 1072  1.3658 x 1079
107 2778 1313 ~487x107° =~5.07x10"2 1.3166 x 10!

TABLE 4. Numerical results for problem P3 solved by the method
(3.1) with e = 0.75, hg = 1072 and z € [0, 107].

tol ns nrs Romin hmaz ge

10710 1074 580 ~1.58x107% ~1.79x 10"t  1.7627 x 10~7
1071 1482 766 A~ 1.19x107% ~1.30x 107"  3.5347 x 1078
10712 2045 1083 ~6.19x107° ~938x10"2 1.8575x 1079
107 3942 2159 ~129x107° =~5.17x10"2 1.3269 x 10~!!

It is known that Kepler’s problem is a Hamiltonian problem and by Figures 1 and
2, we can see that the method does not preserve the structure for the tolerance equals
to tol = 10~*. While by decreasing the tolerance to tol = 10~!*, Figures 3 and 4
present the solution almost without errors.  Also, in Figures 5 and 6, errors for the

(<)
EE
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FIGURE 1. Solution of Kepler’s problem with e = 0.5, tol = 10™%, and
zmazx = 507.
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FIGURE 2. Solution of Kepler’s problem with e = 0.75, tol = 10™*, and
zmax = 507.
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FIGURE 3. Solution of Kepler’s problem with e = 0.5, tol = 1074, and
zmazr = 10m.
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quantities
1 -
H(y) =5 (5 +vi) — (7 +93)7"/%,

as the “Hamiltonian” of system and

A(y) = Y1Ys — Y2¥3,
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FIGURE 4. Solution of Kepler’s problem with e = 0.75, tol = 10!, and
zmazx = 107.

vi

as the “angular momentum” of system which are constant over the integration, have
been plotted. This figures confirm that the method is capable to conserve these
quantities of the system.

FIGURE 5. Errors in the Hamiltonian H for the Kepler’s problem.
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FIGURE 6. Errors in the angular momentum for the Kepler’s problem.
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5. CONCLUSION

A predictor-corrector method of order six based on the three-step second deriva-

tive Adams-Bashforth and two-step second derivative Adams-Moulton was analyzed.
Using Nordsieck technique, variable stepsize mode of the method was introduced and
its practical implementation was discussed by preparing a starting procedure, an es-
timation for the local truncation error, and changing stepsize strategy. Some system
of differential equations were successfully tested.

(1]
2]
(3]
(4]
(5]
[6]

[7]
(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]

(17]

REFERENCES

A. Abdi, Construction of high-order quadratically stable second-derivative general linear meth-
ods for the numerical integration of stiff ODEs, J. Comput. Appl. Math., 303 (2016), 218-228.
A. Abdi, M. Bras, and G. Hojjati, On the construction of second derivative diagonally implicit
multistage integration methods, Appl. Numer. Math., 76 (2014), 1-18.

A. Abdi and G. Hojjati, An extension of general linear methods, Numer. Algor., 57 (2011),
149-167.

A. Abdi and G. Hojjati, Implementation of Nordsieck second derivative methods for stiff ODEs,
Appl. Numer. Math., 94 (2015), 241-253.

A. Abdi and G. Hojjati, Maximal order for second derivative general linear methods with Runge—
Kutta stability, Appl. Numer. Math., 61 (2011), 1046-1058.

J. C. Butcher, A modified multistep method for the numerical integration of ordinary differential
equations, J. Assoc. Comput. Mach., 12 (1965), 124-135.

J. C. Butcher. Numerical methods for ordinary differential equations, Wiley, New York, 2008.
J. C. Butcher and G. Hojjati, Second derivative methods with RK stability, Numer. Algor., 40
(2005), 415-429.

J. R. Cash, On the integration of stiff systems of O.D.E.s using extended backward differentia-
tion formulae, Numer. Math., 8/ (1980), 235-246.

J. R. Cash, Second derivative extended backward differentiation formula for the numerical in-
tegration of stiff systems, SIAM J. Numer. Anal., 18 (1981), 21-36.

W. H. Enright, Second derivative multistep methods for stiff ordinary differential equations,
SIAM J. Numer. Anal., 11 (1974), 321-331.

A. K. Ezzeddine, G. Hojjati, and A. Abdi, Sequential second derivative general linear methods
for stiff systems, Bull. Iranian Math. Soc., 40 (2014), 83-100.

A. K. Ezzeddine, G. Hojjati, and A. Abdi, Perturbed second derivative multistep methods, J.
Numer. Math., 23 (2015), 235-245.

E. Hairer, S. P. Ngrsett, and G. Wanner, Solving ordinary differential equations I. Nonstiff
problems, Springer-Verlag, Berlin, 1993.

S. M. Hosseini and G. Hojjati, Matriz free MEBDF method for the solution of stiff systems of
ODEs, Math. Comput. Model., 29 (1999), 67-77.

M. Hosseini Nasab, G. Hojjati, and A. Abdi, G-symplectic second derivative general linear
methods for Hamiltonian problems, J. Comput. Appl. Math., 313 (2017), 486-498.

A. Movahedinejad, G. Hojjati, and A. Abdi, Second derivative general linear methods with
inherent Runge—Kutta stability, Numer. Algor., 73 (2016), 371-389.



