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Abstract Radial basis functions (RBFs) are a powerful method for obtaining the numerical
solution of high-dimensional problems. They are often referred to as a meshfree
method and the spectrally accurate can be achieved by them. In this paper, we ana-
lyze a new stable method for evaluating Gaussian radial basis function interpolants
based on the eigenfunction expansion. We develop our approach in two-dimensional
spaces for solving Helmholtz equations. In this paper, the eigenfunction expansions
are rebuilt based on Chebyshev polynomials which are more suitable in numerical
computations. Numerical examples are presented to demonstrate the effectiveness
and robustness of the proposed method for solving two-dimensional Helmholtz equa-
tions.
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1. INTRODUCTION

Helmholtz equation is very important in a variety of science and engineering prob-
lems, for example, in physics, technology, geophysics and optical problems. There are
several numerical methods for solving the Helmholtz equation. Among them we can
mention the Finite element method in [2], the Finite volume method in [13, 21], the
Boundary element method in [22], spectral element methods in [17, 19], radial basis
function method in [15], or spectral methods in [1, 16].

Radial basis functions (RBFs) have been used in many branches of science and
engineering. Today there are many books related to the theory, applications and
implementations of RBF's (see [3, 6, 23, 25]). By using infinitely smooth basis functions
such as Gaussians or Multiquadric , the exponential convergence rate can be achieved
[9, 25]. The best accuracy can usually be obtained when the shape parameter is small.
But we should mention that as the shape parameter becomes small, the interpolant
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matrix becomes increasingly ill-conditioned. This fact has led to a growing number
of stable approaches to overcome this problem, such as the Contour-Padé approach
[8] or the RBF-QR method which in 2007 was introduced by Fornberg and Piret
[10, 11] and later on by Larsson [14]. In [7], Fasshauer and McCourt developed a
different type of the RBF-QR method by considering an eigenfunction expansion of
the Gaussian RBF. They established a connection between the RBF-QR algorithm
and Mercer’s theorem which states any positive definite kernel such as Gaussian has
an eigenfunction expansion . In our previous work [20], we changed the eigenfunction
expansion approach for evaluating Gaussian RBF interpolants by taking advantage
of the orthogonality of the eigenfunctions which are based on Hermite polynomials.

In this article, we study numerical solution by a stable approach based on the
eigenfunction expansions of Gaussian Radial basis functions which is an extension of
our previous work [20]. The eigenfunction expansions are rebuilt based on Chebyshev
polynomials, which are more suitable in numerical computations.

In this paper, we consider the following two-dimensional Helmholtz equation

Au+ E*u = f(x,y), in Q, (1.1)
where f is a smooth functions, A = 867"‘2 + 88—;2 is Laplacin operator, 2 is a bounded

domain in R?, k is the wavenumber defined as k := 27p/v with p and v stating fre-
quency and speed, respectively, and w is the unknown solution representing a pressure
field. The wavenumber k is a constant for the homogeneous medium, and varies for
the heterogeneous medium. On the boundary 02, a Robin boundary condition is
used:

cul,y) + B (e.y) =h(ry), om0, (1.2

where n is the outward unit normal vector to the boundary, h(z,y) is a smooth
function, and «, 8 are non zero, simultaneously. If o # 0, 8 = 0, the boundary
conditions can be imposed as Dirichlet boundary conditions and if « = 0, 5 # 0, they
can be imposed as Neumann boundary conditions.

The remaining part of this paper is organized as follows. Section 2 is devoted
to some essential concepts about the stable method for Gaussian RBF interpolation
based on eigenfunction expansions. In Section 3, the solution of two-dimensional
Helmholtz equations are investigated. In Section 4, some numerical experiments that
illustrate the accuracy, efficiency and stability of the proposed method are included.

2. A NEW STABLE METHOD FOR 2D (GAUSSIAN RBF INTERPOLATION

Before discussing the discretization of the equation (1.1), we present a brief sum-
mary of the new stable method for Gaussian RBF interpolation. Based on Mercer’s
theorem, every positive definite kernel K : Qx§Q — R where Q C R?, can be explained
in terms of the positive eigenvalues A\, — 0 and normalized eigenfunctions ¢,, of an
associated compact integral operator [24]. In fact

K(x,z) = Z)‘n‘Pn(x)‘pn(z)~ (2.1)

(e
BE
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Now suppose K is a native Hilbert space of functions on Q, X = {x1,...,xy} C Q
is the set of centers and Kx = span{K(-,x;), x; € X} is the subspace spanned by
the basis K(-,x;), 1 <x; < N. We can write the interpolant sy € Kx of f € K at
X1y..., XN aS

E CJ XX]

where the coefficients ¢; are determlned by the interpolation conditions sf(x;) =
f(x;): j=1,---,N; ie., they can be obtained by solving the following N x N
linear system

Kc=f,
where f = (f(x1), -+, f(xn))T, ¢ = (c1,-- ,en)T, and
K(xy,x1) - K(x1,xn)
K= : :
K(xy,x1) -+ Kxn,xn)

In applications, we have to truncate the series in (2.1). By choosing N terms of the
series (2.1), and ignoring the truncation error, we can approximate the kernel as

K(x,x;) Z)\ncpn X)on(%;).

Therefore the interpolant s, becomes
= ch Z)\ncpn X)on(x;) = Vg(x) Ay Px c,

where VI (x) = (gol(x), c N (X)),

M 0 pr(x1) o pa(xw)
Ay = , and ®x = : :
0 AN pn(x1) - pn(xn)
In the same manner as in [4, 20], we can show that
5,(x) = VIx) &5 f. (2.2)

For small values of the Gaussian shape parameter ¢, the eigenvalues A,, decrease to-
ward zero [18] rapidly, and this causes the system to become ill-conditioned. So that
Ay, which depends on eigenvalues, is eliminated. We can conclude that one of the
source of ill-conditioning is removed.

We consider the one-dimensional Gaussian RBF, which is a positive definite kernel.
Based on Mercer’s theorem

—62(.L 2)? _ Z )\nSDn ©n )
[c[v]
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where the ¢,, are orthogonal functions with respect to the weight function p(x) =

o —(X2(E2
ﬁ )

on(z) = V/Be™" " Hoos(a) (2.3)
and H,(z) are normalized Hermite polynomials (see [7, 20]). Also

1
4e2\ 4 a?
=1 - 52 _ = 2 _ 1
i-(1+35) ),

and the eigenvalues A, are given by

o2 62 n—1
An = =1,2,....
n \/a2+52+52<a2+52+62) o =L

By using (2.3), the vector function Vg(x) and the matrix ®x can be decomposed as

Vol(z) =/Be " Vy(z), (2.4)

and
&y = /f Hx Dy, (2.5)
where
flo(aﬁx) ﬁo(aﬁxl) e ﬁo(aﬁxN)
Viu(z) = : ; Hx = : : ;
Hy_1(afz) Hy_1(aBzy) - Hy_i(aBzy)

and

e—ézzf 0

Dx = )
0 o= TN

Since the Hermite polynomials values can grow dramatically, the algorithm for eval-
uation of Gaussian RBFs can become unstable. Therefore in the following we show
that the eigenfunctions can be rebuilt according to any other orthogonal polynomi-
als, like Chebyshev polynomials, which are more stable for numerical computation.
Let {pn(z)},—, be a family of polynomials, since {po,--- ,pn} is a basis for m, (the
space of all polynomials of degree at most n), f[n(aﬁx) can be presented as a linear
combination of its members as follows:

ﬁn(aﬁx) - ch,kpk(x)a (26)
k=0
SO
Iijo(aﬂx) Coo po(T)
Hl (01613) . Cio €y 0 D1 (LL')
EIN,I.(OZBZ‘) Cn_10 Cnoin 77 Cnoanaa pN—l(:L')
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The above formula can be written in matrix-vector form as Vg (z) = C V,(z) and
consequently Hy = C Px where

po(z1) po(TN)
Py = : : :
pN71('T1) t Pnoa (IN)

is a polynomial Vandermonde-type matrix [5, 12].
Therefore, from the relations (2.2), (2.4), and (2.5), we have
1

s,(@) = VBe ™ Vi) ZHY DY

= 7 Vz;(x) ctcT P;(T D}l f
= ¢ VI(@) PYT DY E,

so we rebuild eigenfunctions according to p,(x), consequently we rebuild ¢, (x) as

on(z) = /Be ",y ().

Now we can generalize the above discussion for two-dimensional interpolation for-
mula for f : [a,b] X [¢,d] = R. Let Y = {y1,--- ,yn} be a set of arbitrary grid points
on[e,d)and Q:= X xY = {(z;,y;): i=1,2,---,N, j=1,2,---, M} be the tensor
product grid points on [a, b] X [¢, d]. By using the tensor product form of the Gaussian
kernel, we have

N N M
sp(z,y) = ch Z Z AmAn@n (2)n (@5)Pm (Y)em (Y5),

j=1 n=lm=1
where
em() = VBV pna(@),  m=1- M, yeled
Just as in [20], we can show that
sp(z,y) = Vi(z) @x" F @' Val(y), (2.7)
where

f(xlayl) f(xlvyM)
F= . .

f($N7y1) f(xvaM)
Similarly, by using (2.4) and (2.5), we can decompose Vg (y) and ®y as
Va(y) = VB e V' Vi(y),

and

&y = /3 Py Dy.

2D
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By these decompositions, the formula (2.7) can be obtained as:
sp(z,y) = e @) vI(0) P F Py Vp(y), (2.8)
where F = D' F D!

Remark 1. Up until now the polynomials p, were arbitrary. In particular we can,
use Chebyshev polynomials (also shifted Chebyshev polynomials) instead of Hermite
polynomials. Therefore, in this paper, when we approximate f : [a,b] — R by Gaussian
RBFs, the v, (z)’s are modified as

on(z) =/B e_‘;%zfn,l(alx + aw), x € |a,b],
where
\/LN’ n =0,
Tn(z) =

\/ % T (), n>1,

and the parameters oy, as, which control the Chebyshev polynomials, can be chosen
arbitrary. While if we choose a1 = ~—, g = —Z%FZ, then the shifted Chebyshev

b—a’
polynomials become bounded such that |T,,(cq x + az)| <1 for x € [a,b].
3. IMPLEMENTATION OF THE METHOD

In this section, we want to solve two dimensional Helmholtz equation (1.1) on
Q = [a,b] x [¢,d] by a collocation method based on Gaussian eigenfunctions. The
boundary conditions (1.2) can be considered as

alu(aay) +B1ux(aay) :hl(a’ay)7

a2u(b7 y) + ﬁQul’(bv y) = h2 (ba y)’

(3.1)
asu(x,c) + Bauy(x,c) = hs(x,c),
0[4u($7 d) + 54Uy(l', d) = h4($, d)7
Suppose that the approximate solution of (1.1) is
Ulz,y) = Vi (z) @7 U ®3' Va(y), (3.2)

where [U];; = U(z;,y;). For solving the equation and illustrating the algorithm, it is
necessary to decompose and rearrange the matrix U as

u u u u

11 1M 12 e 1,M—1
N1 N.M N2 N,M—1 Ueor ‘ Urow
U= Uy Uy v gy T Uy ar = lgol B
Ui ‘ Uz
Un_11 Un_1m Un_12 Un_1,m-1
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In fact, we decompose U to four matrices Ug", UE", U%"l, Uz which are the four
corners, the up and down boundaries, the left and right boundaries, and the interior
entries of U, respectively. We should mention that it is necessary to rearangement
the other matrices in the formula (3.2) as U, to avoid deformation of that. For the
Dirichlet boundary conditions, all of the entries along the boundary of the matrix U
are known, so it is necessary to obtain only Uz by simplifying the equation with some
matrix algebraic operations. For the Neumann boundary conditions, the problem be-
comes a little complicated.

Collocating the equation at the interior points and using the boundary data at the
boundary points leads to the following system of equations

T T
Vi () @ Uy Va(y) + Ve(a:) @57 U ' Vi(y)
+ KU = flay), (3.3)

for 1 <i< N, 1< j< M, associated with boundary conditions
aru(r,y;) + Brug(w1,y5) = hi(w1,y5),
Olzu(xvaj) + /BQUx(szyj) = hZ(xN7yj), 1= 2a e 7N - 17

asu(zi,y1) + Bauy(xi, y1) = hs(xi, 1),

aau(wi, ynr) + Bavy(Tis ynmr) = ha(zi,ynr),  j=1,---, M.
By denoting the following
Vi)
\I’§ = ;o Py = [ ch(yg) V@(nyl) ] )
T
Vg (2y_,)

and A = [a;;] = vT ®.", we consider the first term on the left-hand side of (3.3).
In the same manner as in [20] we can show that

L T U B! By

a1,1 a1,N
B a21 a2 N Ure U1z ccc o UL M-—1
N uN,Q U’N,B uN,]Mfl
An_21 Oy o N :Ug’"’
—=Agj

2D
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ai,2 T a1,N—1
Uu2,2 U2,3 . U2 M—1
az2,2 T a2, N—1
* : ; : : : : (3.5)
aN-22 "°° OGN-2N-1 Unorp Unoas 70 Unogwa
=U
Az z

Using the first two boundary conditions, we have

row

U
o 0 ! LA O Ago | mny) o (zyy)
0 (6] U”’w 0 52 hQ(mNayl) hQ(xN7yM) ’
| S — N | S —
=12 =p12
where
[ Vil
A = o7
T,
Vi(zy)
therefore

oo |:U;)T|Ug)w:| +512 A U _ |:Hcor|Hrow:| )

Now by decomposing A and U, we want to obtain Ugw and Ugr, in fact
U%OT ‘ ﬁrBow :|

AU = [Ap | AI}{
= [Ap Uy +A; Uy | AgUypv+ Az Uz |

Now by using two above equations

cor

Q12 U;;T + Bi2 {AB B+ A U%OI} =H ,

and

row row

a2 Ug  + Bio [AB URY + Az UI} =H

So by denoting K1 = aq2 + B2 AB, we have

Uz:r _ Kfl |:Hcor — By AI UcBol} 7 (3.6)
and
U =K' {Hmw — B2 Az Uz] . (3.7)
Now by denoting
Vg(@)
Py = S By = [ VEGe) o Vi) ]
Vi)
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and B = [b;;] = ! WUy, we can similarly obtained

U2,1 w2, M
ET 4T 15 3,1 U3, M big b -0 bim—2
Lo T UDS Ty = | 1o, :
by bmz o barm—2
UN—-1,1 UN-1,M —Bg
:U%Ol

u2,2 U2,3 ce U2, M—1 52,1 bz,z ce bQ,M—Q

+ : : ,(3.8)
UN_12 UN-13 ‘' UN—_1M—1 by—11 bym—12 o bu—1,m—2
—Us By
and
U, = |H - U; B K,
B = - Uz Bz 84| K57, (3.9)

where K2 = (34 + BB 534.

Now, by substituting (3.7) in (3.5), and (3.9) in (3.8), we obtain the following
Sylvester system

AUz +U;B+C=0, (3.10)

where

k‘2
2
B = Br+ %I,

= Ap Gy +Gy' Bs - F,
and[f‘]i,j:f(xiuyj)7 Z:2aaNaj:277M

The equation (3.10) can be solved in MATLAB by using the command sylvester,
which first transforms the A and B matrices to complex Schur form, then computes
the solution of the resulting triangular system and finally transforms the solution back.

After solving (3.10), Uz will be obtained (the solution in interior points), then by
using (3.7) and (3.9), U and Ug! will be obtained, and finally by using (3.6), UZ"
will be obtained. Also by using (3.2), we can obtain a closed form solution for the
Helmholtz equation.

4. NUMERICAL RESULTS

In this section, several numerical experiments are reported to illustrate the accuracy
and efficiency of the proposed approach to solve two-dimensional Helmholtz equations.
The numerical experiments are performed in MATLAB 2014 on PC computer with an

(&)
EE



CMDE Vol. 7, No. 1, 2019, pp. 138-151

TABLE 1. The local and global error for different values of grid points

for Example 1.

N x M Uniform points Chebyshev points
Local error  Global error Local error  Global error

11x 11 3.79 x 10792 4.02 x 10791 3.09 x 10794 1.42 x 10792

13x 13 1.97x 1079 1,72 x 10792 5.84 x 1079 2,99 x 1079

15x 15 5.14x 1079 3.85 x 10794 6.20 x 10798 3.41 x 10796

17 x 17 3.72x 10797 245 x 109 2.12x 10719 1.33 x 10798

19 x 19 1.40x 10798 7.98 x 10708 2.21 x 10712 1.03 x 10710

21 x 21 3.25x 10799 3.37 x 10798 1.38 x 10713 1.37 x 10712

23x23 1.78 x 10797 7.22 x 10797 1.43 x 10713 8.47 x 10713

147

Intel(R) Core(TM) i5-4460 processor (3.20GHz CPU), a 64-bit Windows 7 operating
system, and a 16 GB internal memory . In all examples, we used ¢ = 1, « = 1.9 and
we used uniform grid points and Chebyshev collocation points.

The accuracy is measured by computing the local and global error of

lu—=Ull = max|u(z;,y;) —Us;
’ (z5,9;)€Q

)

and

lu—=Ull_, = max|u(z,y) - U(z,y)|,
(z,y)EN

where the second norm is approximated on 300X (b; —aj +by —as) evenly spaced points.

Example 1. Consider the following two-dimensional Helmholtz equation

azggﬁ’y) + 6215;7;:*’) + 972 u(x,y) = —97% sin(3wx) sin(37y), (r,y) € Q

u(z,y) =0, (z,y) € 0Q

where = [0,1] x [0,1] and the exact solution is u(x,y) = sin(37z)sin(37y). We
applied our method to this example with different values of uniform and Chebyshev
grid points. The arrising Sylvester system can be solved and the numerical solution
of this example can be obtained. The local and global errors are tabulated in Table 1.
Also, absolute error has been plotted for 17 x 17 space grid points in Figure 1. From
the data in Table 1 we can see that Chebyshev grid points yield a smaller error than
uniform grid points.
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FIGURE 1. Error with the 17 x 17 uniform grid point (left) and
Chebyshev grid points (right) for Example 1.

absolute error
absolute error

Example 2. Consider the following two-dimensional Helmholtz equation from [15]

Cules) 4 Oules) | gu(p,y) =20 —dy,  in Q=[0,1]x [0,1]

2

uy(z,y) = ha(z,y), on I'y =10,1] x {0}

U(.T, y) = h1($7y)a on Fl = 8Q\F2

where the exact solution is u(z,y) = sin(v/3z)sinh(y) + cos(v2y) + = — 2y, and
hi(x,y), hao(z,y) are chosen so as comply with the exact solution. The solution of
this equation is obtained by solving the Sylvester system of (3.10). We use uniform
and Chebyshev grid points. In Table 2, the local and global errors are shown for
different values of uniform and Chebyshev grid points. In Figure 2, absolute error
is shown as function of NV for Chebyshev grid points. It can be seen that spectral
convergence can be achieved for N < 16. For larger N, by using higher precision,
like Multiprecision Computing Toolbox by ADVANPIX, spectral convergence can be
obtained. Also in Figure 3, the absolute error is plotted versus the number of grid
points (N x M) for our method and traditional MQ RBf method. Superiority of our
method with respect to traditional MQ RBf method is clear.

2D
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TABLE 2. The local and global error for different values of grid points

for Example 2.
N x M Uniform points Chebyshev points

Local error  Global error Runtime Local error  Global error Runtime

11x11 4.37x107% 189 x 10792 0.1824 1.34 x 1079 174 x 1079 0.1895
13x13 1.39x 1079 4.12x107% 0.1813 1.79 x 1079 1.76 x 1079  0.1937
15x15 8.45x107% 1.09x 1079 0.1776 2.96 x 10798 1.75 x 10797  0.1865
17 x 17 3.32x107% 594 x 10797  0.1779 4.94 x 10710 3.37 x 1079  0.1910
19 x19 1.69 x 10799 2.06 x 107%  0.1804 8.10 x 10712 4.94 x 10~*  0.1927
21 x 21 2.56 x 10799 9.37x 10799  0.1795 3.81 x 10713 233 x 1072  0.1953
23x23 6.71x1079 1.38x107%  0.1875 143 x 10712 8.68 x 10°12  0.1905

FIGURE 2. Absolute errors as function of N for Chebyshev grid
points for Example 2.

absolute error
>

—4— Local Error
—e— Global Error

5. CONCLUSION

20

This paper enhanced a stable method based on an eigenfunction expansion of the
Gaussian RBF which is applied to solving two-dimensional Helmholtz equations. The
eigenfunction expansions are rebuilt based on Chebyshev polynomials which are more
suitable in numerical computation. After discretization of the equation, we obtain a
Sylvester system and solve it. Employing the Chebyshev basis allows our approach
to become accurate and stable. Moreover, the two-dimensional formula (3.2) which is
presented in [20] reduces the computational complexity for solving two-dimensional
Helmholtz equations.

(e
BE
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FIGURE 3. Absolute errors as function of N for Chebyshev grid
points for Example 2.
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