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Abstract In this paper, we deal with the pricing of power options when the dynamics of the
risky underling asset follows the double stochastic volatility with double jump model.
We prove efficiency of our considered model by fast Fourier transform method, Monte
Carlo simulation and numerical results using power call options i.e. Monte Carlo
simulation and numerical results show that the fast Fourier transform is correct.
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1. INTRODUCTION

Option pricing is a very important concept in financial economics and has been
widely used among the traders and practitioners. A number of papers paid atten-
tion to the option pricing models. Many number of them raised to the Black-Scholes
model. As known in the Black-Scholes model the volatility rate is assumed to be
constant. But more observation of volatility of traded option valuations has exposed
that this assumption is not coincides with reality.

A lot of literatures are proposed option pricing models with stochastic volatility mod-
els, jump-diffusion models, Markov-modulated jump-diffusion models and regime-
switching models [6, 7, 8, 9].

After 1978, the most realistic and efficient model is presented by Heston. In this
model the volatility and the underling asset price include a diffusion process which
are correlated.

Then Christoffersen proposed the additional stochastic process (as the second volatil-
ity). So he developed the Heston model with his concerns and made the asset pricing
more realistic [2].

Recently, it has been more attention paid to add more jumps and more stochastic
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volatilities which yields further randomization of the volatility rate and made the
models more efficient.

In this paper, we introduce a model in which the stock price follows the double sto-
chastic volatility with double jump. We also study power options with payoffs which
depend on the price of the risky underlying asset raised to power m > 0.

For an investor, using a power option is more useful than an ordinary option [5].
For this reason in this paper we investigate power option pricing under the double
stochastic volatility with double jump. In fact we drive the characteristic function
and get the option pricing via fast Fourier transform and show our analytic method
efficiency by Monte Carlo simulation and numerical results.

This paper is organized as follows. In section 2, we present notations and a model
in which the stock price follows the double stochastic volatility with double jump. In
section 3, we investigate the characteristic function. Power option pricing using the
Fast Fourier Transform is driven in section 4. Numerical results are given in section
5. The paper is concluded in section 6.

2. THE MODEL

Let (2, F, P) be a probability space where {F;}; is the filtration generated by the
Brownian motion and the jump process at time ¢, 0 <t < T and @ is a risk neutral
probability. The underling asset price S; at time t is given by

ds; = (r—Muy)Sdt + VS dW P + VP S dW® + IS, dN,, (2.1)
avlV = k6, — VIDdt + oy Va4 ZdNy,
aV? = ky(0y — Vdt + 0\ VP aW P,

awVaw? = pydt,
AW aw P = pydt,

where r is the interest rate, \/Vt(z), 1 = 1,2 is a volatility process, 6;, i = 1,2 is
the long-run average of Vi, N; represents a Poisson under the risk neutral measure
with jump intensity A, k;, ¢ = 1,2 is the rate of mean reversion, o,,, i = 1,2 is the
volatility of volatility, Z is a stochastic process which has exponential distribution
with parameter p,, (1 + J)|Z has log normal distribution with mean us + p;Z and
variance o2 in which

2

exp{ps + 5}

g=e 2y
1- PJ My

and Wt(i) and Wt(iﬂ),i = 1,3 are two correlated Brownian motions under () which

Cov(th(l), th(Q)) = p1dt and Cov(th(g), th(4)) = padt (p1 and py are constants).
[c]v)
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3. DERIVING THE CHARACTERISTIC FUNCTION

By Duffie, Gatheral and Zhu we drive the characteristic function [3, 4]. The log
stock price and volatility processes of our considered model is

1 - -
logS; = rdt— \uydt — i(vf” + Vdt + VO (p1dW P + /1 — p2dW M)

+ Vt(z) (PQth(4) +4/1— p%th(?’)) +log(1+ J)dNy, (3.1)

VD = k1 (0, — VOt + 0 [V aW? + 2aN,, (3.2)
th(2) = ko(6 — Vt(g))dt + 0, %(Q)th(‘l)’ (3.3)

where
2

log(1+ J) ~ Normal(log(1 + py) — %, a?).

Denote by Hj,g(g,)(u) the characteristic function of the log stock price. So we have

Hiog(sp)(u) = EX [eap{iulog(St)}]

E®exp{iu(logSy + rT — A\uyT — % /0 ’ vVt — % /O ’ v @at
b [P [
+ log(1+J) /OT dN)}].

So from (3.2) and (3.3) we have

. T
Hiog(sr)(u) = 6xp{iu(10950+TT)}EQ[exp{_i“/\“'7T_%/ Vit
0
iuw [T @ wpr (1) 1) upy T (1)
_ 7/ VPt + = v v — k0, T) + kl/ Ve dt
2 0 v1 O—’U1 0
. T ~ : N2 T ;
- o / zd, + M0 2 / Vit + “P2 VD V) — ka0,
Ov, Jo 2 0 Ovy
. T SN2 T T -
n —’;‘pgkg/ Vt(z)dt—k%(l—pg)/ %(2)dt+log(1+J)/ dN}]-
Vo 0 0 0
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So
Hiog(sp)(u) = expliu(logSo +rT) — SQ(VO(l) + k16:T) — 34(1/0(2) + k265T)}
T T
x EClexp{—s; / Vt(l)dt + SQVT(I) - 33/ Vt(2)dt + 34V7(12)}]
0 0
upy [T T
x EQ[exp{—iulp;T — / ZdNy +log(1 + J)/ AN},
Ovy Jo 0
when ()2 2
_ T upiky ) (1 — py
S1 = ( 9 + o + 9 ),
_miudupoks  (u)*(1 - p3)
s3 = —( 5 + s + 5 )s
iupy
S2 = )
O,
iup2
S4 = .

T,
From [10] (Feynman-kac theorem) we have

T
leap(-s1 [ Va4 52V = eap(G) v + 6 ),
0

T
EQeap{—s; / VPt + V7)) = eap{GY )V + G (w)},
0

so that
Hlog(ST)(u) = ea:p{iu(logSo + ’I“T) — SQ(VO(U + k191T) — 84(‘/0(2) + k‘gegT)}
xexp{GR (Vi + G (u) + 67 )V + G5 (u)}
. T T
x EQ[exp{—iulp;T — wp / ZdN; + log(1 + J)/ dN Y,
V1 0 0
where
Ly S e IT) - (L T i (1~ )
= (1 —gre=aT)(B1 +dv) ’
2k16 2d 1
G () = 0, 1 o (hi—d)T :
T ( ) 0_12)1 g((liglefle)(ﬂl +dl) )
) sada(1+e=%T) — (1 — e~ T) (= 122k2 4 gy (ju)2(1 — p3))
G = 2 ,
r (1 — gae=%T)(By + da)
2ko0 2d 1
QW () — 2k, 2 e} (hamdo)T)
T ( ) 032 g((l o gZe,dzT)(ﬁQ + dg) )
(4)
gi = ! -negvi = ]-727
r(@pos
; , £d;
r@pos/neg = b ,i=1,2,
27
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di = /B —dav;,i = 1,2,

—u2—_;
a:( u lu),
2
/gi = kl _piaviiu7i = 1727

Oy .
Vi = 51722172'

Now, it is easy to see that
1 _ 7d1T
il R

(1) 1 _ ..
(G0 = )V =1 Vneg | {5 S

3 2 1— e ®T 2 2
(G ) = sV = 1 | 7 | V2 = Datu TV,

2 1 — gre—hT
Gg?) (u) — sok16hT = k1604 [r(l)negT — U—log <1giegl)] = Cy(u,T)b,
v1
2 1— gpe—daT
Ggfl) (u) — $4k202T = kol {T(Z)negT - U—ZOQ <1giegz)] =: Oy(u, T)bs.
va

On the other hand it is clear that
iupr T B T
/ ZdNy + log(1 + J)/ AN} =

0 0

v1
iupy Z

EC[exp{—iulp,;T —

EQ[emp{—iu)\,uJT—i—)\T((l +MJ)iueofi7”(iu—l) —1) 4 Me Tuy —1)}]7

so that
— capliu(log(So) + rT) + Cy (u, T)81 + Di (u, T)V"

Hlog(ST)(u) =
4+ Cy(u,T)0y + Dy(u, T)VS? + P(u, T)A},

where

v1

1—e @T

D T) = (1 - -
(. T) = rOneg | 77

2 1— ge=hT
Cy(u,T) =k [r(l)negT - log (gle>} ,
g 1-— g1

2 1 — gge=®T
Co(u,T) = ko |:7"(2)TL69T — log (926 )} ,
O'U2 1 — g2
1 — e ®T
_ (2
DQ(’U,,T) = T( )neg |:1g26d2T:| 3
207012
P(u, T)A = =T(1 +iupy) + exp{iups + #} X v
4,0
5 X

B1+dy
(dic)? — (2pva — Pic)

V=
(B1 +di)c —2ppa
(dl — 51)0—‘!‘ 2/141104 —diT
l 1-— 1-— B
°9 2dlc ( € ) ’
c=1—1upjphy.
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4. POWER OPTION PRICING USING THE FAST FOURIER TRANSFORM

Under the risk neutral measure @, the valuation of the m-th power call option with
strike K and maturity T is as follows

C(ta ST) = eir(Tit)EQ [(S’%n - Km)+|ft] ) (41)

where r is the constant interest rate and (S — K™)" = maz{S} — K™,0}. Let
t =0, X; =InS; and k = InK. We derive the power call option pricing (4.1) as a
function of the log strike K rather than the terminal log asset price X1 as bellow.

C(Tv k) =t /koo(emXT - emk)qT(XT)dXTv (42)

where ¢r(X7r) is the density function of Xp. Note that ¢(T, k) converges to Sy when
k tends to —oo. Carr and Madan [1] presented a modified call price function

C(T, k) = e®*e(T, k), for a>0. (4.3)
The Fourier transform of C(T, k) is defined by
+oo
Yr(u) = / ek O(T, k)dk. (4.4)

— 00

From (4.2),(4.3) and (4.4) we have

Y (u)

—+oo ) oo
/ 6zulceozkefrT/ (emXT _ 6mk)qT(XT)dXTdk
k

— 00

+o00 Xr )
/ €7TT(]T(XT)/ (emXTJrak . e(aer)k)ezukdkdXT

me " Hg,.(u — (o + m)i)
(a+iu)(m + o+ iu)

Then the inverse transform of ¢ (u) is as follows

1 [t
C(T, k) = o / ek (u)du. (4.5)
T J_co
So
efak “+o0 )
(T, k) = / e~ Fohp (u)du. (4.6)
27 J_
By applying the Trapezoil method in (4.6) we have
e—ak N -
T k)~ U VAN
C( ’ ) p ;e ’ '(/JT(UJ) ’

where A denotes the integration steps, a = NA and u; = A(j — 1).
The FFT returns N values of k and for a regular spacing size of n where IV is a power
of 2, the value for k is

ky=—=b+n(v—1), for v=1,2,...,N, (4.7)

(e
BE
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where b = %

Equation (4.7) gives us N log strike values at regular intervals of width 7, ranging
from —b to b.
Finally, setting nA = QW”, we get

67Qk1l

c(ky) ~

™

N
Z e~ mAG—1)(v=1) gibu; Vr(us) D,
j=1

with Simpsons method weightings, the price of power call option is as follows.

—ak, N Com . A j
Zeflﬁ(jfl)(vfl)ewujQ)[}T(uj)g(?) —+ (—1)‘7 - jfl)a
™
j=1

e

(T, k) =

where §,, is the kronecher delta function that is 1 for n = 0 and 0 otherwise.

5. NUMERICAL RESULTS

In this section, we present and compare numerical results for power call option
using the FFT method and the Monte Carlo simulation.
For our FFT method, we take N = 2'2, ¢ = 600 and o = 0.75. The parameters
are considered as follows » = 0.05,¢ = 0.06,k; = 0.9,6, = 0.1,0,, = 0.1,p; =
—0.5,08" = 0.6,ky = 1.2,0, = 0.15,0,, = 0.2, py = —0.5,v{? = 0.7, \; = 0.22, 1, =
0.22,0 = 0.25,p; = —0.4, p, = 0.05,5y = 100 where m,k,T are different. The
numerical results are shown in Table 1. In addition, we take N = 100, 000 simulations

TABLE 1. Power call option prices: FFT, Monte Carlo.

T K m FFT Monte Carlo difference
05 90 1 31.4618 33.0014 1.5396
2 1.1501 x 10*  1.2024 x 10% 0.0523 x 10*
3 4.3620 x 106  4.3575 x 10  —0.0045 x 10°
4 2.3358 x 10°  2.1054 x 10°  —0.2304 x 10°
05 95 1 29.5257 31.2533 1.7275
2 1.1143 x 10*  1.1816 x 10* 0.0673 x 10*
3 4.3123 x 10°  4.5088 x 10° 0.1965 x 10
4 2.3206 x 10°  2.0554 x 10°  —0.2742 x 10°

to price the power call option using the Monte Carlo simulation.
So numerical results proved that FFT approach is correct and more efficient than
Monte Carlo simulation.

6. CONCLUSION

In this paper we drived the characteristic function and got the power option pricing
by FFT. In the sequel, the efficiency of our analytic method by Monte Carlo simulation
and numerical results is shown.
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