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Abstract This paper examines stability analysis of two classes of improved backward Euler
methods, namely split-step (0, A\)-backward Euler (SSBE) and semi-implicit (6, \)-
Euler (SIE) methods, for nonlinear neutral stochastic delay differential equations
(NSDDEs). It is proved that the SSBE method with 0, A € (0,1] can recover the
exponential mean-square stability with some restrictive conditions on stepsize A,
drift and diffusion coefficients, but the SIE method can reproduce the exponential
mean-square stability unconditionally. Moreover, for sufficiently small stepsize, we
show that the decay rate as measured by the Lyapunov exponent can be reproduced
arbitrarily accurately. Finally, numerical experiments are included to confirm the
theorems.
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1. INTRODUCTION

Stochastic functional differential equations (SFDEs), as an important mathemati-
cal model, appear in science and engineering applications, especially for systems whose
evolution in time is influenced by random forces as well as its history information.
Both the theory and numerical methods for SFDEs have been well developed in the
recent decades (see [21], [1], [5] and [11]). If the time delay in SFDEs reduces to a
constant, it is usually called stochastic delay differential equations (SDDEs) (see [15],
[16] and [20]). For the theory of NSFDEs we refer to [10], [12], [13] and [7]. The
scalar neutral stochastic differential equations with fixed time delay (NSDDE) has
the following general form

{ dlz(t) = N(z(t — 7)) = f(z@t),z(t — 7))dt + g(z(t),z(t — 7))dW(t), t>0,
z(t) = ¢(t) € C([=7,0;R™),
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where 7 > 0 is a fixed constant.

In practice, many system models are described by NSDDEs. The models involve not
only time delays in the state but also has time delay included in the state derivatives
(see [2] and [4]). Since most of these equations cannot be solved explicitly, numerical
approximations became to be an important tool in studying stochastic systems of
neutral type (see [22], [18] and [19]).

Mean-square stability analysis of numerical solution for system of stochastic differen-
tial equations (SDEs) is one of the key problems in stochastic analysis (see [8], [17]
and [14]). However, the study on stability of numerical method for neutral stochastic
differential systems is relatively scarce due to their technical difficulties, which is the
main topic of the present paper. Chen and Wu [3] showed that almost sure exponen-
tial stability of the backward Euler-Maruyama scheme for stochastic delay differen-
tial equations with monotone-type condition. Li and Cao [9] showed that asymtotic
mean-square stability of two-step Maruyama methods for nonlinear neutral stochastic
differential equations with constant time delay (NSDDEs). In [24], [25], [6] and [23],
authors examined the theta’s effects on the exponential mean-square stability and
revealed that the linear growth condition on the drift coefficient is necessary for the
two classes of theta approximations when 6 € [0, %] to be mean-square stable, but for
0 € (%, 1], both of the approximations can reproduce the exponential mean-square
stability without the linear growth condition.

The rest of the paper is organized as follows. Section 2 begins with notations and
preliminaries, then it introduces the SSBE and SIE methods for NSDDEs. Section 3
examines the conditions under which the SSBE method can reproduce the exponential
mean-square stability of the exact solution with some restriction on stepsize A, but
the SIE method can reproduce the exponential mean-square stability unconditionally.
Section 4 describes the numerical experiments to confirm the theoretical results.

2. PRELIMINARIES AND NOTATIONS

Throughout this paper, unless otherwise specified, we use the following notations.
Let | - | denotes both the Euclidean norm in R™ and the trace (or Frobenius) norm in
R™*?_If A is a vector or matrix, its transpose is denoted by A”. If A is a matrix, its
trace norm is denoted by |A| = y/trace(AT A). a V b represents max{a,b} and a A b
denotes min{a,b}. Let (2, F,P) be a complete probability space with a filtration
{Fi}+>0, which is right continuous and satisfies that each Fy contains all P-null sets,
and W (t) be a d-dimensional standard Wiener process defined on this probability
space.

Let N:R* - R”, f:R" x R® — R" and ¢ : R® x R” — R"*¢ be Borel measurable
functions. Consider the n-dimensional NSDDE of the form

dlz(t) = N(z(t —7))] = f(z(t),z(t — 7))dt + g(x(t),z(t —7))dW(t), t>0, (2.1)

with initial data z(¢) = ¥ (¢) € C([-7,0]; R"), E|[¢||?> < 0o, where T > 0 is delay time.
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Assumption 2.1. (Contractive Mapping) Assume that for all 2,y € R™, there exists
a positive constant x € (0, 1) such that

IN(z) = N(y)| < &lz —yl. (2.2)
Assumption 2.2. (Local Lipschitz Condition) Let f and g satisfy the local Lipschitz
condition, that is, for each j > 0 there exists a positive constant K; such that for any
2,9, 7,7 € R™ with [xz| v [y| V [Z] v [7] < j,

Theorem 2.1. (See [13]) Let Assumption 2.1 and 2.2 hold. Assume that there exist
two positive constants p, o such that for any x,y € R",
2z = N()I" f(2,y) + |g(z,y)* < —plz* + oly*. (2.4)

If 1 > o, then the trivial solution of equation (2.1) is exponential mean-square stability
and the solution x(t) satisfying in following relations

E|z(t) — N(z(t — 7)) < C(p)e ", (2.5)
and
Elz(t)* < C(yp)e ", (2.6)

where C(¢) represents a generic positive constant, depending on the initial data 1,
whose value may changes with each appearance. Let 7 := v A1 with v and r defined

by
2
»y—max{q>0; q(1+6)—u+[q(l—i—s)%—i—a]e‘”zo, s>0},

2. 1
and r := —In — — £ for sufficiently small £ > 0.
T K

Remark 2.2. Tt is easy to see that the coupled monotone condition (2.4) implies
that

2z = N)]" f(z,y) < —plz|* + ofy|*.

Now we introduce the split-step (6, A)-backward Euler (SSBE) approximation {z } x>0
as follows:

{ Yk = ok — N(@p-n,) + N(yr-n.) + 0f (Yx, yr—n.)A, k>0,

Thir = Tk + N(@rp1-n,) = N(wr-n,) + f Uk Uk~ ) A + A9k, Yo, ) AW,
(2.7)

where stepsize A = ~ for ainteger N, xp, = yr, = w(kA) fork = —N,, =N, +1,--- ,—1,

yo = 1(0), € and X are fixed parameters in interval (0,1]. The Wiener increments is

defined as AW}, := W((k+1)A) =W (kA), where W (kA) denotes the Wiener process

at time kA. It is interesting to deduce that the approximation {y}x>0 in (2.7) has

the form

Y1 = Yk + NWrr1-n,) = N(We—n, ) + 0F Wrt1, Yror1-n, ) A+ Ag(Yr, Yo—n, ) AW
(2.8)

[ ¢ [m]

(0] €]
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We refer to (2.8) as semi-implicit (6, A)-Euler (SIE) method which includes the back-
ward Euler (BE) method when 6 = A = 1.

3. EXPONENTIAL MEAN-SQUARE STABILITY ANALYSIS

In this section, we first prove the exponential mean-square stability of SSBE
approximation {zy}r>0 for 0, A € (0,1]. For the purpose of stability, assume that
N(0) = f(0,0) =0, g(0,0) = 0. This shows that (2.1) admits a trivial solution.

Theorem 3.1. Let all the conditions in Theorem 2.1 hold and 6, € (0,1]. If there
exists two positive constants K1 and Ko such that the functions f and g satisfy the
linear growth conditions

@ y)? < K|z + [y, lg(z,y))? < Kao(|=> + [y]?), (3.1)

(u— o) + 2K2)? ;
2(1-20)K;
that for any A < A*, the SSBE approzimation {xy}r>0 has the properties

Elzy — N(z-n,)|> < C(p)e 72O, (32)

for all (z,y) € R™ x R™, then there is a stepsize bound A* = uch

and
Elzi|* < C(p)e a0k, (3.3)
where Y (0) = va(0) Ar and va(0) € (0, 1In(£)) is the unique root of the equation

1 — e a(@)A

—p+ x (1+0A)(1+eo+ K10A) + (1 —20) K1 A + N K,
_e—ral0)a
%(1 + GA)(?FP + K10A) + 0+ (1 — 20) K1 A + N Ky | 7207 = 0,
0
(3.4)
and
lim ya(0) = 7- (3.5)

Proof. Let z, = o, — N(xx—n, ). It is easy to deduce from (2.7) that
2k ® = 2l + 1f (s yo—n, ) PO + Ng (i, ye—n, ) 2| AW |2

+ 2285 F (yrs Yo, ) A + 202k + F(Yks Y N, ) AG(Ykes Y-, ) AW,
(3.6)

Note that zr = yr — N(yk—n.) — 0f (yk, yr—n~.)A. Substituting this equality into
(3.6), we have

|21 ? = |2el? + (1= 20)| f (Y ye—n, ) PA% + X2 |g(yr, yr—n, ) P | AW |?
+2[yk — N(yr—n)" f(ur yh—n, ) A+ mi, (3.7)
where
mip = 2(yk — N(yk-n,) + (1= 0) f Uk, v n, ) A, Ag Uk, Y-, ) AWE).

Qo
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Note that

E(AW}) =0, (3.8)
therefore we conclude

E(ms) = 0. (3.9)

Now by using (2.4) and (3.1), and then taking the expectation on the both sides of
(3.7), we obtain

Elzg1]? S Elzi|® + [~ + (1 = 20) K1 A + N K3 AE|y,|?
+ [0+ (1 = 20) K1 A + N K5 AE|yj—n, |*. (3.10)

Subsequently for any positive number P > 1, we have

P(k+1)AE|Zk+1|2 _ PkAE|Zk|2 < (1 _ P—A)P(k+1)AE|2k|2
[t (1= 20) K1 A + N2 K| AP DAy, 2

+ [0+ (1 = 20)K1A + N2 Ko)JAPKHDAR |y, |2
(3.11)

Also by using the linear growth condition (3.1) and the elementary inequality
1
la + 0> < (1+¢)(a® + =b?),
€
for any positive constants a,b € R™ and e, we obtain

Elzi]* = E (lyx — N(Wr-n,) — 0.f Uk, yo—n, ) AI?)

< (14 60A)(1+ e+ Ki0A)E[ye|> + (1+ 0A)(

Ii2 + K19A)]E|yk_NT |2.
(3.12)

1+¢
€

Substituting inequality (3.12) into (3.11) and letting & = g¢ yields

PUHDAE 21| = PME|21? < —pa(P)APWFVAE|y, P +oa (P)APFTDAE ;. |7,

(3.13)
where
1—-p=2 )
pa(P) = p— ———(1+0A) (1 +eo+ K16A) — (1-20) K1 A= N’ K3, (3.14)
and
1—-p4 1
oan(P) =0+ T(1 + HA)(?KQ + K10A) + (1 — 20)K1A + XK.
0
(3.15)
[c [m]
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Summing relation (3.13) from j = 0 to j = k, which implies

k k
PEDAE 2 P <Elzof* — pa(P)AY  PUTDAEy, > + oa(P)A Y PUTDAEy,; y, |

Jj=0 j=0
—1 k
<Elzof* +oa(P)A Y PUtVAE[y; v [P+ h(P)AY  PUTVRE|y,;?,
j=—N. §=0
(3.16)
where h(P) = pua(P)— P7oa(P).
Let
+00, 0=1%, Ae(0,1],
A* ={ (p—0)+2K,)2 . (3.17)
51— 200K, 6cl0,3), Ae(0,1].

For A < A*, h(1) <0 and for P = (%)%, h(P) > 0. Moreover, k' (P) > 0 for any
P > 1. Hence, for any 0, A € (0,1] and A < A*, there is a unique positive constant
va(0) such that e72®) e (1,(£)7) and h(e?2®)) = 0, which implies (3.4). The limi-

o

tation (3.5) follows from (3.4), directly. Taking P = €72 in (3.16) it yields
—1
2 OEIDAR 2 [P <Elzo* + 0a(€™P)A Y7 Bly;—n,[* = C(),
i=—N,
(3.18)
then
E|zy[* < C(y)e 7252,

which gives (3.2). Then from the definition of z; and the contractive condition (2.2)
we obtain that for any e > 0 and 0 <7 < k,

eﬁA(O)iAE|xi|2 < (1 —I—E) [eﬁA(G)iAE|Zi|2 + EK/QGWA(B)iAE|xi7NT|2}
€

< (1 + 6) [eVA(G)iAc(w)e—’yA(O)iA + EKQeﬁA(G)iAEin_NT |2] ,
€
(3.19)

and then we know that e7a(9)ide=71a(0)iA — 1 we conclude

_ . 1 _ _ .
eTaOAR 22 < (14 €)C(¥) + SR NOL sup €72 DIAE|z,)2. (3.20)
€

—m<j<k
Note that this inequality also holds for all —m < i < 0. Inview of o (f) < r < 2In(4),

1teo, 2 7,00

there exists a positive constant €y such that R(eg) := < 1, therefore

€0
we have
sup  eT2OIAE|22 < (1+4€)C(1h) + R(ep) sup e7a@IAE[z; 2 (3.21)
—m<j<k —m<j<k
which gives (3.3). This completes the proof of the Theorem 3.1. |

Qo
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Theorem 3.1 shows that for sufficiently small stepsize, the bound of the Lyapunov
exponent of the exact solution can also be preserved. Now we examine the exponential
mean-square stability of SIE approximation {yy }r>0 for 6, A € (0, 1].

Remark 3.2. It is ecasy to see that the coupled monotone condition (2.4) for some
nonnegative constants 7y, 12,13, n4 implies that

20z = N)I" f(z,y) < —mla]> + na2lyl?, (3.22)

l9(a,y)|* < malel? + naly[*, (3.23)
for any (z,y) € R™ x R™ with n1 — n3 > n2 + n4.

Theorem 3.3. Under Assumption 2.1 and Assumption 2.2, assume that conditions
(3.22) and (3.23) hold and 0,\ € (0,1]. Then the SIE method is exponential mean-
square stable for any stepsize A with the properties

Elyr — N(ye—n,)[> < C(p)e 72Ok, (3.24)
and

Elyx|* < e 7a@k2, (3.25)
where Y (0) = va(0) Ar and ya(0) € (0, £ ln(:’]—;)) is the unique root of the equation

ya(®)A _q
— 0+ msAT2 DD (14 g0) (5 X
1
{70 + A O 4 w2 (14 ) (2 0% —1) /AL 20T =0,
0
(3.26)
and
lim ya(0) = 7. (3.27)

AS0
Proof. Let Y, =y — N(yk—n, ). Then from conditions (3.22) and (3.23), we have

Yes11? = Vg1, Yi + 0F (Urr1, Yrr1—n, ) A + Ag(Yk, yo—n, ) AWE)
Vi1, 0 (Yr+15 Y 1-N)A) + Vi1, YVie + Ag(yr, Yu—n, ) AW)

—~

IA

1
(= lyrr1]® + melyrsr-n, I)A + 5 [[YVig1|* + [V + Ag(yk, yo—n, ) AW |?]

IA

1
(=mlye+1? + m2lyes1—n, [2)A + 5 [V | + [Yil® 4+ A(nslyel® + malyr—n, |*)A]

_|_
Rl RIS S ONRS

(3.28)

&

where
mi = [g(yk, ye—n. )P (AW = A) + 20V, g(yk, yr—n, ) AW, (3.29)
Then we have

Vi1 ? < |YVil>+0[=m1 |yt P+ yres1-n, 2] A+X 3 ]ye > +nalye—n, ] A+mi .

Qo
o]}
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(3.30)

Note that E(|JAW,|?) = A and E(AW},) = 0, which implies E(mg) = 0. Taking ex-
pectation on the both sides of inequality (3.30), we have

E[Yit1? < E|Yi?+0 [—mE|ykr1|® + mElyrt1-n, |*] A+ [13E|yx > + naElye—n, [*] A.
(3.31)

Subsequently for any positive number P > 1, we derive

PEHIAR|Y, )2 — PkAE|Yk|2] <0 [-mElyrs1|* + n2Elyesa—n, |?] APFFDA
n (P(k+1)A _ PkA) E|Yk|2

+ A [13Elyk]? + mElye—n, 7] APEHDA (3.32)
Summing relation (3.32) from ¢ = 0 to ¢ = k — 1, which implies

k— k—1
> [PUDAENY 2 - PREIYE] <370 [~mElyis | + mElyis1-n, [2] APCFDA
i= =0

k—1

+ Z A [773E|yi|2 + 774E|yi7NT |2} AP(i.H)A
1=0

k—1
i Z (P(i-',-l)A _ Pm) IE|K|2
1=0

—

By using the contractive condition (2.2) and the elementary inequality |a + b|> <

1
(1+¢)(a® + ng) for any positive constants a,b € R™ and &, we obtain

k-1 k-1
PRAEIV? < E[Yo* — mOA Y PUDAEy 0 |* +120A Y - PUTDAE]y; -y, |
i=0 i=0
k—1 )
+ [MAAPS + (14 29) (P2 = 1)] Y P2E|y,[?
i=0
1 k-1 )
+ [774>\APA + K21+ ?)(PA — 1)} > PRy, | (3.33)
0 i=0
Note that
k—1 k-1
— ST PERIAR P = =3 PR + Elyol® — PFAEly 2, (3.34)
=0 =0
ao
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and
k-1 k—N.
ZP(i+1)AE|yi+17N.,|2 _ Z P(i+NT)AE|yi|2
i=0 i=—N,+1
—1 k—1
_ PNTA Z PZA]E|er|2 + PNTAZPZA]EHJ'LF
i=—N,+1 i=0
k—1
- PN N PRRE[y (3.35)
i=k—N,+1

Substituting (3.34) and (3.35) into (3.33) it yields
—1
1
PFAEYL 2 < 1920 + muAP? + k2(1 + —)(P? — 1)/4 PTA Y Elyl
€o i=—N,+1
k=1
+E|Yo|?* + mOAE|yo| + h(P)A > PAE[y: |, (3.36)
=0
where
A

A

P 1
h(P) = =mb+nsAP>+(1420) + {7720 + PR + K21+ 6_)(PA - 1)/A] P,
0

For P = (:77—;)%, it is easy to see that h(P) > 0, and h(1) < 0, which 2’(P) > 0 for any

positive constant P > 1. Hence, for any 6, A € (0, 1] there exists a unique constant
PX € (1,(%)7) such that h(PX) = 0. Taking P =P} = e72(0) in (3.36) we get
following inequality

E|Yi[* < C(y)e772 M,
which implies (3.24). Moreover

ea@Aa g
A

1
+|m20 + nade > O2 4 g2 (1 4+ —)(e72 DA —1)/A| 727 =,
€0

h(e¥2O) = 110 4 pare?> @2 1 (1 4 £9)(

which implies (3.26). The limitation (3.27) follows from (3.26), directly. Now by
similar the arguments used in the proof of Theorem 3.1, we can obtain the relation
(3.25). O

Theorem 3.3 shows that the SIE method for 6, A € (0, 1], can recovers the expo-
nential mean-square stability unconditionally.

4. NUMERICAL ILLUSTRATIONS

By the numerical test, we show the influence of 8 and X on exponential mean-square
stability of the SSBE and SIE methods.

Qo
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Example 4.1. Consider the following nonlinear NSDDE:

d |z(t) — i sin(z(t — 1)) | = (= 62(t) +x(t — 1))dt +x(t) cos(z(t — 1))dW (t), t > 0,

(4.1)

with the initial data x(t) = 1 for ¢ € [—1, 0], where W (%) is a scalar Brownian motion.
It is easy to see that the drift and diffusion coefficients satisfy the linear growth
conditions (3.1). We can deduce that for any p € (0,41),

1
2w = N ()" f(w,9) + lg(@,y)|* = —122% + 2wy + Bwsin(y) — Sysin(y) + 2>

1
< —112? + 5|zy| + §y2
< (=11+5p)z? + (i + l)yQ. (4.2)
- 5p 2

4
5p
p = 1.2, we obtain y =5 and o0 = %, and applying Theorem 2.1 it yields

Elz(t) — N(z(t —1))]* < C(¢)e 07754

Let y=11—-5pando = = + %, then we conclude that p > o. For example by setting

and
Ela(t)? < Cl)e*T.

That is, the trivial solution to equation (4.1) is exponentially mean-square stable with
the Lyapunov exponent less than —0.7754.

FIGURE 1. Simulation of E|z(¢)|?, using SSBE method.

5 10 15 20 0 5 10 15 20

(A) Unstable and stable tests with 6 = 0.1, A = 0.1. (B) Unstable and stable tests with 6 = 0.1, A = 0.5.

Qo
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FIGURE 2. Simulation of E|z(t)|?, using SSBE method.

10 A=L 10 ' ‘ ‘ A=1
o A=o7] oA=n"1
10° 7?2_2 10° t 7?2_2
T o +a=2 +a=27Y
0% 5 10 - 5 2
(A) Stable test with § = 0.6, A = 0.1. (B) Stable test with 6 = 0.6, A = 0.5.
FIGURE 3. Simulation of E|z(t)|?, using SSBE method.
" A=l " ‘ ‘ ‘ A=l
5 - a=27Y s | - a=27Y
10 —a=27 10 —a=27
+a=27Y . A=273
{ 15 20 { 15 20
(A) Stable test with = 0.8, A\ = 0.5. (B) Stable test with 6 = 0.8, A = 0.8.
FIGURE 4. Simulation of E|y(t)|?, using SIE method.
)
10* ‘ ‘ ‘ A=1 0" ‘ ‘ ‘ A=1
A=Y a=27Y
—a=272 —aA=272
X 10° +a=27Y X 10°

Ely,
Ely,

10|

10

0 5 1t0 15 20 0 5 1t0 15 20

(A) Stable test with = 0.1, A\ = 0.1. (B) Stable test with 6 = 0.1, A = 0.5.

Choosing the stepsizes A =1,271,272, 273 and taking the average of 10? sam-
ple paths, we obtain the stability analysis of the SSBE and SIE methods numeri-
cally, which are shown in Figures 1-6. In Figure 1, we can see that, the stepsize
bound will be needed for the SSBE method to preserve the exponential mean-square
stability of the exact solution, but Figures 2 and 3 show that the SSBE method
with (0 =0.6,\=0.1), (# =0.6,A=0.5), (6 =0.8,A\=0.5) and (6 =0.8,A=0.8)
can share the exponential mean-square stability even for large stepsize. In Figures 3-6
we can see that, the SIE method for any different choices of # and A can reproduce
the exponential mean-square stability unconditionally.
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FIGURE 5. Simulation of E|y(¢)|?, using SIE method.
10 i i . 10" . : -
—A=1 —A=1
- a=27Y - a=27Y
) —a=272 —a=272
+A=27 e a=29
)
w
-10|
0 5 1t0 15 20 0 5 1t0 — 15 20
(A) Stable test with § = 0.6, A = 0.1. (B) Stable test with 6 = 0.6, A = 0.5.
FIGURE 6. Simulation of E|y(¢)|?, using SIE method.
10 1010 ; ; ;
—A=1 —A=1
5 - a=27Y 5 A=Y
[ —a=27 oy —a=27
- a=27Y < A=23
3 1‘5 20 10 0 é - 1;0 1‘5 20
(A) Stable test with § = 0.8, A\ = 0.5. (B) Stable test with 6 = 0.8, A = 0.8.
CONCLUSION

In this paper, we have investigated two classes improved backward Euler methods
for NSDDEs under a coupled monotone condition on drift and diffusion coefficients.

Int

his regard we examined the exponential mean-square stability for these kind of

equations. The parameters 6 and A can extend the values of stepsize A in the expo-
nential mean-square stability for SSBE method. We obtained the stability results of

the

(1]

2]
(3]

(4]

(5]

[6]

SSBE and SIE methods numerically, which is shown in Figures 1-6.

REFERENCES

C. T. H. Baker and E. Buckwar, Ezponential stability in p-th mean of solutions, and of con-
vergent Fuler-type solutions, of stochastic delay differential equations J. Comput. Appl. Math.,
184 (2005), 404—427.

A. Bellen, N. Guglielmi and A. Ruehli, Methods for linear systems of circuit delay differential
equations of neutral type, IEEE Trans. Circu. Syst., 46 (1999), 212-215.

L. Chen and F. Wu, Almost sure exponential stability of the backward Euler-Maruyama scheme
for stochastic delay differential equations with monotone-type condition, J. Comput. Appl.
Math., 282 (2015), 44-53.

K. Hale and S. M. V. Lunel, Introduction to Functional Differential Equations, Springer-Verlag,
Berlin. 1991.

Y. Hu, S. .A. Mohammed and F. Yan, Discrete-time approximations of stochastic delay equa-
tions: The milstein scheme, Ann. Probab., 32 (2004), 265-314.

C. Huang and F. Wu, Mean square stability and dissipativity of two classes of theta methods for
systems of stochastic delay differential equations, J. Comput. Appl. Math., 259 (2014), 77-86.

Qo
o]}



CMDE Vol. 5, No. 3, 2017, pp. 201-213 213

[7]

(8]

(9]

[10]

[15]
[16]
[17]
18]
[19]
[20]
21]
[22]
[23]

[24]

[25]

F. Jiang, Y. Shen and F. Wu, A note on order of convergence of numerical method for neutral
stochastic functional differential equations, Commun. Nonlinear Sci. Numer. Simul., 17 (2012),
1194-1200.

M. Khodabin, K. Maleknejad, M. Rostami and M. Nouri, Numerical approach for solving sto-
chastic Volterra-Fredholm integral equations by stochastic operational matriz, Comput. Math.
Appl., 64 (2012), 1903-1913.

X. Li and W. Cao, On mean-square stability of two-step Maruyama methods for nonlinear
neutral stochastic delay differential equations, Appl. Math. Comput., 261 (2015), 373-381.

K. Liu and X. Xia, On the exponential stability in mean square of neutral stochastic functional
differential equations, Syst. Control. Lette., 37 (1999), 207-215.

M. Liu, W. Cao and Z. Fan, Convergence and stability of the semi-implicit Fuler method for a
linear stochastic differential delay equation, J. Comput. Appl. Math., 170 (2004), 255-268.

X. Mao, Exponential stability in mean square of neutral stochastic differential functional equa-
tions, Syst. Control. Lett., 26 (1995), 245-251.

X. Mao, Stochastic Differential Equations and their Applications, Horwood. Chichester, 1997.

X. Mao, Ezponential stability in mean square for stochastic differential equations, Stoch. Anal.
Appl., 8 (1990), 91-103.

M. Nouri and K. Maleknejad, Numerical solution of delay integral equations by using block pulse
functions arises in biological sciences, J. Math. Model. Comput., 3 (2016), 221-232.

L. Ronghua, M. Hongbing and C. Qin, Ezponential stability of numerical solutions to sddes
with markovian switching, Appl. Math. Comput., 174 (2006), 1302-1313.

Y. Saito and T. Mitsui, Stability analysis of numerical schemes for stochastic differential equa-
tions, STAM J. Numer. Anal., 33 (1996), 2254-2267.

F. Wu and X. Mao, Numerical solutions of neutral stochastic functional differential equations,
SIAM J. Numer. Anal., /6 (2008), 1821-1841.

W. Wang and Y. Chen, Mean-square stability of semi-implicit Euler method for nonlinear
neutral stochastic delay differential equations, Appl. Numer. Math., 61 (2011), 696-701.

X. Wang, S. Gan and D. Wang, 0-Maruyama methods for nonlinear stochastic differential delay
equations, Appl. Numer. Math., 98 (2015), 38-58.

S. Zhou, Exponential stability of numerical solution to neutral stochastic functional differential
equation, Appl. Math. Comput., 266 (2015), 441-461.

X. Zong and F. Wu, Ezponential stability of the exact and numerical solutions for neutral
stochastic delay differential equations, Appl. Math. Model., 40 (2016), 19-30.

X. Zong and F. Wu, Choice of 0 and mean-square exponential stability in the stochastic theta
method of stochastic differential equations, J. Comput. App. Math., 255 (2014), 837-847.

X. Zong, F. Wu and C. Huang, Preserving exponential mean square stability and decay rates in
two classes of theta approximations of stochastic differential equations J. Difference Equ. Appl.,
20 (2014), 1091-1111.

X. Zong, F. Wu and C. Huang, Ezxponential mean square stability of the theta approximations
for neutral stochastic differential delay equations, J. Comput. Appl. Math., 286 (2015), 172-185.

Qo
o]}



	1. Introduction
	2. Preliminaries and notations
	3. Exponential mean-square stability analysis
	4. Numerical illustrations
	Conclusion
	References

