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Abstract In this paper we introduce a type of fractional-order polynomials based on the

classical Chebyshev polynomials of the second kind (FCSs). Also we construct
the operational matrix of fractional derivative of order v in the Caputo for
FCSs and show that this matrix with the Tau method are utilized to reduce
the solution of some fractional -order differential equations.
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1. INTRODUCTION

The Chebyshev polynomials are one of the most useful polynomials which
are suitable in numerical analysis including polynomial approximation, in-
tegral and differential equations and spectral methods for partial differential
equations [1, 2, 3, 4]. One of the attractive concepts in the initial and boundary
value problems is differentiation and integration of fractional order [5, 6, 7, 8].
Many researchers extend classical methods in studies of differential and inte-
gral equations of integer order to fractional type of these problems [10, 11].
One of the wide classes of researches focuses to constructing the operational
matrix of derivative in some spectral methods. Recently, a lot of attention has
been devoted to construct operational matrix of fractional derivative [1, 12, 13].
For example the fractional type of Legendre polynomials are used to solving
some fractional differential equations [14]. In [15] operational matrix of frac-
tional Jacobi functions is investigated.
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In this paper we use shifted Chebyshev polynomials of second kind and recall
some important properties. Next we extend these polynomials to fractional
type and obtain the operational matrix of fractional derivative. This matrix
is introduced and applied with the Galerkin method for solving linear frac-
tional differential equations [16]. For this purpose, organization of paper is
expressed as follows. In section 2, we define some necessary definitions and
initial preliminaries of fractional calculus. In section 3, we obtain fractional
Chebyshev function and their properties. We make a new operational matrix
for fractional derivative by fractional Chebyshev function in section 4 . We
show applications of the operational matrix in section 5. Finally in section 6,
we solve some numerical examples.

2. ESSENTIAL PRELIMINARIES

2.1. Overview on Chebyshev polynomials of second kind. Chebyshev
polynomials of the second kind of degree n are defined on the interval [—1,1]
as
sin(n + 1)0
n(t) = ———, 2.1
Un(t) g (2.1)
where 6 = arccos(t). From above, for example we get Uy(t) = 1,Uy(t) = 2t.
These polynomials satisfy the following recurrence relation:

Upn(t) = 2tUp_1(t) — Up_o(t), n=2,3,-.

For using this polynomials on the interval (0,1), which called shifted Cheby-
shev polynomials by introducing the change of variable 2t — 1 we derive

Ur(t) =U,(2t — 1). (2.2)
The shifted Chebyshev polynomials satisfy to the following recurrence formula:
Up(t) = (4t =2)Up; 1 (t) = Uy 5(t), n=23,---, (2.3)

with the initial conditions Uj(t) = 1 and U;(t) = 4t — 2. The analytic form
of the shifted Chebyshev polynomials U (t) of degree n is given by

e o1y (nA )27t
Up(t) = ;r(—l)( o )(n—l— 1—r)l(2r)!

obviously U(0) = (—1)" and U;*(1) = 2. The orthogonality condition is
1
| vnoU; @u(de = 7o, (25)
0

where w(t) = Vit —t2, 7 = %71 and 0y, is the Kronecker function. According
to [3] we can obtain the following equation for these polynomials:

A U=T, 2.6)

n+1

=t (2.4)
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where T = [1,t,¢2,--- #NT, U = [U(t),U; (1), -, Ux )] and A is (N +
1) x (N + 1) lower triangular matrix with following entries:

. 1 50 2
A[Z,j] = 47‘_1;<Z—]>,

i,j=1,2,--- ,N+1.

2.2. The fractional derivative in the Caputo sense. We recall some pre-
liminaries for our discussion in this paper. First we start by fractional calculus.
There are various definitions of differentiation of fractional order v > 0, and
not necessarily equivalent to each other,(see, e.g. [1,5]). The Caputo fractional
derivative allows the utilization of initial and boundary conditions involving
integer other derivative, which have some physical interpretations.

Definition 2.1. The The Caputo fractional derivative is defined as [9]

_ 1 AR
DVf(:E)—F(n_,Y)/O (x_t)v+1—ndt’ n—1<vy<n, nGN,(27)

where T'(.) denotes the Gamma function and n = [y] + 1, which [y] denotes
the integer part of .

We know for v € N, the Caputo differential operator equals with the usual
differential operator of integer order. Similar to integer-order differentiation,
Caputo’s fractional differential has the linear property:

DY(Af(x) + pg(x)) = AD" f(x) + pD7g(x), (2:8)
where A and p are constants. Also, for the Caputo’s derivative we have [5],

D7C =0, (C isa constant),

(2.9)
O, for a€Np and a<[~],
Y
Dlat = C'(a+1) a—y for a€Ng and a>[~] (210)
Tla+1-7) " > or a¢N and a>|v],

which |v] and [v] are the floor and ceiling functions respectively. Also N =
{1,2,---} and Ny = {0,1,2,...}. We need the generalized Taylor's formula
that involves Caputo fractional derivatives which is presented in [17].

Theorem 2.2. (Generalized Taylor formula) Let D f(z) € (0,1] for i =
0,1,...,N and 0 < a« < 1. Then
N—-1 xm
— Dia + for
10 = 3 P00 + A8
an
EE
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where
Na
o T

N(x) = mDNaf(€I)7 gﬂc € (Ov‘erx S (07 1]'

3. FRACTIONAL-ORDER CHEBYSHEV FUNCTIONS

Same as [14, 18], we introduce the fractional Chebyshev polynomials of
second kind (FCSs) by changing of variable ¢ = x® which « > 0. Also we
denote the FCSs U (z*) as U; (z). From the recurrence relation of the shifted
Chebyshev polynomials (2.3), we find that U, (z) can be obtained with the
following recurrence formula:

U (z) = (4a® = U, y(x) = Uy o(z), i=1,2,---. (3.1)

Clearly Uy (z) = 1 and Uy (z) = 42® — 2. Also, according to Eq. (2.4), the
analytic form of Uy (z) of degree ia given by

i+1
—a 1 _ (n +r)12%r _
: — _1\(n+1-r) a(r—1)
TEw) = 5 3 r(-) ) e (32)

Lemma 3.1. U; (z)s are orthogonal with respect to the weight function we () =
2=t/ — 1 and we have:

1
7 =01 1
/ U; (@)U (z)we(z)dz = ET%,
0

Proof. Taking t = 2% in (2.5), we have dt = axz® 'dr. Substituting these
values in (2.5), we get

T = /01 Ui*(xo‘)U;(xa)w(:no‘)ozxo‘_ldx
_ /0 T @)% (@)a e —Taa®lda
- /0 T @) T (@™o — 1o
—a /O T )T () (@)

O

Proposition 3.2. The fractional-order chebyshev function U, (t), has pre-
cisely 1 zeros in the form

1+ (cosL™ o
t‘_<M> . =12, 4. (3.3)

I 2
80
B8
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Proof. . The shifted Chebyshev polynomial U;(x) has i zeros
1+ (COS%)
2 Y
Then U/ (z) can be written as
Ui(z) = (x —x1)(x — 22) - ( — ).
Changing of variable z =t yields
Ui (t) = (1 — 20) (¢ — wp) -+~ (t% — ),

so, the zeros of U; (t) are

z; = j=1,--- i (3.4)

1

= (o)t g=12

~.

O
For any function f € L%Ua we write
oo
0%
=Y R (), (3.5)
k=0
with
(f, Uk)w
k= "=a5 " (3.6)
1TE 2,
Where f; s are the expansion coefficients associated with the family (T
4. THE OPERATIONAL MATRIX OF FRACTIONAL DERIVATIVE
Let
Ua(z) = [Ug (2), Uy (), , Un(@)]",
Xo(z) = [1,2% 2%, 2N, (4.1)
According to 2.6 if we take F = A~! we obtain:
Ua($) = FXa, (42)
or
N .
U (x) = fiya’® i=0,1,2,...,N. (4.3)
j=0

The fractional derivative of order v of the vector U,(z) can be expressed by
DU, (z) ~ DOU, (),
where DO is the (N + 1) x (N 4 1) operational matrix of the fractional

derivative. In this section, we want to obtain D),
af
(o] ¢ |
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Lemma 4.1. Let
J— {the largest integer such that ko < [7], for o € Ny,

0, for a ¢ N and o < [].
(4.4)
Then, the we have
DY X, (x) = D, X (), (4.5)
where D, is the following (n+ 1) x (n+ 1) diagonal matriz
o -~ 0 0 0 T
o : 0
- 0 --- 0 0 0
Dy=1¢9 ... o % 0 (4.6)
[0 0 % |
X2 (z) =[0,...,0,zktDa=y glkt2a=y g pNa=nT (4.7)

Proof. Using (2.10) we have

0
DYz®
DX, (x) = .
D'y;jNoa
[0 0 0 0 T1r 0
. 0 f
0 -~ 0 0 0 0
= k+1)a a—
L 0 0 ey | L™
=D, X](x)
O
Noting that, in D7, the first £ + 1 rows, are all zero.
Lemma 4.2. Under the notations of lemma 4.1 we have
X (z) ~ BU,(2), (4.8)
af
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where B = (b;;) is the following (N + 1) x (N + 1) matriz:

i=0,1,2,....k,

by = {FO AV,
ij = Pi—2+1+3) T@—-2414+%) i=k+1,k+2,...,N.
Z f‘yl( a 2 ) 2 +1 Jk+2,...,N,

D(i—Z4+0+3) F(i——+l+4) 7j=0,1,2,...,N.

Proof. Obviously, for ¢ = 0,1,...,k, we have b;; = 0. Now, for some i > £,
approximate x'*~7 by N + 1 terms of fractional-order Chebyshev series, we
get

M’z

za Y o~
=0
By (4.3) we get

1
b’L]:g/ ia— BU 2a 1 /o 1dz
0

-
a [t
= —/ zio=p ijlx%‘_l\/ x~ — ldx
T Jo
1=0

ot 1
= — E fjl/ gl pleg?el fo—a _ 1dg
T 0
=0

« iy 1
:_ijl/ G(‘T7Z‘7l7a7’y)d‘r
T 0
1=0
Set u = vz~ — 1, we obtain

1 1
/ G(z,i,l,a,7)dr = / ((u2+1)i—1+l+2 (u2+1)i——+l+3)du

2\F(P(z——+l+ 5 T—-2+1+7)
T a2 L(i—2+1+3) F(i——+l+4))

Therefore

( N+3)  TE— Q)i+ 3)
Zf]l (D) +1+3) T(i- (g)+z+4)’

Where 7 is deﬁned in (2. ) O

Theorem 4.3. Let U,(x) be FCSs vector,D7 is the (N + 1) x (N + 1) op-
erational matrix of fractional derivative of order v > 0 in Caputo sense and
a € Ny or a > [y] when o ¢ N then

D7 ~ FEVB,

el
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where D.,, B and F are given in Eqs. (4.6), (4.8) respectively.

Proof. Applying Eq. (2.4), Lemma 4.1 and Lemma 4.2, we can write yth order
fractional derivative of U, (x) as

D'Uu(x) = FD" X, (x) = FD, X ()
~ FD,BU,(z) = DYU,(z).
O

Proposition 4.4. The operational matriz of fractional derivative, c, can be
computed as
D\ = FD,F ',

where Dy, is a (n+1) x (n + 1) matriz

0 0 e 0 0
I'(a+1
— T'(2a+1) -,
Dy = 0 T(a+1) : . (4.9)
0 ... o _[Tas)
i r((N-1)at1)

Proof. Using (2.10) we have

DY _P(a + 1)
RO
I'(2a+1)
o 20 [}
D =T o
(4.10)
Dal‘Na _ P(Na + 1) (N-1Da

T(N—Da+1)"

Thus, ath order fractional derivative of X, (z) is written in the matrix form

DXy (z) = Do Xa(2), (4.11)
According to E.q (4.2), we get
Xo(z) = F U, (2), (4.12)

Thus, using Eqgs.(4.2), (4.11) and (4.12) we have
D'Uy(z) = F D' X, (z) = F D, X ()
=F D, F 'U,(2).
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5. APPLICATION OF THE OPERATIONAL MATRIX OF FRACTIONAL
DERIVATIVES

In this section, we apply the above discussions to solve some fractional
differential equations. Consider the linear multi-order FDE

Dy(x) = alDﬁly(az) 4.+ akDBky(x) + apr1y(x) + agr29(x), (5.1)
with the initial conditions

whicha; e R,m <y <m+1,0< 1 < f2<...<f <~ andy(x) and g(z)
are in L2 . To solve (5.1) and (5.2) we approximate y(z) and g(z) by FCSs
as

N
y(x) ~ Zc,ﬁ?(m) = CTU,(2), (5.3)
i=0
N J—
g(x) ~ ZgiUi (z) = GTU (), (5.4)
i=0
where vector G = [go, ..., gn]" is known but C = [cp, ..., cn]”? is an unknown
vector. Applying Theorem 4.3 to (5.3), we obtain
DVy(x) ~ CTD U, () ~ CT DU, (x), (5.5)
DPiy(x) ~ CTDPiUL(z) ~ CTDPDUL(2), j=1,... k. (5.6)

Employing Eqgs. (5.3), (5.4), (5.5) and (5.6) the residual Ry (z) for Eq. (5.1)
can be written as

k
Ry(z) ~ (C’TD“’ —cT Z ajD(Bj) —ap CT — ak+2GT)Ua(:E). (5.7)
j=1

By Galerkin method [31], by applying

1
(RN(:E),U?(:E)MQ = / RN(x)U?(x)wa(x)dx =0, (5.8)
0
where j = 0,1,...,N —m — 1, we generate m — n linear equations. Also,
according to Theorem 4.3 and by substituting Eq.(5.3) in Eq. (5.2) we get
y(0) = CTDYUL(0) =d;. i=0,1,...,m (5.9)

el
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Equations (5.8) and (5.9) generate N —m and m + 1 set of linear equations,
respectively. These linear equations can be solved to obtain unknown vector

C.

6. NUMERICAL EXAMPLES

In this section we apply the proposed approximation procedure in two ex-
amples.
Example 1. As the second example, consider the fractional differential equa-
tion [12]

D*%y(a) +y(a) = VE + 5T,

y(0) = 0.

Lakestani et al. [12] solved this example with the best maximum absolute
error 7.8 x 107°. Regarding examplel,we solved this problem, with o = % and
n = 1. For n =1 we have:

o1~ o~}

Therefore, we obtain the following system of algebraic equations:

00—201 :0,
co +2y/mer = 2(1+ /7).

Solving this equations yields

Thus

vle) = (% %) <4x%1— 2) = Ve,

which is the exact solution.
Example 2. The simple inhomogeneous Bagely-Torvik equation[14]

D?y(x) + D*?y(x) + y(x) = 1 + =,

y(0) =1, y'(0) = 1.

has the exact solution y(z) = 1+ 2. With our technique described before with
N =2and o =1, we get

y(z) = coUp(z) + 1T} (z) + caUsy(x) = CTUL ().
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Here we have:

0 00
DY =14 0 0],
0 8 0
0 00
D@=1[(0 0 o],
32 0 0
, 1 0 0 0
D2 =|—= 0 0 0 ,
<\/7r3> 2048 4096 _ 2048
15 105 315
:
G — 5
0
Therefore using Eq. (5.8) we obtain
2048 _s 3
co+ (32 + =7 2)cg = 5 (6.1)
Now, by applying Eq. (5.9)we have
CTUl(O) =co—2c1 4+ 3co =1, (6.2)
CTDWUL(0) = 4¢; — 16¢y = 1. (6.3)

Finally by solving linear system of three equation, (6.1), (6.2) and (6.3) we
get

3 1
60—5, Cl—Z, 62—0.
Thus
1
31
y(z) = <§,§,O> 4o — 2 =1+uz,
1622 — 167 + 3

which is the exact solution.

7. CONCLUSION

In this paper, we introduced fractional-order Chebyshev polynomials of sec-
ond kind, next we obtained a operational matrix of fractional derivative for
these orthogonal polynomials. This matrix can be used to solve the fractional
differential equations. The method yields good result. Illustrative examples
are included to demonstrate the applicability of the technique.
af
(o] ¢ |



CMDE Vol. 1, No. 2, 2013, pp. 96-107 107

REFERENCES

[1] A.H. Bhrawy, A.S. Alofi, The operational matrix of fractional integration for shifted
Chebyshev polynomials, Applied Mathematics Letters, 26 (2013) 25-31.

[2] E. H. Doha, A.H. Bhrawy, S. S. Ezz-Eldien , A Chebyshev spectral method based on
operational matrix for initial and boundary value problems of fractional order, Comput.
Math. Appl., 62 (2011) 2364-2373.

[3] A.Nkwanta and E.R. Barnes, Two Catalan-type Riordan arrays and their connections to
the Chebyshev polynomials of the first kind, Journal of Integer Sequences, 15 (2012) 1-19.

[4] Fox, Lslie and Ian Bax Parker, Chebyshev Polynomials in Numerical Analysis, Oxford
university press, London, vol. 29, 1968

[5] K. Diethelm, The analysis of fractional differential equations, Berlin: Springer-Verlag,
2010.

[6] K.B. Oldham, J. Spanier, The Fractional Calculus, Academic Press, New York, 1974.

[7] K.S. Miller, B. Ross, An Introduction to The Fractional Calculus and Fractional Differ-
ential Equations, Wiley, New York, 1993.

[8] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

[9] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and Applications of Fractional Dif-
ferential Equations, Elsevier, San Diego, 2006.

[10] X. Li, Numerical solution of fractional differential equations using cubic B-spline wavelet
collocation method, Commun Nonlinear Sci Numer Simulat., 17 (2012) 3934-3946.

[11] A. Saadatmandi, M. Dehghan, M. R. Azizi, The Sinc-Legendre collocation method for
a class of fractional convection-diffusion equations with variable coefficients, Commun
Nonlinear Sci Numer Simulat., 17 (2012) 4125-4136.

[12] M. Lakestani, M. Dehghan, S. Irandoust-pakchin, The construction of operational ma-
trix of fractional derivatives using B-spline functions, Commun Nonlinear Sci Numer Sim-
ulat, 17 (2012) 1149-1162.

[13] A. Saadatmandi, M. Dehghan, A new operational matrix for solving fractional-order
differential equations, Comput. Math. Appl., 59 (2010) 1326-1336.

[14] S. Kazem, S. Abbasbandy, S. Kumar, Fractional-order Legendre functions for solv-
ing fractional-order differential equations, Applied Mathematical Modelling, In press,
http://dx.doi.org/10.1016/j.apm.2012.10.026

[15] A. Kayedi-Bardeh, M. R. Eslahchi, M. Dehghan, A method for obtaining the operational
matrix of fractional Jacobi functions and applications, Journal of Vibration and Control,
In press, DOI: 10.1177/1077546312467049.

[16] C. Canuto, M.Y. Hussaini, A. Quarteroni, T.A. Zang, Spectral Methods. Fundamentals
in Single Domains, Springer-Verlag, Berlin, 2006.

[17] Z M. Odibat, N. T. Shawagfeh, Generalized Taylor’s formula, Applied Mathematics
and Computation 186(2007) 286-293.

[18] S. Esmaeili, M. Shamsi, Y. Luchko, Numerical solution of fractional differential equa-
tions with a collocation method based on Miintz polynomials, Comput. Math. Appl., 62
(2011) 918-929.



	1. Introduction
	2. Essential Preliminaries
	2.1. Overview on Chebyshev polynomials of second kind
	2.2. The fractional derivative in the Caputo sense

	3. Fractional-order Chebyshev functions 
	4. The operational matrix of fractional derivative
	5. Application of the operational matrix of fractional derivatives
	6. Numerical Examples
	7. Conclusion
	References

