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Abstract In this paper, a numerical efficient method is proposed for the solution of time frac-
tional mobile/immobile equation. The fractional derivative of equation is described
in the Caputo sense. The proposed method is based on a finite difference scheme in
time and Legendre spectral method in space. In this approach the time fractional
derivative of mentioned equation is approximated by a scheme of order O(72~7) for
0 < v < 1. Also, we introduce the Legendre and shifted Legendre polynomials for
full discretization. The aim of this paper is to show that the spectral method based
on the Legendre polynomial is also suitable for the treatment of the fractional partial
differential equations. Numerical examples confirm the high accuracy of proposed
scheme.

Keywords. Time fractional, mobile/immobile (MIM) equation, finite difference, spectral method, Le-
gendre collocation method, Lagrangian polynomial.

2010 Mathematics Subject Classification. 65L05, 34K06, 34K28.

1. INTRODUCTION

The partial differential equations with fractional derivatives have several applica-
tions in engineering and physics [1, 4, 17]. The existence, uniqueness, and structural
stability of solutions of nonlinear fractional PDE have been discussed in [11]. The
governing equation of transport was derived based on the Fick’s law and is commonly
called the advection-dispersion equation (ADE) (Bear in [3]). The ADE will predict
a breakthrough curve (BTC) that can be described by a Gaussian distribution func-
tion from an instantaneously releasing solute source (Bear in [3]). However, extensive
evidence has shown different findings. In summary, there are two striking features
that cannot be explained by the ADE. First, the peak of the BTC arrives earlier than
what is expected from the ADE (early arrival); second, the tailing of the BTC lasts
much longer than what is expected (the long tail) (Berkowitz, [5]). There are several
candidates of conceptual models that may be applicable for replacing the ADE. The
first is the continuous time random walk (CTRW) as reported by Scher and Lax in
[19], and later introduced to hydrology by Berkowitz and others [6] and [2]. The other
one is the mobile/immobile model (MIM) approach [21]. The MIM approach is based
on a simple hypothesis: not all the pore spaces in a geological medium contribute
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to global flow. Since the early work of [9], the idea of the MIM has become popular
among hydrologists for studying transport in saturated and unsaturated zones, and
in granular as well as fractured media.

Solute transport in rivers, streams and ground water is controlled by the physical
features or heterogeneity in different reaches. While the advection-dispersion equa-
tion and its extensions (e.g., the mobile-immobile or transient storage models based
on a second order dispersion term) have been successfully used in the past, recent
research highlights the need for transport models that can better describe the hetero-
geneity and connectivity of spatial features within a general network perspective of
solute transport[22] (you can see [4, 10, 12, 15]).

In this paper we consider the time fractional mobili/immobile equation to the
following form [14, 22]

ou(z,t) Nu(z,t) Ou(x,t) 0?u(x,t)
= — 0 t
= T L R (L1)
(x,T) € [0 h] x [0 T, 0<vy<1,
with the boundary conditions
u(0,t) =0,
0<t<T, (1.2)
u(h,t) =0,
and initial condition
u(z,0) = g(z), 0<z<h, (1.3)
0*u(x,t) . i o .
where ————= is the Caputo fractional derivative of order 0 < a < 1 and is defined
as follows [16, 18]
t
0*u(x,t) 1 ou(x,s) ds
= 0,1 1.4
ot F(lfa)/ ds  (t—s)"’ a€01), (14)
0

in which 81,82 > 1 and «, 6 > 0.

Some Numerical methods have been developed for the solution of Eq. (1.1). For
example, [22] presented and analyzed a finite difference scheme for this equation with
time fractional derivative of variable order. Authors in this paper [22], have proved
unconditionally stability and convergence. A numerical scheme for the time frac-
tional MIM equation which has first order temporal accuracy and first order spatial
accuracy is developed in [14]. Also, recently several researchers have been proposed
some numerical high-order techniques for solving partial differential equations with
fractional derivatives that the interested readers can study [13].

The structure of the remainder of this paper as follows: A numerical method for
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discretization of time fractional derivative based on a finite difference scheme pre-
sented in section 2. Full discretization, Legendre polynomials and shifted Legendre
polynomials are introduced in section 3. In section 3, we construct a Legendre spectral
collocation method for the spatial discretization of time fractional MIM equation. We
report the numerical experiments of solving mentioned equation in Section 4. Section
5 ends this paper with a brief conclusion.

2. DISCRETIZATION IN TIME, A FINITE DIFFERENCE SCHEME

First, we introduce a finite difference approximation to discretize the time fractional

derivative. Let t = k7, k=0,1,..., M, where 7 = % is the time step and
k k-1
u® —u
5tuk =
-

Now, we express the two following Lemma for discretization of the time fractional
derivative.

Lemma 2 [20]. Suppose 0 < v < 1 and g(t) € C?[0, ], it holds that

1

L g Tﬂ \
1x1—7>!"uktwdt‘xwz—v>l“g“““ggf”Fm‘l‘b”””g“m)‘b”49““

1 1—v 2277

< — (14277 ")
<t | a2 maxlg 0,
0<t<ty

where b, = (m +1)177 —m!=7.

Lemma 3 [8]. Let 0 <y <1 and by, = (m+1)1"7 —=m!=7, m =0,1,..., then

1=bg>by>...>b, >0, as m — oo.

Now, for the sake of simplification, we define the discrete fractioal differential op-
eretor P, by

— k—1
Plu(z, ty,) = T bow(,tk) = Y (be-m—1 — br—m) (@, tm) — br_19(2) | ,
m=1

Then from Lemma 1 and application of the standard first-order backward differenti-
ation to the time derivative, we can obtain

u(x,t
—éTQ:ﬁwLm+ﬁ, (2.1)
Ou(z,tr)  u(z,ty) —uw(x, th—1)

o T +0(7),
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where 7 = O(7277).

) . . Nz, tr) L
Using P, as an approximation of o leads to the finite difference scheme to
(1),
ou(x,t O%u(x,t
Budu(m, te) + BaPua, b) = o2 | gOUE ) |y L Rk (2.9

ox 0x?

there is C constant where Rf < C7. Now, let u* be an approximation to u(z, ).
Then by omitting the small term RF, the scheme (2.2) can be rewritten into

(1 + p2) uk + Ta%;k — 7'0%2;;
k—1 (2.3)
= Y (Ot = D) U™ b oau 7
m=1
in which
1=
p1 = P, uzzﬂgm,

To introduce the variational formulation of the problem (2.3), we define some func-
tional spaces endowed with standard norms and inner products that will be used
hereafter,

T

H' (M) = {v € L%(A), ;ll € LQ(A)} ,

HY(A) = {ve H'(A), v|,, =0},

o

H™(A) = {v € L*(N), ¢

€ L*(A) for all positive integer k < m} ,

where L?(A) is the space of measurable functions whose square is Lebesgue integrable
in A. The inner product of L?(A) is defined by

(u,v) :/uvd:c,
A

and norm ||.||,, of the space H™(A)is defined by

m 2 % L
ol = (Z ) v wlly = (v v)2,
0

k=0

o
dx*

3. FULL DISCRETIZATION

The variational (weak) formulation of the Eq. (2.3) subject to boundary and initial
conditions reads,
(&)
EE
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find ©* € H}(A), such that for all v € H}(A)
ou® 0?uk
k —
(11 + p2) (uF,v) + 1o (é)x’v> — 76 ( 50 ,v) =
k—1

251 (ukil,v) + p2 Z (bkfmfl - bkfm) (umvﬂ) + M2bk71 (g,'U) +7 (fkav) )

m=1

(3.1)

3.1. Legendre polynomials. We present here a collection of the essential formulas
for Legendre polynomials. The Legendre polynomials L(z),k = 0,1,..., are the
eigenfunctions of the singular Sturm-Liouville problem

((1=2%) Li(2) + k(k + 1) Li(2) = 0,
Li(2) is even if k is even and odd if k is odd. If Ly(z) is normalized so that Ly(1) =1,
then for any &
1 k2

Li(z) = 35 Z] (-1 < f ) ( 2kk—21 >Zkzl7

1=0
where [k/2] denotes the integral part of k/2. The Legendre polynomials satisfy the

recursion relation

2k+1 k

L AR oy

w2 = T el —

where Lo(z) = 1 and L;(2) = z. The expansion of any u € L?(—1,1) in terms of the
Lk is

Li_1(2),

1
uz:ooﬂL z), u= [k 1>/uzL z)dz,
()= S La(a) (+21<>k<>
For practical use of Legendre polynomials on the space interval of interest € [0 h]
it is necessary to shift the defining domain by the following variable substitution
_2x—h
P=
Let the shifted Legendre polynomials L;(2%=") be denoted by L"(z). L!(z) can be
obtained as follows

0<z<h,

2+ 1) (22 — h) i
ooy = ZEDCE=h) ey g
z+1(m) (Z + 1) h 7 (.’E) ’L+ 1 zfl(x)?
2z —h
where Li(x) = 1 and Li(z) = xh . The analytic form of the shifted Legendre

polynomial L?(x) of degree i is given by

h k(iR 2
Li(m)_kzzo( 1) (i—k)!(k!)zhk'
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Firstly, we define Py (A) the space of all polynomial of degree < N with respect to .
Then the discrete space, denoted by P, is defined as follows P} = H}(A) NPy (A).
Now, we use the Legendre collocation spectral method, which consist in approximating
the integral by using the Legendre Gauss type quadratures. also, we must introduce
some more notations. we assume n;, j = 0,1 , N, are the shifted Legendre-

Gauss-Lobatto (LGL) points, i.e. zeros of N(JC) for j=1,2,...,N—1whereny; =0

and 7y = h, also, let w;, 7=0,1,...,N, the shifted Legendre Weights defined such
that the following quadrature holds,

h N
[ @iz =3 emyes,  Vla) ePav-a(a),
0

j=0

w; multipliers are called as the Legendre-Gauss-Lobatto weights, which are positive
and may be obtained as [7]
2 1

“ = ot FGT j=0,...,N. (3.2)

Also, we define the discrete inner product as follow, for any continuous function ¢
and 1,

N

(o, )N = Z (i) (ni)wi,

=0

and the associated discreted norm |||y = (ga,go)}f. Now we consider the shifted
Legendre collocation approximation as follows, find u%, € P (A), such that

A (uhs,un) = By (ufy), for all vy € PY(A). (3.3)
where the bilinear form Ap(.,.) is defined by

ouk ouk, Ouyn
An (uf,vv) = (p1 + p2) (UN7UN) +Ta<3giv7vN)N+ 9( 8:;\’ Oz >

and the functional By (-) is given by
k—1
By (-) = pa(ul ') v + b2 Z bk—m—1 — be—m) (UN, )
m=1
+M2bk—1(g7 )N + T(fkv .)N’

Now, we consider problem (3.3) and express the function u%; in the Lagrangian inter-
polations based on the shifted Legendre-Gauss-Lobatto points 7;,7 = 0,1,2,..., N,

N
= ZU§¢1‘($)’ (3.4)
=0

2D
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where uf = upn(n;), unknowns of the discrete solution and ¢;(x) is the Lagrangian

polynomial defined in A that is holds

L, i =7,
¢i(n;) =
0, i 7 J,
By substituting (3.4) into (3.3), and into account homogeneous Dirichlet buondary
condition, uf = uk = 0, then choosing each test function v, to be ¢;(x), i =
1,2,...,N — 1, we can obtain,
N-1 g Nl g Nl d
(11 + p2) Z uS i, di | + 1o . Z ufd, i | +70 i Z uj;, %@
j=1 j=1 Jj=1

g

-1

N-1 N-1
= o Z u§_1¢ja i | + 2 (bk—m—1 — bk—m) Z ui' g, bi
j=1

1

3
Il

Jj=1

+M2bk—l(g7¢i)+7(fk7¢i)7 1217277N_1
Using the definition of the discrete inner product (.,.)y to the above, we can obtain
the following system,

N-1 -1 k—1
Z szuf = 2 Z Hilju;?_1 + Z (bk—m—1 — bk—m) Hu" | + poby o H} + HY,
Jj=1 J=1 m=1
where
d
Hij = (1 + po)H; + aHY + 0H,, Dyj = ——o;(m),
N N
HYL =" 6ing)bs(mwg, — HP =Y g(ng)bi(ng)wy,
q=0 q=0
N N
HE =1 Dyjooj(ng)wg, HY =73 (1)1 (ng)wy,
q=0 q=0
N
HY =7 Dy Dgiwg, i,j€{0,1,2,...,N},
q=0

Therefore, at each time step, we obtain a linear algebraic equation system with dif-
ferent right hand side vector.

Remark. If instead of homogeneous boundary conditions (1.3) we have the following
nonhomogeneous boundary conditions

’U,(O7t) = 1(t), u(h,t) = SDQ(t)a
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then we reformulate the problem (1.1)-(1.3) by applying the following transformation
that makes the boundary conditions become homogeneous

v(z,t) = u(x,t) + (z — h)p1(t) — zp2().
4. NUMERICAL RESULTS

In this section we present the numerical results of the proposed method on several
test problems. We tested the accuracy of the method described in this paper by per-
forming the mentioned method for different values of M, , 7 and N. We performed
our computations using Maple 15 software on a Pentium IV, 2800 MHz CPU machine
with 2G byte of memory. we compute the vector error norms L., and Ls.

4.1. Test problem 1. We consider the following example[22]
ou(zx,t) n u(z,t) ou(zx,t) n 0?u(x,t)

ot oty Oz 0x?

+ [l 1),

(z,t) € [01] x [0 T],

u(r,0) = 1022(1 — x)?, 0<z<1,
u(0,t) = u(1,t) =0, 0<t<T,
where
1—y
f(z,t) =10 <1 + F(2)> 2?(1—2)? + 10(1 +t) (2 + 1da — 1827 + 42?)
-7

The exact solution of above problem is
u(z,t) = 10(1 + t)2?(1 — x)*.
Also we assume that v is dependent to x and ¢. In this problem, we let
1
vy=v(z,t)=1— —e”
2
We solve this problem with the presented method in this article with several value
of N, 7 and « for h = 1 at final time T = 1. The L., error, numerical solution and
exact solution are shown in Table 1. Table 1 shows that our results are better than
the results presented in [22]. Figure 1 presents the graphs of approximate solution
and absolute error obtained with v = 0.2, N =4 and 7 = 1/10.

xt

4.2. Test problem 2. We consider the following example
u(z,t)  Nu(z,t)  Ou(z,t) n 0?u(x,t) b (),

ot oty Oz 0x?

(z,t) € [0 1] x [0 T,

u(z,0) =0, 0<z<1,

uw(0,t) = u(1,t) =0, 0<t<T,

2D
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Error

1x10

FIGURE 1. Approximation solution of Test problem 1 (b) and error
(a) with v =0.2, N =4 and 7 = 1/10.
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TABLE 1. Errors and numerical solution obtained for Test problem

1 with variable ~.

317

Method of [22]
with 7 = h =1/100,

Present method
with N = 6,7 =1/10,

T Num-sol Error Num-sol Error Exact-sol
0.1 0.16184371 0.00015629 0.1620000 2.0952 x 10~8 0.1620000
0.2 0.51059931 0.00140069 0.5120000 2.1692 x 10~8 0.5120000
0.3 0.87902481 0.00297519 0.8820000 2.1648 x 10~8 0.8820000
0.4 1.14770234 0.00429766 1.1520000 2.1824 x 10~8 1.1520000
0.5 1.24502781 0.00497219 1.2500000 2.1593 x 108 1.2500000
0.6 1.14719659 0.00480341 1.1520000 2.1646 x 10~8 1.1520000
0.7 0.87818473 0.00381527 0.8820000 2.1254 x 1078 0.8820000
0.8 0.50972531 0.00227469 0.5120000 2.1554 x 10~8 0.5120000
0.9 0.16127925 0.00072075 0.1620000 2.1495 x 10~8 0.1620000
where
tt=
fla,t) = (1 + ) sin(rz) + ¢ (7 cos(mz) + 7% sin(rz))
I'(2-7)
The exact solution of above problem is
u(z,t) = tsin(mx).
[c ][]
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FIGURE 2. Approximation solution of Test problem 2 (b) and error
(a) with v =0.85, N =20 and 7 = 1/10.

Error

TABLE 2. Errors obtained for Test problem 2 with N = 4 and Digits=50.

u(x,t)

(b)

v =025 v =0.75

T Lo Lo Lo Lo

1/2 1.3374 x 1073 1.8547 x 1073 1.3328 x 1073 1.8525 x 1073
1/4 1.3360 x 10~3 1.8542 x 1073 1.3295 x 1073 1.8513 x 103
1/8 1.3355 x 10~3 1.8541 x 10~3 1.3283 x 1073 1.8509 x 10~3
1/16 1.3354 x 1073 1.8540 x 1073 1.3278 x 1073 1.8508 x 1073
1/32 1.3353 x 1073 1.8539 x 1073 1.3276 x 1073 1.8507 x 1073

We solve this problem with the presented in this article with several value of N, 7
and v for h = 1 at final time T' = 1. The L, error and Ly error are shown in Table
2, 3. Table 2 shows that the results of this numerical method is stable in time step.
Also, Table 3 shows that the numerical results by increase of N are being better.
Figure 2 presents the graphs of approximate solution and absolute error obtained

with v =0.85, N =20 and 7 = 1/10.

2D
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TABLE 3. Errors obtained for Test problem 2 with 7 = 1/10 and
Digits = 50.
v=0.15 v =0.85

N Lo Lo Lo Lo
4 1.3379 x 10~3 1.8555 x 10~3 1.3279 x 103 1.8514 x 103
6 8.6784 x 10~6 1.4306 x 10~° 8.6753 x 10~6 1.4302 x 102
8 4.2723 x 10~8 7.9009 x 10—8 4.2717 x 10~8 7.9002 x 10—8
10 1.5452 x 10—10 3.1662 x 1010 1.5451 x 10~10 3.1660 x 10~10
12 4.2584 x 10~13 9.5289 x 10~13 4.2582 x 10713 9.5286 x 10~13
14 9.2079 x 10~ 16 2.2235 x 10~15 9.2077 x 10~16 2.2235 x 10~15
16 1.6006 x 1018 4.1323 x 10~18 1.6007 x 1018 4.1323 x 10~18
18 2.2829 x 1021 6.2537 x 10—21 2.2828 x 1021 6.2536 x 10—21
20 2.7173 x 10~24 7.8508 x 10~24 2.7172 x 10~24 7.8507 x 10~24

4.3. Test problem 3. We consider the following example

ou(z,t)  Nulz,t)  Ou(x,t)  0*u(z,t)

50 T + 52 + f(z,t), (x,t)€[01] x][01],
u(z,0) =0, 0<azx<]1,
u(0,t) =t, wu(l,t) =t2exp(1), 0<t<T,

with

f,t) = o {1 L }
r,t)=¢e + o,
2-7)
in which the exact solution is
u(x,t) = texp(z).

Now, by considering Remark 1, the new problem with homogeneous boundary condi-
tions is to the following form,

dv(z,t)  OMv(z,t) _ Ov(z,t) 0?v(w,t)

5t + e 92 + 522 + F(z,t), (x,t)€[01]x][01],
v(z,0) =0, 0<z <1,
v(0,t) =0, wv(1,t) =0, 0<t<T,

with
t=

F(x,t):eﬂﬂ{ur(

2—7)} + (1 - exp(l))t

+(z —1—=zexp(1)) {1+ le;ljﬂy)}’
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TABLE 4. Errors and computational orders obtained for Test prob-
lem 3 with N = 4 and Digits=50.

v=0.15 v =0.95
T Loo Lo Loo Lo

1/2 4.6585 x 1076 6.7440 x 1076 4.6450 x 1076 6.7414 x 10~
1/4 4.6551 x 1076 6.7433 x 1076 4.6320 x 1076 6.7388 x 106
1/8 4.6542 x 1076 6.7431 x 1076 4.6267 x 1076 6.7379 x 106
1/16 4.6538 x 1076 6.7430 x 1076 4.6245 x 1076 6.7375 x 106
1/32 4.6537 x 1076 6.7429 x 10=6 4.6235 x 1076 6.7373 x 106

Fi1GURE 3. Error as a function of the polynomial degree N for v = 0.5
left panel and v = 0.95 right panel for test problem 3.

Error
Error

10'30 I L L L L 10'30 I L L L L
4

where the exact solution is
v(z,t) = t(exp(z) +x — 1 — zexp(l)).

We solve this problem with the presented in this article with several value of N, 7
and v for h =1 at final time T = 1. The L, error and Ly error are shown in Table
4. Table IV shows that the results of this numerical method is stable in time step.
Figure 4 presents the error as a function of the polynomial degree N for v = 0.5 left
panel and « = 0.95 right panel. Also, Figure 3 shows that the numerical results by
increase of N are being better.

2D
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5. CONCLUSION

In this paper, we construct a finite difference/spectral method for the solution of
time fractional mobile/immobile equation. The time fractional derivative of men-
tioned equation approximated by a scheme of order O(7277) for 0 < v < 1 and for
the spatial discretization, we use of the Legendre spectral collocation method where
exponential convergence of this method had been proved. Comparing the numer-
ical results with analytical solutions, reveals the applicability and efficiency of the
proposed scheme.

(1]
2]
:
(5]
(6]
(7]
(8]
(9]
(10]
(11]
(12]

(13]

(14]

(15]

(16]
(17]

(18]

REFERENCES

R. L. Bagley, and P. Torvik, A theoretical basis for the application of fractional calculus to
viscoelasticity, Journal of Rheology, 27(3) (1983), 201-210.
F. Bauget, and M. Fourar, Non-fickian dispersion in a single fracture, Journal of contaminant
hydrology, 100(3) (2008), 137-148.
J. Bear, Dynamics of fluids in porous media, Courier Corporation, 2013.
D. A. Benson, R. Schumer, M. M. Meerschaert, and S. W. Wheatcraft, Fractional dispersion,
lévy motion, and the made tracer tests, in: Dispersion in Heterogeneous Geological Formations,
Springer, 2001, 211-240.
B. Berkowitz, Characterizing flow and transport in fractured geological media: A review, Ad-
vances in water resources, 25(8) (2002), 861-884.
B. Berkowitz, and H. Scher, The role of probabilistic approaches to transport theory in heteroge-
neous media, in: Dispersion in Heterogeneous Geological Formations, Springer, 2001, 241-263.
C. Canuto, M. Y. Hussaini, A. M. Quarteroni, and A. Thomas Jr, Spectral methods in fluid
dynamics, Springer Science & Business Media, 2012.
S. Chen, F. Liu, P. Zhuang, and V. Anh, Finite difference approximations for the fractional
fokker—planck equation, Applied Mathematical Modelling, 33(1) (2009), 256—273.
K. Coats, and B. Smith, Dead-end pore volume and dispersion in porous media, Society of
petroleum engineers journal, 4(01) (1964), 73-84.
Z. Deng, L. Bengtsson, and V. P. Singh, Parameter estimation for fractional dispersion model
for rivers, Environmental Fluid Mechanics, 6(5) (2006), 451-475.
K. Diethelm, and N. J. Ford, Analysis of fractional differential equations, Journal of Mathemat-
ical Analysis and Applications, 265(2) (2002), 229-248.
S. Kim, and M. L. Kavvas, Generalized ficks law and fractional ade for pollution transport in a
river: detailed derivation, Journal of Hydrologic Engineering, 11(1) (2006), 80-83.
M. Lakestani, M. Dehghan, and S. Irandoust-Pakchin, The construction of operational matrix
of fractional derivatives using b-spline functions, Communications in Nonlinear Science and
Numerical Simulation, 17(3) (2012), 1149-1162.
F. Liu, P. Zhuang, and K. Burrage, Numerical methods and analysis for a class of fractional
advection—dispersion models, Computers & Mathematics with Applications, 64(10) (2012),
2990-3007.
R. Metzler, and J. Klafter, The restaurant at the end of the random walk: recent develop-
ments in the description of anomalous transport by fractional dynamics, Journal of Physics A:
Mathematical and General, 37(31) (2004), R161.
K. S. Miller, and B. Ross, An introduction to the fractional calculus and fractional differential
equations, Whiley-Interscience, 1 edition, 1993.
K. Oldham, and J. Spanier, The fractional calculus: theory and applications of differentiation
and integration to arbitrary order, Dover Publications, 2006.
I. Podlubny, Fractional differential equations: an introduction to fractional derivatives, frac-
tional differential equations, to methods of their solution and some of their applications, vol.
198, Academic press, 1998.

a0



322 H. POURBASHASH

[19] H. Scher, and M. Lax, Stochastic transport in a disordered solid. I. theory, Physical Review B,
7(10) (1973), 4491-4502.

[20] Z.-z. Sun, and X. Wu, A fully discrete difference scheme for a diffusion-wave system, Applied
Numerical Mathematics, 56(2) (2006), 193—-209.

[21] N. Toride, F. Leij, and M. T. Van Genuchten, The CXTFIT code for estimating transport
parameters from laboratory or field tracer experiments, version 2.0, 1995.

[22] H. Zhang, F. Liu, M. Phanikumar, and M. Meerschaert, Numerical analysis of the time vari-
able fractional order mobile-immobile advection-dispersion model, in: Proceedings of the 5th
Symposium on Fractional Differentiation and Its Applications, Hohai University, 2012.

2D



	1. Introduction
	2. Discretization in time, a finite difference scheme
	3. Full discretization
	3.1. Legendre polynomials

	4. Numerical results
	4.1. Test problem 1.
	4.2. Test problem 2.
	4.3. Test problem 3.

	5. Conclusion
	References

