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Abstract In this paper, a new numerical method is presented for solving the optimal control
problems of bang-bang type with free or fixed terminal time. The method is based on
Bezier polynomials which are presented in any interval as [to,ts]. The problems are
reduced to a constrained problems which can be solved by using Lagrangian method.
The constraints of these problems are terminal state and conditions. Illustrative
examples are included to demonstrate the validity and applicability of the method.
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1. INTRODUCTION

Bang-bang control switching between upper and lower bounds, is the optimal strat-
egy for solving a wide variety of control problems. The control of a dynamical system
has lower and upper bounds and the system model is linear in the input and nonsin-
gular. Bang-bang control is often the appropriate choice because of the nature of the
actuator of the physical system.

Switching from one mode of the system to another one can be modelled by a bang-
bang type control. Bang-bang type controls arise in well-known application areas
such as robotics, rocket flights , cranes, and also in applied physics [1, 2]. There are
a large number of research papers that employ this method to solve optimal control
problems (see for example [5, 6, 10, 11, 12, 13, 14, 15, 16, 25, 26, 27] and the references

Received: 25 January 2016 ; Accepted: 4 May 2016.
* Corresponding author.



178 A. O. YARI, M. MIRNIA, AND AGHILEH HEYDARI

therein).

In this paper, a numerical method is presented to solve a class of bang-bang con-
strained optimal control problems, where the focus is on time-optimal control. First
the optimal control problem is reduced to constrianed problems with equal constraint
defined by the terminal state in time space. Also a computational method is pre-
sented for solving linear constrained quadratic optimal control problems by using
Bezier polynomials. The method is based on approximating the state and the con-
trol variables with Bezier polynomials. Our method consists of reducing the optimal
control problem to an NLP one by first expanding the state rate @(t) as a Bezier
polynomial expansion with unknown coefficients and the control u(t) as the bang-
bang control. The operational matrix of differentiation Dg is obtained in order to
approximate the differential part of the problem. The paper is organized as follows:

In Section 2, we describe the basic formulation of the Bezier functions required for
our subsequent development. Section 3 is devoted to the formulation of bang-bang
optimal control problems. Section 4 summarizes the application of this method to
the optimal control problems, and in Section 5 we report our numerical result along
with showing the accuracy of the proposed method.

2. SOME PROPERTIES OF BERNSTEIN AND BEZIER POLYNOMIALS ON [to, /]

The Bernstein basis polynomials of degree n on [to,ts] are defined as
n . .
Bi,n(t) = (Z) (t — to)z(tf — t)n , 1€ [0,71], (21)

where 4 is integer number and the binomial coefficients are given by

n Zl(nnilz)m (S [O,TL],
G-,

elsewhere.

Some properties of these polynomials are

(2) Bin(to) = dio(ty —to)™ and B, (ty) = 0in(ty —to)™ , where J is the Kronecker
delta function.

(i1) B; n( ) has two roots, with multiplicities ¢ at t =ty and n — ¢ at t = t5.

(#it) Bin(t) > 0fort e [to,tf] and B; ,(ty —t) = Bp_in(t —to).

(iv) The Bernstein polynomials form a partition of unity i.e.>" - B;,(t) = (ty—to)™.
(

(

v) Recursion: B; ,(t) = (tf —1)B; n—1(t) + (t — to)Bi—1,n—1(1).

dBid;( ) tf o [(n+1 )B1_17n(t)+(227n)Bz,n(t)—(z+1)Bl+17n(t)}

vi) Derivative:

2.1. Definition of bezier polynomials on [tg,tf]. We will express Bezier (poly-
nomials) curves in terms of Bernstein polynomials, defined explicitly by

= ZCiBi,n(t)7 te [to,tf], (22)
[c ]
(o] ¢ ]
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t<7l—i>7 t?’b>]

— <n—i>
where ¢; = c[t; t5

named control points or Bezier pionts and means
that to appears n —i times. For example, c[ty>”, t?0>] = c[to, to, to]. Some properties
of Bezier polynomials on [tg,ts] are

(i) Symmetry: Z?:o Ci Zn(t to) = Z? o0 Cn—iBin(ty —1).

(#i) Linear precision: t T io™=T S tBin(t) =t —to.

2.2. The operational matrix of the bezier polynomials. Consider

®,,(t) = [Bon(t), Bin(t), ., Bun(®)], t € [to, ty], (2.3)
where T’ denotes transposition.

2.3. The operational matrix of derivative. The differentiation of vector ®,(t)
can be expressed as

@, (1) = Do, (1), (2.4)

where Dg is the (n + 1)(n + 1) operational matrix of derivative for the Bezier poly-
nomials B; ,,(t) which ¢ € [to,tf] and satisfies in

1

D =
Tt —to

Dy, (2.5)

where Dy is the (n+1)(n+ 1) operational matrix of derivative for Bezier polynomials
B »(u) which v € [0,1] and i =0, ...,n

2.4. Function approximation. Suppose that H = LQ[to,tf] is a Hilbert space
with the inner product defined as < f.g > = ft t)dt and because the set
{Bon(t), Bin(t), ..., Bnn(t)} is a complete basis in Hllbert space H then, any poly-
nomial B(t) of degree n can be expanded in terms of B;,(t),i = 0,...,n as follows

t)=> ciBinlt). (2.6)
=0

Also @,,(t) C H is the set of Bezier polynomials of degree n. Let S,,=span
{®,(t)} and f be an arbitrary element in H. Since S, is a finite dimensional and
closed subspace, therefore S,, is a complete subset of H. So, f has the unique best
approximation out of S, such as Sy € S,,. So, there exist the unique coefficients c;,
i=0,..., n such that [16] any function f € H can be approximated in terms of Bezier
polynomlals as

~ Sy = Zcz i, n =C"o n( ) (27)
where C' = [cg, . .. ,cn]T can be obtained as

tf
T < 0,0, >=< f.0, > = f)®,(t)dt

to

=[< f.Boyn >,...,< f.Bnn >] (2.8)

(el
BE
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Let R =< ®,.9,, > be (n+1) x (n+1) matrix called the dual matrix of ®,,(¢), which
can be determined by

ty
Ri+17j+1 =< Bi,n~Bj,n > = / Biyn(t)Bjyn(t)dt
to
() ()

2n+1)(3Y)’

= (ty —to)*"*! (2.9)

where i,j = 0,...,n. We explain and prove the folowing lemma from [18].

Lemma 2.1. Suppose that the function f : [to,ty] = R be n + 1 times continu-
ously differentiable (i.e.f € C" (tg, t¢]), and S,=span{®,(t)}. If CTB is the best
approximation of f out of Sy, then

i t?m-‘r?) — §2n+3
(n+1)! 2n+3

‘f - CTB|L2[t07tf] < (2.10)

where K =maz| f+D(t)], t € [to, tf].

Proof. We know that {1,z,22,...,2"} is a basis for polynomials space of degree
< n . Therefore we define y;(z) = f(to) + xf'(to) + %?f”(to) + ...+ %f(”)(to). By
the Taylor expansion we have

(nt1) :L.nJrl
_ — | fn . , 2.11
@) = @) = ") (211)
where &, € (to,tf). Since c” B is the best approximation of f out of S,,. Then y; € S,
and from Eq. (2.11) we have

1 = Blft < 1 = w1l

B / " 1f(@) — (@) Pde

to

= [Py

K ts
S ( )2/ x2n+2d1,

(n+1)" Ji

2 2n+3 2n+3

K _pl _—5
(n+1)! 2n+3

f( , t?n-&-S(l _ (%)2n+3))
(n+1)! 2n+3

an 3

Kty L, 1 )
(n+1)!" "2n+3"

n+1
’ V2dx

~(

= (

1%

(

=
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Then by taking square roots, the proof is complete. We can rewrite Eq. (2.10) as
following

f( t2m+3 7t2n+3
|f = CT Bl 1,) < ! 0
T (n+ 1)) 2n+3
N K (t?-n-i_g(l _ (%)2n+3))
 (n+1)! 2n+3

Kt t3
o~ ! F (2.12)
m+1)Y 2n+3

This Lemma shows that the error vanishes as n — oco.

3. OPTIMAL CONTROL PROBLEMS OF BANG-BANG TYPE

Optimal control problems of bang-bang type are problems where control function
includes an uncontinuse point and the control on the environment of that point only
has minimize and maximize amount. Now we considere optimal control problems
of bang-bang type with normalized constraint | u |< 1. If a switching point exists,
then control sequence will be as {—1,1} or {1, —1}. For better perception, considere
equations system as following

i(t) = Az(t) + Bul(t). (3.1)

If we want this system arrive from primary state xy to terminal state x; in the least
time, in a case that trajectory state and control are optimal. Hamiltonian function
is obtained for (4.1) using pontryagin maximum principle on two domain space as
following

H=—14 X\21 4+ Aos + (bl)\l + bg)\g)u, (32)
where B = [b1,bs]”. Because H is linear base u, thus for making maximum of H ,
we should have u = 1 or u = —1. Because chosing these amounts are dependant on

the sign of fourth coefficient on H , thus only controls that can led to minimizing
transfering time are as following

u* = sgn(bl)\l + bg)\g). (33)

This control is scrap constant that its discontinuity points will be on the zero places
of following function

S = by A1 + b, (3.4)

namely control switching from 1 to —1 and vice versa occurs when we have S = 0
and as a result the function S is called switching function. Lemma is speech of this
truth.

(el
BE



182 A. O. YARI, M. MIRNIA, AND AGHILEH HEYDARI

Lemma 3.1. a: If eigenvalues of A are real, then switching function has at most one
T00%.
b: In this state a sequence of controls which are optimal are as following:

{1}’ {71}’ {715 1}5 {1’ 71}'

singular controls. Becuase in some problems, switching function S is zero for all
amounts of ¢ that t; < ¢ < ¢, thus control amounts v is not obtinated from v = sgn(S)
that in this case control function is called singular and becuase singular controls always
aren’t optimal, thus we search for unsingular controls that are exclusively optimal .For
example in the fuel optimal control problems the fuel is used for guidance of vehicles
from primal piont to final piont, that we want this used fuel be arrived to the least
amount. It seems logical that consumable fuel amount on the base of time, will be
multiplety of bigness forse of conveying. Therefore consumable fuel will equal with
| w|. In this case only unsingular controls are as following

{_L 07 1}7 {07 1}7 {1}7 {17 Oa _1}7 {07 _1}7 {_1}'
4. PROBLEM STATEMENT

Consider the nonlinear system

z(t) = A(t)x(t) + B(t)u(t), (4.1)
z(tg) = 2°, x(ty) = =, (4.2)
u(t) € [a, b], (4.3)

where t € [to,ty], ty is the terminal time free or fixed, A(t) = (@i ;(t))nxn » B(t) =
(bi,; (t))mxm are matrices, z(t) is n x 1 state vector, the control u : [to,tf] — [a, ],
z(t) : R™ x [a,b] — R"™ is smooth in z except at the time points where the control
u switches between a and b. The problem is to find the switching points u(t) and
the corresponding state trajectory x(t) satisfying Eqs. (4.1), (4.2) and (4.3) while
minimizing (or maximizing) the quadratic performance index

Z= %xT(tf)G:z:(tf) + %/t f(:cT(t)Q(t)z(t) +u” () R(t)u(t))dt, (4.4)
where G(t) = (9i,;(t))nxn, Q) = (¢i,;(t))nxn are symmetric positive semi-definite

matrices and and R(t) = (r; j(t))mxm IS & symmetric positive definite matrix.

4.1. Variational problems. Consider the variational problem

Z((t)) = / "B ), #(0), .. 2™ (1))t (4.5)

to
with the boundary conditions as

{L‘(to) = aop, x.(to) = A1y .. CL'(n_l)(t()) = Ap-—1, (46)
1‘(tf) = by, x'(tf) =by, ..., m(nil)(tf) =b,_1, (4.7)

where z(t) = [21(t), 22(t), ..., 2,(t)]T. The problem is to find the extremum of (4.5),
subject to boundary conditions (4.6) and (4.7). The method consists of reducing the
(<)
EE
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variational problem into a set of algebraic equations by first expanding x(¢) in terms
of Bezier polynomials with unknown coefficients.

5. THE PROPOSED METHOD

Let
te [tj,tj_H], (51)
xl(t) ~ @ (1) X7, (5.2)
u*(t) = uy,
where Xij,i = 1,...,n, are state coefficient vectors on [t;,¢;11] trajectory. Then by
using Eq. (2.4) we get
#(t) = (D@, (1)) X, (5.4)

By using Egs. (5.1) and (5.3) we will have
@ (t) ~ [®7 ()T x7]T ZB X7, ZB (5.5)

where X7 = (Xijr)nx(nﬂ) is the state coefficient matrix. The boundary conditionsin
Eq. (4.2) can be rewritten as

2 (to) = a} = dY@E®L (1), (5.6)
2™(ty) = o' = AP GEDL (1), (5.7)
i 1
D)= ——D, (5.8)
b1 =t
where t,, = t¢, d} and d* are n x 1 constant vectors, £ = [1,...,1]is 1 x (n+ 1)
constant vector, and the symbol ® denotes the Kronecker product [33]. If z!(¢g) or
2™ (ty) are unknown in Eq. (4.2), then we put

Il(tO) = [(bl ZB tO Xlra"'azBi,n(tO)XTILr]T7 (59)

n

2™ (ty) ~ [ (b)) X" = > B (t) X, ZBmtf mT. (5.10)
r=0

5.1. Performance index approximation. By substituting Eqs. (5.6), (5.7) and
(5.8) into Eq (4.5) we get

tiv1 , . ,
min(max)Z, — ~/7Gla? + XJT[ / &1 T (1)Q7 (1) B (1)dt] X
t

w2 [tier ’
+?j[/t R (t)dt]. (5.11)

J
(el
BE
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Let
) ti+1 , ) , ti+1
Pl = / ®IT(H)QI (t)®4 (t)dt, and PI = / RI(t)dt. (5.12)
By substituting Eq (5.12) in Eq (5.11) we get
. 1 o o 1 .
Z; = Z|X7 uj] = §XJT(PJ + PHX7 + 51@31, (5.13)
where P7 = (®ITGI®I)(tj41). and @) = 27 (t;), 2] = 27 (t;11).
The boundary conditions in Eq. (4.2) can be expressed as
g =a"(t) =25, ¢ =(g0:), i=1,....m, (5.14)
qt =x"(ty) — x5t 4 =(qp;), i=1,...,n. (5.15)

We now find the extremum of Eq. (5.12) subject to Eqgs. (5.13) and (5.14) by using
the Lagrange multiplier method. Let

Z[Xj,uj,/\é,)\{] :Z[Xj’uj]'i_/\gQ%'i_/\{ jia (5'16)
where Q! = (qgi),i =1,...,nand Q) = (q{i), i =1,...,n are (n x 1) constant
vectors. The necessary condition for the extremum of Eq. (5.16) is

VZ[X7 uj, N, ] = 0. (5.17)

Finally we have subject function as folloving
min(maz)Z = min(max)Zy + - - - + min(maz) Z,. (5.18)

We now use necessary conditions to find switching points as following

2N ty) =2l (ty), G=1,...,m, (5.19)
conditions in Eq. (5.19), can be expressed as

& =277 t;) — 2l (t;) =0, j=1,...,m, (5.20)

& =(d),i=1,....,n, j=1,...,m. (5.21)

Now we find switching points by solving Egs. (5.19) and (5.20) which is nonlinear
system.

5.2. Performance index approximation for the variational problem. Now we
want to extension (™ () in terms of the Bezier polynomials. So let

z(t) = X1, (1), (5.22)
whereX T is vector of order 1 x (n + 1), By derivating Eq. (5.22) with respect to t we
get

2V (1) = XTDg®,, (1), (5.23)

where Dg is operational matrix of derivative given in Eq. (2.5). By n derivaton of
(5.22) with respect to t we have

™ (t) = XTDL®,(1). (5.24)

(<)
EE



CMDE Vol. 3, No. 3, 2015, pp. 177-191 185

By extending (t — )%, i =0,1,...,n — 1 in terms of Bezier polynomials as
(t—to)' = d;i®n(t), i=0,1,...,n—1, (5.25)
where d;,7 =0,1,...,n — 1, are constant vectors of order 1 x (n + 1) given by

d:M[o(i)(’tl)C)] i=0,1,....n—1, (5.26)

So Eq. (4.5) can be rewritten as

Z[z(t)] = Z[X]. (5.27)
The boundary conditions in Eqgs. (4.6) and (4.7) can be expressed as

rgzx(k)(a)—akzo, k=0,....,n—1, (5.28)

rp=a®(b) —b, =0, k=0,...,n—1. (5.29)

We now find the extremum of Eq. (4.5) subject to Egs. (5.28) and (5.29) by using
the Lagrange multiplier method. Let

Zx, N = Z[z, \°, N+ \°R° + \'RY, (5.30)
where R® = (1), k = 1,...,n and R' = (r}), k = 1,...,n are (n x 1) constant
vectors. The necessary conditions for the extremum of Eq. (5.30) are

VZ[X, A"\ = 0. (5.31)

6. ILLUSTRATIVE EXAMPLES

This section is devoted to numerical examples. We implemented the proposed
method in last section with MATLAB (2012). To illustrate our method, we present
four numerical examples, and make a comparison with some of the results in the lit-
eratures.

Example 1. This example is adapted from [17]

5
min Z:/ |u(t)]|dt, (6.1)
0
subject to
i (t) = () — u(), (6.2)
&2(t) = u(t), (6.3)
lu(t)] <1, 6.4
with the boundary conditions as
1
21(0) = > z2(0) =1, (6.5)
x21(5) =0, x2(5) =0. (6.6)

(el
BE
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Here we solve this problem with Bezier polynomials by choosing n = 2. Let

21 (t) = @3 (1) X1, (6.7)
z5(t) = 3 (1) Xo,

_17 [O7t1]7
u(t) = 0, [t1,t2], (6.9)

]-a [t275}a
(6.10)

where

X1 = [X?aXllelz]Ta Xo = [X27X27X2] . (611)

By using Egs. (5.16)-(5.18) and Eqgs. (6.5)-(6.11) for j=1 and considering interval
[0,t1] we obtain

tL =3—2,
X1 = [1155 248 1153]
1 7 158097 299’ 12011°

X21 _ [1121 197 7577]

= 128197 2392> 2477
1(t) = 3505 Bo2(t) + 2555 B12(t) + 1557 Baa(t) = —51% + 2t + 5,

x%(t) = égéBo 2( )+ 2%31,2( ) 247732 2( ) =—t+1,
Zy =t =3—-72,

which is exact solution. For j=2 and considering interval [t1, t3] we obtain

to =3+ \/5,
X2 _ [1138 357 119 ]
1 7 13771> 1801 12571
2 __ (=102 =102 —=102
X2 - [ 13937 13937 1393]

274\ _ 1138 1 2 BTT 3975
zi(t) = 3771 By 2( )+ 180131 2(t ) 1257B2 2( ) = 36028797018963968 . — os5t T T1s9>
x%(t) = 11309233072( ) — 2113092331,2(t) - 139332 2(t) = _%7

Zy = 0.

Where the exact solution as following

) = (V2-2)t +9-4v2 = -t + KT,
xQ(t)_l—tl_\/i—z_—ﬂ

For j=3 and considering interval [t2, 5] we obtain "
ta=3+12,
X7 =[5 1308 0):
X3 =157 503 - 0
a3(t) = 2 By o(t) + 2189 By 5(t) = 4t2 — 6t + 32
23(t) = — 222 Boo(t) — 2189 By (1) =t — 5,

Zs=5—1ty=2—12.

=
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FIGURE 1. Plot of state optimal trajectory with bang-bang control for example 1
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Finally value of object function is Z = Z; + Zy + Z3 = 5 — 2v/2.

Example 2. This example is adapted from [17]

min Z = /O (14 + u(®)|)dt, (6.12)
subject to
&1 (t) = @a(t), (6.13)
Ba(t) = u(t), (6.14)
u(t)] < 1. (6.15)

1
x1(0) = 3 x2(0) =0, (6.16)
1
l'l(tf) = 75, (ﬂg(tf) =0. (617)
Here we solve this problem with Bezier polynomials by choosing n = 2. Let
_17 [07 tl]v
U(t) = 0) [t17 t2]7 (618)
1, [tg, tf}.

By using Egs. (6.7) , (6.8) and (6.11) for j=1 and considering interval [0, 1] we obtain

_ 6
N
Xl = [17 1 Z]ﬂ
1 _ —1079 —1079
X2 - [O’ 1762 ° 881
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z1(t) = $Boa(t) + 23 B1o(t) + §Bao(t) = =512 + 3,
zy(t) = =288 By 5(t) — 2 By o(t) = —t,
Zy = 5t = 538,

which is exact silution. For j=2 and considering interval [t1, 2] we obtain

— V6

by =",

2 _ 1
X1 - [1’ 1125899906842624 ° 1}7

2 _ [—4801 —4801 —4801
X5 =580 “os0 > 980 1’
Y I _ -1 42 _ 6

fl(t) = B2 (t) + 21125899906842624 By 2 (t) BQQ@) - 562949953421312t

m%(t) = _%BO,Q(t) - 2%31)2(7» - 498%3272<t) = —@7
Z: =405 = ).

Where the exact solution as following

a3t (t) = — 45t + 2,
23 (t) = —ty = — %2,
For j=3 and considering interval [t2,t3] we obtain
ty =ts,
t3 =11 +t2 =5§7
x{ =733
X3 = (2, 2o

#3(t) = —1Boa(t) — 23 By o(t) — 3Bya(t) = 142 — 5304 4 19
23(t) = =202 Boa(t) — 2423 Bro(t) = t — 548,

Zy = 5(t3 — t) = 5¥8,

Z =71+ Zo+ Z3 = 46,

which Z is finally value of object function.

Note that all approximation solutions of example 1 and example 2 are computed with
decimal number 16 on intervals [0,5] and [0, t3] respectively. Also if you consider
another kind of value for control except above value, there is no solution for or if the

soluotion exists it would be negative for switching points.

Example 3. To illustrate some of the basic concepts involved when controls are
bounded and allowed to have discontinuities we start with a simple physical problem:
Derive a controller such that a car moves a distance with a minimum time[22].

The motion equation of the car is as folowing:

ty
min Z:/ dt,
0
[c[v]
(0] < |

(6.19)
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FIGURE 2. Plot of state optimal trajectory with bang-bang control for example 2
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subject to
Z(t) = u, (6.20)
u=u(t), a <u<b, (6.21)

with the boundary conditions of
z(0) =0, #(0)=0, z(t;)=c, (ty)=0. (6.22)

We get approximate solutions for the switching and end times as following

_ 2
t1 = \/ b(acfb)’

o 2c(a+b)
tf - ab :

And also we obtain state trejectory and control as folowing

u(t):{ b, [0,t4],

—a, [tla tf]v

1bt?, [0,t1],
x(t) =
_%a(t_tf)Q""c’ [tl’tf]’
which is the exact solution. It is observed that the state trajectory is depended on b
and a, ¢, ty respectively in intervals [0,t1] and [¢1, 7]

7. CONCLUSION

In this paper we presented a numerical scheme for solving bang-bang optimal con-
trol problems with linear constraint. In example 1, the Bezier polynomials were
employed in interval [0,¢s] where ¢t and end point of x(t) are known. In examples 2
and 3, the Bezier polynomials were employed in interval [0,¢¢] where ¢; is unknown

(el
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but the end point of x(t) is known, u(t) is bounded between a and b. Several test
problems were used to see the applicability and efficiency of the method. The ob-
tained results show that the new approach can solve the problem effectively. It was
investigated to solve bang-bang optimal control problems with a nonlinear constraint.
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