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Abstract e

This paper introduces a Newton-multigrid (Newton-MG) method to efficiently solve a nonlinear heat transfer
problem in a homogeneous silicon rod. The numerical model is constructed using the Finite Difference Method
(FDM) with a Central Difference Scheme (CDS) for spatial discretization and the Crank-Nicolson method for
temporal approximation. Newton’s method is applied to linearize the discretized equations and a multigrid Cor-
rection Scheme (CS) is integrated to solve the resulting linear system. Computational experiments demonstrate
that, regardless of the physical and numerical parameters, the apparent order of discretization error converges to
its theoretical asymptotic order. Additionally, the Newton-MG method exhibits rapid convergence, requiring few
linearization steps while achieving a favorable convergence factor. The efficiency gain relative to the singlegrid
method increases with the degree of nonlinearity in the physical model. Our findings confirm that Newton-MG is
a robust and computationally efficient alternative for nonlinear heat conduction problems.
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1. INTRODUCTION

Nonlinear heat transfer is a research subject with applications in various areas of science and engineering. Nonlinear-
ity in these models may arise, among other reasons, because thermophysical properties, such as thermal conductivity
and specific heat capacity, may depend on temperature [3, 19, 36, 49].

The multiple application contexts of nonlinear heat equations include the study of heat transfer in biological
tissue [2, 4, 43], the modeling of the microchip manufacturing process in the semiconductor industry [38] and of
Functionally Graded Materials (FGMs) used in the modern aerospace and nuclear industries [24, 25, 46], the analysis
of temperature-constrained topology optimization applied in the field of power electronics [47], and many others
[14, 21]. This mathematical model is even applied in modeling the traffic flow of automated vehicles [41].

Given the intrinsic complexity of nonlinear heat transfer problems, analytical solutions are typically limited to
specific cases [9, 22, 23]. As a result, computational methods provide a more accessible and general approach to assess
the behavior of systems governed by Partial Differential Equations (PDEs) with a high level of accuracy.

Among several research studies associated with the development of numerical techniques for computational solution
of the nonlinear PDEs, we highlight the study by Filipolv et al. [11], which described a physical model of heat conduc-
tion in semiconductors, considering temperature dependent thermal conductivity and relaxing boundary conditions.
The numerical solution developed by these authors used the Finite Difference Method (FDM) with linearization by
Newton’s method. Similarly, Zhang et al. [46] developed an algorithm based on the Space-Time Backward Substitu-
tion Method (STBSM) for nonlinear transient heat conduction in FGMs, also utilizing global Newton linearization.
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Investigating nonlinear time-fractional partial integro-differential equations, Ghoreyshi et al. [15] used the Finite Block
Method (FBM) to handle irregular computational domains, while employing a quasilinearization technique to manage
nonlinearity. According to these authors, this method has the advantages of easy implementation, high accuracy,
reduced storage requirements, and unconditional stability [1, 16].

Multigrid (MG) methods, in turn, are among the most powerful techniques for formulating numerical schemes
designed to computationally solve PDEs [7, 42]. Their efficiency has been proven through several studies and tested in
a wide variety of applications [5, 12, 28, 32, 33, 37, 45]. The multigrid method combines the fact that many iterative
techniques for linear systems (such as the Gauss-Seidel and Jacobi methods) work well in smoothing the high-frequency
error components, with the fact that the low-frequency modes can be well approximated on coarser grids [30, 48]. For
this reason, the method employs a hierarchy of grids, where information is gone through between different levels using
a combination of smoothing steps and an appropriate correction scheme.

When applied to nonlinear problems, multigrid methods can be associated with a linearization technique such as
Picard iteration [33] or Newton’s method [20], but can also be designed from the Full Approximation Scheme (FAS)
approach [44, 45], which addresses nonlinearity directly. Comparing the performance of FAS and Newton-MG schemes
applied to elliptical and parabolic problems discretized by finite elements, Brabazon et al. [6] observed that the Newton-
MG method presented greater stability, as well as a shorter execution time. Additionally, Luo et al. [27] showed that
these two strategies demonstrated good convergence properties when applied to solving incompressible poroelasticity
equations with stress-dependent hydraulic conductivity. In the specific context of nonlinear heat conduction, we
highlight the study by Zen et al. [45], who developed a numerical scheme through the multigrid FAS method integrating
a Waveform Relaxation method (FAS-MGWR) for temporal sweep. Their numerical scheme was applied to the analysis
of heat conduction in a silicon rod with relaxing boundary conditions, and demonstrated an excellent convergence factor
and a high computational speed-up relative to its singlegrid version (singlegrid method).

In this work, we address heat conduction in a silicon rod through a methodology that employs time-stepping
temporal sweep, as well as integrating Newton linearization and a multigrid correction scheme. By adding multigrid
efficiency, we aim to improve the computational performance of Newton-based solvers in thermal modeling applications.
The proposed methodology has the advantage of fast convergence due to the multigrid accelerator, which typically
requires few iterations (MG cycles) and few linearizations. The time-stepping approach, classic in the treatment of
transient problems, favors the use of MG (which is robust for elliptic problems [42]), since it results in an elliptic
problem in each time step; however, it is limited in terms of parallelization. Although the MG method requires few
linearizations, the extra calculations of the Jacobian matrix can increase algorithmic complexity. The FAS-MGWR
approach overcomes these two limitations (parallelism and extra calculations with Jacobian), but in return requires a
greater amount of computational memory [14]. Another limiting factor is stability, which, as we will see, the method
is conditionally stable.

This paper is structured as follows: Section 2 introduces the physical model and details the development of the
numerical approach for nonlinear heat conduction in a silicon rod with relaxing boundary conditions. Section 3 details
the Newton-MG algorithm. Section 4 includes a code verification process, some metrics, and computational experi-
ments designed to assess the quality and efficiency of the proposed numerical scheme. Finally, section 5 summarizes
our main findings.

2. MATHEMATICAL AND COMPUTATIONAL MODELS

The mathematical model follows the formulation of Filipov et al. [11], considering a one-dimensional homogeneous
silicon rod with temperature-dependent thermophysical properties. This study is essential for understanding thermal
conduction in semiconductors, with direct applications in the manufacture of microchips, in the development of
advanced materials and in technologies that require precise thermal control.

In general terms, consider a rod located on the z-axis between points a and b, laterally insulated and in thermal
contact with a tank filled with liquid at a temperature T'(t), as shown in Fig. 1. In this material, the thermal
conductivity is dependent on the temperature u(z,t), making the mathematical model nonlinear.

The temperature in the tank is an exponentially relaxing function [11]:

T(t) =T, + (Ty — T,)e~ 1, (2.1)
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E)NE



CMDE Vol. *, No. *, * pp. 1-16 3

tank

J liquid
j T(t) // insulator

T —_
" | | siliconrod/ u(x,t)

a b x
FIGURE 1. Physical model [11].

where V' is the volume of the tank, Ty is the temperature of the liquid in the tank at the initial time, 7. is the
temperature of the incoming liquid and @ is the volume flow rate of both incoming and outgoing liquid.

2.1. Nonlinear Heat Equation. From the physical representation and the hypotheses described previously, Filipov
et al. [11] deduced the following nonlinear PDE:

ou 0 ou
Py = B (/{(u)ax> , x€(a,b), t>0, (2.2)

where u(z,t) represents the temperature at position x at an instant ¢, while p refers to the density of silicon rod and
cp the heat capacity at constant pressure, which in the present model are both considered constant.

The thermal conductivity of silicon has an exponential dependence on temperature [26, 29] and therefore takes the
following form [35, 36]:

k(u) = KoeX", (2.3)
where kg is the value of the thermal conductivity at a reference temperature and y is the coefficient of temperature

dependence associated with k.
To complete the model, we add the initial condition:

'LL(.’E, 0) = UO(x)» S [a7b]a (24)
and the boundary conditions:
—k (u(x,t)) % =c(T(t)=u(a,t)) and wu(bt)=p5, t>0, (2.5)

where ¢ is the mean convective heat transfer coefficient and T'(¢) is the temperature in the tank given by Eq. (2.1).

The left part of Eq. (2.5), called the convective boundary condition, is obtained by equating the energy fluxes at
x = a expressed in the tank and the silicon rod. It is valid for solid-liquid contact surfaces, where the heat transport
mechanisms are mainly due to convection in the liquid system [11, 45]. On the right-hand side of the same equation
(at 2 = b), we have a Dirichlet boundary condition.

2.2. Numerical Model. Computational methods are essential tools for solving important problems such as the one
described in the previous section, whose analytical solution is difficult to access or even non-existent. To proceed, we
use the chain rule to differentiate 9k (u)/0u = xx(u) in Eq. (2.3), in order to rewrite Eq. (2.2) as

ou ou\’ 0%u
Peogr = xr(u) (83:) + H(u)@, z € (a,b), t>0. (2.6)
The numerical model is developed on a spatial mesh of the form:
Q" = {z; € [a,b]; zi=a+ (i —1)h, 1 <i<mn,}, (2.7)

where n,, is the number of discretization points and h = (b —a)/(n, — 1) is the spatial increment. Similarly, we define
a temporal mesh of the form ¢, = (n— 1)1 € (0, tf], 2 < n < ny, where 7 =ty /(n, — 1) is the time step, ¢ is the final
time and n; is the number of time steps.
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For the temporal approximation, we use the Crank-Nicolson (CN) method, while for the spatial approximation we
use the FDM with second-order Central Difference Scheme (CDS), which leads to the following discretized form of
Eq. (2.6):

pc. - gi(u”)  ¢i(u"h) ,

?p (uf —uP™t) = th + = e 1 <i<ng, (2.8)
where n represents the current time step, ul* = u(z;,t,), u™ = [ul, - ,ul, ,uﬁw}T and

o;(u") = 5 [Z (Uz’+1 — Ui—1) + gy — 2u + ui_l} . (2.9)

For the left contour, i.e., for i = 1, we use CDS in Eq. (2.5) and obtain the following discretized form:

n n
Ug — Ug

—k (ul) <2h> = c(T" —ul), (2.10)

which can be rewritten as:

2he (T™ — uf)

(o) , 1<n<mny. (2.11)

n__..n
Ug = Ug

Substituting Eq. (2.11) into Eq. (2.8), taking ¢ = 1, we obtain:
2 c(Tr —up) xc (T - u’f‘l)2
+ n—1
h 2k (up ™)

0oy yety = XE ) ()

T ! N 2k (ul) h? (ug —up) 4

n—1 -1 n—1
KRlU _ n— cl(T™ —Uu
—I—%(ugl—ul 1)+L—h1—), 2<n <. (2.12)
Thus, Egs. (2.8) and (2.12) constitute a nonlinear system that will be solved numerically by Newton’s method. To
do this, we introduce the vector G™ = [GT,--- G, --- .G 17,2 <n < ny, as:
2 n n\2 n n n
n_ P ome1y  XC (T =wl)” s(uy) o (T —up)
1:71)(“1*“1 1)* Zﬁ(u’f)l - hzl (uy —uy') — h !
2 Tnfl _,n—1 2 K un—l Tnil _on—1
_ Xe ( 7;“1 ) < ( 1 ) (u;71 _ u?ffl) _ C( Uy )’ (213)
2k (uf ") h? h
n _ PCp n n—1 ¢l(un) ¢i(un_1) .
G’ —T(ui —ul™h) = T T 2Sisne -l (2.14)
G =u, —p. (2.15)

The complete nonlinear system can be rewritten as G™ (u”) = 0, 2 < n < n;, where 0 is the n,-dimensional null
vector. Newton iterations are then computed, starting from an initial guess u™?, as follows:

uP = u — (V)G (), v >0, 2<n<n, (2.16)
where
oG"
Jmr = 3 (u™"), v>0, 2<n<n, (2.17)
u’ﬂ

and v represents the linearization step.

(=)=
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As a result, the nonzero elements of the Jacobian matrix J™”, Eq. (2.17), valid for 2 < n < ny, v > 0 and
2<i<n,—1,are:

n,v 1 8¢z H(u?’y) X n,v
VA T |5 (its — ) -1 (2.18)

n,v PCp 1 8(252 PCp K (uzlﬁy) X n
gy P~ _ _ 2 b 2.19
2,1 T h2 au;’bﬂ/ T h2 h2 QS’L (u )7 ( )
1 0¢; K (ul”") 1x
n,v i i A (v 1} 2.20
1 1+1 h2 au;ﬂ_‘rl/l 2h2 |:2 ( z+1 z 1) =+ ( )
whereas for i = 1, they are
n,w __ pcp (Tn B U’SL,V) XC (Tn — u? V) K (u;hl/) n,v n,v
Jl,l — + + P (u711,1/) c+ 2 + h2 [1 - X (U2 — Uy’ )} ’ (221)
n,v R (umu)
Jip =~ hé ) (2.22)
and when ¢ = n,, we have J3»", ~=1.
n,0

We set the initial guess to be u™? = u®~1¥¢, where u™ 1" is the solution from the previous time step converged
after v, Newton linearization steps. In this respect, when n = 2 and v = 0, we use the initial condition given by Eq.
(2.4).

2.3. Stability Analysis. We will prove stability by the energy method [15, 16]. Note, firstly, that the function ¢,
whose i-th component is represented in Eq. (2.9), is L-Lipschitz for every bounded open set, with constant L > 0
given according to the mean value inequality.
Theorem 2.1. Let u™ be the approximate solution obtained by numerical scheme (2.8). If
TL
pcph?
then scheme (2.8) is stable.

<1, (2.23)

Proof. Let u™ and v"™ be numerical solutions computed by numerical scheme (2.8). Using w™ = u™ — v" to represent
the roundoff error equation, after appropriate substitutions, we produce the following equation:

P (om  n—1y _ OU") — PV p(u ) — (v
- (W —wn) = 72 + 12 :
Now, taking the inner product of Eq. (2.24) with w”, and applying the Cauchy-Schwarz inequality, we find:

P2 (g w) = PP ) = hi (B(u") — G, W) + <¢<u”*1> — p(v" ), W,

7h2\|¢( ) = o(VOIHIW" | + 5 ||¢ " = o[ lwml-

We again use the Cauchy-Schwarz inequality, as well as the Lipschitz contlnulty of ¢, to reduce the last inequality
to the following:

(2.24)

= ||w"\| w1
< 2% || flw |+ g I+ o ([ ] (2.25)

Next, we group similar terms to obtain:

pep L n pep L n—

<T”hQ)|w || < ( Tp+h2) [|w™ ] (2.26)
an
(o] < |
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Using the hypothesis of the Theorem, we finally arrive at the desired result:

pep L

lw"|| < C™[|[w°||, where C = S ) (2.27)
rey L
T h?

3. NEWTON-MG SOLVER

Solving the linear system given by Eq. (2.16) provides a number of challenges. Direct methods for solving sparse
systems may become impractical due to the high computational cost associated with the inversion of the matrix J™"
[17]. For this reason, iterative methods, such as the Jacobi and the Gauss-Seidel method, are often preferred due to
their efficiency in terms of computational cost and storage [8]. However, for highly refined meshes, these iterative
methods tend to converge at a slow rate [10].

The multigrid method emerges as a powerful iterative technique designed for the efficient solution of large and
sparse linear systems obtained from the discretization of PDEs [13, 34, 42]. It is constituted from the definition of
a hierarchy of grids, where information circulates through restriction operators I ,fl , which transfer information from
the fine grid Q" to the immediately coarser grid Q| and prolongation operators 1%, which transfer information from
the coarse grid Q to the immediately finer grid Q". The most common way to obtain grid Q, called the standard
coarsening strategy, is to double the spacing of grid Q" in all directions [42]. In this case, we say that a coarsening
ratio (er) equal to 2, that is, H = 2h.

As for the desired numerical solution, it is calculated on the finest grid, while on the coarser grids, where the
smoothers are more efficient, correction estimates are calculated. The number of smoothings that will precede the
restriction and prolongation operators are designated by vy (number of pre-smoothings) and v, (number of post-
smoothings), while the way in which the grids are visited is called a cycle. In this work, we use V-cycles, also denoted
by V(v1,12) [7, 42, 48].

Corrections can be performed in two possible ways. The Correction Scheme (CS), which uses only the residual in
the correction process and is indicated for linear problems. The Full Approximation Scheme (FAS), in turn, is more
appropriate for nonlinear problems and uses both the residual and the approximate solution in its correction strategy
[7, 42]. In the context of nonlinear problems, we can also highlight two main approaches [18]. The first approach, the
FAS scheme, incorporates the multigrid method concept directly into nonlinear problems. An algorithm derived by
this technique was developed by Zen et al. [45]. The second approach, on the other hand, consists of performing a
global linearization and then applying the CS scheme.

In this paper we propose the use of Newton linearization and therefore the CS scheme will be used. Furthermore,
we will use V-cycles. Algorithm 1 describes the CS scheme with V-cycle and standard coarsening ratio (cr = 2), for
solving a linear system at the [ grid level.

In this work we adopted the Newton-MG method with time-stepping temporal sweep, as detailed in Algorithm 2.

The main part of Algorithm 2is the linearization process developed in the previous section. Note that to incorporate
the multigrid concept from Algorithm 1, we consider e™”*! = u™¥*1 — u™" 5o that Eq. (2.16) becomes:

Jrvenrtt = _G™Y (u™), 2<n<n; v>0. (3.1)

Note that the Newton-MG Algorithm is structured as a time advance scheme in which, at each time step n, the
approximation u™**! is updated from the deviation e™**!.

4. RESULTS AND DISCUSSIONS

In this section we address the numerical experiments designed to evaluate the numerical scheme and the code
implemented for solving a nonlinear heat transfer problem in a silicon rod in thermal contact with a liquid medium.
The values of the physical parameters adopted in the experiments follow Filipov et al. [11], considering a thin and
homogeneous rod in the interval x € [1, 3], excluding heat and radiation sources, with convective relaxing boundary
conditions at = 1 and unitary Dirichlet boundary conditions at = 3, that is, u(3,¢) = 1, according to Eq. (2.5),

(=)=
E)NE
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Algorithm 1 MG(I).

Require: Input data, initial and boundary conditions;

1: while Stopping criterion is not reached do

2 if | = L.« then

3 Solve the system: Ayl — £ on the coarse grid 02'h

4 else

5: Smooth v; times A"v!" = 1" on the grid Q2'h

6 Compute the defect r'h = 1" — Ayl on the grid Q2'h

7 Restrict the defect £V = Ig;;lhr”‘ from grid Q2" to grid Q27
8 Solve at the next level: MG(I + 1)

9 Interpolate and correct the approximation: v < v 4 Igfflhv(l“)h
10: Smooth v, times A"v!h = 1" on the grid Q2'h

11: end if

12: end while

Algorithm 2 NEWTON-MG(n).

1: while Stopping criterion is not reached do

2. Set A =J" vh =0, f" = G™Y (u™)

3 Solve the linear system using Algorithm 1: MG(1)
4 Update u™¥+! < u™ + vl

5 Compute J™* 1 and G™V 1 (u”“"“)

6 Update v+ v +1
7: end while

in addition to a unitary initial condition ug(z) = 1. For the liquid containment system, T,, = 2, Tp = 1, @ = 1 and
V = 1. The density, heat capacity and mean convective heat transfer coefficient associated with silicon were fixed,
respectively, at p = 2.33, ¢, = 0.7 and ¢ = 0.1 [11, 21]. Finally, the parameters ko and x were varied.

The source code was implemented in the Fortran language with the Intel® Fortran compiler, using double precision,
and it runs on an operating system equipped with an Intel® Core™ i5-7200U processor, featuring a central processing
unit (CPU) operating at 2.50 GHz and 16 GB of RAM.

For the stopping criterion associated with multigrid cycles, we adopted the infinite norm of the dimensionless
residual of the k-th iteration with respect to the initial estimate, according to a tolerance €;q:

[

[0l

Regarding the stopping criterion associated with linearizations, we use an estimate of the relative error calculated

at the infinite norm applied to the increment corresponding to consecutive linearizations, divided by the current
approximation and subject to a tolerance €;,, that is,

[ — w1 o

n,v
"]

<emeg=10"1" k>1. (4.1)

<epm=1071 v>1. (4.2)

The multigrid and singlegrid methods were both implemented using the Gauss-Seidel solver with red-black ordering.
With the exception of section 4.2, we used spatial and temporal meshes spacings of the same size (h = 7) and, in
addition, the other multigrid configurations were: cycles of type V(1,1); standard coarsening (cr = 2); full weighting
operator I2" (restriction) and linear interpolation operator I%, (prolongation).

4.1. Code Verification. Initially, we evaluated the algorithm through code verification. This phase involved both
qualitative and quantitative analyses.

(&)
ENE
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In the first analysis, we compared the numerical solutions produced by the algorithm developed by Filipov et al.
[11] and those derived from our singlegrid and multigrid algorithms. The k¢ and x parameters were varied by 0.5 and
0.1, respectively, while the other physical and numerical parameters were those previously stated.

Figure 2 shows the solutions computed by the three numerical schemes: our SG (singlegrid) and MG (multigrid)
implementations and the Reference Solution (RS), the latter produced by the code implemented and kindly provided
by Filipov et al. [11]. From this experiment, it is possible to observe a good agreement between the reference solutions
[11] and those produced by the proposed algorithm. This confirms the reliability of the implemented code.

] |||||||||||||||||||||||||||||||||||||||||||_

] —— RS-k =0.1,%=05 | 1

1,167 + sG E

] O MG ]

—— RS-k=05x=01 | ]

] X  SG ]

112 0 MG 3
] ] ]
R, ] .
< 1,08 —
1,04 ]
1,00 ]
1,00 1,50 2,00 2,50 3,00

X
FI1GURE 2. Comparison between solutions.

To proceed with the second part of the code verification, we will calculate the apparent order py of discretization
error of the numerical approximation. This metric is indicated when a analytical solution is not known [39]. With the
apparent order it is possible to verify whether the order of a numerical solution tends to the asymptotic order pjy, of
discretization error, as the mesh spacing h is reduced. It can be calculated as follows [45]:

log ¢2 — P3
_ $1— P2
pu = log(q) g (43)

where ¢1, ¢2 and ¢3 are numerical approximations calculated on three meshes of different sizes, called fine, coarse and
super-coarse, with respective spacings h1, ho and hs, and having a refinement ratio ¢ = hg/ha = ha/hy. In this work,
we are using q = cr = 2.

Note that the asymptotic order of the proposed numerical scheme must be p;, = 2, since the spatial and temporal
discretizations are, respectively, CDS and Crank-Nicolson method, both second order. Furthermore, we adopted two
criteria used only in this test: in addition to adopting quadruple precision, the iterations determined by Eqgs. (4.1) and
(4.2) were performed until the rounding error was reached. This approach seeks to isolate the effects of discretization
error, in order to minimize other sources of error.

Figure 3 shows a graphical representation of the test implemented for the variables of interest: average temperature
(um ), temperature at the center of the domain (u.) and temperature at the left boundary (u,), all calculated in the
last time step, considering the same combinations of k¢ and y used in the previous qualitative analysis. As expected
from the previous discussion, regardless of the choice of parameters xg and x, the apparent order py tends to the
asymptotic order p;, = 2 as the mesh is refined.
oG
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FIGURE 3. Apparent order py of discretization error of the numerical solutions for the variables u,,
(average temperature), u. (temperature at the central point) and u, (temperature at the left contour),
calculated in the last time step.

4.2. Numerical Stability. Our numerical experiments corroborate the stability condition of Theorem 2.1. An abrupt
change in the temperature profile can generate non-physical oscillations. We simulated this phenomenon by altering
the data that define the temperature T of the liquid, setting T, = 75 and Ty = 74 (the other parameters described at
the beginning of Section 4 were kept the same). This configuration results in a relatively high temperature variation on
the left boundary. Figure 4 shows the behavior of the numerical solution calculated at this point (z = a), considering
two mesh configurations: the first Q%, with 7 = h, and the second Q} satisfying condition (2.23). In this comparison,
we include the reference solution (RS) calculated on a super-refined mesh. The numerical solution is free of oscillations,
provided the stability condition is met, as shown by the numerical solutions in meshes Qf and Q%.

2.2 L L L L L LML L L I

2.0

18

1.6

u(a,t)

1.4

1.2

- "
—— ",
— RS

1.0

0.8 e
0.0 0.5 1.0 15

t

o Jau vl o v a v by

N

FIGURE 4. Numerical solution on the left boundary, computed on meshes Q% and Q.
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When the underlying solution is sufficiently smooth (without abrupt variations), the numerical solution does not
exhibit oscillation (as seen in the graphs in Figure 2). This remark is consistent with the fact that linear stability
extends to the non-linear scenario, provided that the underlying solution involved is sufficiently smooth [40].

In this sense, Eq. (2.23) represents a measure of the degree of sensitivity of the proposed scheme in relation to the
choice of initial and boundary conditions, as well as the physical parameters, since they interfere with the smoothness
of the underlying solution involved.

4.3. Numerical Results. In this section, we present some metrics used to evaluate the efficiency and robustness
of the Newton-MG method. Of the physical parameters presented at the beginning of Section 4, only kg and y
are modified in order to take a range of values. Regarding the numerical model, we emphasize that we adopted
emc = €rin = 10719 and 7 = h (the physical settings of the present study resulted in a smooth numerical solution,
such that condition (2.23) was not triggered in any case).

4.3.1. Average Convergence Factor. In this section, we present the average convergence factor, a metric commonly
used to evaluate multigrid methods and represents the average reduction factor of the residual after a multigrid
cycle. In this work, the average convergence factor pj; is calculated based on the arithmetic mean of the asymptotic
convergence factor pF, [33]:

N I S e O 14
= O O = = M .
PM ng — 1 ;ﬂzm p]m itLin kZ:l Pm>  Pm ||r0Hoo ) ( )

where it ;¢ is the number of MG cycles of the k-th linearization, ity;, is the number of linearizations in the j-th time
step, and ny is the total number of time steps.

Remark 4.1. Note in Eq. (4.4) that pys is sensitive to the iteration error of the MG cycles and the iteration error
due to the linearization process, but is not affected by the order of convergence (order of discretization error py, = 2),
which is determined only by the underlying spatial and temporal discretizations.

Figure 5 shows the evolution of the average convergence factor pp; in terms of the number of unknowns N =
(ngy — 1)(ny — 1), calculated for different combinations of parameters ko and x, where n, = 2™9 + 1 is the number of
spatial grid points, n; is the number of points on the temporal axis assuming n; = n, and n, is the number of grids.
MG methods are considered efficient when the average convergence factor is close to zero and, on the other hand, the
closer it is to unity, the lower its efficiency [7]. We observe that pp; stabilizes to values below 0.102 as the grid is
refined, regardless of the choice of physical parameters, indicating efficiency and robustness of the method.

To complement this analysis, we show in Table 1 the average number of Newton linearizations and the average num-
ber of MG cycles (in parentheses), considering the physical parameters (ko and x) and the discretization parameters
(represented by grid number ny) assuming different values. We can observe that the number of linearizations required
is always small in all cases, regardless of the values of the physical and discretization parameters, which shows the
robustness of the algorithm.

Table 1 also shows that the average number of MG cycles stabilizes below 11 average cycles as the grid is refined,
regardless of the values of the physical parameters, which also indicates the robustness of the method.

Remark 4.2. The high value of the average number of MG cycles in the case where ko = 100.0, x = 0.5, 1.0, 2.0
and 5 < ny <8, is in agreement with what was observed during the analysis of the average convergence factor that is
represented in Figure 5. In this range, pps decreases from 0.338395 to 0.150725, indicating that a greater number of
MG cycles (although decreasing in relation to the number of unknowns) are necessary to reduce the residual to the
stopping criterion level.

In this sense, pps calculated using Eq. (4.4) proved to be a good estimator of the average number of MG cycles.
For example, in the case where ko = 100.0, x = 2.0 and ny = 5, we have pp; = 0.338395 and the average number of
MG cycles to reach the tolerance of €p7¢ = 107¢ = 1071 can be estimated by [7]:

—d B —10
log(0.338395)  log(0.338395)

it > = 21.25055, (4.5)
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FIGURE 5. Average convergence factor pps versus the number of unknowns N.

TABLE 1. Average number of linearization and MG cycles (in parentheses) for different number of
grids n, and different values for the physical parameters x and k.

Ko
0.1 10.0 100.0

X
ng 0.5 1.0 2.0 0.5 1.0 2.0 0.5 1.0 2.0
5 3.0 (7.6) 30 (84) 30(93) 30(66) 30 (57 30 (124) 26 (16.8) 2.6 (18.8) 2.3 (21.9)
6 3.0(86) 30(92) 3095 3.0(86) 30(70) 29(7.7) 22(12.9) 22 (14.9) 2.0 (19.0)
7 3.0(94) 30(95) 30(95 2887 28(87) 25(58) 20(9.0) 20 (11.0) 2.0 (16.0)
8 3.0(9.6) 3.0(9.6) 30(9.7) 24(9.7) 2389 21(80) 20(.0) 20 (7.0 20 (13.0)
9 3.0(9.6) 3.0(98) 3.0(98) 2099 2098 20(9.0) 20(80) 20(6.0) 2.0 (9.0)
10 2.8(10.1) 28(10.1) 2.8(9.9) 20(10.0) 2.0 (9.9) 2.0 (9.0) 2.0(80) 20 (8.0) 2.0 (4.0)
11 21 (10.7) 2.3 (10.5) 2.1 (10.5) 2.0 (10.0) 2.0 (9.9) 2.0 (9.0) 2.0 (9.0) 2.0 (8.0) 2.0 (7.0)
12 2.0 (10.8) 2.0 (10.8) 2.0 (10.6) 2.0 (10.0) 2.0 (10.0) 2.0 (9.0) 2.0 (9.0) 2.0 (9.0) 2.0 (8.0)
13 2.0(10.9) 2.0(10.8) 2.0 (10.7) 2.0 (10.0) 2.0 (10.0) 2.0 (9.0) 2.0 (9.0) 2.0 (9.0) 2.0 (8.0)
14 2.0 (10.9) 2.0 (10.8) 2.0 (10.7) 2.0 (10.0) 2.0 (10.0) 2.0 (9.0) 2.0 (9.0) 2.0 (9.0) 2.0 (8.0)

a value very close to the 21.9 shown in Table 1.

4.3.2. CPU Time, Complexity, and Speed-up. In this section, we evaluate the performance of the multigrid method
based on two concepts associated with processing time: the order of complexity and speed-up.

In Figure 6, on a bi-logarithmic scale, we show the CPU time in relation to the number of unknowns N corresponding
to the multigrid and singlegrid methods. With this processing time data, we can obtain the order of complexity p of
an algorithm from an exponential adjustment as [31, 32]:

topu(N) = NP, (4.6)

where N is the total number of unknowns and + is a constant related to the method. The ideal context for multigrid
methods is one in which the order of complexity p is close to unity and the parameter v tends to zero, which means
that the computational cost increases proportionally to the number of unknowns N [7, 42, 48].
In Table 2 we show the estimates of the order of complexity p and the parameter v for the multigrid method and
its single mesh version.
an
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F1GURE 6. Computational time versus number of unknowns N, computed for different values of the
physical parameters.

TABLE 2. Order of complexity estimated for the multigrid and singlegrid methods, computed for
different values of the physical parameters.

Ko

Singlegrid

Multigrid

v

p

Y

p

0.1

0.5
1.0
2.0

1.2848E-08
3.7483E-08
5.6502E-08

1.4450
1.4118
1.4475

2.3529E-07
1.8235E-07
3.7403E-07

1.0282
1.0415
1.0020

10.0

0.5
1.0
2.0

5.0284E-07
6.9319E-07
1.4976E-06

1.4955
1.5057
1.5190

7.6624E-08
2.6190E-07
2.7966E-07

1.0864
1.0175
1.0100

100.0

0.5
1.0
2.0

2.1721E-06
1.3555E-06
1.4925E-06

1.5469
1.6012
1.6542

2.3723E-07
3.2310E-08
2.2523E-07

1.0183
1.1257
1.0157

While the multigrid method presents values of the order of complexity p close to unity, regardless of the values
attributed to the physical parameters, indicating its robustness and in agreement with the literature; the singlegrid
method presents p with values greater than 1 and dependent on the configuration of the physical parameters, assuming
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approximate values of 1.4, 1.5 and 1.6 for k¢ equal to 0.1, 10.0 and 100.0, respectively. Regarding the parameter ~,
we can see that all are close to zero, in agreement with the literature.

The data in Figure 6 also made it possible to calculate the speed-up S, used to evaluate the increase in execution
speed of the multigrid method in relation to its singlegrid version. This metric is calculated as [45]:

sG
S(N) = tACfGUA (4.7)
tepy (N)

In Figure 7 we show a graphical representation of this speed-up metric calculated for different configurations of the
physical parameters. Note that the gain in processing speed depends on the combination of parameters kg and x.
For example, considering fixed N = 2048 x 2048 = 4194304 and x = 0.5, we observe an approximate speed-up of 29,
2700 and 30900, for ¢ assuming values of 0.1, 10.0 and 100.0, respectively. This means, considering this last case,
that the multigrid method is approximately 30900 times faster than its singlegrid counterpart. We can see an even
more significant advantage of the multigrid method when we set kg = 100.0 and x = 2.0, a configuration in which the
calculated speed-up is approximately 140600. Furthermore, we highlight that the method becomes even more efficient
for high nonlinearities.

10— T 7T T T T T T T T T T T T
1| @ k=01,%=05 T
s ] —— K =01,x=10 T
10°9 | —— k=0.1,%=20 3
4 —W¥— k,=10.0,x=0.5 -
1 —4&— Kp=10.0,%x=1.0 B
10 | € K =10.0,%=2.0 =
1| #»— k=100.0,%=05 . A
| Ko=100.0, #=1.0 i
—@— Kk,=100.0,%=2.0
% 10° E 0 3
—~ ] ]
3
B <
& 1024 =
10t o =
10° =
10" T T T T T
10? 10° 10* 10° 106 107

FIGURE 7. Speed-up calculated for different values of the physical parameters.

Finally, we observe an increasing pattern of the curves (Figure 7), indicating a growth in S as N grows, a highly
desired property [45].

5. CONCLUSION

This study presents a Newton-MG method for solving one-dimensional nonlinear heat conduction in a silicon
rod with relaxing boundary conditions. The numerical model employs the Crank-Nicolson method for temporal
discretization and second-order FDM for spatial approximation, and is complete with Newton linearization and a CS
multigrid. Code verification confirms strong agreement with benchmark solutions from the literature. The various
numerical tests carried out under different scenarios establish the efficiency and robustness of the Newton-MG method
to address non-linear thermal modeling problems, as they demonstrate: i) convergence factors close to those indicated
in literature; ii) a low number of linearization; iii) efficient and reduced multigrid cycles; iv) computational complexity
according to reference values; and v) significant speed-up compared to singlegrid methods. The methodology can
be extended to broader applications in heat transfer modeling, semiconductor analysis, and nonlinear numerical
simulations of the real world.
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