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Abstract

This study investigates a generalized Zakharov–Kuznetsov (ZK) equation that incorporates mixed nonlinearity
(quadratic and square-root terms), anisotropic dispersion, linear damping, and external periodic forcing. The

model is motivated by the need to describe nonlinear wave phenomena in dispersive media, where directional

dependence, energy dissipation, and external driving play crucial roles in applications ranging from space plasma
physics to laboratory plasma confinement and nonlinear optics. Through a traveling wave reduction, the system is

transformed into a second-order nonlinear ODE, enabling comprehensive analysis. The onset of chaotic dynamics is

rigorously confirmed using Melnikov’s method, establishing conditions for transverse homoclinic intersections. We
further extend the new mapping method to derive exact solutions for non-polynomial nonlinearities, overcoming

limitations of classical approaches. Additional exact solutions via Jacobi elliptic functions are constructed for the
quadratic case, providing a complete spectrum of nonlinear waveforms. Numerical simulations reveal transitions

between solitonic behavior, weak chaos, and broadband turbulence across parameter regimes, with direct implica-

tions for understanding wave instability and energy transfer in driven dissipative systems. These results provide
new insights into the complex dynamics of forced-damped nonlinear systems and represent a significant extension

of the classical ZK framework, offering both analytical advances and practical tools for predicting nonlinear wave

behavior in physical applications.
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1. Introduction

The Zakharov–Kuznetsov (ZK) equation is a well-established model for describing the evolution of nonlinear waves
in diverse field of science and engineering, especially in magnetized plasmas, quantum fluids, and nonlinear optical
media [5, 7, 8, 11, 17, 18, 31, 34, 35]. As a multidimensional generalization of the Korteweg–de Vries (KdV) equation, it
accounts for both nonlinear and dispersive effects in anisotropic media. While the classical ZK equation with quadratic
nonlinearity has been extensively studied, real-world plasma and optical systems often exhibit more complex behaviors,
including saturable, root-type, or other non-polynomial nonlinearities, along with energy dissipation and external
driving forces. To address this gap, we consider the following generalized ZK equation with mixed nonlinearity, with
the composite of damping or drift velocity , and external periodic forcing terms:

∂V

∂t
+ (aV + b

√
V )︸ ︷︷ ︸

Mixed nonlinearity

∂V

∂z
+ σ

∂3V

∂z3
+ δ∇2

⊥
∂V

∂z
= −γ

∂V

∂z
+ F sin(ωt)︸ ︷︷ ︸

Damping + Forcing

, (1.1)

where V = V (x, y, z, t) is the wave function, and the constants a, b, σ, δ, γ, F, ω are physical parameters. The oper-

ator ∇2
⊥ = ∂2/∂x2 + ∂2/∂y2 represents the transverse Laplacian. The nonlinear term (aV + b

√
V )∂V/∂z captures
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a combination of classical quadratic nonlinearity and a non-polynomial square-root nonlinearity. Such mixed non-
linearities are important in systems where both standard fluid-like and anomalous plasma effects are present. The
root-type nonlinearity often arises in superthermal plasma environments, quantum fluids, or systems with nonlocal
interactions. This combination allows the equation to describe a richer class of nonlinear wave phenomena, including
compact structures and strongly nonlinear solitary waves. The dispersive terms σ∂3V/∂z3 and δ∇2

⊥∂V/∂z account for
longitudinal and transverse dispersive effects, respectively. These terms are crucial for the existence of stable wave-
forms and represent anisotropic dispersion mechanisms typically found in magnetized plasma media. Noted that the
inclusion of anisotropic dispersion, linear damping, and external forcing is crucial for enhancing the physical relevance
of the model. Anisotropic dispersion captures the directional dependence of wave propagation in stratified fluids,
while linear damping accounts for energy dissipation through collisional or viscous effects. External forcing represents
continuous energy input from external drivers, such as RF heating in plasmas, which can sustain nonlinear structures
against damping or drive the system into chaotic regimes. Together, these elements enable the modeling of realistic
non-equilibrium systems where energy input and dissipation compete, leading to rich dynamical behaviors including
persistent solitary waves, modulational instabilities, and transition to turbulence. The transverse dispersion, in partic-
ular, governs the multidimensional behavior of the wave and is important in extending the one-dimensional KdV-type
models to higher-dimensional settings. On the right-hand side, the damping term −γ∂V/∂z represents energy loss due
to collisional dissipation, resistivity, or viscous effects. The external forcing term F sin(ωt) introduces a periodic energy
input, modeling effects such as electromagnetic pumping, field modulation, or other time-periodic excitations. The
interplay between nonlinearity, dispersion, damping, and periodic forcing leads to rich nonlinear dynamics, including
soliton excitation, resonance, amplitude modulation, and even chaos under certain regimes. Equation (1.1) reduces
to many well-known models under special cases. When b = γ = F = 0, it recovers the classical Zakharov–Kuznetsov
equation [5, 11, 17, 31, 34]. If the transverse term δ = 0, the model simplifies to a one-dimensional KdV-type equation
with generalized nonlinearity [1, 2, 25, 28]. In the absence of both dispersive terms (σ = δ = 0), it becomes a forced
convection–diffusion equation [12, 19, 29]. Thus, the proposed model provides a unified framework for investigating
complex nonlinear wave structures in various physical systems such as magnetized plasmas, Bose–Einstein condensates,
and nonlinear optical media. However, symbolic calculation methods can also be employed to derive exact analytical
solutions efficiently for the evolution equations in understanding the nature of coherent structures propagating in
various environments[3, 4, 10, 13, 22].

The main novelty of this work lies in the analytical and dynamical treatment of non-polynomial nonlinearities
within the ZK framework. We apply the Melnikov method [9, 16, 23, 27] to rigorously establish the existence of
chaotic regimes, marking one of the few applications of this technique to ZK-type models with external forcing.
Additionally, we extend the new mapping method (NMM) [26, 32, 33] to derive exact solutions for systems with
composite nonlinearities—demonstrating that such equations can admit structured solutions under specific constraint
conditions. For the polynomial case, various types of Jacobi elliptic function solutions are also constructed via Jacobi
elliptic function method (JEFM) [20].

Complementing the theoretical findings, numerical simulations are used to visualize phase portraits, chaotic attrac-
tors, whereas the wave structures are visualized based on our determined analytical solutions under varying parametric
regimes. These results reveal transitions between integrable-like behavior, weak chaos, and strong turbulence, offering
new insights into nonlinear wave phenomena in physically relevant settings.

2. Derivation of the ODE and formation PDS with external forcing

We assume a solution of the form:

V (x, y, z, t) = U(ξ), ξ = lx+my + nz −Mt, (2.1)

where l,m, AND n are directional wave numbers which depends on the obliqueness and satisfy l2 +m2 + n2 = 1 and
M is the wave speed. Substituting Eq. (2.1) into Eq. (1.1) gives

−M
dU

dξ
+ (aU + b

√
U)n

dU

dξ
+ σn3 d

3U

dξ3
+ δ(l2 +m2)n

d3U

dξ3
= −γn

dU

dξ
+ F sin(ωt). (2.2)
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Figure 1. Phase portrait of the unperturbed ZK system with M = 0.1, σ = 0.2, δ = 0.1, θ = π/15.

Integrating once with respect to ξ:

−MU +
na

2
U2 +

2nb

3
U3/2 +D

d2U

dξ2
= −γnU + F

∫
sin(ωt)dξ + C, (2.3)

where C is an integration constant (set to zero for localized solutions) and D = σn3 + δ(l2 + m2)n =⇒ D =
σn3+δ(1−n2)n, where n = cos(θ) and θ is the obliqueness. To from PDS, one needs to use forcing term transformation.

Hence, approximating t ≈ −ξ/M , one obtains sin(ωt) ≈ sin
(
−ωξ

M

)
= − sin

(
ωξ
M

)
, and

∫
sin(ωt)dξ ≈ M

ω cos
(

ωξ
M

)
. By

introducing small parameter ϵ, that is γ → ϵγ, F → ϵF , the following ODE is obtained:

d2U

dξ2
=

1

D

(
MU − na

2
U2 − 2nb

3
U3/2

)
+ ϵ

1

D

(
−γnU +

FM

ω
cos

((
ωξ

M

)
+ ϕ0

))
, (2.4)

where ϕ0 is the effective phase shift. This ODE is now suitable for analysis using perturbation methods like Melnikov’s
method to study chaotic dynamics or soliton stability under damping and forcing. We convert this to a first-order
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Figure 2. Phase portrait of the unperturbed ZK system with M = 0.5, σ = 0.5, δ = 0.3, θ = π/6.

system by introducing variables W = dU
dξ and Θ = ωξ

M + ϕ0. The resulting 3D PDS is:

dU

dξ
= W,

dW

dξ
=

1

D

(
MU − na

2
U2 − 2nb

3
U3/2

)
+ ϵ

1

D

(
−γnU +

FM

ω
cosΘ

)
,

dΘ

dξ
=

ω

M
.

(2.5)

With the absence of damped forcing term, it can be converted to the following 2D PDS:
dU

dξ
= W,

dW

dξ
=

1

D

(
MU − na

2
U2 − 2nb

3
U3/2

)
.

(2.6)

3. Dynamical analysis

Dynamical analysis is essential for understanding the behavior of nonlinear systems. It helps identify equilibrium
states, stability, bifurcations, and the onset of chaos, offering deep insights without needing exact solutions. This is
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Figure 3. 3D phase space trajectory of the perturbed ZK system projected in (U,W,Θmod 2π) space
for a = 1,M = 0.5, σ = 0.2, δ = 0.1, θ = π/3, γ = 0.1, ϵ = 0.1, ω = 0.1.

vital in modeling wave dynamics, plasma behavior, and other complex physical systems [6, 14, 15, 21, 30]. To analysis
the dynamical features of Eq. (2.6), the following jacobian matrix is formed:

J(U,W ) =

 0 1

1

D

(
M − naU − nb

√
U
)

0

 . (3.1)

Theorem 3.1 (Stability at the Origin). For the equilibrium point (0, 0) of system as in Eq. (2.6):

(1) When M/D > 0, the origin is a saddle point.
(2) When M/D < 0, the origin is a center.
(3) When M = 0, the origin is linearly degenerate.

Proof. At (0, 0), the Jacobian simplifies to:

J(0, 0) =

[
0 1

M/D 0

]
,

with characteristic equation λ2 −M/D = 0, yielding the stability conditions. □
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Figure 4. 3D phase space trajectory of the perturbed ZK system projected in (U,W,Θmod 2π) space
for M = 0.5, σ = 0.6, δ = 0.3, θ = π/3, ϵ = 0.1, ω = 1.8.

For the case of pure square-root nonlinearity (a = 0), additional equilibria occur at:

U =

(
3M

2nb

)2

=: U∗,

where the Jacobian takes the form:

J(U∗, 0) =

[
0 1

−M/(2D) 0

]
.

In the case of quadratic nonlinearity (b = 0), non-trivial equilibria appear at: U = (2M/na), with corresponding

Jacobian eigenvalues λ = ±
√
−M/D. However, one can determine the cubic equation as 3naU3 − 6MU + 4nb = 0

when a ̸= 0 and b ̸= 0. By depending on the parametric values of the parameters, one can determine several real or
complex equilibrium points.

Figures 1 and 2 display the phase portraits diagrams under various conditions with the constant values of the
remaining parameters. The phase portraits reveal how the interplay between polynomial and root-type nonlinearities
profoundly shapes the dynamics of the reduced system. When the system is governed by pure polynomial nonlinearity
(a ̸= 0, b = 0), symmetric phase space structures and closed orbits around a center are observed, with the emergence
of a well-defined homoclinic orbit connecting a saddle point. In contrast, when only root-type nonlinearity is present
(a = 0, b ̸= 0), the phase space becomes asymmetric, with the homoclinic loop skewed and saddle points shifted,
indicating the softening or hardening nature of the wave response. For mixed nonlinearity (a, b ̸= 0), the system
exhibits richer topological features, including multiple equilibrium points and complex orbit families, suggesting the
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Figure 5. Variation of amplitude of the solution of Eq. (1.1). (a) 2D profile of V , and (b) 3D
representation of V in terms of elliptic functions cn, sn, and dn, denoted by Vcn, Vsn, and Vdn,
respectively, with respect to the stretching coordinate ξ. The plots are shown for M ∈ [0, 1] under
the parametric values a = 0.8, M = 0.1, σ = 0.1, δ = 0.4, and n = cos(π/6).
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Figure 6. 3D surface bright (left column) and dark (rght column) soliton profiles of V with regards
to ξ and θ using cn with M = 1 with M = 0.4.

coexistence of solitary wave and chaotic structures. Physically, the existence of homoclinic orbits corresponds to
solitary wave solutions localized in space, while their deformation or bifurcation indicates the onset of complex wave
interactions or instability. By varying the dispersion parameters σ and δ, the number and location of equilibria can be
tuned, illustrating the sensitive dependence of nonlinear wave propagation on both the nonlinearity type and dispersive
strength in obliquely propagating plasma or fluid media. Now, to check the existence of chaos, the Melnikov’s method
is implemented:

Theorem 3.2 (Existence of Chaos via Melnikov’s Method). Consider the perturbed ZK system as in Eq. (2.4) where
ϵ ≪ 1 is a small perturbation parameter, and ϕ0 is a phase shift. Assume that the unperturbed system (ϵ = 0) admits a
homoclinic orbit Uh(ξ) connecting the saddle point at U = 0. Then the Melnikov function for transverse intersections
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Figure 7. Effect of obliqueness on the amplitude of super-nonlinear periodic wave structures that is
V (ξ) governed by elliptic function solutions with modulus M = 0.9 and M = 0.1. V (ξ) is plotted for
six representative parameter sets (a, σ, δ): (a) Dark-type wave for (−1.2,−0.1, 0.3), (b) Bright peak
for (1.0, 0.2,−0.5), (c) Upstanding sharp pulse for (0.3, 0.3, 2.0), (d) Broad valley for (−0.5, 0.8, 0.8),
(e) Smooth elevation for (1.5,−0.2, 0.5), and (f) Hybrid sharp structure for (0.2,−0.1, 1.8). .

of stable and unstable manifolds is given by:

M(ξ0) =

∫ ∞

−∞

(
dUh

dξ

)[
−γnUh +

FM

ω
cos

(
ω(ξ + ξ0)

M
+ ϕ0

)]
dξ, (3.2)

where ξ0 is a phase shift parameter along the homoclinic orbit. If there exists ξ∗0 ∈ R such that

M(ξ∗0) = 0 and
dM
dξ0

∣∣∣∣
ξ0=ξ∗0

̸= 0,

then for 0 < ϵ ≪ 1, the system exhibits chaotic dynamics through the formation of Smale horseshoes.

Proof. Step 1: Unperturbed dynamics. The unperturbed system (ϵ = 0) is Hamiltonian, with

W =
dU

dξ
, H(U,W ) =

1

2
W 2 −

(
M

2D
U2 − na

6D
U3 − 4nb

15D
U5/2

)
, (3.3)
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Figure 8. Surface plots of nonlinear wave structures V (x, z) with y = 0, fixed time 0.5 σ = 0.1,
δ = 0.3, a = 1.5, M = 0.2 l = cos(Θ),Θ = π/4 and n = cos(θ), θ = π/3 derived from Jacobi
elliptic functions under oblique wave propagation. Six representative cases are illustrated: (a) Periodic
structure based on cn2 with M = 0.10, (b) Broad hill profile with cn2 at M = 0.80, (c) Localized
soliton-like structure with cn2 at M = 0.99, (d) Modulated structure from sn2 with M = 0.65,
(e) Profile using dn2 with M = 0.70, and (f) Mixed-type structure from cn · dn at M = 0.95. .

admitting a homoclinic orbit (Uh(ξ),Wh(ξ)) → (0, 0) as ξ → ±∞. Step 2: Perturbation dynamics. The pertur-
bation is introduced through

g(U, ξ) =

(
0

−γnU + FM
ω cos

(
ωξ
M + ϕ0

))
. (3.4)
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Step 3: Melnikov Integral. The Melnikov function measures the distance between stable and unstable manifolds:

M(ξ0) =

∫ ∞

−∞

dUh

dξ

[
−γnUh +

FM

ω
cos
(

ω(ξ+ξ0)
M + ϕ0

)]
dξ

= −γn

∫ ∞

−∞
Uh

dUh

dξ
dξ︸ ︷︷ ︸

=0 (odd integrand)

+
FM

ω

∫ ∞

−∞

dUh

dξ
cos
(

ω(ξ+ξ0)
M + ϕ0

)
dξ. (3.5)

Using the identity

cos
(

ω(ξ+ξ0)
M + ϕ0

)
= cos

(
ωξ0
M + ϕ0

)
cos
(

ωξ
M

)
− sin

(
ωξ0
M + ϕ0

)
sin
(

ωξ
M

)
,

we define

Ic =

∫ ∞

−∞

dUh

dξ
cos
(

ωξ
M

)
dξ, Is =

∫ ∞

−∞

dUh

dξ
sin
(

ωξ
M

)
dξ, (3.6)

and obtain

M(ξ0) =
FM

ω

[
Ic cos

(
ωξ0
M + ϕ0

)
− Is sin

(
ωξ0
M + ϕ0

) ]
. (3.7)

Using trigonometric simplification:

M(ξ0) =
FM

ω

√
I2c + I2s sin

(
ωξ0
M + ϕ0 + α

)
, α = arctan

(
Ic
Is

)
. (3.8)

Step 4: Chaotic Condition. The function M(ξ0) has simple zeros if F ̸= 0 and
√

I2c + I2s ̸= 0, implying that the
stable and unstable manifolds intersect transversally. Therefore, for small ϵ > 0, the system exhibits chaotic dynamics
via Smale horseshoes. □

Remark 3.3. For b = 0, the homoclinic solution reduces to the classical KdV soliton:

Uh(ξ) =
3M

na
sech2

( √
M

2
√
D
ξ
)
,

dUh

dξ
= −6M

√
M

na
√
D

sech2
( √

M
2
√
D
ξ
)
tanh

( √
M

2
√
D
ξ
)
. (3.9)

Using Fourier techniques, we find

Ic =
12πM3/2ω

na
√
D

csch
(

π
√
Dω

M

)
, Is = 0. (3.10)

For b ̸= 0, the homoclinic orbit must be computed numerically, and the Melnikov integrals are approximated as

Ic(ω) ≈
∫ L

−L

dUh

dξ
cos
(

ωξ
M

)
dξ, L ≫ 1. (3.11)

Remark 3.4. The threshold value of the forcing amplitude F required for the onset of chaos satisfies

Fc(ω) =
γnω

M

∣∣∣∣∣
∫∞
−∞ Uh

dUh

dξ dξ

Ic

∣∣∣∣∣ . (3.12)

Note that if
∫
Uh

dUh

dξ dξ = 0 due to symmetry, then any non-zero forcing F > 0 may lead to chaotic behavior. Hence,

the dynamical regime shows various structures, such as integrable KdV-like solitons (b/a = 0), weak chaos onset
(0 < b/a ≪ 1), and strong chaos (b/a ∼ O(1)).

To explore the dynamical behavior of the perturbed Zakharov–Kuznetsov system, we analyze the phase space
trajectories in the three-dimensional space (U,W,Θ) for various values of the nonlinear parameters a and b, and the
external forcing amplitude F . Figure 3 and 4 reveals diverse dynamical regimes based on the strength and type of
nonlinearity. For the integrable case (a ̸= 0, b = 0, F = 0), the system exhibits smooth, closed orbits corresponding
to regular solitary wave dynamics. When a weak square-root nonlinearity is introduced (a ̸= 0, b > 0), along with
a small external force, the orbits begin to show slight distortions and sensitivity to initial conditions, indicating
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the onset of weak chaos. As the nonlinearity and forcing amplitude are further increased, the system transitions
to a fully chaotic regime characterized by irregular, broadband structures in phase space, signifying strong wave
turbulence. An intermediate case highlights the gradual deformation of regular orbits into chaotic attractors. These
transitions demonstrate that the interplay between quadratic and square-root nonlinearities, together with periodic
forcing, profoundly affects the wave dynamics. Physically, such behavior may correspond to modulational instabilities
and resonance interactions in dispersive plasmas or fluids, where external excitation leads to energy redistribution and
complex wave interactions. The equilibrium points and their bifurcations also evolve depending on the values of δ and
σ through the dispersion coefficient D = σn3 + δn(1− n2), and suitable choices of parameters reveal cases with up to
three distinct equilibrium points, further enriching the system’s phase structure.

4. Exact solutions for the case of quadratic nonlinearity via JEFM with discussion

It is observed that Eq. (2.4) is solvable either a = 0 or b = 0 along with ϵ = 0, otherwise it is a non-integrable
equation. By considering b = 0 and ϵ = 0, Eq. (2.4) can be written as

1

2
anU2 −MU +D

d2U

dξ2
= 0. (4.1)

We assume a solution based on the Jacobi elliptic cosine function cn(Bξ,M):

U(ξ) = a0 + a1 cn(Bξ,M) + a2 cn
2(Bξ,M). (4.2)

Substituting U(ξ) into Eq. (4.1), we equate coefficients of like powers of cn(Bχ,m) to obtain the algebraic equations
(ignored for simplicity). Solving the resulting equations, we determine the expression for a0, a2, a3 and B as below.

a0 =
4B2DM2 + 4B2D +M

an
, a1 = 0, a2 = −12B2DM2

an
,B =

√
D
√
M4 −M2 + 1M

2D
√
M4 −M2 + 1

.

Hence the solution of the considered model equation as in Eq. (1.1) with b = 0 and without forced-damped term as

V (x, y, z, t) =
4B2DM2 + 4B2D +M

an
− 12B2DM2

an
cn2(Bξ,M), (4.3)

where ξ = lx + my + nz − Mt. It is noted one can also derive similar type of solutions by considering sn or cn.dn
instead of cn and M ∈ [0, 1].

Depending on the parameter values, the obtained solutions exhibit various types of wave structures. Furthermore,
one can analyze the effect of parameters on the amplitude variation by plotting V (ξ). The shapes of the structures
can also be visualized by plotting V as a function of two spatial variables while keeping the third one fixed, such
as V (x, y) with z constant, V (x, z) with y constant, or V (y, z) with x constant, at a fixed time. To illustrate it,
Figures 5–8 display either variation of amplitude of the wave propagation or various types of coherent structures
based on the values M. Figure 5 illustrates the evolution of the amplitude of nonlinear wave profiles constructed
from squared Jacobi elliptic functions cn2, sn2, and dn2 under varying modulus M ∈ (0.1, 0.99) at fixed obliqueness
θ = π/6. As M increases, all three waveforms exhibit stronger localization and amplitude enhancement, with cn2

producing bright-type solitons, sn2 yielding symmetric dip-like structures, and dn2 showing hybrid characteristics.
These results confirm that the modulus parameter acts as a tuning knob for soliton shape, and that the system
supports a rich class of bounded waveforms under elliptic-function ansatz. Figure 6 presents six representative soliton
structures with the variation of their amplitudes corresponding to different combinations of the parameters (a, σ, δ),
illustrating the impact of obliqueness θ on the amplitudes of nonlinear wave propagation. Each panel captures a
distinct waveform behavior—ranging from bright and dark solitons to flat and hybrid-like profiles—emerging from
the analytical solution constructed using the Jacobi elliptic function cn2. The obliqueness influences the effective
dispersion D(θ) = σ cos3 θ + δ(1− cos2 θ) cos θ, leading to diverse solution morphologies. For instance, bright solitons
sharpen and intensify with increasing θ, while dark solitons exhibit deeper troughs or suppressed amplitudes depending
on D(θ)’s sign and magnitude. Particularly, cases with high absolute values of a and balanced (σ, δ) produce sharply
localized structures, whereas low-dispersion settings induce flattened or asymmetric waves. These results emphasize
that obliqueness serves as a bifurcation parameter modulating the nonlinear-dispersive balance, thereby offering rich
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dynamical regimes and controllable wave features in oblique wave systems governed by elliptic-function-based soliton
solutions. Figure 7 illustrates the emergence of the variation of amplitudes of super-nonlinear periodic waveforms
governed by the squared Jacobi elliptic function cn2 for fixed modulus M = 0.9, with varying obliqueness angle θ
and six distinct parameter sets (a, σ, δ). The computed structures span dark dips, bright humps, broad valleys, and
hybrid sharp forms, emphasizing how nonlinear dispersion and geometric obliqueness jointly shape wave evolution.
The profiles become increasingly modulated as θ varies, revealing rich structural diversity, especially under large
nonlinear dispersion (e.g., panel 3 and 6). The analytically computed wave number B ensures dynamically consistent
elliptic oscillations. Overall, the simulations demonstrate that super-nonlinear periodicity allows tunable control of
waveform morphology under combined parametric and directional modulation. Figure 8 presents a collection of 3D
nonlinear wave structures in the (x, z)-plane under fixed obliqueness θ = π/3 and directional projection Θ = π/4,
demonstrating how distinct elliptic-function waveforms evolve in space at a fixed time slice (t = 0.5). The profiles
span a range of elliptic modulus values M and functional forms, including cn2, sn2, dn2, and the product cn · dn.
For lower M (e.g., M = 0.1), the solution appears periodic and wavy, while higher values (e.g., M = 0.99) induce
strong localization resembling soliton peaks. Directional cosines ensure proper oblique propagation geometry through
ξ = lx + my + nz − Mt. Notably, only the cn2 case uses a fully analytic expression, whereas others are scaled
visualizations. These results verify the geometric tunability of nonlinear periodic and solitary structures through
combined control of modulus, functional form, and wave obliqueness.

5. Exact solutions for the case of non-polynomial nonlinearity via the extended NMM with
discussion

Eq. (2.4) can be written with the presence of non-polynomial nonlinearity by considering U(ξ) = (U(ξ))4 with
a = 0, and ϵ = 0 as(

dU
dξ

)2

+
1

3
U d2U
dξ2

+K2U4 −MK3U2 = 0, (5.1)

where K2 = (nb)/(18D) and K3 = 1/(12D). Firstly, we need to homogenous balance between higher-order derivative
and nonlinearity, which yields (1 + 1)N + 2 = 4N =⇒ N = 1. Thus the NMM suggest that the analytical solution
of Eq. (5.1) can be defined as

U(ξ) =
2N∑
r=0

Ai(Ψ(ξ))r, N = 1, (5.2)

where Ψ(ξ) satisfy the following the nonlinear ordinary differential equation:(
dΨ(ξ)

dξ

)2

= pΨ(ξ)2 +
1

2
qΨ(ξ)4 +

1

3
sΨ(ξ)6 + r. (5.3)

The above equations yields a huge amount of solutions based on various constrains conditions that are given in Ref.
[26, 33]. By substituting Eq. (5.2) along with the consideration of Eq. (5.3), Eq. (5.1) can be converted with grouping
terms by powers of Ψ to

20

9
A2

2s+K2A4
2 = 0,

23

9
A1sA2 + 4K2A1A3

2 = 0,

8

9
A2sA0 + 4K2A0A3

2 + 3A2
2q +

2

3
A2

1s+ 6K2A2
1A2

2 = 0,

10

3
A1qA2 +

1

3
A1sA0 + 12K2A0A1A2

2 + 4K2A3
1A2 = 0,

12K2A0A2
1A2 +A2qA0 +K2A4

1 + 6K2A2
0A2

2 −K3MA2
2 +

5

6
A2

1q +
16

3
A2

2p = 0,
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Figure 9. Variation of amplitude of non-polynomial wave structures with regards to obliqueness
derived from a newly obtained analytical solution to the generalized Zakharov–Kuznetsov (ZK) system
with square-root and quartic nonlinearities. The profiles V (ξ) are visualized for six representative
cases. Depending on the sign and magnitude of p, the system supports a diverse range of localized
waveforms, including: smooth dark soliton-like structures, sharp upstanding peaks, strong nonlinear
dark dips, high-intensity spikes, broad humps, and hybrid sharply profiles, respectively.

− 2K3MA1A2 +
17

3
A1pA2 +

1

3
A1qA0 + 4K2A0A3

1 + 12K2A2
0A1A2 = 0,

4K2A3
0A2 − 2K3MA0A2 + 6K2A2

0A2
1 +

4

3
A2pA0 +

14

3
A2

2r −K3MA2
1 +

4

3
A2

1p = 0,

1

3
A1pA0 +

14

3
A2rA1 − 2K3MA0A1 + 4K2A3

0A1 = 0,

2

3
A2rA0 +A2

1r +K2A4
0 −K3MA2

0 = 0.

Simplifying the above equations, the following expressions are determined:

a0 =

√
5K3M

4K2
, a1 = 0, a2 = − 5q

3
√
5K2K3M

,p = p, q = q, r =
16p2

25q
, s =

15q2

64p
.
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In the influential work in Refs. [26, 33], a new mapping method was developed for solving differential equations, based
on constructing exact solutions via transformation methods that rely on certain constraint conditions—specifically,
parameters denoted by r and s. Their approach has proven highly effective in generating diverse classes of exact
solutions for nonlinear evolution equations (NLEEs) with polynomial nonlinearities. These constraint conditions are
central to enabling the solution process and serve as a foundation for classifying and generating solution families.

In our investigation, we apply this framework to a class of nonlinear differential equations exhibiting non-polynomial
nonlinearities. Surprisingly, it is observed that the classical constraint conditions r and s proposed in Refs. [26, 33] are
insufficient to generate exact solutions in this context. That is, while the method yields fruitful results for polynomial
forms, it fails to resolve or reduce the equations into a tractable form when the nonlinearities are non-polynomial in
nature. Consequently, we establish new conditions on the parameters, adapted specifically to the structure of non-
polynomial nonlinearities, and thereby successfully derive exact solutions. To illustrate this, Eq. (5.3) can then be
converted along with the determined constrains conditions r and s to(

dΨ

dξ

)2

= pΨ2 +
1

2
qΨ4 +

5q2

64p
Ψ6 +

16p2

25q
. (5.4)

Motivated by the rational structure of the right-hand side, we propose the following hyperbolic ansatz:

Ψ(ξ) =

√
α tanh2(kξ)

1 + β tanh2(kξ)
, (5.5)

or alternatively,

Ψ(ξ) =

√
α tan2(kξ)

1 + β tan2(kξ)
, (5.6)

where α, β, k are constants to be determined. Introducing T = tanh(kξ), the squared form becomes:

Ψ2 =
αT 2

1 + βT 2
,

which leads to:(
dΨ

dξ

)2

= αk2 · (1− T 2)2

(1 + βT 2)3
. (5.7)

Expanding the right-hand side of Eq. (5.4) using the ansatz yields:(
dΨ

dξ

)2

=
1

(1 + βT 2)3

[
pαT 2(1 + βT 2)2 +

1

2
qα2T 4(1 + βT 2) +

5q2

64p
α3T 6 +

16p2

25q
(1 + βT 2)3

]
. (5.8)

By collecting like powers of T from Eqs. (5.7) and (5.8), we compare both sides term by term:

Coefficient of T 0 : αk2 =
16p2

25q
,

Coefficient of T 2 : − 2αk2 = pα+
48p2

25q
β,

Coefficient of T 4 : αk2 = 2pαβ +
1

2
qα2 +

48p2

25q
β2,

Coefficient of T 6 : 0 = pαβ2 +
1

2
qα2β +

5q2

64p
α3 +

16p2

25q
β3.

Solving the resulting algebraic system yields the following via Maple 18 manipulation software:

k = ±
√
−p

5
, α = −16

5
· p
q
, β = 1,
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Similarly, the following values for k, α and β are determined by considering the alternative soluton:

k = ±
√

p

5
, α =

16

5
· p
q
, β = −1.

Hence the solution of the considered model equation as in Eq. (1.1) with a = 0 and without forced-damped term as

V (x, y, z, t) =

(√
5K3M

4K2
+

16p

3
√
5K2K3M

·
tanh2

(√
−p

5 ξ
)

1 + tanh2
(√

−p
5 ξ
))4

, p < 0, (5.9)

and

V (x, y, z, t) =

(√
5K3M

4K2
− 16p

3
√
5K2K3M

·
tan2

(√
p
5 ξ
)

1− tan2
(√

p
5 ξ
))4

, p > 0. (5.10)

where ξ = lx + my + nz − Mt. This solution strategy demonstrates that while the original method in Refs. [26,
33] operates effectively under polynomial constraints, its generalization to non-polynomial structures requires novel
constraint conditions. The values of α, β, k obtained here represent such a modification, enabling exact solution
derivation for classes of nonlinear ODEs previously inaccessible under the standard approach. Even, the JEFM is
also not applicable to determine the solutions with this conditions. This constitutes the primary novelty of our
contribution: extending the mapping method to equations with non-polynomial nonlinearities by deriving consistent
constraint conditions compatible with the ansatz form.

Figure 9 presents six novel families of non-polynomial nonlinear wave structures, with analytically derived amplitude
variations reported here for the first time. These solutions, obtained from a fourth-power expression involving non-
polynomial transformations of hyperbolic tangent and tangent functions, display remarkably diverse spatial behaviors
under different parameter sets (p, σ, δ) and obliqueness angle θ. The governing formulation incorporates obliqueness
through the effective dispersion parameter D(θ) and admits both focusing (p > 0) and defocusing (p < 0) regimes.
The amplitude of wave propagation, along with its sharpness and degree of localization, is shown to be highly sensitive
to the sign and magnitude of p, as well as the obliqueness θ, thereby confirming the rich and tunable solution
space. The resulting structures include smooth dark-type profiles, sharply peaked solitons, broad nonlinear dips, and
hybrid localized formations, each modulated by parameter variations. Although one can also generate a collection of
waveforms by displaying V (x, y), or V (x, z) or V (y, z)(while fixing the third spatial variable), this has been omitted
here for simplicity. The ability to visualize these exotic waveforms in 3D across obliqueness provides deeper insight into
the geometric tunability and directional sensitivity of the solutions. Since these expressions deviate from conventional
polynomial nonlinearities, the resulting profiles constitute a significant extension of classical soliton theory, opening
avenues for further exploration in systems with higher-order or fractional-gradient effects, and reinforcing both the
originality and theoretical depth of the present work.

6. Conclusion

This study presented a comprehensive analytical and numerical exploration of a generalized ZK equation, incor-
porating mixed nonlinearities, anisotropic dispersion, damping, and external forcing to model obliquely propagating
nonlinear waves.

The main findings reveal the profound impact of mixed polynomial and root-type nonlinearities on the system
dynamics. Phase portrait analysis demonstrates that pure polynomial nonlinearity yields symmetric phase spaces
with homoclinic orbits, while root-type nonlinearity introduces asymmetry and shifts equilibria, indicating wave soft-
ening/hardening. The interplay of both nonlinearities, especially under external forcing, leads to complex dynamics,
including transitions from regular orbits to weak and fully developed chaos, corresponding to modulational instabilities
and wave turbulence. Using a traveling wave reduction, the PDE was transformed into a second-order ODE. Melnikov’s
method confirmed the existence of transverse homoclinic intersections, revealing the onset of deterministic chaos un-
der suitable conditions—an advancement rarely applied to ZK-type systems with external forcing. Analytically, we
extended the new mapping method by deriving new constraint conditions to obtain exact solutions for non-polynomial
nonlinearities, which was previously unattainable. A rich spectrum of coherent structures—including bright/dark
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solitons and super-nonlinear periodic waves constructed from Jacobi elliptic functions—is systematically classified.
These wave morphologies are highly tunable via the elliptic modulus, nonlinear parameters, dispersion coefficients,
and the obliqueness angle, which modulates the effective dispersion. Additional Jacobi elliptic solutions were derived
for the quadratic case, covering a broad class of waveforms from periodic to solitary profiles. Simulations demonstrated
diverse wave regimes, including smooth solitons, periodic patterns, and hybrid localized structures, strongly influenced
by obliqueness angle and elliptic modulus. Notably, novel non-polynomial 3D structures were visualized for the first
time. Overall, the system exhibits three principal behaviors: integrable-like solitary waves, weak chaos near resonance,
and broadband turbulence. These are validated through exact analysis and numerical phase portraits.

This work opens several promising avenues for future research. The extended mapping method could be applied to
other nonlinear systems with fractional or higher-order non-polynomial terms. Investigating the stability analysis of
the obtained solutions using linear perturbation methods would provide crucial insights into their physical realizability.
Furthermore, extending the model to include higher-dimensional effects or quantum corrections could reveal additional
rich dynamics relevant to advanced plasma and fluid applications. The study advances ZK theory by introducing new
analytical tools, identifying chaotic regimes, and visualizing rich nonlinear wave structures in complex environments,
providing a comprehensive framework for understanding complex wave interactions in obliquely propagating plasmas
or fluids.
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