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Abstract , \

This study examines tangent hyperbolic fluid flow over a paraboloid surface in the presence of quartic autocatalytic
chemical reactions between homogeneous and heterogeneous phases. The model incorporates thermal radiation,
spatially varying heat generation, Brownian motion, thermophoresis, and an external magnetic field. The governing
equations are reduced to nonlinear ODEs and solved using the Keller Box Method, effectively capturing the shear-
thinning nature of the fluid. Results reveal that radiation and heat generation strongly influence temperature
distribution, while Brownian and thermophoretic effects modify flow and thermal fields. Furthermore, increasing
magnetic strength and the Weissenberg number enhances the Nusselt number, indicating improved heat transfer
through magnetic effects and fluid elasticity.
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1. INTRODUCTION

The tangent hyperbolic fluid is a non-Newtonian fluid model that effectively characterizes both shear-thinning and
shear-thickening behaviors. Unlike Newtonian fluids, its viscosity varies with the rate of shear strain, enabling it to
adapt under different flow conditions. This property makes the model especially useful in simulating complex fluids
encountered in real-world scenarios such as polymer solutions, biofluids, paints, and coatings. Its versatility renders
it indispensable in various industrial applications, particularly in coating processes, polymer extrusion, biomedical
engineering, and thermal management systems, where precise control over fluid behavior is critical. A key aspect of
this research area is the theoretical analysis of fluid properties. In this regard, the work by [2] provides an important
contribution by examining the regularity of weak solutions to fluid flows.

The tangent hyperbolic fluid model has proven effective in capturing diverse magneto-thermo-fluidic phenomena in
porous and non-porous domains. The study by [25] delves into the numerical simulation of unsteady squeezing nanofluid
and heat flow, providing a relevant precedent for the numerical approach taken in this paper. Nasir et al. [27] explored
solutal-thermal stratification effects on tangent hyperbolic Buongiorno nanofluid flow over a porous stretching sheet,
utilizing the Homotopy Analysis Method (HAM) to reveal velocity suppression with increasing Weissenberg number,
and thermal amplification via elevated Biot number. Asogwa et al. [7] analyzed electro-magneto-hydrodynamic flow
incorporating volumetric heating, Arrhenius kinetics, and cross-diffusion, offering valuable insights into reactive flow
systems. Gaffar et al. [12] assessed the thermomagnetic responses of a micropolar tangent hyperbolic fluid over a
non-isothermal conical surface, highlighting the impact of micro-rotation and anisotropic heating. Moltot et al. [26]
investigated the unsteady magnetohydrodynamic (MHD) flow of a tangent hyperbolic ternary hybrid nanofluid through
a Darcy—Forchheimer porous medium, accounting for variable thermal conductivity—an important consideration in
enhanced geothermal systems.
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Chemical reactions—classified as homogeneous or heterogeneous based on phase uniformity—constitute the core
of diverse catalytic systems [5]. Kim [16] revisited Lotka’s autocatalytic models, highlighting nonlinear feedback
in chemical oscillations. Hu and Sapre [13] emphasized the significance of isothermal catalysis in biochemical and
petrochemical processes. Animasaun et al. [6] modeled viscoelastic flows governed by coupled autocatalytic and first-
order kinetics, noting the cubic model’s limitations at elevated wall-catalyst concentrations. AlBaidani et al. [4] linked
rheological shifts in Maxwell nanofluids to reaction-modulated Deborah numbers. Waini et al. [31] showed that hybrid
nanofluids, through reactive species, intensify shear and solutal effects while suppressing thermal transport.

Thermophoresis, critical in applications like reactor safety and aerosol filtration, alongside Brownian motion—first
noted by Ingenhousz and later formalized by Einstein and Wiener—profoundly shapes particle transport. Their
combined effect has garnered interest in MHD transport studies. Matin et al. [24] analyzed these phenomena in
nanofluid flow between co-rotating cylinders, while Malvandi et al. [23] assessed heat transfer during film boiling.
Hussain et al. [14] investigated pseudo-plastic nanofluids, revealing non-Newtonian responses. Shafey et al. [30] and
Obalalu et al. [28] extended the analysis to Newtonian and reactive fluids near stretched and vertically translating
cylinders. In a related study, [9] explores a numerical study of bioconvection and the Cattaneo-Christov heat flux
model in MHD Maxwell nanofluid flow, offering a comparative perspective on similar complex fluid behaviors.

In addition to traditional numerical schemes, wavelet-based methods have recently emerged as efficient tools for
solving nonlinear transport problems. Haar and orthogonal wavelet approaches, for instance, have been successfully
applied to nanofluid heat transfer, porous media flows, and unsteady squeezing flow configurations [18, 29]. These
studies demonstrate the capability of wavelets to handle complex thermal and fluid systems with good accuracy
and computational efficiency. However, their use in boundary-layer problems involving non-Newtonian fluids and
multiphysics interactions is still very limited. This gap reinforces the relevance of employing the Keller Box Method in
the present work, as it provides a more stable and well-established framework for analyzing nonlinear boundary-layer
dynamics.

To the best of our knowledge, this is the first comprehensive study that combines a paraboloid geometry, tangent
hyperbolic non-Newtonian fluid model, and multiphysics transport phenomena within the Keller Box framework. This
unique integration sets a new benchmark for the analysis of nonlinear boundary-layer flows, offering insights directly
relevant to advanced engineering and industrial applications. The work is anchored in key research questions, offering
a novel and integrative framework.

e How does increasing the magnetic parameter (M) enhance heat transfer efficiency in electrically conducting
fluids, and what role do secondary flow structures play in this enhancement?

e In what ways does fluid elasticity, characterized by the Weissenberg number (We), contribute to enhanced
convective heat transfer, and how does it alter boundary layer dynamics?

e How do buoyancy-driven flows, represented by the thermal Grashof number (Gr), influence the development
of horizontal velocity profiles and surface-driven convection?

e How does thermal radiation (Rd) influence temperature distribution in a radiative heat transfer system, and
why does it lead to lower overall temperature profiles?

e How does the Brownian motion parameter (Nb) simultaneously enhance thermal conductivity and reduce local
heat transfer at the surface in fluids?

e How do mass transport parameters such as the Schmidt number (S¢,) and thermophoresis parameter (Nt)
control concentration and temperature profiles in chemically reacting fluid systems?

The rest of this paper is structured as follows. Section 1 introduces the study and includes several supporting
subsections: the Novelty of the Present Work highlights the originality of the research; Flow Assumptions describe the
theoretical basis and simplifications; the Motivation and Research Gap outlines deficiencies in prior studies; Real-Life
Applications connect the model with practical systems; and the Advantages and Limitations of the Proposed Scheme
assess the Keller Box Method against other numerical techniques.

Section 2 provides an overview, historical background, and numerical methodology of the Keller Box Method,
highlighting its accuracy and adaptability. Section 3 presents the mathematical modeling of the tangent hyperbolic fluid
flow with the inclusion of homogeneous—heterogeneous reactions, nonlinear radiation, and transport effects. In Section
4, the governing equations are non-dimensionalized and transformed into a system of nonlinear ordinary differential
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equations. Section 5 offers a comprehensive discussion of the Keller Box Method’s significance and applications, while
Section 6 details the solution methodology adopted in this work. Section 7 presents numerical results and physical
interpretations, whereas Section 8 provides validation and comparison with earlier studies to ensure the accuracy of
the present findings. Section 9 presents graphical simulations and a detailed discussion of the different profiles. Finally,
Section 10 concludes the paper with key outcomes and potential directions for future research.

In order to strengthen the quality and originality of the present work, several key aspects have been highlighted
through dedicated subsections. First, the Novelty of the Present Work is emphasized, where the unique combination
of a paraboloid geometry, tangent hyperbolic non-Newtonian model, and advanced physical effects is discussed. This is
followed by Flow Assumptions, clearly outlining the theoretical basis and simplifications adopted to ensure a tractable
yet realistic formulation. The Motivation and Research Gap subsection situates the study within the broader context of
existing literature, identifying unexplored areas that justify the present investigation. To bridge theory with practice,
a separate discussion on Real-Life Applications is provided, demonstrating how the proposed model is relevant to
industrial, biomedical, and technological systems. Finally, the Advantages and Limitations of the Proposed Scheme are
critically evaluated, with a comparative table underscoring the strengths of the Keller Box Method against established
approaches. Collectively, these subsections ensure clarity, depth, and relevance, presenting a rigorous framework that
enhances the impact of this research.

1.1. Novelty of the Present Work. The originality of this work lies in its integrated treatment of a highly complex
fluid dynamic system. It is the first study to analyze tangent hyperbolic fluid flow over a paraboloid of revolution
while simultaneously accounting for magnetic field effects, quartic autocatalytic reactions, nonlinear thermal radiation,
Brownian motion, thermophoresis, and spatially varying heat generation. Unlike conventional approaches, the present
model captures the combined influence of these mechanisms within a single framework, offering a more realistic
representation of engineering and industrial processes. Moreover, the application of the Keller Box Method to this
multiphysics configuration is itself a novel contribution, as this scheme has not been systematically employed for curved
geometries with such intricate couplings. Together, the unique geometry, comprehensive physical modeling, and robust
numerical methodology establish the study as a distinctive contribution, providing new insights and benchmarks for
future research in non-Newtonian magneto-thermo-fluid dynamics.

1.2. Flow Assumptions. The mathematical formulation of the problem is based on the following assumptions:

e The fluid is incompressible and follows the tangent hyperbolic non-Newtonian model, accounting for shear-
thinning behavior.

e The flow is steady, laminar, and two-dimensional, developing along the surface of a paraboloid of revolution.

e A uniform magnetic field is applied normal to the flow direction, while induced magnetic effects are neglected
due to low magnetic Reynolds number.

e The boundary layer approximation is employed, assuming that gradients in the normal direction dominate
over streamwise variations.

e Thermal radiation is included using the Rosseland diffusion approximation.

e Internal heat generation/absorption is considered as a spatially varying function.

e Homogeneous (bulk) and heterogeneous (surface) quartic autocatalytic reactions are incorporated in the con-
centration field.

e Brownian motion and thermophoresis effects are included to capture nanoscale particle dynamics.

e Fluid properties are assumed constant, except for density variations in the buoyancy term (Boussinesq ap-
proximation).

e Viscous dissipation and Joule heating are neglected.

1.3. Motivation and Research Gap. Although non-Newtonian models such as the tangent hyperbolic fluid have
been widely investigated, most existing studies are restricted to simplified geometries such as flat plates, cylinders,
or channels. In practical situations, however, fluid flow frequently occurs over curved surfaces, where curvature
significantly alters the boundary-layer structure and heat transfer characteristics. Despite this importance, systematic
research on curved geometries remains limited.
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TABLE 1. Comparison of the Keller Box Method with established numerical schemes.
Feature Keller Box Method (KBM) | Shooting Method (SM) bvp4c
Stability Implicit scheme, uncondition- | Sensitive to initial guesses; may | Generally stable but may fail for
ally stable for stiff nonlinear | diverge strongly nonlinear systems
problems
Accuracy Second-order accurate in both | High accuracy possible, but de- | Adaptive mesh ensures good ac-

space and time

pendent on guess quality

curacy

Boundary Con-
ditions

Handles complex, mixed, or
nonlinear BCs effectively

Struggles with complex/mixed
boundary conditions

Can handle most BCs, but less
flexible for coupled nonlinear
BCs

Computational Efficient block-tridiagonal | Lower cost per iteration, but | Efficient due to built-in opti-
Cost solver; moderate effort required | may require many iterations mization

Implementation | Requires system reduction, dis- | Relatively simple to implement | Easy to use (built-in function)
Effort cretization, and LU factoriza-

tion

Nonlinear boundary-layer flows,
MHD, heat and mass transfer
problems

Best Use Cases Simple BVPs with well-posed

initial conditions

General-purpose BVP solver for
moderate complexity

Another limitation in the literature is the tendency to treat physical effects in isolation. For instance, some works
emphasize magnetic fields, others focus on chemical reactions or thermal radiation, while very few attempt to study
their combined influence. In real-world systems, these mechanisms rarely act independently, and their interactions may
produce unexpected nonlinear responses. This lack of integrative studies highlights the need for a unified framework
that can capture multiphysics coupling in a realistic manner.

From a numerical perspective, the situation is equally restrictive. Many studies rely on shooting methods, Runge-Kutta
schemes, or built-in solvers such as BVP4c. While these approaches are useful for moderately nonlinear problems, they
often become unstable or inefficient when applied to strongly coupled systems involving multiple transport processes.
In contrast, the Keller Box Method (KBM) is well-known for its robustness, stability, and suitability for nonlinear
boundary-layer flows. Yet, its potential has not been fully utilized for complex configurations such as paraboloid
geometries with multiphysics effects.

Taken together, these gaps reveal a clear opportunity for advancing current understanding: a comprehensive study
of tangent hyperbolic fluid flow over a curved configuration, incorporating multiple interacting physical processes and
solved with the Keller Box Method. Such an effort not only strengthens the theoretical modeling of non-Newtonian
flows but also enhances the reliability and applicability of numerical simulations to engineering and industrial systems.

1.4. Real-Life Applications. The present investigation is not purely theoretical but carries practical relevance in
several advanced engineering and industrial systems. The tangent hyperbolic fluid model is widely used to describe
shear-thinning fluids such as polymer solutions, paints, and biofluids, which appear in coating processes, extrusion
operations, and biomedical transport. The paraboloid surface considered in this study is representative of curved
geometries encountered in aerodynamic nose-cones, reflector antennas, catalytic reactors, and thermal management
devices, where curvature plays a key role in flow and heat transfer.

The inclusion of a quartic autocatalytic reaction reflects realistic scenarios in catalytic chemical processes, fuel cells,
and biochemical systems, where both homogeneous and heterogeneous reactions occur simultaneously. Similarly, the
effects of Brownian motion and thermophoresis are important in nanofluid applications, such as targeted drug delivery,
microchannel cooling of electronic components, and aerosol filtration technologies. Moreover, the role of an external
magnetic field is particularly relevant in magnetohydrodynamic generators, plasma reactors, and cooling systems in
nuclear and metallurgical industries.

Thus, the present study provides insights that are directly transferable to real-world problems where non-Newtonian
behavior, reactive transport, and coupled thermal phenomena over curved geometries are of critical importance.
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1.5. Advantages and Limitations of the Proposed Scheme. The Keller Box Method (KBM) offers several ad-
vantages compared with more conventional numerical schemes such as the shooting method, Runge-Kutta approaches,
or MATLAB’s BVP solvers. Its implicit formulation ensures strong numerical stability, particularly for stiff and highly
nonlinear systems, while the block-tridiagonal structure of the resulting algebraic system allows efficient computation
even with fine grid resolutions. Unlike shooting methods, which can suffer from divergence when initial guesses are
poor, KBM converges reliably over a broad parameter space. Moreover, it handles complex boundary conditions—such
as coupled, nonlinear, or mixed types—with greater flexibility than explicit schemes.

On the other hand, KBM requires a more elaborate implementation, involving reduction to first-order systems,
linearization, and matrix factorization at each iteration. This increases the programming effort compared with readily
available solvers like BVP4c. Additionally, for problems with very high dimensionality or ill-conditioned systems,
orthogonal factorizations or spectral methods may achieve better numerical stability. Nevertheless, for boundary-layer
flows with moderate computational demands, the Keller Box Method strikes an effective balance between accuracy,
robustness, and efficiency, validating its relevance in the present study. For clarity, some of these advantages and
limitations are summarized in Table 1 below.

2. INTRODUCTION TO THE KELLER BOX METHOD

2.1. Overview. The Keller Box method is one of the most reliable and widely applied numerical techniques for solving
boundary layer-type problems in fluid mechanics, heat transfer, and other transport phenomena. Its popularity stems
from its robustness, accuracy, and efficiency when dealing with nonlinear and coupled systems that often pose challenges
to traditional numerical schemes. By combining methodological rigor with computational stability, the Keller Box
method provides an effective framework for analyzing a broad spectrum of engineering and scientific problems.

2.2. Historical Background. The origins of the Keller Box method can be traced back to the early 1970s, when
Herbert B. Keller introduced the scheme to address the limitations of existing approaches for boundary layer analysis.
Many classical numerical techniques at the time, such as the shooting method and explicit Runge-Kutta schemes, were
prone to instability and required restrictive assumptions. Keller’s innovation was to design an implicit finite-difference
formulation that systematically reduced higher-order nonlinear differential equations into a system of first-order equa-
tions, discretized them through a box-type scheme, and solved the resulting system iteratively using Newton’s method.
This development marked a breakthrough in numerical analysis, as it enabled researchers to solve stiff and nonlinear
equations with second-order accuracy and strong stability, establishing the method as a cornerstone in computational
mathematics.

2.3. Numerical Methodology. From a methodological perspective, the Keller Box scheme follows a structured
sequence. First, the governing higher-order differential equations are transformed into an equivalent system of first-
order equations. Next, these are discretized over a computational grid using a box scheme that guarantees second-order
accuracy. The resulting nonlinear algebraic system is then linearized and solved through Newton’s method, while block
elimination is employed to simplify computations. This structured procedure ensures stability and efficiency, allowing
the method to handle nonlinearities, coupled systems, and complex boundary conditions more effectively than many
alternative numerical approaches.

2.4. Significance and Applications. The significance of the Keller Box method lies in both its accuracy and
adaptability. Researchers have successfully applied it to a wide variety of physical problems, including viscous flows,
magnetohydrodynamic flows, porous media transport, and heat and mass transfer processes. Its ability to produce
reliable solutions with comparatively fewer computational resources highlights its practical importance in modern
research. Unlike conventional methods, which may face difficulties in dealing with strongly nonlinear or stiff systems,
the Keller Box approach provides a consistent and flexible framework that remains relevant even with the increasing
complexity of present-day models.
an
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(i) quartic autocatalytic kind of chemical reaction between
homogeneous (bulk fluid) and heterogeneous (catalyst at the surface)
(ii) space dependent internal heat source

y
Z Direction of magnetic field B As y— oo
<L (T
b -

1-m

At y =Alx+b] 2

u=U,(x+b)™ v=20
T =T,(x)

A non - porous and non - melting upper horizontal
surface of a horizontal paraboloid of revolution

FIGURE 1. The coordinate system and arrangement for the scenario m < 1 from left to right across
a surface with varying thickness.

2.5. Motivation for the Present Study. In view of these strengths, the Keller Box method has been chosen
for the present study. Many engineering and scientific problems involve highly nonlinear governing equations with
coupled boundary conditions that cannot be solved efficiently using simpler schemes. The Keller Box method not
only provides the required stability and accuracy but also ensures that the solutions obtained are robust across a
wide parameter space. Its continued application in contemporary research underscores its reliability and relevance.
Therefore, adopting this method ensures that the present work is supported by a strong and well-established numerical
foundation, providing both clarity in theoretical formulation and motivation for practical implementation.

3. MATHEMATICAL MODELING

The present study rigorously examines the steady, laminar, and two-dimensional flow dynamics of a tangent hy-
perbolic fluid over a continuously deforming paraboloidal stretching surface, accounting for spatially varying internal
heat generation alongside nonlinear thermal radiation effects. The onset of fluid motion is considered above the curved
geometrical contour described by y = A(x + b)%, wherein the imposed stretching velocity near the surface conforms
to the distribution U, = Up(x + b)™. The surface is impermeable and free from melting resistance. A coupled ho-
mogeneous—heterogeneous reaction mechanism is considered, where a quartic autocatalytic reaction in the fluid phase
(A) interacts with a first-order decay reaction on the catalyst-coated surface (B). The thermal field is influenced by
nonlinear radiative heat transfer, and the surface temperature varies spatially as T, = A(z + b)l_Tm, while the far-field
temperature remains uniform. The velocity components u(z,y), v(z,y), temperature T'(x,y), and concentration fields
a(z,y), l(x,y) are analyzed within a boundary layer aligned along the z-axis, with y normal to the surface.

Employing the homogeneous—heterogeneous reaction paradigm initially promulgated by Chaudhary and Merkin [11]
and later scrutinized with heightened analytical rigor by Lynch [19], an isothermal quartic autocatalytic reaction is
envisaged within the confines of the boundary layer. This is especially pertinent to the circumstance wherein the
concentration of catalyst B is markedly elevated at the interface. Furthermore, this concept has been extended and
applied by Makinde and Animasaun [20, 21], as well as by Abegunrin et al. [1]

A+ 3B — 4B, (3.1)
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The chemical reaction is characterized by a rate of k1al®, and exclusively a single isothermal first-order reaction of
the specified type occurs on the upper horizontal surface of the paraboloid of rotation when a catalyst is introduced

A— B, (3.2)

The chemical reaction rate is represented by ksa, whereas the concentrations of the reactants A and B are indicated
by “a” and “I”, respectively. The reaction rate coefficients, k; and ks, cannot be strictly regarded as constants in
this context because these parameters include all possible factors influencing the reaction rate, with the exception of
concentration, which is explicitly taken into account in Eq. (3.1) and Eq. (3.2).

The governing boundary-layer equations take on the following form once Refs. [8, 17] are formulated:

ou Ov

ou ou ou\\ 0%u 8 m+1 oB?(x)
L + va—y ((1 —-n)+ \[nl"(a )) 52 8 (gxw2(T T )) 5 u, (3.4)

or oT 0T 1 0g, (D 9a 0T  Dr <8T> )

“a?*”a*y:aa?‘ﬁay ay By 3y

Qo[ e E:Ep( ny\/mi—kl\/fo ) (3.5)

The conveyance of thermal energy through radiative modalities within the fluidic continuum is incorporated by em-
ploying the Rosseland diffusion approximation, which facilitates an analytical attenuation of the radiative transfer
formalism under the postulation of an optically opacified regime

4o* OT* 40* 0

= = TxTxTxT :
1 S oy 3k gy LT X T xT). (3.6)

In this case, c* and k* represent the mean absorption coefficient and the Stefan—Boltzmann constant, respectively.
Radiation is quickly scattered or absorbed in optically dense material. A diffusion term is added to the energy equation
by Eq. (3.6), which reflects large temperature gradients that prevent 7% from linearizing around T, .

Implicit differentiation and substitution yield the modified energy equation:

or  aT 2T 1 8(40 6T4> ( da OT DT<8T>2>

“%H}Fy aW—F pC’ Oy \ 3k* Oy 8y By By

Qo[ pCp Exp( \/miﬂ\/ﬁo ) (3.7)

In accordance with the reaction scheme outlined in Eq. (3.1) and Eq. (3.2), the coupled homogeneous-heterogeneous
reactive system dictating the concentration evolution of species A and B, is consequently established:

da oa 0%a

Uaix +’U87y DAia 5 Klal (38)
ol ol 0?1

U%+U%_D36 B} —|—K1al3. (39)

The homogeneous—heterogeneous catalytic interaction at the boundary is encapsulated through tailored boundary
conditions governing the flow, acknowledging the chemical transformation of reactants A and B at the catalytic
surface:

Oa _ Ksa ol _ Ka
83} B DA ’ By o DB ’
u— 0, T — Ty, a — ag, l—0, as Yy — oo. (3.11)
[c [m]
(o] ¢ ]

u="U(x+b)™", v=0, T="T,(x), at y = A(x+b)177m, (3.10)



8 A. A. ZAFAR, H. NIAZ, AND H. PARVEEN

4. NON-DIMENSIONALIZATION AND PARAMETRIZATION

Subsect to boundary conditions, Eqs. (3.3), (3.4), and (3.7) to Eq. (3.9) must be non-dimensionalized and parame-
terized. From Egs. (3.10) and (3.11), Consider the following variables:

m+10,\"? mo1 im T-Ty T
(219) (1’+b) 2 ,Tw—A($+b) 2 ,o—m, i—[1+0w070],
_ 2 1/2 1 _ e _ L
va) = (235 ) QU@ 0", g =2 nt) =+
Together with variables:
gw(T B Too) Tw Ks Uw (x + b)
— _ = — A = =
o= Ry T 172 — Res 9
Da (’”2“ ’{9) (¢ +0)"
Qo pCpd TDpa,pCy TDr(Ty — T ) pCh
vy pCon(m + b)m_17 r L ) b L ) t Took 9
40*T3 v v Kia,a> Dp oB2
Rd = x Scg=—, Sop=—, K=——"-"2— 0=, M= .
ke 9T Dy P97 Dy Uy (z + b)ym—1 Da oU,
The dimensionless governing equation [8, 17] has the form of the continuity equation, which is naturally satisfied:
d2f\ d3f 2m \ df df 2f 2 df
1— A L A —(—=— 4.1
( n+nW€d2>dn3 (m+1)dndn+f % ( ) ay b
4 d?o dé do
(1 + fRd[a(Hw -1+ 1]3) e + Prf + (ARA[0(0p — 1) + 112(0 — 1) + Nt)d?7 an
(4.2)
df dg 2
Ny——= Pr| —— | Exp(— =
NG, T <m+1) zp(—nn) =0,
LI Geut® f— SeaK—2—gh® =0 (4.3)
d 2 a a m+ 1g - ) *
d*h 2 3
5d 5 JrScaf JrSc,legh =0. (4.4)

Importantly, the lowest value of y does not correspond to the origin of the slot under the adopted non-dimensionalization
scheme, thereby making y = 0 unsuitable for use in Eq. (3.10). As illustrated in Figure 1, imposing y = 0 along the
upper paraboloid boundary is not valid.

Rather, when the flow initiates at y = A(z + b) , the minimum value of y aligns with the minimum of the similarity
variable 7 as:
m+1U, 1/2
Al —— 4.5
7 ( 2 v ) : (4.5)
The formula is x = A (m+1 [{9 ) /2. This suggests that 7 = x is the boundary condition appropriate to scale the

boundary layer flow at the wall. The boundary condition turns into

df 1—m dg dh

_— = 1 = _— = _— = — = .
i~ ) oo 0 =1 dx = Ag(x), 5d>< Ag(x),  at x=m, (4.6)
df

a =0, 6x)—0, glx)—1, h(x)—0 asyx— . (4.7)
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The boundary conditions in Eqs. (4.6) and (4.7) are expressed in terms of x, while the dimensionless equations
in Eq. (4.1) to Eq. (4.4) are functions of n. To reframe the domain from [y, c0) to [0,00), the transformations
F() = Fn—x) = fn), ©@c) =06(n—x) =0n), G) =Gn—x) =gn), and H() = H(n —x) = h(n) are
introduced.

This reformulation yields the definitive system of nonlinear ordinary differential equations:

d’F\ d*°F 2m \ dF dF d*F 2 dF
< n+nwedc2>dc3 (m+1> dc do T F gz TEO <m+1) a )
4 2
1+ 2RdOO, — 1)+ 11°) S 4 Prr2 4 (4Rd0(6, — 1) + 170, — 1) + N2 2O
do dG 2 '
e dG 2
F— — Sc, K———GH?® =0, 4.1
Gz T Seal s = SeK S GH =0 (4.10)
d*H dH 2
il == K—— GH®=0. 4.11
O g + Sl o + ek =G 0 (4.11)

Assuming that § = 1 because the diffusion coefficients D4 and Dp are modest, then
G()+H(s)=1.

So, after the simplification:

d*G dG 2

—— 4+ ScgF— — Scu K——G(1 —G)* = 0. 4.12

42 + Sc, & C T ( ) ( )
Subsect to boundary conditions:

dF 1—m dG

o, FQ)=x—, 0() =1, =X = AG() at ¢ =0, 4.13

pE () =x, =7 ©) pr (c)at < (4.13)

dF

e =0, O()—=0, G)—=>1 as ¢— oo (4.14)
As previously stated, the quantities of importance are the skin friction coefficient C'y and Nusselt number Nu:

Cp=—Tubt (4.15)

pUZ A/ 5
b)qu
Ny = @Eba (4.16)

k(T —Too)\/@.

Here, q,, denotes the heat flux from the sheet, while 7, represents the shear stress exerted on the stretching surface
of the horizontal paraboloid of revolution:

ou nl <5‘u>2
Tw=1-n)7—+—4| 5 4.17
w = )3y V2\0y) |ymaqin) ==, (4.17)
160*T3 T
qw = (K‘ + 60’ * ) (8> 1—m (4.18)
3k Y ) |y a(ate) ="
[c ][]
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Upon substituting the similarity variables into Eq. (4.15) and Eq. (4.16), we obtain

Cp Rel/? = (1 —n)F"(0) + %W@F”Q(O), (4.19)

NugRe;V/? = — (1 + %Rd[l + (O — 1)@]3) 0'(0). (4.20)

5. A COMPREHENSIVE EXAMINATION OF THE KELLER BOX METHOD’S SIGNIFICANCE AND APPLICATIONS

5.1. Introduction: Addressing the Challenge of Nonlinear Systems. In recent years, the scientific and en-
gineering communities have witnessed a growing focus on resolving systems of nonlinear differential equations that
describe complex physical phenomena. Professionals across numerous technological sectors routinely encounter nonlin-
ear boundary-value problems that defy solution through traditional analytical means. While substantial advances have
been achieved in creating innovative methods to address these nonlinear equations—particularly in domains such as
fluid dynamics, biological modeling, financial forecasting, aeronautical design, and chemical process control—significant
challenges persist.

This ongoing effort underscores the critical value of robust numerical techniques like the Keller Box Method.
Originally formulated by Herbert B. Keller during the 1970s, this approach represents a sophisticated implicit finite-
difference scheme specifically engineered to overcome these obstacles. It excels at solving parabolic partial differential
equations and multi-point nonlinear boundary-value problems commonly arising in applied scientific research.

The technique operates through a logically structured two-phase procedure:

(1) Equation Reduction and Spatial Discretization: The process initiates by transforming higher-order
partial differential or boundary-value equations into an extended system of first-order equations. The solution
domain is then subdivided using a computational grid that uniquely positions unknown variables at the
midpoints of grid cells, referred to as “boxes.” This distinctive midpoint-centric framework constitutes the
method’s foundational characteristic.

(2) Numerical Solution: Subsequent integration of the first-order equations across each individual box employs
the trapezoidal rule for approximation. This step yields a comprehensive set of implicit algebraic relations.
The resulting nonlinear system undergoes linearization via Newton’s method and is efficiently resolved using
a block-tridiagonal matrix algorithm.

5.2. Critical Value and Practical Utility: A Detailed Perspective. The sustained relevance of the Keller Box
Method arises from its exceptional blend of computational reliability, precision, and adaptability, establishing it as an
indispensable instrument for addressing tangible scientific and industrial challenges.

5.2.1. Computational Stability and Resilience.

e Inherent Implicit Structure: Functioning as an implicit scheme, the method concurrently solves for un-
known variables across numerous grid locations. This architecture ensures unconditional stability for a
broad spectrum of problems, guaranteeing that numerical solutions remain convergent independent of selected
time-step magnitude.

e Practical Impact: This stability property permits the use of considerably larger time increments compared
to explicit techniques, which are constrained by strict step-size limits. This capability markedly enhances
computational throughput for achieving steady-state conditions or simulating extended temporal periods,
solidifying its status as a dependable choice for demanding technical applications.

5.2.2. Effective Management of Nonlinear and Interconnected Systems.

e Iterative Linearization via Newton’s Method: The algorithm utilizes Newton’s method to sequentially
linearize the nonlinear algebraic equations derived from the discretization phase. This methodical approach is
vital for managing mathematically stiff and intensely nonlinear systems.

a0
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e Practical Impact: This attribute renders the technique particularly powerful for deciphering intricate real-
world scenarios that lack analytical solutions. It consistently handles coupled systems prevalent in sectors like
magnetohydrodynamics (MHD), rheology of non-Newtonian fluids, transport in nanofluids, and deformation
in viscoelastic materials, areas where alternative methods frequently falter.

5.2.3. Enhanced Precision and Solution Convergence.

e Second-Order Numerical Accuracy: The method achieves second-order accuracy (O(Az? + At?)) in
both spatial and temporal dimensions. This indicates that the numerical error diminishes proportionally to
the square of the refinement in grid spacing and time stepping.

e Practical Impact: It strikes an optimal equilibrium between computational expenditure and result fidelity,
delivering high-quality solutions without necessitating impractical grid densities. Its rapid convergence be-
havior assures dependable outcomes through fewer computational cycles, establishing it as a superior tool for
detailed numerical simulation.

5.2.4. Wide-Ranging Applicability Across Disciplines. The utility of the Keller Box Method extends beyond a narrow
problem set, finding application in diverse scientific and engineering fields:

e Fluid Mechanics and Boundary Layer Analysis: It serves as a fundamental and reference-quality tech-
nique for resolving boundary layer equations (including Blasius flow, the Falkner-Skan equation, and flows
through porous media). These applications are essential for aerodynamic profile design, internal flow assess-
ment, and analyzing near-surface fluid behavior.

e Thermal and Mass Transport Phenomena: The method is widely adopted for simulating temperature
distribution and concentration gradients in systems involving convective, diffusive, radiative, and reactive
processes. This utility is crucial for developing effective thermal management systems, heat transfer equipment,
and industrial reactors.

e Contemporary Scientific Investigation: It maintains its importance in progressive research areas such as
microfluidic control, biological system modeling, economic analysis, and especially nanofluid thermophysics,
as demonstrated by its persistent citation in modern academic literature.

5.2.5. Methodical Framework and Instructional Benefit.

e Organized Computational Algorithm: The technique offers a systematic, sequential protocol: reduce
equation order, discretize the domain; linearize the resulting system, and obtain the solution. This struc-
tured progression minimizes potential numerical instabilities and renders the algorithm a versatile practical
instrument adaptable to various problems without extensive customization.

e Practical Impact: For individuals seeking to apply the Keller-box method as a functional tool, its study
imparts a thorough comprehension of essential numerical concepts including domain discretization, implicit
iterative solution, Newton-based linearization, and structured matrix operations. This knowledge base provides
a strong foundation for engaging with more advanced computational fluid dynamics principles.

5.2.6. Reference Standard and Verification in Scientific Research.

e Established Benchmarking Role: Within computational fluid dynamics and applied mathematics, solu-
tions generated by the Keller Box Method are frequently adopted as reference standards for comparison.

e Practical Impact: Its proven dependability designates it as the preferred technique for confirming the validity
of novel analytical approaches or alternative numerical schemes. Investigators rely on it to assess the precision
of integrated software solvers, owing to its transparent and controllable calculation process.

6. SOLUTION METHODOLOGY

Following the mathematical formulation of the Keller-Box Method (KBM), a finite-difference based approach,
this technique provides second-order accuracy while allowing flexibility in the choice of step size. Compared with
conventional numerical methods, the KBM exhibits faster convergence and is particularly effective for boundary-layer
flow problems, where other explicit techniques such as the Runge-Kutta method, BVP4c, or the shooting method
may be less efficient. In this framework, higher-order partial differential equations are systematically reduced to a

(&)
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FIGURE 2. Two-dimensional Keller-Box method stencil.

system of first-order ordinary differential equations, which are then discretized using central difference formulas. The
resulting matrix—vector system is solved efficiently through LU decomposition. The overall computational domain is
truncated to a finite interval for practical implementation; and grid refinement is performed by reducing the step size
until the desired accuracy is achieved. In essence, the Keller-Box scheme proceeds through four fundamental steps,
offering several advantages over other numerical approaches for solving differential equations.

e It can handle complex boundary conditions such as mixed or nonlinear ones.
e It can achieve high accuracy and stability with relatively few boxes.
e It can be easily implemented on computers using a simple algorithm.

Steps involved in this method is explained in detail below:
(A). Reduction of the N** order partial differential equation system to N 1¢ order equations.
(B). Finite Difference Discretization.
(C). Quasi-linearization of Non-Linear Keller Algebraic Equations.
(D). Block-tridiagonal Elimination of Linear Keller Algebraic Equations.
Before discretizing Eqs. (4.8), (4.9), and (4.12), the finite difference method of Keller-Box is explained more details as
follows. Figure 2 illustrates the Keller-Box method, in which higher-order derivatives are transformed into first-order
derivatives. Although this transformation increases the computational cost per time step, the method remains highly
efficient and well-suited for solving parabolic partial differential equations. As shown in Figure 2, the Keller-Box step
size is taken as the average between j and j — 1 along the y-axis, and between ¢ and ¢ — 1 along the z-axis. The stencil
is composed of four points, v, v2, v3, and v4. Among these, vz and v, are prescribed by the boundary conditions, while
v1 and v9 are computed using a half-step size in both directions, i.e., % and %, which serve as centering steps. This
approach provides second-order accuracy in both the z- and y-directions, and it can be applied with either uniform
or non-uniform step sizes. For further clarity, the schematic in Figure 2 is also represented in Figure 3.

Figure 3 presents the Keller-Box method stencil in the case where the dependence is only on the spatial coordinate
y, with a step size of %. The corresponding boundary conditions are specified at the lower boundary y = 0 and
the upper boundary y = N. This one-dimensional stencil is essentially equivalent to the two-dimensional Keller-Box
an
BE



CMDE Vol. *, No. *, * pp. 1-32 13

x | known I
. | unknown ‘
» . l centering |
lower boundary condition upper boundary condition
y=0 y=N
) )
) )
U
o—iE—0—1n —0
2 2 2 2
—
0 1 2 3 4 N-2  N-1 N "

FIGURE 3. One-dimensional Keller-Box method stencil.

stencil shown in Figure 2, where the same half-step size % is applied. For convenience in numerical implementation,
Egs. (4.8), (4.9), and (4.12) are reformulated into a system of first-order equations.

Steps involved in this method is explained in detail below:
Step A: The system of partial differential equations of N** order was reduced to equations of N first order. Higher-
order ODEs, such F(z,¢), are converted to first-order ODEs by adding the most recent set of variables mentioned

below. O(z,<), P(x,<), Q(x,¢), the values are V(x,<), E(z,<), and H(z,). Let’s
F=F F =P, F'=Q, F"=Q, 0=0, 0 =V,0" =V, G=G, ¢' =H, G" = H'.
This process begins with writing the Eqs. (4.8), (4.9); and (4.12), as described below:

F" =g(c,F,F',F",0), (6.1)

0" =hn(s,F,0,0",G),

G =k(s,F,0",G,G). (6.3)
Transform the Eq. (6.1) to Eq. (6.3) into a system of first order ODEs in the second step:

F' =P, (6.4)

P =Q, (6.5)

0=V, (6.6)

G' =H. (6.7)
Given this transformation, the following first order form is reduced by Eq. (6.1) to Eq. (6.3):

Q =9(, F,P,Q,0), (6.8)

V' =h(s,F,0,V,H), .

H =k(s,F,V',G,H). (6.10)
with the newly introduced variables, the boundary conditions become:

PE) =1, F(§) = x, 0(0) = 1, H(s) = AG(S) at < =0, 1)

P)—0, O()—0, G()—1 as ¢— oo



14 A. A. ZAFAR, H. NIAZ, AND H. PARVEEN

Step B: The finite-difference method.
Additionally, the stencil represents domain discretization in the x — ¢ plane. With this mesh in mind, net points are

=0, =214k, i=1,23,...,1

6.13
0=0, ¢=c1+hs, $=1,23,....8 (6.13)
where k; and hs represent the Az and Ag spacing, respectively.
-5 () -0
<3< >> _ emdend (6.14)
9z ) 1/2 ki
o)\’ () =)y
o) _ 2 2 (6.15)
S /s-1/2 hs
—1_ O =) ; (e — O
i—3 _ s s = . 1
() 5 v ey 5 (6.16)
The central difference technique is used to calculate the finite-difference form as follows:
. F! — F? P P
F/:Pj F/ — (P)i_% = ( s - s—l) — ( s) +2( 3—1). (6.17)
) Pz _ Pz 7 7
_ Q:> Pl _ (Q)é,% = ( s - sfl) — (Qs) +2( 571)' (618)
, e! _o Vi Vi
@/ -V = @l _ (V)Z_% = ( s - s—l) — ( 5) +2( s—l)' (619)
) Gi al Hi Hz
GI —H = GI _ (H);ié = ( s h 571) _ ( S) +2( S*l). (620)
Eq. (6.17) to Eq. (6.20) are centred at the (mi_%,gs_%> locations, which are shown below:
7 7 h 1 1
F!—F: | — ?(P +P:_,)=0, (6.21)
I N (6:22)
O~ 0L, — Vi VL) =0 (6.23)
; hs
Gi— Gy E(HZ +H_1) =0, (6.24)
h 7 7 [ 2m h % % 7 7
(1 awer Q1+ 08D )@ - @)~ (23 ) (P + PP+ PL)
+@(F’?+F’3 WQL+ QL)+ G E(@Mr@i ) — _2 O\l (Pi+PI_)=0, (6.25)
4 s s—1 s s—1 r 2 s s—1 m4+1 2 1 .
4 . . he . , ,
(1+ ng[@ww DIV = Vi) 4 PR E 4 FL (4 V)
he . . 4 4
(4Rd[ S(05 +O5_1) (0w — 1) + 12(00 — 1) + No) 2 (V] + V) (VS + VL) (6.26)
% % Q 7 2
+ Nb (V +Vy )(H.+H._,) +7Pr<m n 1>Exp(—ng) =0,
, , 2 he . ,
(H! —H!_ 1)+Sca (FI+F! \)(H!+ H! |)— Sca K i (Gz + G 1)(1—?(G§+G;,1))3:0. (6.27)

(=)=
E)NE
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Subsect to boundary conditions:

1—
P(x,q) =1, F(z,¢)= xﬁ, O(x,¢) =1, H(z,¢)=AG(z,¢), at ¢=0, (6.28)
P(x,¢) — 0, O(x,s) — 0, G(z,6) > 1 as ¢ — 00. (6.29)

For s =2,3,...,5, Eq. (6.8) to Eq. (6.10) are applied, and the transformed boundary layer thickness, ¢, is sufficiently
large to be outside the boundary layer’s edge (Keller and Cebeci [15]). At z = 2™, the boundary conditions yield are
1-m
m+1’
P¢ — 0, s — 0, s — 1 (6.31)

Pr=1, Fl=y =1,  H!=AG. (6.30)

Step C: Newton’s linearization approach.
Eq. (6.8) to Eq. (6.10) are linearized using Newton’s technique.

Fi+D = FO 4 670,
Ps(i-i-l) _ Ps(i) + 5P5(i)7
QY = +4Q0,
eU+) = ol 4 5o, (6.32)
vith =y 4 57
Ggi+1) _ Ggi) + 5Ggi),
HY = O 4 57O,

By invoking above expressions in Eq. (6.8) to Eq. (6.10) and neglecting quadratic and higher order terms in 6Fs(i),
5P, 5Q", 508, sV, G, sHL, we reached at following tri-diagonal system

SF, — 6F,_, — %(5& +8Pu1) = (r1)s 1, (6.33)
hs

0P, —0P,_1 — ?((5625 + (5Q341) = (7“2)87%7 (634)
hs

565 - (59571 — ?((5‘/5 + 5‘/871) = (7"3)57%, (635)
hs

6G, = 0G, -1 = 2 (0H, +6H, 1) = (ra),_ ., (6.36)

(al)s(SFs + (a2)55stl + (a’3)85PS + (a4)56Psfl + (a‘5)85QS + (GG)S(Sstl + ((17)5595 + (a8)56@571 (6 37)

+ (a9)s0Vs + (a10)s6Vs—1 + (a11)s0Gs + (a12)s0Gs—1 + (a13)s0H + (a14)s0Hs—1 = (r5),_1, '

(bl)S(SFS + (b2)56F871 + (bS)séps + (b4)S(SP871 + (b5)56Qs + <b6>s(5Q571 + (b7)56®s + (bS)sé('—)sfl (6 38)

+ (b9)s6Vs + (b10)s6Vis—1 + (b11)50Gs + (b12)s6Gs—1 + (b13)s0 Hs + (b1a)s6Hs—1 = (r6)s_1, '

(Cl)séFs + (62)56Fs—1 + (03)86PS + (64)86PS—1 + (05)36625 + (06)35Qs—1 + (67)5565 + (68)8668—1 (6 39)

+ (c9)s6Vs + (€10)s6Vs—1 + (c11)s0Gs + (€12)s0Gs—1 + (c13)s0 Hs + (C14) 50 Hs—1 = (r7)5_1. ’

an
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Boundary condition becomes:

(0F)1 =0, (6P); =0, (0Q)1 =0, (6©)1 =0, (6V)1 =0,

(Gu=0, @HN=0 .. @Ply,  (0)s, (G (640
Step D: Tridiagonal system of solution.

Cebeci and Bradshaw [10] found that the linearized difference equations (6.33) to (6.39) can be solved using the block-
elimination approach due to the system’s block-tridiagonal structure. The block-tridiagonal structure in this case is
unique because it is made up of block matrices, or equations, rather than variables or constants.The matrix-vector
representation of Eq. (6.33) to Eq. (6.39) is as follows

For s =1;
0F — 0Fy — %((5P1 + (SP()) = (7‘1)1,L (641)
0P, — 0Py — %((5@1 + (SQ()) = (7“2)17%, (642)
00, — 00y — %((5‘/1 + (ﬂ/b) = (7“3)177 (643)
0G1 — 6Go — %(5]{1 + (SH()) = (7“4)17%, (644)
(a1)10F1 + (a2)10F + (a3)10 Py + (a4)16FP0 + (a5)16Q1 + (a6)10Q0 + (a7)1601 + (as)1600+ (6.45)
(a9)16V1 + (a10)16Vo + (a11)10G1 + (a12)10G0 + (a13)10H1 + (a14)16Ho = (r5);_1, .
(b1)10F1 + (b2)10Fo + (b3)10 P + (b4)10Po + (b5)10Q1 + (b6)10Q0 + (b7)1001 + (bs)1000+ 6.6
(bg)10V1 + (b10)10Vo + (b11)10G1 + (b12)16Go 4+ (b13)16H1 + (b14)10Hp = (7"6)1_%7 (6.46)
(c1)10F1 + (2)16F0 + (e3)10 Py + (€4)10Py + (¢5)16Q1 + (¢6)10Q0 + (c7)1001 + (¢8)1600+ (6.47)
(€9)10V1 + (c10)16Vo + (c11)10G1 + (€12)10Go + (€13)10Hy + (c14)10Hp = (T7)17%, '
In matrix formula,
[0 0 0 1 0 0 0 7 [0Q)]
—h/2 0 0 0 —h/2 0 0 (6V )1
0 —h2 0 0o 0 —n2 o ||@6on
0 0 —1 0 0 0 —h/2| |(6F)2
(as)1  (a10)1 (a12)1 (a1)1 (as)1 (ag)1 (ai3)1 (60Q)2
(be)1  (b1o)1  (bi2)1  (b1)1  (bs)1  (bo)1 (b13)1| | (6V)2
L(es)1 (c10)1 (c12)1 ()1 (es)r (co)r  (cus)i] [(6H)2]
h - _ -(7’1)1,;- (648)
~h/2 0 0 0 0 0 0][(@6P): 2
1 0 0 0 0 0 0| [(0): (r2); 3
0 1 0 0 0 0 0] |(G) (r3)i1
+] 0 0 1 0.0 0 O] [(6F)s| = [(ra)y_1
(as)r (ar)1 (@)1 0 0 0 0| |(dQ)s (rs);_1
(bg)l (b7)1 (b11)1 0 0 0 O (5‘/)3 (7'6)1,&
_(63)1 (67)1 (C11)1 0 0 0 0_ _(5H)3_ (7‘7)1,i
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For s = 2;

h

§Fy — 0F, — 32(5132 +0Py) = (r)a_1, (6.49)
h

5Py — 6P — ?2(5@2 +0Q1) = (r2)a_1, (6.50)
h

505 — 60 — 72(61/2 +0V4) = (rs)a_1, (6.51)
h

5Gy — 6Gy — ?2(5}[2 +0H) = (ra)s1, (6.52)

(a1)20F> + (a2)20F1 + (a3)20 P2 + (a4)20P1 + (a5)20Q2 + (a6)20Q1 + (a7)2002 + (as)2001+ o)
(a9)26V2 + (a10)20V1 + (a11)20G2 + (a12)20G1 + (a13)20H2 + (a14)26Hy = (r5)5_1, ’
(b1)20F5 4 (b2)20Fy + (b3)20Pa + (ba)20 Py + (b5)20Q2 + (bg)20Q1 + (b7)2003 + (bg)2001+ (6.54
(b9)20Va + (b10)20Vi + (b11)20G2 + (b12)26G1 + (b13)20Ha + (b1a)20Hy = (7”6)27%» 54)
(c1)20F2 + (c2)20F1 4 (c3)20 Py + (¢4)20 Py + (¢5)20Q2 4 (¢6)20Q1 + (¢7)2002 + (c5)2001+ 6.55
(c9)20Va + (c10)20V1 + (€11)20G2 + (€12)20G1 + (c13)20Ha + (c14)20Hy = (7“7)2_%, (6.55)
In matrix formula,
0 0 O -1 0 0 0 ] _(5Q)1_
000 0 —h/2 0 o | [V
000 0 0  —h/2 0 (5G):
000 0 0 0 =hs2||(6F),
0 0 0 (a2)2 (as)2 (aw)2 (a14)2| |(0Q)2
0 0 0 (b2)2 (bs)2 (bro)2 (bra)2| [(0V)2
0 0 0 (c2)2 (co)2 (cr0)2 (cra)2]| [(6H)2]
[—h/2 0O 0 1 0 0 0 [(6P)2]
10 0 “h/2 0 0 | |(60).
o -1 o0 0 0 —h/2 0 ||(66),
w1 o o -1 o0 0 0 —h/2| |(6F)s
(a)e (as)s (a2)s (ar)e (as)s (as)e (ass)a| | (6Q)s (6.56)
(ba)2  (bg)2  (b12)2 (b1)2  (bs)2  (bo)2 (biz)2| | (6V)s
L(ca)2 (es)2 (c12)2 (cr)2 (es)2 (co)2  (c13)2] |(0H)s]
“h/2 0 0 0 0 0 0][06P)s] |T2-4]
1 0 0 0 0 0 0| [(0); (r2)y3
0 1 0 0 0 0 0] (@) (r3)s_ 1
+| 0 0 1 0 0 0 Of [(6F)a| = [(ra)y 1
(as)2 (ar)2 (a1)2 0 0 0 0| |(dQ)4 (rs)—1
(b3)2 (b7)2 (bll)z 0 0 0 O (5‘/)4 (TG)Q,L
(63)2 (67)2 (C11)2 0 0 0 0_ _(5H)4_ (7‘7)2,i
80
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For s=5—-1;

0Fs—1 —0F(s-1)-1 — hs2_1 (6Ps—1+6Ps—1)-1) = (r1)(5-1)- 1
0Ps—1—0Ps_1)-1 — h52_1 (0Qs-1+0Q(s-1)-1) = (r2)(s-1)-1,
0051 —00(5_1)—1 — h52—1 (6Vs—1+0V(s—1)-1) = (r3)(5-1)—1
0Gs-1—06G(s-1)-1 — h52_1 (0Hs—1 +0Hs—1-1) = (r4)(s—1)-1,

(a1)s—10Fs 1+ (a2)s—10F(g_1)-1 + (a3)s-10Ps—1 + (a4)s-10P(s—1)—1 + (a5)5-10Qs-1 + (ae)s—1

0Q(s—1)—1 *+ (a7)5-1005_1 + (ag)s-160(5_1)—1 + (a9)s-10Vs_1 + (a10)s-10V(s-1)—1
+ (a11)5-16Gs-1 + (a12)s-10G (s—1)—1 + (a13)s—10Hs—1 + (a14)s-16H(s—1)-1= (75)(5-1)- 1,

(b1)s—10Fs_1 + (b2)s—10F(g—1)—1 + (b3)5-10Ps_1 + (ba)s_10P(s—1)—1 +(b5)5-10Q5_1 + (bs) 51

0Q(s-1)—1 *+ (b7)5-1005_1 + (b8)5-100(5-1)—1 + (b9) 5-16Vs_1 + (b10)5=10V(5—-1)-1
+ (b11)5-10Gs—1 + (b12)5-16G(5-1)-1 + (b13)s—16Hs—1 + (b1a) s—10H(s—1)—1 = (v6)(5-1)- 1>

(c1)s-10Fs_1 4 (c2)s-10F(5—1)—1 + (¢3)5-10Ps_1 + (ca)5-10P(5_1)—1 + (¢5)5-10Qs-1 + (c6)5-1

0Q(s-1)-1+ (¢7)5-1005-1 + (c8)5-100(5_1)-1 + (c9)5=16Vs_1 + (c10)5-16V(5-1)—1
+ (c11)$-10Gs—1 + (c12)5-10G (5—1)-1 + (€13)s—10Hs 1+ (c14) 510 H(s—1)—1 = (r7)(5-1)_ 1 -

In matrix formula,

000 -1 0 0 0 (6Q)
000 0 ) 0 0 (V)
0 0 O 0 0 —h/2 0 (6G)1
0 0 O 0 0 0 —h/2 (6F)2
0 0 0 (a2)s—1 (as)s—1 (ai0)s—1 (aia)s—1| |(0Q)2
0 0 0 (b2)s—1 (be)s—1 ' (bio)s—1 (b1a)s—1| [(6V)2
10 0 0 (c2)s—1 (c6)s<1 (cr0)s—1 (c1a)s—1] [(6H)2]
[ —h/2 0 0 1 0 0 0 7 [(6P):]
-1 0 0 0 “h)2 0 0 (60)2
0 1 0 0 0 —h/2 0 (6G)2
] o 0 1 0 0 0 —ny2 | | (6F)s
(a4)S—1 (as)S—l (a12)5—1 (al)S—l (as)s—l (ag)s—l (als)s—l (5Q)3
(ba)s—1  (bg)s—1 (bi2)s—1 (b1)s—1 (bs)s—1 (bo)s—1 (b13)s—1| |(6V)3
[ (ca)s—1  (es)s—1 (c12)s—1 (c1)s—1 (c5)s—1 (co)s—1 (c13)s—1]| |(0H)s]
[ —h/2 0 0 0 0 0 0] [(6P)s] (r)es-1)-3
1 0 0 0 0 0 0]]|(O) (r2)(s-1)-1
0 1 0 0 0 0 0f|(6G)s (r3)(s—1)-1
+| o 0 100 0 0| [(@F)a] =011
(as)s—1 (a7)s—1 (ai1)s—=1 0 0 0 Of [(6Q)4 (7‘5)(571)7%
(bs)s—1  (b7)s—1 (bi1)s—1 0 0 0 Of [(6V)a (7«6)(571)7l
[(c3)s—1 (cr)s—1 (c11)s—1 O O 0O 0] |(0H)4] (r1)(s—1) :

(6.57)
(6.58)
(6.59)

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)
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For s = S:
§Fs— 6Fs y — %(aps FOPs ) = (m)s_1. (6.65)
5Ps — 6Ps 1 — "2 (505 + Q5 1) = (m)s_y, (6.66)
505 — 505 1 — %S(WS Vs 1) = (ra)s 1, (6.67)
5Gs — 6Gg1 — %S(aﬂs FOHs ) = (ra)s_ 1, (6.68)

(a1)s6Fs + (a2)s0Fs_1 + (a3)s0Ps + (as4)s6Ps_1 + (a5)s0Qs + (ag) s6Qs—1 + (a7)s0Os + (ag)sIOs_1

+ (a9)$0Vs + (a10)s6Vs—1 + (a11)s6Gs + (a12)s6Gs—1 + (a13)s6Hs + (a14)s0Hg—1 = (r5)s_1, (6.69)
(b1)50Fs + (b2)s0Fs_1 + (b3)50Ps + (b4) 50 Ps_1 + (b5) 50Qs + (bs)s0Qs—1 + (b7)s0O 5 + (bs) 56051 (6.70)
+ (bg)s0Vs + (b10)50Vs—1 + (b11)$0G s + (b12)s6Gs-1 + (b13)s0Hs + (b14)s0Hs—1 = (r6)s_1, .
(c1)s0Fs + (c2)s0Fs—1 + (¢3)s0Ps + (ca)s0Ps—1 + (¢5)50Qs + (c6)s6Qs—1 + (¢7)s0O 5 + (¢5) 56O 51 (6.71)
+ (c9)s0Vs + (c10)$0Vs—1 + (c11)s0G s + (€12)56Gs—1 +(c13) s0Hs + (c14)s0Hg—1 = (r7)g_1- ’
In matrix formula,
0 0 O -1 0 0 0 [(6Q)1]
000 0 —h/2 0 0 (V)1
0 0 O 0 0 —h/2 0 (6G)1
0 0 O 0 0 0 —h/2 (6F)2
0 0 0 (a2)s (as)s (aio)s (ara)s| |(0Q)2
0 0 0 (b b (bio)s (b1a)s (6V)2
0 0 0 (c2)s (cs)s (cio)s (c1a)s]| [(6H)2]
—h/2 0 0 1 0 0 0 7 [(6P)2] [(r)s—y (6.72)
-1 0 0 0 ~h/2 0 0 (60), (r2)s_4
o -1 0 0 0 -h/2 0 (0G)2 (r3)s—y1
+| 0 0 -1 0 0 0 ~h/2 | [(6F)s| = |(ra)s_1
(as)s (as)s (a2)s (a1)s (as)s (as)s (ai3)s| |(6Q)s (rs)s—1
(b4)s (bg)s (b12)s (b1)s (bs)s bQ)S (b13)S (6‘/)3 (7'6)371
(ca)s  (cs)s (cr2)s (c1)s (cs)s  (co)s (c13)s] L(0H)s] (7‘7)S,z
These results can be rewritten as follows
for s=1: [Ag][d2] + [C2][ds] = [r1]
for s =2:  [Bs][0o] + [A35][03] + [C3][64] = [r2]
for s =3: [Ba][d2] + [A4][03] + [C4][d4] = [r3]
fors=5—1: [Bg-1][0s—2] + [As—1][0s-1] + [Cs-1][0s] = [rs—1]
fors=S5: [Bg|[dg-1] + [As][0s] = [rs]
[c[v]
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Lastly, the tridiagonal block matrix—the coefficient matrix—is obtained in linearized finite-difference equations. For-
mulas can be expressed as follows:

[A][6] = [r], (6.73)
[TA2] [C2] 0O 0 0 Jr 51 T [ [r1] ]
[Bg] [A3] [03] 0 e 0 [62] [TQ]
9 [34] [A4  [C4] : [és] _ [r_s] | (674
: : - 0 : :
0 0 0 [Bs.i] [As_1] [Cs_i]| |0s-1] [rs—1]
0o 0 ... 0 Bs] [As] | L1s] 1 [ [rs] |

where the square matrices of order 7 for 3 < s < S are [As], [As], [Bs], and [Cs]. Matrix extraction details are available
here. Moreover,

0 0 0 1 0 0 0
—h/2 0 0 0 —h/2 0 0
0  —h/2 0 0 0  —h/2 0
As]=| 0 0 10 0 0 —h/2|, (6.75)
(ag)2  (a10)2 (a12)2 (a1)2 (as)2 (ag)2 (a13)2
(be)2  (b1o)2  (b12)2  (b1)2  (bs)2  (bo)2 (b13)2
[ (c6)2 (c10)2 (c12)2 (c1)2 (c5)2 (co)2  (c13)2
—h/2 0 0 00 0 0]
1 0 0 00 0 O
0 1 0 00 00
[C]=1] 0 0 1 000 0[;2<s<85-1, (6.76)
(a3)s (07)5 (all)s 00 00
(b3)s (br)s (b11)s O O O O
| (c3)s  (c7)s (c11)s 0 0 0O O]
~n/j2 0 0 1 0 0 0
-1 0 0 0 —h/2 0 0
0o -1 0 0 0 —h/2 0
A]=1] o 0 -1 0 0 0  —h/2|;:3<s<5, (6.77)
(as)s (as)s  (aa2)s (a1)s (as)s (ag)s (a13)s
(ba)s  (bs)s (b12)s (b1)s (b5)s (bg)s (b13)s
_(04)5 (cs)s (ci2)s (c1)s (c5)s (co)s (c13)s
0 0 0 -1 0 0 0
0 0 O 0 —h/2 0 0
0 0 O 0 0 —h/2 0
[Bj=10 0 0 0 0 0 —h/2|;3<s<S&, (6.78)
0 0 0 (az)s (ag)s (a10)s (a14)s
0 0 0 (b2)s (bs)s (bio)s (b14)s
000 (c2)s (c6)s (c10)s (014)5_
[02] = [(0Q1 (OV)1 (0G)1 (OF)> (6Q)s (6V)> (5H)s]" (6.79)
and
[6) = [(6P)s—1 (0©)s—1 (6G)s—1 (6F)s (0Q)s (8V)s (6H)S]T, 3<s<S (6.80)
oo
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Similarly
] = [r)ey )z (ra)yr (s (rs)sy (re)s_y (r)y_a], (6.81)
We assume that A is non-singular and may be factored as follows in order to continue:
[A] = [L][U], (6.82)
in which
[as] O 0 0 0
[ﬁg,] [ag] 0 0 0
. . . 0
0 0 0 [[35_1] [015_1] 0
0 0 0 [Bs]  [as]]
and
(] T 0 0 0 ]
0 [I] [I2] O 0
] = 0 0 [I] [T3] ... : ’ (6.84)
: : 0
0 0 0 0 [ [s]
| 0 0 0 0 1]

The following equations define the elements of the preceding formula, where [I] is a matrix of order 7, [a;], and [I';]
are 7 x 7 matrices.

[ag] = [As], (6.85)

[A][T2] = [C5], (6.86)

[as] = [As] — [Bs][Ts-1], s=3,4,...,5 (6.87)

[][Ts) = [Cs], s=3,4,...,8—1. (6.88)
By invoking Eq. (6.82) into Eq. (6.73), we arrived at

[L][U][¢] = [r], (6.89)
Next, by defining [U][d] = [W], Eq. (6.89) can be expressed as

[L][W] = [r]. (6.90)
where

W= W] (W3 Ws-a] Wsl]", 2<s<s, (6.91)

and [W;] are matrices with 7 x 1 columns. Eq. (6.92) can be used to solve the elements of matrix W, and their
mathematical expression is

[ae][W2] = [r1], (6.92)

las][Wi] = [rs] = [Bs][Ws—1] 3<s<S. (6.93)
Forward sweep is used to determine 'y, o, and Wy. The solution, known as the ”backward sweep,” is provided by
[U][d6] = [W], once the elements of W have been located. The elements are derived using the following relations:

[0s] = [Ws], (6.94)

[0s] = W] = [[s)[0s4+1], 2<s<S—1. (6.95)

(&)
ENE
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Compute Residuals Backward Substitution
Construct Matrices Forward Sweep

FIGURE 4. Flowchart of the Keller-Box method.

These calculations are repeated until some convergence criterion is satisfied and calculations are stopped when
16Q1] < 1, (6.96)

where ¢; = 10™% is small prescribed value.

In this work, LU decomposition was selected for solving the block-tridiagonal system arising from the Keller Box
discretization. The main reason is that LU factorization is computationally less expensive than orthogonal factoriza-
tions (such as QR or Householder methods) when dealing with large but structured systems, like those produced by
finite-difference schemes. The Keller Box Method naturally leads to a sparse and banded matrix structure, for which
LU decomposition provides an efficient and straightforward solution strategy without excessive memory requirements.

Although orthogonal factorizations generally offer superior numerical stability, the block-tridiagonal structure in
this case is well-conditioned, and stability can be maintained with proper grid refinement and step-size control. Thus,
LU decomposition achieves a balance between accuracy and computational efficiency, making it well-suited for iterative
schemes within boundary-layer flow problems. A brief exploration of alternative factorizations, such as QR, could be
considered in future work for cases where ill-conditioning becomes significant.

The detailed KBM algorithm of the present problem is given in Figure 4 and Algorithm 1.

(=)=
E)NE
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Algorithm 1 KBM Algorithm.

U W

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:

: Initialize:

h:=0.01,n0 :=0,np =7

: Set Physical Parameters:
: (We,n,m,Gr, M, Rd, 0, Pr,Nt, Nb,~v,n, Sca, K, A, )
: Initial solution vector:

P=1, Q1 :=0,
F1 = 0, P1 = 0, Ql = 0,
FN+1 = 0, PN+1 = 0, QN+1 = 07

: Iteration loop:
: for k := 1 to maxitr (1000) do

for j:=2to N +1do

0, :=1,

@1 = O,
@N+1 = O,

Vi:=0,
Vi =0,
VN+1 = 0,

Compute coeﬂicients ail,j to ai14,j, bilyj to bi14,j, C’Lll’j to Ci14,]’

Compute residuals r1,; to 77 ;
end for
Construct matrices:
Build A1, C1, R
for j:=2to N do

Build 4;, B;, Cj, R;
end for
Bulld AN+1, BN+1, RN+1
Block elimination:
Q1 = A1, Y1 = Al_lcl
for i := 2 to N do

Q= Az — Bi'Yi—l, Yi = a;lci
end for
ant1 = Ant1 — BNy
Backward substitution:
Wi = al_lR1
for i:=2to N +1do

Wi = a;l(Ri — BiWi_l)
end for
5N+1 = Wnt1
for i := N down to 1 do

0 = Wi — 7idita
end for
Update solution:
fori:=1to N+1do

G1:=0,
G1 = O,
GN+1 = 1,

Hi = AG,
Hi=0 (i=2,...
HN+1 Z:O

7N)

Fi:=F,+0F;, P, :=Pi+ 0P, Qi := Qi +0Qi, 0, : =0, +60;, V; .=V, + Vi, G; .= G +6G;, H; := H; + 6H;

end for
Check convergence:

Omax := max(|6F|, |0P],]6Q), 60|, |6V], |0G], |6 H])

if Smax < tol (10719) then
Break iteration loop
else
Update initial guesses with current solution
end if
end for
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TABLE 2. The values of Cmeeé when Pr =6.8, Rd =1, Nb=0.1, Nt = 0.1, v = 0.09, We = 0.1,
Gr=1,0,=12,5¢=0.62, K=0.1, A=0.3, x =0.1.

n m We Gr M \ KBM \CPU (sec)

02 04 01 1 2 1-0.0060 | 0.4716

0.4 -0.0015 | 0.5078

0.6 -2.9952 | 0.4739
0.7 -1.2427 | 36.1964

0.5 -0.0059 | 0.5523

0.7 -0.0056 | 0.5217

0.9 -0.0054 | 0.5386

0.3 -0.0061 | 0.7689

0.5 -0.0061 | 0.4874

0.8 -0.0062 | 0.7214

2 -0.0083 | 0.5744

4 -0.0105 | 0.5952

6 -0.0116 | 0.5243

4 |-0.0052 | 0.5166

7 1-0.0043] 0.4696

9 1-0.0040 | 0.5127

7. COMPUTATIONAL RESULTS ANALYSIS FOR MOMENTUM, ENERGY, AND HOMOGENEOUS-HETEROGENEOUS
EQUATIONS

This section presents the numerical results for momentum, energy, and homogeneous-heterogeneous equations in
tangent hyperbolic fluid flow over the upper surface of a paraboloid of revolution. The data, shown through tables and
graphs, were obtained by varying key physical quantities in the Ordlnary Differential Equations (ODEb) The influence

of dimensionless parameters on the skin friction coefficient C', ReI and nusselt number Nug,Re; ? is analyzed in detail
using various graphs and tables. Specifically, Tables 2 and 3 examine the impact of parameters like Radiation (Rd),
Brownian motion (Nb), Thermophoresis (INt), Internal heat source (), Weissenberg number (We), Grashof number
(Gr), Temperature parameter (6,,), Diffusion rate ratio (Sc), Homogeneous reaction strength (K'), Heterogeneous
reaction strength (A), and Similarity variable (¢) on fluid motion and temperature fluctuations, with Pr = 6.8 fixed.
Default values for parameters were: Rd =1, Nb = 0.1, Nt =0.1, v =0.09, We =0.1, Gr =1, 0,, = 1.2, Sc = 0.62,
K =0.1, A=0.3, and x = 0.1. Due to the impracticality of solving over an infinite interval, a finite point of ¢ = 7
was used to approximate the boundary condition.

8. VERIFICATION OF THE RESULTS

To confirm the precision of this analysis, the outcomes under the specified conditions (Pr = 6.8, Rd =1, Nb = 0.1,
Nt =0.1,y=0.09, We =0.1,n =02, m =04, Gr = 1,60, =12, Se =0.62, K = 0.1, A = 0.3, and x = 0.1)
show strong agreement with the Computational Grid Validation Results presented in Table 4. Examining this table,
we observe that as the step size (h) decreases, the number of nodes increases, and the value of F({ = 7) converges
towards a consistent result. This convergence indicates that the solution becomes largely independent of h as it is
reduced, with further reductions yielding insignificant changes in the F(¢ = 7) values.

For the validation of the developed MATLAB code, the present skin friction results are examined under the limiting
case and compared with the previously published findings of [3, 22], and [8]. As presented in Table 5, the numerical
values demonstrate an excellent level of consistency with the cited studies.

(=)=
E)NE
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TABLE 3. The values of NugCRem_T when Pr =6.8, We=0.1, Gr =1, M =2, Sc =0.62, K = 0.1,
A=03,x=0.1,80,=1.2.

Rd n Nb Nt v m KBM CPU (sec)

1 02 01 01 0.09 04 0.0873 0.4827
2 0.1311 0.4963
4 0.2222 0.4602
6 0.3512 0.4209
0.3 0.0503 0.4624

0.5 0.0152 0.5037

0.7 0.0046 2.4453

0.5 0.0874 0.4880

2 0.0877 0.5117

3 0.0879 2.8220

0.2 0.0873 1.2382

0.3 0.0872 0.6295

0.6 0.0871 0.6767

0.01 0.0125 0.5005

0.03 0.0345 0.4806

0.05 0.0539 0.5036

0.6 0.0760 0.5551
0.8 0.0672 0.5555
0.9 0.0635 0.5703

TABLE 4. Computational grid validation results.

h Nodes F(¢=17) Iterations

0.014 501"~ 0.854169 40
0.007 1001 0.854167 40
0.0035 20001 0.854166 40
0.0028 2501  0.854166 40
0.0023 3501 0.854166 40

TABLE 5. Numerical comparison of skin friction coefficient.

M (3] [22] 8] Current study
0 -1 -1 -1 -1

1 -1.41421  -1.41419  -1.414214 -1.41421

5 -2.449449  -2.44945  -2.449490 -2.44948

10 -3.31663  -3.31657  -3.316625 -3.31662

100 -10.0498 -10.04981 -10.049876 -10.04987
500 -22.38303 -22.38294 -21.478413 -21.47840
1000 -31.63859 -31.63851 -31.63819 -31.63849

9. GRAPHICAL SIMULATIONS

Figure 5 illustrates the relationship between the magnetic parameter (M) and the Nusselt number (Nu), a measure
of convective heat transfer efficiency. The bars show that as the magnetic parameter increases from 1 to 4, the Nusselt
number also consistently rises from approximately 0.0692 to 0.1159. This indicates a direct positive correlation,

an
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Nusselt Number vs Magnetic P; Nusselt Number vs Weissenberg Number
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suggesting that a stronger magnetic field enhances heat transfer in this specific system, possibly by inducing fluid
instabilities or secondary flows that improve mixing and disrupt thermal boundary layers. The numerical values atop
each bar provide precise Nusselt number readings for each corresponding magnetic parameter value, quantifying the
degree of heat transfer enhancement with increasing magnetic field strength.

Figure 6 demonstrates a clear positive correlation between the Weissenberg number (We), indicative of fluid elas-
ticity, and the Nusselt number (Nu), a measure of convective heat transfer efficiency. As We increases from 1 to 4, Nu
correspondingly rises from 0.0891 to 0.1181, as reflected in both bar heights and annotated values. This trend suggests
that enhanced fluid elasticity augments internal mixing and advective transport, thereby facilitating more effective
thermal energy transfer. Thus, increased elastic behavior in the fluid markedly improves heat transfer performance in
the system.

Figure 7 illustrating the effect of the power-law index (n) on the velocity profile F’(<), we can observe a clear trend:
as the value of n increases from 0.2 to 0.7, the fluid velocity decreases across the entire domain (). For the smallest
value of n = 0.2, the velocity is highest, and progressively lower velocities are observed for n = 0.4, n = 0.6, and
n = 0.7. This aligns with the provided note stating that velocity estimation reduces as n improves. Higher values
of n generally correspond to a more shear-thinning behavior, where the apparent viscosity of the fluid decreases with
increasing shear rate.

Figure 8 depicts the influence of the Weissenberg number (We) on the fluid velocity profile F’'(¢). As a dimensionless
parameter quantifying the ratio of relaxation time to characteristic flow time, We reflects the fluid’s elastic response
to deformation. An increase in We signifies a stronger dominance of elastic over viscous forces, indicative of enhanced
non-Newtonian behavior. The figure reveals that as We rises from 0.1 to 0.8, the velocity profile F’(c) consistently
declines throughout the domain, implying that greater elasticity suppresses flow velocity.

Figure 9 compellingly demonstrates the influence of the thermal Grashof number, Gr, on horizontal velocity, F’(c).
As Gr increases (Gr = 1,2,4,6), the velocity near the surface (¢ = 0) notably intensifies. Physically, this aligns
with the definition of Gr—the ratio of buoyant to viscous forces. Elevated Gr implies dominant buoyancy due to
thermal gradients, which diminishes viscous resistance and enhances horizontal flow near the surface. The graph
clearly visualizes this velocity augmentation with rising Gr.

Figure 10 illustrates the impact of the magnetic parameter M on the fluid velocity F'(s). As M increases (from
2 to 9), the velocity profiles shift downward, indicating a clear reduction in fluid speed. Additionally, the boundary
layer—where velocity deviates from zero—thins with higher M. This behavior stems from the Lorentz force induced
in an electrically conducting fluid under a magnetic field. Since M represents the ratio of magnetic to viscous forces,
an
BE
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a larger M intensifies this opposing (retarding) force, thereby suppressing the fluid motion throughout the boundary
layer.

Figure 11 illustrates the impact of Thermal Radiation (Rd) on the temperature profile ©’(s). Thermal radiation is
the energy emitted by matter as electromagnetic waves due to its temperature. As the value of Thermal Radiation
(Rd) increases, we can clearly observe from the graph that the temperature profile ©'(¢) decreases across the domain
¢. Specifically, the curves for higher values of Rd (like Rd = 4 and Rd = 6) lie below the curves for lower values
(Rd =1 and Rd = 2). This decrease in temperature profile with increasing thermal radiation can be attributed to the
fact that a higher Rd signifies a greater contribution of radiative heat transfer.

Referring to Figure 12, which depicts the influence of the space-dependent internal heat source parameter (y) on
the temperature gradient ©'(¢), we observe distinct behavior near and far from the wall. Near the wall (¢ small),
as 7y increases (from 0.01 to 0.09), the temperature gradient steepens, signaling a heightened rate of heat transfer.
However, farther from the wall (¢ large), the trend reverses, with the temperature gradient becoming less steep as 7y
rises, indicating a reduced heat transfer rate. The graph conclusively shows that as - increases (0.01, 0.03, 0.05, 0.09),
the overall temperature profile ©(¢) diminishes.

Figure 13 elucidates the influence exerted by the Brownian motion parameter (Nb) on the temperature gradient
©’(5). As the value of Nb ascends (ranging from 0.1 to 3), the intensity of the negative temperature gradient proximate
to the surface (¢ = 0) diminishes, signifying a decrement in the rate of heat transfer. This phenomenon arises due
to the facilitative impact of Brownian motion in augmenting thermal conductivity by fostering the movement of
nanoparticles. While this enhancement bolsters the fluid’s overall heat transfer capability, it concurrently fosters a
more homogenized temperature distribution close to the surface, thereby attenuating the temperature gradient and,
as a result, diminishing the local heat transfer rate.

The Figure 14 shows that as the thermophoresis parameter (Nt) increases, the temperature profile ©’(¢) decreases.
This happens because a higher Nt signifies a stronger thermophoretic force, which causes more suspended particles
to move from hotter regions to colder regions. Assuming heat transfer from a surface, the area near the surface is
hotter, and with increased Nt, more heated particles are driven away from this surface towards the cooler fluid. This
migration of thermal energy carried by the particles results in a reduction of the temperature profile in the vicinity of
the heat source, explaining the inverse relationship observed in the graph.

Figure 15 a keen observation about how the Schmidt number (S¢,) affects those concentration profile in the graph.
The graph visually confirms this. As we move from the blue line (Sc¢, = 0.5) to the purple line (S¢, = 2.0), the curves
become steeper near ¢ = 0 and decay more rapidly, indicating a thinner concentration boundary layer. This implies
that for both types of reactions happening at or within the fluid, a larger Sc, hinders the spread of the reactant,
leading to lower concentration values as you move away from the reacting surface or source. So, the reason the profiles
decrease with increasing Sc, in the graph is a direct consequence of the reduced mass diffusion relative to momentum
diffusion.

The Figure 16 illustrates the impact of the strength of the homogeneous reaction, denoted by K, on the homogeneous-
heterogeneous profile G’(¢). The definition of the strength of homogeneous reaction relates to the rate at which a
reaction occurs uniformly within a single phase of a system. Observing the figure, as the value of K increases from
0.1 to 0.5, the curves for G’(s) show a noticeable increase across the entire domain of ¢. This indicates that a stronger
homogeneous reaction leads to a higher concentration or activity within the system’s bulk. Essentially, with a larger
K, the bulk of the fluid becomes more concentrated in the reacting species, which elevates the entire G’(s) profile.
The other parameters (We=0.1, m=0.4, Gr=1, M=2, Rd=1, 6,,=1.2, Pr=6.8, Nb=0.1, Nt=0.1, ¥=0.09, S¢,=0.62,
n=0.2, A=0.3, ¢=0.1) are held constant in this specific analysis, allowing us to isolate and observe the sole impact of
the strength of the homogeneous reaction K.

Figure 17 shows how the skin friction coefficient, C', Rey/ ?, varies with the power-law index (n) for different Grashof
numbers (Gr). As Gr increases (from 3 to 9), the skin friction coefficient decreases. Higher Gr values indicate stronger
buoyancy forces, which enhance convection and alter velocity gradients near the surface. The power-law index (n)
defines the fluid’s behavior: for n < 1, the fluid is shear-thinning, for n > 1, it’s shear-thickening, and for n = 1,
it’s Newtonian. This decrease in skin friction with increasing Gr suggests that stronger buoyancy-driven flows reduce
surface friction.
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Figure 18, shows as the Space dependent internal heat source parameter () increases (from the blue line at v = 0.02
1

to the purple line at v = 0.07), the coefficient of the local Nusselt number (Nu,Re,* ) also increases for any given
value of the thermal radiation parameter (Rd). This increasing trend is visually represented by the upward shift of
the lines corresponding to higher v values. Consequently, as 7 increases, the local Nusselt number coefficient also
increases, indicating more effective convective cooling or heating at the surface. Regarding the thermal radiation
parameter (Rd), the graph shows that for a fixed value of v, as Rd increases (moving along any single colored line
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from left to right), there is a slight increase in the local Nusselt number coefficient.

The analysis demonstrates the influence of dimensionless parameters on non-Newtonian fluid flow under magnetic
fields, thermal radiation, internal heat generation, and chemical reactions, affecting velocity, temperature, concentra-
tion, and heat transfer. Key findings include:

Future studies may explore varying surface geometries, additional physical effects (e.g., Joule heating, space-
dependent thermal radiation, slip conditions), numerical stability, and machine learning-based predictions to further
understand tangent hyperbolic fluid behavior.

Increasing M enhances heat transfer (Nu) but reduces velocity and thins the velocity boundary layer.

10. CONCLUSION

Higher We improves heat transfer, showing beneficial elastic effects.
Larger n lowers velocity, reflecting shear-thinning behavior.
Increased G'r accelerates horizontal fluid motion via stronger buoyancy.

Higher Rd reduces temperature due to radiative losses.

Internal heat generation () slightly raises the local Nusselt number.

Stronger Nb flattens the temperature gradient near the surface; decreasing local heat transfer.

Higher Sc¢, thins concentration boundary layers, limiting mass diffusion.
Increased K enhances homogeneous-heterogeneous reaction profiles.

Nomenclature.
0.,  Temperature parameter n Power law index
v Kinematic viscosity T Dimensionless time
We Weissenberg number Cy Skin friction coefficient
Tw  Wall shear stress k Thermal conductivity
@ Thermal diffusivity m Velocity power index
u Z-component of fluid velocity v y-component of fluid velocity
Gr  Grashof number B Inclined magnetic field
By  Magnetic field constant pCp Heat capacity
b Stretching sheet parameter K1, K, Reaction rate coefficient
T Ambient temperature T Fluid temperature
qr Radiative heat flux Guw Heat flux
o*  Stefan Boltzmann constant k* Absorption coefficient
P Stream function 0 Stream function
n Similarity variable Nt Thermophoresis parameter
Nb  Brownian motion parameter Rd Radiation parameter
K Strength of homogeneous reaction ¥ Space dependent internal heat source parameter
A Strength of heterogeneous reaction Nu Nusselt number
é Ratio of diffusion coefficients chemical reactant A to reactant B M Magnetic parameter
Sc, Ratio of viscous diffusion rate to mass diffusion rate of reactant A Re, Reynolds number
Sc,  Ratio of viscous diffusion rate to mass diffusion rate of specie B Pr Prandtl number
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