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Abstract

In this paper, a novel micromagnetorotation boundary layer model is presented and analysed with its physical
significance on the thermal micropolar flow by computations using finite element method in FreeFEM++. Firstly,

the theory of magnetorotation is taken into account within the framework of micropolar continuum to develop

an ODE model. Secondly, the developed model is then implemented through open-source code for the first time
in the literature. It is worth mentioning that FreeFEM++ does not have this capability inbuilt to handle one-

dimensional simulations. In this study we successfully implemented and integrated the presented one-dimensional
ODE model in FreeFEM++. Thermal flow characteristics are revisited in the presence of micromagnetorotation

effects. This study is first of its kind since the energy equation incorporated with microcmagnetorotation effect

is calculated using concepts of vector-tensor calculus. The results are shown against physical parameters of
interest, i.e., the skin-friction coefficient and Nusselt number with micromagnetorotation effect. Moreover, thermal

and hydrodynamic boundary layer profiles are also calculated with micromagnetorotation effects under different

physical settings. Some interesting new findings are drawn and discussed in detail. This study finds its applications
in the chemical and transport processes that are involved in industrial research such as in bio-engineering and

magnetohydrodynamics.
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1. Introduction

Micropolar fluids within fluid dynamics is a class of fluids that has been studied from many practical applications.
Given its extensive applications in numerous scientific and engineering fields, including biological and environmental
sciences, the subject has a wide range of potential uses. Furthermore, it is particularly significant in the fields of
oceanography, meteorology, blood flow research, bacterial gliding motility, heat and mass transfer, aerodynamics, etc.
A significant limitation of the classical hydrodynamic model is its incapacity to represent fluids with microstructure,
a key characteristic that render these fluids captivating and indispensable in various applications. Within the context
of continuum mechanics, various theories have emerged, encompassing simple microfluids, irregular fluids, micropolar
fluids, dipolar fluids, and others. The theory of micropolar fluids [9] is one of the widely recognized theories of
fluids with microstructure. A specialized area within fluid dynamics is micropolar magnetohydrodynamics (MHD),
which is electrically conducting fluid subjected to magnetic field. This field attracts significant consideration due to
its applications in understanding phenomena such as plasma behavior in fusion reactors and the dynamics of space
plasma. Some examples of MHD includes anti-cancer therapy, magnetic endoscopic examination and the circulation
of blood during surgery.

Sharma et al. [23], explored the heat and mass transfer behavior in MHD micropolar fluids over a stretching sheet
incorporating slip effects. Khan et al. [13], numerically calculated the heat and mass transfer of micropolar fluid flow
within a rectangular channel. The study incorporates slip flow and convective boundary conditions. Gupta et al. [10],
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presented a numerical approach to solve the steady mixed convection electrically conducting micropolar flow over a
porous shrinking sheet. The assumptions encompass the notion that the magnetic field change as power functions
concerning their distance to the origin. Sheri et al. [25], examined the effects of Hall current and viscous dissipation on
the boundary layer analysis of MHD on an unstable, chemically reactive, micropolar rotating fluid flow across a semi-
infinite vertical plate. The Boussinesq approximation has been used to generate the pertinent fluid flow equations.
The dependence of the surface heat transfer, wall couple stress, skin-friction, and mass transfer rate on the newly
discovered thermo-physical parameters is also discussed. To verify the validity and correctness of the finite element
code under certain restricting circumstances, it is benchmarked against findings published in the literature. Excellent
agreement with published solutions is attained. Shamshuddin et al. [21], discussed how the finite element method
can be used to solve a mathematical model for MHD, micropolar fluid flow that is incompressible, dissipative, and
chemically reactive; heat and mass transfer from an inclined plate with a heat source/sink through porous media. Using
appropriate dimensionless values that can be incorporated into the finite element formulation, the set of governing
equations has been reformulated and transformed into dimensionless form under the assumption of a low Reynolds
number. A comprehensive analysis of the associated flow structure, heat, and mass transfer has been carried out,
and the evolution of multi-physical parameters in these variables is graphically presented in addition to emphasizing
the weighted residual scheme’s operational characteristics. A finite element computational solution for heat and mass
transfer, MHD, incompressible, dissipative, radiative, and chemically reactive micropolar fluid flow, next to an inclined
porous plate immersed in a saturated homogenous porous medium, is described by Shamsuddin et al [22]. Effects
of heat generation and absorption are included. The radiative heat flux in the energy equation is described using
Rosseland’s diffusion approximation. Drag effects in the porous media are simulated using a Darcy model. Assuming
a low Reynolds number and a low magnetic Reynolds number, the governing transport equations are transformed
into a non-dimensional form. Finite element solutions to the boundary value problem are shown using a Galerkin
formulation with a weighted residual scheme. Divya et al. [8] conducted a study in which MHD finite element analysis
is used to investigate spontaneously convective flow across an exponentially accelerating plate with viscous dissipation
numerically. Dimensional partial differential equations are transformed into dimensionally reduced form, and the
Galerkin finite element method is used to solve non-dimensional partial differential equations. The main conclusions
of this study are as follows: The primary velocity decreases with increasing values of magnetic parameter, Prandtl
number, Schmidt number, and Hall parameter, and increases with increasing values of thermal Grashof number, solutal
Grashof number, Eckert number, and Dufour number. Abd-Alla et al. [1], analysed heat and mass transfer in MHD
peristaltic flow within a micropolar fluids. Yuan et al. [28], studied the nonlinear effects of flows of viscoelastic fluids.
Ali et al. [2], discussed the significance of gravity modulation, heat source/sink and MHD on dynamics of micropolar
fluid within inclined surface by finite element simulation. Khan et al. in [14, 15], computed magnetic induced flow
with higher order continuum using FreeFEM++. Also computationally investigated induced magnetic micropolar flow
within a rectangular channel using the same solver. Kumar et al. [19] investigated how applied magnetic or electric
fields, heat sink or source, Joule heating, and thermal radiation affected unsteady micropolar flow across a stretched
surface. Their research showed that the electric field increases the flow’s temperature and velocity in the opposite
way to the magnetic field. Sheikholeslami et al. [18] and Lajvardi et al. [17] conducted experimental investigations
on the impact of applied magnetic and electric fields on temperature and heat transfer in a ferrofluid. Both studies
demonstrated that the magnetic field decreases the temperature of the ferrofluid, while the electric field has the
opposite effect. For this purpose, Shizawa and Tanahashi developed a comprehensive magnetohydrodynamic (MHD)
micropolar fluid theory incorporating magnetization. This model integrates Eringen’s micropolar fluid equations with
principles from ferrohydrodynamic and MHD. The determination of a constitutive equation for magnetization involves
utilizing the dissipation function and free energy. Aslani et al. [3] studied micropolar MHD flows, a domain often
neglecting the MMR effect by considering parallel magnetization and magnetic field vectors.

It’s worth mentioning that there is a lack of research investigating the temperature and heat transfer characteristics
of MHD micropolar fluids incorporating the micromagnetorotation (MMR) effect [4]. Aslani’s research focuses on
exploring how MMR affects the heat transfer in a Hartmann micropolar flow [6]. MMR pertain to the impact
of magnetization on micropolar fluids when exposed to an external magnetic field. Khan et al. [11], discussed a
micropolar continuum model derived from MHD theory. Their work incorporated the effect of MMR in formulating
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an initial boundary value problem (IBVP) for magneto-micropolar flows. They did not discuss heat transfer with
consideration of MMR.

The novel contributions of this study compared to existing research [3, 4, 11] on micropolar MHD flows, lies in
two aspects. First, it introduces a novel thermal boundary layer model that integrates the MMR in the heat transfer
characteristics within the framework of micropolar continuum theory, which, to the best of our knowledge, has not
been reported in the literature. Secondly, the existence of solution is shown in the weaker sense. FreeFEM++ based
numerical method is also presented to obtain numerical solution of the proposed boundary value problem. The key
advantages of the proposed method based on FreeFEM++ algorithm over other commonly used techniques, such as
finite difference, shooting methods, or bvp4c solvers for similar problems is given as follows. The present method is
highly flexible in in handling complex coupled boundary layer equations arising from the inclusion of MMR effects
together with heat transfer mechanism. It is accurate and numerically stable when dealing with mixed boundary
conditions, slip effects, and variable material properties. The capability of handling the same model in higher-
dimensional setting with more generalized boundary conditions. compared to low-order methods. To this end, we
consider the vector-tensor form of the governing energy equation under the influence of magnetization. Concepts from
the vector-tensor calculus is then utilized to calculate the component form of the energy balance equation accounting
MMR which afterward is reduced to thermal boundary layer flow model. As an outcome, two new physical parameters
arise that describe the underlying physical microstructural effect on the magnetization of the flow characteristics.

The rest of the paper is organized as follows. In Section 2, MMR heat transfer model is described and mathematical
model is formulated in the framework of micropolar continuum theory. In Section 3, weak formulation of the problem
is stated and the finite element algorithm for computing flow characteristics is presented. In section 4, obtained
numerical results are presented and discussed in detail. Finally, conclusions are drawn in Section 5.

2. MMR Heat Transfer Model and Flow Description

This section presents a heat transport model including the MMR effect in three dimensions. In a magnetic mi-

cropolar incompressible unsteady flow, let
−→
V ,

−→
H , W , and T stand for the fluid particles’ velocity, magnetic field,

micro-rotational velocity, and temperature, respectively. The flow, in accordance with the Shizawa and Tanahashi
hypothesis [26], is then described by the following set of coupled partial differential equations.

∂ρ

∂t
+▽.(ρ

−→
V ) = 0, (2.1)

ρ
d
−→
V

dt
= −▽ P + η▽2 −→V +▽× 2η1(W−−→ω ) + J ×

−→
B + (

−→
M.▽)

−→
H +

−→
M × (▽×

−→
H ), (2.2)

I
dW

dt
= γ ▽2 W− 4η1(W−−→ω ) +

−→
M ×

−→
H, (2.3)

ρT
ds

dt
= k▽2 T + η2(trD

(v)) + 2ηD(v) : D(v) + 4η1(W−−→ω )2

+ αtr(▽W) + β(▽W)T : ▽W+ γ ▽W : ▽W+ τ
M0

H
(W×

−→
H )2, (2.4)

∂B

∂t
= −▽×

−→
E , (2.5)

▽ .
−→
B = 0, (2.6)

▽×
−→
H = J, (2.7)

J = σ(
−→
E + v ×

−→
B ), (2.8)

−→
B = µ0

−→
H +

−→
M, (2.9)

−→
M =

M0(I − τW.ϵ).
−→
H

H
, (2.10)
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where, in Eqs. (2.1)-(2.10), P , I, M , M0 and
−→
B are the pressure field, identical tensor, magnetization vector,

magnetization strength, and magnetic field, respectively. The parameters η, η1, and γ are the shear stress, vortex
and angular viscosity, respectively. Furthermore, ϵ is the Levi-Civita symbol, α, and β, are the spin viscosities. The
parameters s, τ , T , and H are the entropy, deformation tensor, relaxation time of magnetization, temperature fields

and magnitude of the applied magnetic field vector, respectively. The terms
−→
M ×

−→
H and τ Mo

H
(W ×

−→
H )2 are due to

MMR, which specifies the influence of magnetization on microrotation. The angular velocity −→ω is given by

−→w = ▽×
−→
V

2
. (2.11)

The deformation tensor D(v) in Eq. (2.4) is defined as

D(v) =
▽
−→
V + (▽

−→
V )T

2
. (2.12)

Further, assume a low Reynolds number approximation [3], then in a two-dimensional framework (xz-coordinate

Figure 1. Geometry of the problem.

system), Eqs. (2.1)-(2.10) are stated in component form as

∂u1
∂x

+
∂u3
∂z

= 0, (2.13)

ρ

(
u1
∂u1
∂x

+ u3
∂u1
∂z

)
= −∂p

∂x
+ JyBz + η

(
∂2u1
∂x2

+
∂2u1
∂z2

)
+M1

∂H1

∂x
+M3

∂H3

∂x

− 2η1

(
∂w2

∂z
− 1

2

(
∂2u1
∂z2

− ∂u3
∂z∂x

))
,

(2.14)

ρ

(
u1
∂u3
∂x

+ u3
∂u3
∂z

)
= −∂p

∂z
+ JyBx + η

(
∂2u3
∂x2

+
∂2u3
∂z2

)
−M1

∂H1

∂z
−M3

∂H3

∂z

+ 2η1

(
∂w2

∂x
+

1

2

(
∂2u3
∂x2

− ∂u1
∂z∂x

))
,

(2.15)

u1
∂w2

∂x
+ u3

∂w2

∂z
= γ

(
∂2w2

∂x2
+
∂2w2

∂z2

)
− 2η1

(
2w2 +

∂u1
∂z

− ∂u3
∂x

)
+M3H1 −M1H3 (2.16)
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and

ρ

(
u1
∂T

∂x
+ u3

∂T

∂z

)
= κ

(
∂2T

∂x2
+
∂2T

∂z2

)
+ η2

(
∂u1
∂x

+
∂u3
∂z

)
+ η

(
2

(
∂u1
∂x

)2

+

(
∂u1
∂z

)2)

+ 4η1

(
w2 −

1

2

(
∂u1
∂z

))2

+ γ

((
∂w2

∂x

)2

+

(
∂w2

∂z

)2)
+ τ

M0

H

(
w2H3

)2

.

(2.17)

Subject to the boundary conditions on the right half of the xz-plane {(−∞ < x <∞, z ≥ 0) : x, z ∈ R}:

u1 = U∞, u3 = 0, W =W0
∂u1
∂z

, T = Tw at z = 0,

u1 → 0, W → 0, T → ∞ as z → ∞.
(2.18)

In Eqs. (2.13)-(2.17), u1 and u3 are the velocity components in x and z directions, H1 and H3 are the magnetic field
components, ρ is the density of the medium, µ is the dynamic viscosity, cp is the specific heat capacitance, T represents
the fluid temperature and κ denotes the effective thermal conductivity of the medium. From Eqs. (2.7) and (2.8) we
write

▽×H = σ(E + v ×B). (2.19)

The component form of magnetic flux density in Eq. (2.8) is given by

(jx, jy, jz) = (0, σ (u3Bx − u1Bz) , 0) . (2.20)

To derive an initial boundary value problem based on the micropolar continuum description with MMR, we make the
following assumptions regarding the flow. Consider a convective micropolar flow in a steady, incompressible, laminar,
and two-dimensional settings. The flow direction aligns with the x-axis, while the z-axis is oriented perpendicular
to this direction as shown in Figure 1. The magnetic field denoted by H = (0, 0, H0) is applied normal to the flow
direction. The flow field velocities are assumed V = (u(x, z), 0, 0), w = (0, w(x, z), 0), and W = (0, w2, 0). It should
be noted that Hx denotes the induced magnetic field, which implies that the magnetic field vector is represented as
H = (H1, 0,H3). Interpreting equation (2.10) in component form based on the aforementioned flow assumptions yield

M1 =
M0(H1 − τH3ω2)

H1
= τM0ω2, M2 = 0, (2.21)

and

M3 =
M0(H3 − τH1ω2)

H1
. (2.22)

Also, the magnetic induction vector B takes the following form

(B1, B2, B3) = (τM0ω2, 0, µ0H0 +M0) . (2.23)

It follows from the above discussion and Eqs. (2.14)-(2.23) that

u1
∂u1
∂x

+ u3
∂u1
∂z

=

(
µ+ κ

ρ

)
∂2u1
∂z2

+
κ

ρ

∂w2

∂z

− σ

ρ

((
µ0H0 +M0

)
τM0u3W2 +

(
µ0H0 +M0

)2

u1

)
,

(2.24)

u1
∂w2

∂x
+ u3

∂w2

∂z
=
γ∗

ρj

(
∂2w2

∂z2

)
− k

ρj

(
2w2 +

∂u1
∂z

)
− τM0H0

ρc
w2 (2.25)
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and

u1
∂T

∂x
+ u2

∂T

∂z
=

κ

ρcp

(
∂2T

∂z2

)
+

κ

ρcp

(
∂u1
∂x

+
∂u3
∂z

)
+

µ

ρcp

(
∂u1
∂z

)2

+
4κ

ρcp

(
w2 −

1

2

∂u1
∂z

)2

+
τM0H

2
0

Hρcp
w2

2,

(2.26)

subjected to the associated boundary conditions. Now, let us assume the following boundary layer transformations

ξ = z

√
U∞

νx
, ψ = U∞

√
νx

U∞
f(ξ), u1 = U∞f

′(ξ), u3 =
1

2

√
U∞ν

x
(ξf ′(ξ)− f(ξ)),

w2 = U∞

√
U∞

νx
R(ξ), and θ(ξ) =

T − T∞
Tw − T∞

.

(2.27)

It is easy to see that after some calculations the Eqs. (2.24)-(2.26) are transformed into the following nonlinear system
of coupled ordinary differential equations.

(1 +K)f ′′′ +KR′ − A

2
(ξf ′ − f)R+Mf ′ +

ff ′′

2
= 0, (2.28)

(
1 +

K

2

)
R′′ − β(2R+ f ′′)− ww∗R+

f ′R

2
+
fR′

2
= 0 (2.29)

and

1

Pr
θ′′ + (1 +K)Ecf

′′2 + (4K +Rm)EcR
2 − 4KEcRf

′′ +
fθ′

2
= 0, (2.30)

together with the boundary conditions from Eq. (2.18) to

f = 0, f ′ = 1, R = 0, θ = 1 at ξ = 0,

f ′ = 0, R = 0, θ = 0 as ξ → ∞.
(2.31)

Here, the parameters K, ξ, β, w, M, A, w∗, Rm, P r and Ec are dimensionless and are stated as:

K =
k

µ
, ξ =

H2
0

c2l
,

(
1 +

k

2

)
=
γ∗

ρj
, β =

k

ρj
,M =

σ

ρ

B2
0

c
, w =

M0H
2
0

ρH
, w∗ =

τ

c
,

Rm =
τM0H

2
0

µH
, A =

σ

ρ
(µ0H0 +M0)τM0, P r =

µCp

k
and Ec =

U2
∞

Cp(Tw − T∞)
.

(2.32)

The parameter of physical interest is the skin friction coefficient, defined as

Cf =
τw
ρu2w

, (2.33)

where uw = cx is the characteristic velocity and τw is the wall shear stress given by

τw =

[
(µ+ k)

∂u1
∂z

+ kW

]
z=0

. (2.34)

Substituting Eq. (2.27) into Eq. (2.34), the skin friction coefficient in Eq. (2.33) takes the following form

Cf

√
Rex = (1 +K)f ′′(0) +KR(0). (2.35)

The other parameter of practical interest is the Nusselt number defined as

Nux =
xqw

k(Tw − T∞)
, (2.36)
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where qw is the heat flux given by

qw = −k∂T
∂z

. (2.37)

By using Eq. (2.27) into Eq. (2.37), the Nusselt number in Eq. (2.36) becomes(√
Rex

)−1/2

Nux = −θ′, (2.38)

where Rex =
uwx

ν
is the local Reynolds number.

3. Numerical Method of Solution

To solve the system in Eqs. (2.28)-(2.31), we adopt the finite element numerical procedure. The method is based
on the following main steps. First the domain is discretised into finite number of elements. On each element the
discretised version of the PDE problem is solved with integration using Gaussian quadrature rule. The solution at
each elemental level is achieved with the desired accuracy. The solution for the next element is calculated so that the
total number of finite elements is reached. The obtained solution on each element of the mesh is used and assemble
of the finite element solution on the complete mesh. To this end, the system of simultaneous nonlinear differential
Eqs. (2.28)-(2.31), is first restated by substitution

f ′ = h, (3.1)

as

(1 +K)h′′ +KR′ − A

2
(ξh− f)R+Mh+

fh′

2
= 0, (3.2)

(
1 +

K

2

)
R′′ − β(2R+ h′)− ww∗R+

hR

2
+
fR′

2
= 0, (3.3)

1

Pr
θ′′ + (1 +K)Ech

′2 + (4K +Rm)EcR
2 − 4KEcRfh

′ +
fθ′

2
= 0. (3.4)

The corresponding boundary conditions thus expressed as

f = 0, h = 1, R = 0, θ = 1 at ξ = 0,

h = 0, R = 0, θ = 0 as ξ → ∞.
(3.5)

To apply the finite element procedure stated above, the system in Eqs. (3.1)-(3.4) first reduced to the weak integral
form.

3.1. Weak integral representation and theoretical analysis. Let us assume that ξ, ϱ, φ, and ϑ, are functions
in the polynomial space P2, as test functions corresponding to the velocity, velocity gradient, microrotation, and tem-
perature field variables, respectively. The variational form associated with Eqs. (3.1)-(3.4) over a typically quadratic
element (ξa, ξa+1) reads:∫ ξa+1

ξa

(f ′ − h) · ζ dξ = 0, ∀ ξ ∈ P2, (3.6)

∫ ξa+1

ξa

(
(1 +K)h′′ +KR′ − A

2
(ξh− f)R+Mh+

fh′

2

)
· φdξ = 0, ∀ φ ∈ P2, (3.7)

∫ ξa+1

ξa

((
1 +

K

2

)
R′′ − β(2R+ h′)− ww∗R+

hR

2
+
fR′

2

)
· ϱ dξ = 0, ∀ ϱ ∈ P2 (3.8)
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and ∫ ξa+1

ξa

(
1

Pr
θ′′ + (1 +K)Ech

′2 + (4K +Rm)EcR
2 − 4KEcRfh

′ +
fθ′

2

)
· ϑ dξ = 0, ∀ ϑ ∈ P2. (3.9)

After the application of the Gauss divergence theorem, Eqs. (4.6)-(3.9) becomes∫ ξa+1

ξa

f ′ζ dξ −
∫ ξa+1

ξa

h · ζ dξ = 0, (3.10)

∫ ξa+1

ξa

(
KR′ − A

2
(ξh− f)R+Mh+

fh′

2

)
· φdξ −

∫ ξa+1

ξa

(1 +K)h′φ′ dξ = 0, (3.11)

∫ ξa+1

ξa

(
− β(2R+ h′)− ww∗R+

hR

2
+
fR′

2

)
· ϱ dξ −

∫ ξa+1

ξa

(
1 +

K

2

)
R′ϱ′ dξ = 0, (3.12)

∫ ξa+1

ξa

(
(1 +K)Ech

′2 + (4K +Rm)EcR
2 − 4KEcRfh

′ +
fθ′

2

)
· ϑ dξ −

∫ ξa+1

ξa

1

Pr
θ′ϑ′ dξ = 0. (3.13)

Let us denote the elemental domain Ω := (ξa, ξa+1) and ζ = ϕf , ϕ = ϕh, φ = ϕR and ϑ = ϕθ. The weak integral
system in Eqs. (3.10)-(3.13) is restated as a problem to find u ∈ V such that

a(u,v) = ℓ(v), ∀v ∈ V, (3.14)

where the bilinear operator a(u,v) is given by

a(u,v) =

∫
Ω

(
(f ′ − h)ϕf +KR′ϕh − A

2
R̄(f − ξh)ϕh +Mhϕh +

1

2
f̄h′ϕh − (1 +K)h′ϕ′h

− β(2R+ h′)ϕRωω
∗RϕR +

1

2
h̄RϕR +

1

2
f̄R′ϕR −

(
1 +

K

2

)
R′ϕ′R + (1 +K)Ech̄′h

′ϕθ

+(4K +Rm)EcR̄Rϕθ − 4KEcR̄f̄h
′ϕθ +

1

2
f̄ θ′ϕθ −

1

Pr
θ′ϕ′θ

)
dξ

(3.15)

and the linear operator ℓ(v) is zero functional in this case. The following result shows the existence of the unique
solution to the problem in Eq. (3.14).

Theorem 3.1. Let a(u,v) be a bilinear operator defined as in Eq. (3.15) which is continuous and coercive on V and
ℓ(v) be the bounded linear functional in V ′ then there exists a unique u ∈ V solving problem in Eq. (3.14) for all v ∈ V.

Proof. Let us denote for convenience f = uf , h = uh, R = uR, θ = uθ, ζ = vf , ϕ = vh, φ = v)R and ϑ = vθ then
Eq. (3.15) can be expressed as

a(u,v) = aprin(u,v) + alow(u,v) (3.16)

where

aprin(u,v) =

∫
Ω

(a1u
′
hv

′
h + a2u

′
Rv

′
R + a3u

′
θv

′
θ) dξ (3.17)

and

alow(u,v) =

∫
Ω

(
(uh − u′f )vf −Ku′RvR +

A

2
ūR(ξuh − uf )vh −Muhvh − 1

2
ūfu

′
hvh

+ β(2uR + u′h)vR + ωω∗uRvR − 1

2
ūhuRvR − 1

2
ūfu

′
RvR − (1 +K)Ecū′hu

′
hvθ

− (4K +Rm)EcūRuRvθ + 4KEcūRūfu
′
hvθ −

1

2
ūfu

′
θvθ

)
dξ,

(3.18)
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with a1 = (1 +K), a2 =
(
1 + K

2

)
and a3 = 1

Pr . Suppose

∃ Cmin > 0 s.t. almost everywhere on Ω ai ≥ Cmin for i = 1, 2, 3.

Then

aprin(u,u) =

∫
Ω

(
a1|u′h|2 + a2|u′R|2 + a3|u′θ|2

)
dξ

≥ Cmin

∑
j=1

∥w′
j∥2L2(Ω) = Cmin|w|21; j ∈ {h,R, θ}

(3.19)

where we define the energy seminorm

|w|21 :=
∑

j∈{h,R,θ}

∥w′
j∥2L2(Ω) (3.20)

This gives a lower bound for the aprin in terms of the H1-seminorm. We now bound alow in terms of |w|21. The terms
in alow are finite sums of integrals of the form

Ipqb :=

∫
Ω

bpq(ξ)w
′
p(ξ)wq(ξ) dξ; p, q ∈ {f, h,R, θ}

and

Ipqd :=

∫
Ω

dpq(ξ)wp(ξ)wq(ξ) dξ

with bpq, dpq ∈ L∞(Ω). Also

|Ipqd | =
∣∣∣∣ ∫

Ω

(
uhvf − A

2
ūR(ξuh − uf )vh −Muhvh + β2uRvR

+ωω∗uRvR − 1

2
ūhuRvR − (4K +Rm)EcūRuRvθ

)
dξ

∣∣∣∣
≤ ∥dpq∥∞∥wp∥L2(Ω)∥wq∥L2(Ω) (Cauchy Schwarz Inequality)

≤ ∥dpq∥∞C2
p∥w′

p∥L2(Ω)∥w′
q∥L2(Ω) for some Cp ∈ R (Poincaré Inequality)

≤ ∥dpq∥∞C2
p

(
ϵ∥w′

p∥2L2(Ω) +
1

4ϵ
∥w′

q∥2L2(Ω)

)
for some ϵ > 0 (Young’s Inequality),

(3.21)

=⇒ |Ipqd | ≤ C2
p∥dpq∥∞

(
ϵ∥w′

p∥2L2(Ω) +
1

4ϵ
∥w′

q∥2L2(Ω)

)
(3.22)

Similarly

|Ipqb | ≤ ∥bpq∥∞∥w′
p∥L2(Ω)∥wq∥L2(Ω)

≤ ∥bpq∥∞Cp∥w′
p∥L2(Ω)∥w′

q∥L2(Ω)

≤ ∥bpq∥∞Cp

(
ϵ1∥w′

p∥2L2(Ω) +
1

4ϵ1
∥w′

q∥2L2(Ω)

)
for some ϵ1 > 0.

(3.23)

By summing all such bounds over all index pairs (i, j) with

B := max
pq

∥bpq∥∞, D := max
pq

∥dpq∥∞

and collecting the estimates in Eq. (3.22) and Eq. (3.24) we write

a(u,u) ≥ Cmin|u|21 − β|u|21 = (Cmin − β)|u|21. (3.24)

Since Cmin is the minimal positive number of the diffusion-like coefficients
(
1 +K, 1 + K

2 , and
1
Pr

)
which are positive

numbers and β measure the aggregate strength of the lower-order coupling coefficients scaled by Cp, therefore Cp can
be chosen such that (Cmin−β) > 0. Thus a is coercive on V. Next we need to show that a is continuous on V equipped
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with H1-norm. Since each term in a(w, v) is an integral of products of bounded coefficients and either derivatives or
functions, by using Cauchy-Schwarz and Poincaré inequalities as before we can thus write∣∣∣∣ ∫

Ω

apw
′
pv

′
p

∣∣∣∣ ≤ ∥ap∥∞∥w′
p∥L2(Ω)∥v′p∥L2(Ω) ≤ ∥ap∥∞∥w∥H1(Ω)∥v∥H1(Ω), (3.25)

∣∣∣∣ ∫
Ω

bpqw
′
pvq

∣∣∣∣ ≤ ∥bpq∥∞∥w′
p∥L2(Ω)∥vq∥L2(Ω) ≤ ∥bpq∥∞Cp∥w∥H1(Ω)∥v∥H1(Ω) (3.26)

and ∣∣∣∣ ∫
Ω

dpqwpvq

∣∣∣∣ ≤ ∥dpq∥∞∥wp∥L2(Ω)∥vq∥L2(Ω) ≤ ∥dpq∥∞C2
p∥w∥H1(Ω)∥v∥H1(Ω). (3.27)

Summing Eqs. (3.25)-(3.27) over all pairs (p, q) we can find a finite constant Ccont such that

|a(w, v)| ≤ Ccont∥w∥H1(Ω)∥v∥H1(Ω).

Thus a is continuous on V equipped with H1-norm. This completes the proof. □

3.2. Discrete finite element formulation. The discrete form of the problem corresponding to the system in
Eqs. (3.10)-(3.13) is obtained by the substitution of the following nodal contributions

f =

n∑
j=1

fjψj , h =

n∑
j=1

hjψj , R =

n∑
j=1

Rjψj and θ =

n∑
j=1

θjψj , (3.28)

where n is the total number of nodes in an element. Further, assume that ζ = φ = ϱ = ϑ = ψi, ( for i = 1, 2, 3), where
ψi are the shape functions for a two-noded quadratic element (ξa, ξa+1) expressed by

ψ
(a)
1 =

(ξa+1 + ξa − 2ξ)(ξa+1 − ξ)

(ξa+1 − ξa)2
, ψ

(a)
2 =

4(ξ − ξa)(ξa+1 − ξ)

(ξa+1 − ξa)2

and ψ
(a)
3 =

(ξa+1 + ξa − 2ξ)(ξ − ξa)

(ξa+1 − ξa)2
, for ξa ≤ ξ ≤ ξa+1. (3.29)

Using Eq. (3.28) and (3.29) in Eqs. (3.10)-(3.13) the following system of matrix vector equation is obtained for each
element e.

K11
11 K11

12 K11
13 K12

11 K12
12 K12

13 K13
11 K13

12 K13
13 K14

11 K14
12 K14

13

K11
21 K11

22 K11
23 K12

21 K12
22 K12

23 K13
21 K13

22 K13
23 K14

21 K14
22 K14

23

K11
31 K11

32 K11
33 K12

31 K12
32 K12

33 K13
31 K13

32 K13
33 K14

31 K14
32 K14

33

K21
11 K21

12 K21
13 K22

11 K22
12 K22

13 K23
11 K23

12 K23
13 K24

11 K24
12 K24

13

K21
21 K21

22 K21
23 K22

21 K22
22 K22

23 K23
21 K23

22 K23
23 K24

21 K24
22 K24

23

K21
31 K21

32 K21
33 K22

31 K22
32 K22

33 K23
31 K23

32 K23
33 K24

31 K24
32 K24

33

K31
11 K31

12 K31
13 K32

11 K32
12 K32

13 K33
11 K33

12 K33
13 K34

11 K34
12 K34

13

K31
21 K31

22 K31
23 K32

21 K32
22 K32

23 K33
21 K33

22 K33
23 K34

21 K34
22 K34

23

K31
31 K31

32 K31
33 K32

31 K32
32 K32

33 K33
31 K33

32 K33
33 K34

31 K34
32 K34

33

K41
11 K41

12 K41
13 K42

11 K42
12 K42

13 K43
11 K43

12 K43
13 K44

11 K44
12 K44

13

K41
21 K41

22 K41
23 K42

21 K42
22 K42

23 K43
21 K43

22 K43
23 K44

21 K44
22 K44

23

K41
31 K41

32 K41
33 K42

31 K42
32 K42

33 K43
31 K43

32 K43
33 K44

31 K44
32 K44

33





fe1
fe2
fe3
he1
he2
he3
Re

1

Re
2

Re
3

θe1
θe2
θe3



=



b11
b12
b13
b21
b22
b23
b31
b32
b33
b41
b42
b43



. (3.30)

In Eq. (3.30), the sub-matrices Kmn
ij (with m,n ∈ {1, 2, 3, 4}; i, j ∈ {1, 2, 3}) and the vectors bmi are defined as

K11
ij =

∫ ξa+1

ξa

ψi
dψj

dξ
dξ, K12

ij = −
∫ ξa+1

ξa

ψiψjdξ, K
13
ij = K14

ij = K24
ij = K34

ij = 0, (3.31)

K21
ij =

A

2

∫ ξa+1

ξa

Rψiψjdξ +
1

2

∫ ξa+1

ξa

h′ψiψjdξ, (3.32)
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K22
ij = −(1 +K)

∫ ξa+1

ξa

dψi

dξ

dψj

dξ
dξ − Aξ

2

∫ ξa+1

ξa

Rψiψjdξ +M

∫ ξa+1

ξa

ψiψjdξ +
1

2

∫ ξa+1

ξa

fψi
dψj

dξ
dξ, (3.33)

K23
ij = K

∫ ξa+1

ξa

ψi
dψj

dξ
dξ − Aξ

2

∫ ξa+1

ξa

hψiψjdξ +
A

2

∫ ξa+1

ξa

fψiψjdξ, (3.34)

K31
ij =

1

2

∫ ξa+1

ξa

R′ψiψjdξ, K32
ij = −β

∫ ξa+1

ξa

ψi
dψj

dξ
dξ +

1

2

∫ ξa+1

ξa

Rψiψjdξ, (3.35)

K33
ij = −

(
1 +

K

2

)∫ ξa+1

ξa

dψi

dξ

dψj

dξ
dξ − 2β

∫ ξa+1

ξa

ψiψjdξ − ww∗
∫ ξa+1

ξa

ψiψjdξ

+
1

2

∫ ξa+1

ξa

hψiψjdξ +
1

2

∫ ξa+1

ξa

fψi
dψj

dξ
dξ,

(3.36)

K41
ij =

1

2

∫ ξa+1

ξa

θ′ψiψjdξ, K
42
ij = 2KEc

∫ ξa+1

ξa

h′ψi
dψj

dξ
dξ + 4KEc

∫ ξa+1

ξa

Rψi
dψj

dξ
dξ, (3.37)

K43
ij = 4KEc

∫ ξa+1

ξa

Rψiψjdξ +RmEc

∫ ξa+1

ξa

Rψiψjdξ + 4KEc

∫ ξa+1

ξa

h′ψiψjdξ, (3.38)

K44
ij = − 1

Pr

∫ ξa+1

ξa

dψi

dξ

dψj

dξ
dξ +

1

2

∫ ξa+1

ξa

fψi
dψj

dξ
dξ, (3.39)

where in Eqs. (3.31)-(3.39)

f =
n∑

j=1

f jψj , h =
n∑

j=1

hjψj , h′ =
n∑

j=1

h′jψj , R =
n∑

j=1

Rjψj , R′ =
n∑

j=1

R′
jψj , θ′ =

n∑
j=1

θ′jψj ,

b1i = 0, b2i = −(1 +K)

(
ψ
dh

dξ

)ξa+1

ξa

, b3i = −

(
1 +

K

2

)(
ψ
dR

dξ

)ξa+1

ξa

and b4i = − 1

Pr

(
ψ
dθ

dξ

)ξa+1

ξa

.

To implement the proposed model an open source code FreeFEM++ [12] is utilized. To calculate f , h, R and θ the
following numerical algorithm is utilized.

Numerical Algorithm:

Step 1: Define the domain using the border command in FreeFEM++.
Step 2: Discretize the domain into quadratic finite elements using the command buildmesh. The mesh is generated

using the Delaunay-Voronoi algorithm.
Step 3: Define the finite element space using the command fespace with f , h, R, and θ as continuous piecewise

quadratic functions in P2.
Step 4: Solve the system.

Step 4.1. Set the length dξ of the finite element e.
Step 4.2. Choose the element number as e = 1.
Step 4.3. Initialize the physical parameters K, Pr, ω, A, ξ, Ec, ω∗, Rm, M and β.
Step 4.4. Loop over the number of finite elements ′ne′.
Step 4.5. Initialize f , h, R and θ with zero.
Step 4.6. Construct the stiffness matrix K and load vector Q as in Eq. (3.30) with the help of the varf command.
Step 4.7. Update the element number e = e+ 1 and go to Step 4.5.
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Step 4.8. Solve the global system obtained in Step 4.5 by calling the UMFPACK library.
Step 4.9. Check the convergence criterion of the solution. If reached, save the solution for post-processing; other-

wise, update the solution and go to Step 4.5.
Step 5: Save the solution data for post-processing.

4. Results and Discussions

In this section, the results obtained by computing the MMR-IBVP model in Eqs. (3.1)-(3.5) are presented. Numer-
ical experiments are performed for different values of the material parameters to calculate the translational, rotational
velocity, and temperature field profiles. Moreover, the physical parameters of interest the skin-friction coefficient and
the Nusselt number are also calculated. In the present study, the computational domain is restricted to a finite region
based on the physical characteristics of the boundary-layer flow. Since the velocity, microrotation, and thermal fields
asymptotically approach their free-stream values beyond a certain distance, enlarging the domain further does not
meaningfully influence the solution within the boundary layer. This was verified by conducting domain-sensitivity
tests, where the domain length was increased until the computed profiles stabilized. The selected domain length i.e.
ξ∞ = 12, thus ensures computational efficiency without compromising solution accuracy. To verify the accuracy and

Table 1. Skin-friction values with varying number of triangles and vertices.

Mesh Level (m) Number of Elements Number of Vertices Skin-friction coefficient (Sf) |Sfm+1 − Sfm|
1 40 33 -0.72353710 –
2 100 64 -0.68986571 0.03367139
3 400 217 -0.68389345 0.00387621
4 900 405 -0.68143392 0.00245953
5 1360 793 -0.68067575 0.00075817
6 3780 1548 -0.68020963 0.00046612
7 5580 3025 -0.67998188 0.00022775
8 10062 5313 -0.67988624 9.56366×10−5

stability of the numerical scheme, a detailed convergence study is carried out using non-uniform mesh refinements.
Order of convergence (pm) is computed using the successive differences of the skin-friction coefficient (Sf). Let us
define

∆m = |Sfm+1 − Sfm| , ∆m+1 = |Sfm+2 − Sfm+1| , (4.1)

where ∆m and ∆m+1 represent the absolute differences in the computed values of Sf between three successive mesh

levels m, m + 1, and m + 2. If hm denotes the characteristic mesh size and rm =
hm
hm+1

is the refinement ratio, the

order of convergence is computed as

pm = ln

(
∆m

∆m+1

)/
ln(rm). (4.2)

In this case the total number of triangular elements N are known, we assume h ∼ N−1/2, giving

rm ≈
√
Nm+1

Nm
=⇒ pm = 2 ln

(
∆m

∆m+1

)/
ln

(
Nm+1

Nm

)
. (4.3)

Table 1 illustrates the convergence of the skin-friction coefficient (Sf) and its successive differences |Sfm+1 − Sfm|,
which decrease as the mesh is refined. The computed values of pm are summarized in Table 2. It is observed that
although the local convergence orders fluctuate due to non-uniform refinement ratios, the overall trend consistently
shows a significant reduction in the differences ∆m, decreasing from 3.37×10−2 on the coarsest mesh to 9.56×10−5 on
the finest mesh. This reduction by more than two orders of magnitude clearly confirms that the computed solutions
converge as the mesh is refined. Furthermore, a global least-squares fit of log(∆m) versus log(Nm) over all mesh
levels shows an effective overall convergence rate of approximately p ≈ 2.4, which demonstrates that the adopted
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Table 2. Order of convergence computed using successive mesh refinements.

Interval Nm Nm+1 ∆m ∆m+1 Observed order pm

1–2–3 40 100 3.367139× 10−2 3.87621× 10−3 4.719

2–3–4 100 400 3.87621× 10−3 2.45953× 10−3 0.656

3–4–5 400 900 2.45953× 10−3 7.5817× 10−4 2.902

4–5–6 900 1360 7.5817× 10−4 4.6612× 10−4 2.357

5–6–7 1360 3780 4.6612× 10−4 2.2775× 10−4 1.401

6–7–8 3780 5580 2.2775× 10−4 9.56366× 10−5 4.456

Table 3. Mesh independence of the computed solutions.

Mesh Level Number of Elements f ′(1.0) R(1.0) θ(1.0)

1 100 0.426969 0.352044 0.718472
2 400 0.433254 0.360726 0.723433
3 900 0.433755 0.35773 0.725314
4 1360 0.434252 0.357119 0.725743
5 2100 0.434704 0.357109 0.725861
6 3780 0.435098 0.356878 0.726015
7 5580 0.435256 0.356867 0.726058
8 10062 0.435257 0.356855 0.726078

finite element formulation achieves a rate of convergence close to second-order accuracy. Based on these results, mesh
levels beyond m = 6 provide sufficiently accurate and mesh-independent solutions, ensuring numerical reliability of
the reported results in this investigation. To obtain a mesh independent solution several other tests have also been
carried out. The grid used to compute the solution is refined with eight different mesh levels. It is observed from
Table 3, that the solution in case of velocity, microrotation and temperature fields do not vary significantly after the
seventh mesh refinement level. Therefore, in this discussion the mesh taken to compute the solutions is having 10062
number of finite elements. In order to validate the accuracy of computations performed by the presented method for
the proposed model problem we compare our results in a limiting case. If we set K = 0, A = M = 0, R ≡ 0, θ ≡ 0
and Ec = 0, the system in Eqs. (2.28)-(2.31) reduces to the following classical Blasius boundary-layer problem.

f ′′′(ξ) +
1

2
f(ξ)f ′′(ξ) = 0, (4.4)

along with the boundary conditions

f(0) = 0, f ′(0) = 0 and f ′(∞) = 1. (4.5)

Here, ξ is as in Eq. (2.27). To develop the weak form of the problem in Eqs. (4.4)-(4.5), Let ϕ(ξ) be a test function
such that ϕ ∈ H1(Ω) with ϕ(0) = 0 and ϕ(ξ∞) = 0. The value ξ∞ is chosen such that the boundary layer is assumed
completely developed. Multiplying Eq. (4.4) by ϕ and integrating over the domain Ω = (0, ξ∞), we obtain∫ ξ∞

0

(
f ′′′(ξ) +

1

2
f(ξ)f ′′(ξ)

)
ϕ(ξ) dξ = 0. (4.6)
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For the first term, applying integration by parts repeatedly gives∫ ξ∞

0

f ′′′(ξ)ϕ(ξ) dξ =
[
f ′′(ξ)ϕ(ξ)

]ξ∞
0

−
∫ ξ∞

0

f ′′(ξ)ϕ′(ξ) dξ (4.7)

= −
∫ ξ∞

0

f ′′(ξ)ϕ′(ξ) dξ, (4.8)

since the boundary terms vanish due to ϕ(0) = ϕ(ξ∞) = 0. The weak formulation thus reads:
Find f ∈ V such that

−
∫ ξ∞

0

f ′′(ξ)ϕ′(ξ) dξ +
1

2

∫ ξ∞

0

f(ξ)f ′′(ξ)ϕ(ξ) dξ = 0, ∀ϕ ∈ V , (4.9)

where V = {v ∈ H1(0, ξ∞) | v(0) = v(ξ∞) = 0} is the space of admissible test functions. To verify and validate
the accuracy of the implemented method the above presented classical Blasius boundary-layer problem is computed
using the presented method and the method by Kierzenka and Shampine [16]. It can be seen from Table 4 that a
strong agreement is achieved between the computed solution for velocity and wall-stress functions with the presented
method and the other solutions [16, 20] in the literature. In Table 5, the skin-friction coefficient values are presented
against the varying set of material parameters. It delineate the impact of micropolar constant K, MMR parameter
A, the viscosity ration factor β and the time relaxation factor ω∗ on the skin-friction coefficient. It can be seen that
for an increasing values of micropolar constant and viscosity parameter, the skin-friction is directly proportional to
β and inversely proportional to K. Moreover, it is observed that for increasing values of the MMR parameter, the
skin friction increases. In Table 6, the impact of different physical parameters are taken to observe the effect on

Figure 2. Temperature for varying values of the Prandtl number. Other parameters used are:
A = −0.5, K = 0.5, β = 0.5, M = 0.1, ω = -0.5, ω∗ = 5.5, Ec = 0.1 and Rm = 9.

Nusselt number. The material parameters varied are the micropolar constant K, magnetic Reynolds number Rm,
Eckert number Ec, viscosity ratio parameter β, Prandtl number Pr, and the magnetization relaxation factor ω∗. It
is seen that with an increase in the micropolar constant the Nusselt number decreases. This is because increasing the
micropolar constant decreases the Nusselt number and reduces convective heat transfer by increasing fluid resistance
to shear and heat transfer due to microstructural factors. This tendency is often seen in analysis of micropolar or non-
Newtonian fluids with complex thermal and dynamical interactions. Increase in the magnetic Reynolds number leads
to an increased value of the Nusselt number. A high magnetic Reynolds number implies stronger coupling between the
fluid motion and the magnetic field. Increasing the magnetic Reynolds’ number generally suppresses convective heat
transfer thereby reducing the Nusselt number. It is also observed from Table 6, that higher Eckert number leads to an
increase in the Nusselt number. This is due to the fact that at higher Eckert number the viscous dissipation is enhanced
and greater temperature gradients arises at the wall. Also it can be seen that with an increase in the viscosity ratio
parameter the Nusselt number is increased. Moreover, the Nusselt number increases with an increase in the Prandtl
number. This is because an increase in the Prandtl number enhances the convective heat transfer capability, leading
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Table 4. Comparison of the numerical results with other solutions in the limiting case.

Blasius Solution [20] Present Method Kierzenka and Shampine [16] Present Method

ξ f ′(ξ) f ′(ξ) f ′′(ξ) f ′′(ξ)

0.00 0.00000 0.00000012 0.33200 0.33200048
0.20 0.06641 0.06641037 0.33193 0.33193092
0.40 0.13277 0.13277056 0.33142 0.33141987
0.60 0.19984 0.19984073 0.33003 0.33003055
0.80 0.26472 0.26472044 0.32735 0.32734986
1.00 0.32980 0.32980091 0.32298 0.32297964
1.20 0.39381 0.39381038 0.31657 0.31657022
1.40 0.45631 0.45631074 0.30785 0.30784995
1.60 0.51683 0.51683029 0.29666 0.29665987
1.80 0.57486 0.57486065 0.28294 0.28294073
2.00 0.62989 0.62989048 0.26676 0.26675998
2.20 0.68147 0.68147036 0.24836 0.24835984
2.40 0.72918 0.72918052 0.22810 0.22810037
2.60 0.77269 0.77269081 0.20646 0.20645992
2.80 0.81178 0.81178034 0.18400 0.18400046
3.00 0.84634 0.84634057 0.16134 0.16134083
3.20 0.87641 0.87641009 0.13909 0.13909019
3.40 0.90211 0.90211045 0.11782 0.11781995
3.60 0.92370 0.92370028 0.09802 0.09802031
3.80 0.94151 0.94151076 0.08004 0.08003988
4.00 0.95592 0.95592034 0.06414 0.06413974
4.20 0.96736 0.96736089 0.05042 0.05042017
4.40 0.97628 0.97628013 0.03887 0.03887042
4.60 0.98309 0.98309066 0.02938 0.02937981
4.80 0.98819 0.98819023 0.02177 0.02177005
5.00 0.99184 0.99184047 0.01580 0.01579986
5.20 0.99459 0.99459065 0.01124 0.01123978
5.40 0.99655 0.99655019 0.00784 0.00784034
5.60 0.99787 0.99787054 0.00535 0.00534992
5.80 0.99876 0.99876031 0.00357 0.00356988
6.00 0.99936 0.99936008 0.00233 0.00232995

to an increase in the Nusselt number. Further, it is seen that with an increase in the magnetization relaxation factor
the Nusselt number is decreased. In Figure 2, the effects of Prandtl number on the temperature distribution are
shown. Results indicate that the fluid temperature decreases as Prandtl number increases in magnitude. It leads to
a decline in the fluid’s thermal conductivity. The temperature field decreases as the Prandtl increases as a result of
the fluid’s thermal conductance being reduced. The behavior of temperature, rotational and translational velocity
profiles in the micropolar fluids is strongly influenced by the micropolar parameter. These fluids are characterized by
the existence of microstructure effects and both translational and rotational motions of the fluid particles. They can
simulate complex materials such as liquid crystals, polymer solutions, and some biological fluids. With an increase in
micropolar constant K, the translational velocity tends to decrease. This is so that translational motion is resisted by
increased couple stresses, which increase internal friction in the fluid. Higher couple stresses cause the fluid to become
more resistant to flow, which slows down translational velocity. In Figure 3, the influence of micropolar constant is
seen on the development of velocity boundary layer profiles. The thickness of the fluid’s velocity layer increases as the
magnitude of micropolar constant K increases. The behavior of thermal boundary profiles are depicted in Figure 4,
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Table 5. Skin-friction coefficient Cf

√
Rex for varying physical parameters.

K A β ω∗ Skin-friction

0 1.0 1.0 0.5 -0.393429
1.3 -0.844549
1.7 -0.873079
2.0 -0.898842

0 -0.882465
-1.0 -0.912955
-2.0 -0.93555
-3.0 -0.952135

1 -0.952135
3 -0.896252
5 -0.847591
7 -0.813297

1 -0.866587
5 -0.944505
10 -0.942058
15 -0.935583

Table 6. Nusselt number Nu for varying physical parameters.

K Rm Ec β Pr ω∗ Nusselt number

1.3 0.5 0.1 1.0 0.3 0.5 0.327834
1.7 0.305859
2.0 0.296394
2.5 0.286149
2 1 0.296636

1.5 0.296878
2.0 0.29712
2.5 0.297362

0.3 0.323021
0.5 0.348679
0.7 0.374337
0.9 0.399996

1.5 0.440681
2.0 0.478766
2.5 0.513903
3.0 0.546152

1.3 1.48742
2.3 2.19377
3.3 2.80085
4.3 3.34692

1.5 2.40209
2.5 2.09635
3.5 1.94792
4.5 1.86072
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Figure 3. Translational velocity for varying values of the micropolar parameter. Other values of
physical parameters are assumed as: K = 0.7, β = 0.5, M = 0.1, ω = −0.5, ω∗ = 5.5, Pr = 0.3,
Ec = 0.1 and Rm = 1.0.

Figure 4. Temperature for varying values of the relaxation magnetization factor. Other values of
physical parameters are taken as: A = −0.5, K = 0.7, β = 0.5, M = 0.1, ω = −0.5, ω∗ = 5.5,
Pr = 0.3 and Ec = 0.1.

Figure 5. Microrotation velocity profiles for varying values of the MMR parameter. Other values
of the physical parameters assumed are: A = −0.5, K = 0.5, β = 0.5, M = 0.1, ω = −0.5, Pr = 0.3,
Ec = 0.1 and Rm = 1.

with the variation of relaxation magnetization factor Rm. The relaxation magnetization factor describes the process by
which a material’s magnetization restores equilibrium after being altered by an external magnetic field. The thermal
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conductivity of the material will determine the resulting temperature profile. The efficiency of energy transfer during
relaxation can depend on temperature. At higher temperatures, the relaxation times may decrease, leading to faster
energy dissipation into the medium and a quicker rise in temperature. The MMR parameter is studied in Figure 5
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Figure 6. Translational velocity profiles for varying values of β. Other values of the physical
parameters used are: A = −0.5, K = 1.79, β = 9.0, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3, Ec = 0.1
and Rm = 3.

for the microrotation velocity boundary layer. MMR parameter depicts the small-scale rotational or microrotation
effects that are impacted by a magnetic field. The observed patterns in the boundary layer profile thicknesses can be
affected by various factors, such as fluid’s characteristics, the geometry of the flow, and the strength of the magnetic
field. The microrotation velocity profiles show an asymmetric trend near and far from the stretching surface. The
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Figure 7. Temperature profiles for varying values of β. Other values of the physical parameters
used are: A = −0.5, K = 1.79, β = 9, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3, Ec = 0.1 and Rm = 3.

parameter β impacts on the fluid’s macroscopic flow and thermal characteristics and its microstructural features can
be seen on the development of boundary layer in Figure 6 and Figure 7, respectively. In these Figures, the influence
of β on translational velocity and temperature profiles is observed. It can be seen that the translational velocity and
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Figure 8. Temperature profiles for varying values of Ec. Other values of the physical parameters
used are: A = −0.5, K = 1.5, β = 9, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3 and Rm = 3.

temperature profiles will decrease with rising values of the viscosity ratio parameter β. The Eckert number illustrates
the relation especially with compressible flow between the kinetic energy and enthalpy, or heat energy of a flowing
fluid. The Eckert number and the temperature profile of the system are directly correlated since it considers the
difference in temperature between the two points. When a system’s Eckert number is high, the fluid’s thermal energy
and kinetic energy are equal, leading the temperature profile to vary significantly. A fluid with a high Eckert number
maintains more kinetic energy than thermal energy. This usually happens in rapid flows. Sharp gradients can be seen
in the temperature profile, especially in areas that are rapidly growing or compressing. Figure 8 demonstrates the
impact of Eckert number on the temperature profile. Increased values of Eckert number leads to the increase in the
thermal boundary layer thickness. In Figure 9, the impact of MMR is observed on temperature profiles. It is seen
that rising the values of MMR parameter results in increasing the thermal boundary layer thickness. The values of
magnetization parameter A seems to describe the effect of magnetic fields and magnetization dynamics on the fluid
behavior. In Figures 10 and 11, an increase in the boundary layer thickness can be seen in case of translational and
microrotational velocity profiles by increasing value of the MMR factor. Figure 12 illustrates the translational velocity
profiles for different values of the MMR parameter. The influence of MMR on the developed boundary layer profile
thickness is examined. In this analysis the MMR parameter is considered with different magnitudes of magnetization.
It can be readily seen that the translational velocity boundary layer profiles are lower as magnetization grows. This is
caused by the magnetic field’s effect on the behavior of the micropolar fluid, which affects the fluid’s particle rotations
near the stretching surface. Figure 13 shows the microrotational velocity profile for different values of the MMR
parameter. It can be observed that with the increasing values of the MMR parameter the boundary layer thickness of
the microrotational velocity boundary layer thickness is decreasing. The MMR parameter also plays an important role
in the thermal boundary layer thickness development. It can be seen in Figure 14 that the thermal profile increases
with increasing values of the MMR parameter. This is highly due to the energy dissipation mechanisms associated
with translational and rotational motions in the presence of a magnetic field affects the temperature profile. The
interplay between the magnetic field and microrotation may have an impact on the fluid’s heat distribution. It is
observed that the temperature profile may exhibit greater gradients in regions with significant MMR effect.

5. Conclusion

This research presents a novel MMR thermal model with calculations utilizing FreeFEM++ in-house finite element
code. First, a thermal boundary layer flow model is developed by considering the theory of magnetorotation within
the framework of the micropolar continuum. Second, for the first time in the literature, the developed model is then
put into practice using open source code. Previously, no such example is present in the literature of boundary layer
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Figure 9. Temperature profiles for varying values of A. Other values of the physical parameters
used are: K = 1.5, β = 1, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3, Ec = 1.01 and Rm = 3.
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Figure 10. Translational velocity profiles for varying values of A. Other values of the physical
parameters used are: K = 1.5, β = 1, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3, Ec = 1.01 and Rm = 3.

flows which is calculated through FreeFEM++. It should be noted that FreeFEM++ lacks the built-in functionality
to manage one-dimensional simulations. In this instance, though, we successfully used FreeFEM++ to implement the
given one-dimensional model. The properties of thermal flow are reviewed when MMR effects are present. This study
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Figure 11. Rotational velocity profiles for varying values of A. Other values of the physical param-
eters used are: K = 1.5, β = 1, M = 0.1, ω = 0.5, ω∗ = 5.5, Pr = 0.3, Ec = 1.01 and Rm = 3.
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Figure 12. Translational velocity profiles for varying values of ω∗. Other values of the physical
parameters used are: A = 1.5, K = 1.5, β = 1, M = 0.1, ω = 0.5, Pr = 0.3, Ec = 0.1 and Rm = 3.

is unique because it uses principles to derive the energy equation that include the MMR effect. The results obtained
are discussed in relation to the relevant physical parameters, such as the Nusselt number and skin-friction coefficient
with MMR effects. Some of the salient features of the flow observed in the presence of MMR are:

• The skin-friction coefficient increases with an increase in the magnitude of the MMR parameter.
• Increase in the relaxation magnetization factor leads to an increase in the Nusselt number.
• Relaxation magnetization factor Rm affects the thermal boundary layer thickness and it get increased with

increasing values of the magnetization.
• Microrotation velocity profiles shows an asymmetric trend near and far from the stretching surface with
increasing value of MMR parameter.

• Increasing value of MMR leads to turbulent thermal boundary layer development. The development of vortices
can be observed as the sub-boundary thermal layer are developed with increasing values of MMR parameter.

• Translational boundary layer thicknesses are increased with increasing values of MMR.
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Figure 13. Rotational velocity profiles for varying values of ω∗. Other values of the physical
parameters used are: A = 1.5, K = 1.5, β = 1, M = 0.1, ω = 0.5,Pr = 0.3, Ec = 0.1 and Rm = 3.
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Figure 14. Temperature profiles for varying values of ω∗. Other values of the physical parameters
used are: A = 1.5, K = 1.5, β = 1, M = 0.1, ω = 0.5 , Pr = 0.3, Ec = 0.1 and Rm = 3.

• The microrotational velocity profiles thicknesses are decreasing near the stretching surface and increasing away
from the stretching surface with an increasing values of MMR.

The present analysis has potential applications in various industrial and biomedical processes where control of heat
and fluid transport under magnetic fields is essential. For instance, MMR effects in micropolar fluids are relevant to
bioengineering applications such as targeted drug delivery, magnetic hypothermia, and lab-on-chip microfluidic sys-
tems. Similarly, in industrial processes like chemical transport, cooling of microelectronic devices, and metallurgical
operations, the findings provide valuable insights into improving heat transfer and flow control under magnetohydro-
dynamics conditions.

The proposed FreeFEM++ based finite element framework demonstrates high flexibility and accuracy for solving
complex magneto-thermal micropolar flow problems incorporating MMR effects. However, several numerical and com-
putational limitations must be acknowledged. First, the method is computationally intensive for highly refined meshes
and extreme parameter regimes, requiring significant processing time. Second, the numerical stability and convergence
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of the FreeFEM++ solver are sensitive to mesh design, element order, and solver tolerances, necessitating careful pa-
rameter tuning. Third, while FreeFEM++ supports three-dimensional simulations, the current implementation focuses
on a two-dimensional formulation; extending the analysis to three-dimensional geometries would demand additional
stabilization techniques and computational resources. Finally, for highly nonlinear coupled systems, advanced features
such as mesh adaptivity or hybrid solvers may be required to maintain solution stability. Future extensions of this
work will aim to overcome these limitations and enhance the scalability of the proposed framework.
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