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Abstract

In this paper, we introduce the concept of the distributive product of S-linearly correlated fuzzy processes. Within

this framework, we study linear fuzzy partial differential equations with fuzzy coefficients for S-linearly correlated

fuzzy processes. In particular, we study the fuzzy transport and heat equations with fuzzy coefficients and present
their general solutions.
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1. Introduction

In many real-world phenomena, the available information is often imprecise or uncertain. The examination of fuzzy
partial differential equations provides a powerful tool to handle these uncertainties, enabling more effective modeling
and analysis of systems influenced by fuzziness [1, 17, 29]. In 1999, Buckley and Feuring [11] introduced the concept
of fuzzy partial differential equations (FPDEs) and proposed methods for solving them. Since then, these equations
have attracted considerable interest, with significant advancements and contributions reported in [2, 3, 5, 10, 19, 22].
In particular, the fuzzy transport and heat equations have been explored in [4, 18, 25, 28]. To investigate FPDEs, it
is necessary to define fuzzy derivatives, such as gH-derivative, D∗-derivative, strongly generalized derivative, and etc,
see [7–9, 12, 20, 27]. A key challenge in many fuzzy derivative formulations is ensuring the existence of the associated
differences. To address this issue, the authors in [13, 14] developed a calculus framework tailored to particular types
of fuzzy functions, with values confined to a two-dimensional Banach space, RF(A) and, more broadly, in spaces of
dimension n.

This paper focuses on FPDEs with fuzzy coefficients, particularly fuzzy transport equations—an area that has
received relatively little attention despite its relevance to engineering, applied sciences, and biology. The limited
investigation into fuzzy coefficients in the existing literature [5, 27] highlights a significant gap. To address this,
in [26], we introduced a distributive product and the notion of partial differentiability for studying FPDEs and
presented their solutions. Building on this foundation, we further extend the findings in [26] by considering S-linearly
correlated fuzzy processes, thus offering a more comprehensive framework for analyzing these equations. Recently,
Shen investigated solutions for the fuzzy heat equation and the fuzzy wave equation for S-linearly correlated fuzzy
processes with fuzzy coefficients [27]. In this work, Shen considers the cross-product operation on strongly linearly
correlated fuzzy numbers, which corresponds to a particular case of the distributive product introduced in this article.
In general, solving FPDEs based on the cross product leads to a system of coupled classical partial differential equations
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(PDEs) that are very hard to solve analytically [27]. In contrast, we consider a different type of distributive product
that yields more tractable FPDEs that can be solved analytically.

The remainder of the paper is structured as follows. Section 2 provides basic definitions and preliminaries, and
extends some known results on S-linearly correlated fuzzy numbers. In section 3, we introduce a distributive product,
which serves as a fundamental tool for the study of fuzzy partial differential equations with fuzzy coefficients. Section 4
investigates second-order FPDEs, particularly fuzzy transport and heat equations with fuzzy coefficients, and presents
their solutions.

2. Preliminaries

This section provides an overview of the fundamental concepts and results essential for this paper. A fuzzy subset
of R is a map A : R → [0, 1], such that A(t) represents the degree of membership of t ∈ R. For α ∈ (0, 1], the α-level
set of A is given by [A]α = {t ∈ R|A(t) ≥ α} and for α = 0 by the closure of the support: [A]0 = cl{t ∈ R|A(t) > 0}.
A fuzzy number is a fuzzy subset of R such that its α-level are non-empty, closed, and bounded intervals of R [6].
The set of all fuzzy numbers is denoted by RF. So, all fuzzy number A can be described in terms of α-levels by
[A]α = [A−

α , A
+
α ], for all α ∈ [0, 1]. Moreover, fuzzy numbers can be categorized into two types-symmetric and non-

symmetric as symmetry plays a significant role in defining strongly linearly independent fuzzy numbers. A fuzzy
number is referred as symmetric with respect to t ∈ R if A(t + s) = A(t − s) for all s ∈ R and, in this case, is
denoted by (A | t). It is said to be asymmetric or non-symmetric if for any t ∈ R there exists an s ∈ R such that
A(t+ s) ̸= A(t− s) [13]. In the sequel, we recall the notion of an SLI set.

Definition 2.1. [14] Let A1, . . . , An ∈ RF. We define the subset S(A1, . . . , An) of RF as the set given by

S(A1, . . . , An) = {q1A1 + · · ·+ qnAn | q1, . . . , qn ∈ R},
where ”+” and qiAi stand for the usual addition and scalar multiplication in RF. The set {A1, . . . , An} is called
strongly linearly independent fuzzy numbers (SLI) if for every A ∈ S(A1, . . . , An) such that

(A = q1A1 + · · ·+ qnAn | 0) ⇒ q1 = q2 = · · · = qn = 0.

Moreover, if A ∈ S(A1, . . . , An) such that {A1, . . . , An} is SLI, then A is called S-linearly correlated fuzzy numbers.

Example 2.1. [14] Let A be an asymmetric triangular fuzzy number. The set {1, A,A2, . . . , An} is SLI, where Ai

stands for the Zadeh extension of the function f(t) = ti at A, i.e., by Nguyen’s theorem, [Ai]α = {ti | ∀t ∈ [A]α} for
all α ∈ [0, 1] and i = 0, 1, . . . , n.

For an SLI set {A1, . . . , An}, there is a bijection ψ between Rn and S(A1, . . . , An) which is defined by

ψ(q1, . . . , qn) = q1A1 + · · ·+ qnAn.

This bijection is essential as it facilitates defining algebraic operations and norms in S(A1, . . . , An) based on those in
Rn. So, (S(A1, . . . , An),⊕ψ, ·ψ, ∥ · ∥ψ) is a Banach space such that

A⊕ψ B = ψ(ψ−1(A) + ψ−1(B)),

∥A∥ψ =
∥∥ψ−1(A)

∥∥
∞ ,

λ ·ψ A = ψ(λ · ψ−1(A)),

for all A,B ∈ S(A1, . . . , An) and λ ∈ R [14]. The subtraction can be defined by

A⊖ψ B = A⊕ψ (−1) ·ψ B,
for any A,B ∈ S(A1, . . . , An).

It is worth noting that the operation ·ψ coincides with the usual notion of scalar multiplication, that is, λ ·ψA = λA
[13]. Thus, for notational convenience, we denoted λ ·ψ A simply by λA.

From now on, we assume that the set {A1, . . . , An}, that generates the space S(A1, . . . , An), is SLI. For a given SLI
set {A1, . . . , An}, an S-linearly correlated fuzzy process is a fuzzy function f : T → S(A1, . . . , An) defined by

f(t) = f1(t)A1 + · · ·+ fn(t)An, ∀t ∈ T,
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where fi : T → R, i = 1, . . . , n. It is worth noting that every S-linearly correlated fuzzy process is a well-defined fuzzy
function, since the right side of the equation above is given in terms of the usual addition and scalar product on fuzzy
numbers.

Definition 2.2. [15] Let {A1, . . . , An} be an SLI set. The function f : (a, b) → S(A1, . . . , An) is called ψ-differentiable
at t ∈ (a, b) if there exists a fuzzy number f ′(t) ∈ S(A1, . . . , An) such that

f ′(t) = lim
h→0

1

h
(f(t+ h)⊖ψ f(t)) .

Theorem 2.1. [15] Let f : (a, b) → S(A1, . . . , An) with f(t) = f1(t)A1 + · · ·+ fn(t)An be ψ-differentiable at t if and
only if the function fi : (a, b) → R is differentiable at t, for all i = 1, . . . , n. Furthermore, we have

f ′(t) = f ′1(t)A1 + · · ·+ f ′n(t)An.

Corollary 2.1. [15] Let f : (a, b) → S(A1, . . . , An) with f(t) = f1(t)A1 + · · ·+ fn(t)An be ψ-differentiable of order k
at t if and only if the function fi : (a, b) → R is differentiable of order k at t, for all i = 1, . . . , n. In addition, we have

f (k)(t) = f
(k)
1 (t)A1 + · · ·+ f (k)n (t)An.

The following presents the concepts and results for S-linearly correlated fuzzy processes as an extension of those in
[26]. In the rest of the paper, we focus on the case where X×T ⊆ R2, although higher dimensions could be considered
without loss of generality.

Definition 2.3. Let f : X × T → S(A1, . . . , An). The function f is called ψ-partial differentiable with respect to x

and t at (x0, t0) ∈ X × T if there exist ∂f
∂x (x0, t0) ∈ S(A1, . . . , An) and

∂f
∂t (x0, t0) ∈ S(A1, . . . , An) satisfying

∂f

∂x
(x0, t0) = lim

h→0

1

h
(f(x0 + h, t0)⊖ψ f(x0, t0)) ,

∂f

∂t
(x0, t0) = lim

h→0

1

h
(f(x0, t0 + h)⊖ψ f(x0, t0)) .

Theorem 2.2. Let f : X × T ⊆ R2 → S(A1, . . . , An) given by f(x, t) = f1(x, t)A1 + · · ·+ fn(x, t)An. The function f
is ψ-partial differentiable with respect to x or t on X × T if and only if the functions fi for all i = 1, . . . , n are partial
differentiable functions with respect to x or t on X × T and, in such cases, we get

∂f

∂x
(x, t) =

∂f1
∂x

(x, t)A1 + · · ·+ ∂fn
∂x

(x, t)An,

∂f

∂t
(x, t) =

∂f1
∂t

(x, t)A1 + · · ·+ ∂fn
∂t

(x, t)An.

Proof. It follows immediately from Definition 2.3 and Theorem 2.1. □

Similarly to calculus on Rn, the concept of ψ-partial derivative can be applied recursively to define higher order
derivatives. However, in this paper, the study focuses on second-order ψ-partial derivatives for S-linearly correlated
fuzzy processes. For simplicity, we use the following notation to represent the first and second-order ψ-partial deriva-
tives of an S-linearly correlated fuzzy processes f : X × T → S(A1, . . . , An), if they exist, as follows:

∂

∂x
f = fx, and

∂

∂t
f = ft,

∂

∂x

(
∂f

∂x

)
=
∂2f

∂x2
= fxx, and

∂

∂x

(
∂f

∂t

)
=

∂2f

∂x∂t
= fxt,

∂

∂t

(
∂f

∂t

)
=
∂2f

∂t2
= ftt, and

∂

∂t

(
∂f

∂x

)
=

∂2f

∂t∂x
= ftx.
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Theorem 2.3. Let f : X × T → S(A1, . . . , An) given by f(x, t) = f1(x, t)A1 + · · · + fn(x, t)An. The function f is

second-order ψ-partial differentiable with respect to x, t, or both x, t on X × T if and only if there exist ∂2fi
∂x2 or ∂2fi

∂t2 ,

or ∂2fi
∂x∂t , for i = 1, 2, and we have

∂2f

∂x2
(x, t) =

∂2f1
∂x2

(x, t)A1 + · · ·+ ∂2fn
∂x2

(x, t)An,

∂2f

∂t2
(x, t) =

∂2f1
∂t2

(x, t)A1 + · · ·+ ∂nfn
∂t2

(x, t)An,

∂2f

∂x∂t
(x, t) =

∂2f1
∂x∂t

(x, t)A1 + · · ·+ ∂nfn
∂x∂t

(x, t)An,

respectively.

Proof. It is an immediate consequence of Theorem 2.2. □

3. Distributive product for S-linearly correlated fuzzy processes

In this section, we extend the distributive product in RF(A), introduced in [26], to S(A1, . . . , An) as follows.

Definition 3.1. A binary operator ⊙P on S(A1, . . . , An) is said to be a distributive product if the following three
properties are satisfied for all A,B,C ∈ S(A1, . . . , An) and x ∈ R:

1. Commutativity: A⊙P B = B ⊙P A,
2. Distributivity with respect to addition:

A⊙P (B ⊕ψ C) = (A⊙P B)⊕ψ (A⊙P C),
3. Commute with respect to the scalar multiplication:

(xA)⊙P B = x(A⊙P B).

The following theorem states that a distributive product can always be written as a weighted sum of the distributive
products of elements of the SLI set {A1, . . . , An} that generates the space S(A1, . . . , An).

Theorem 3.1. Let ⊙P be a distributive product on S(A1, . . . , An) and let Pi,j = Ai ⊙P Aj for all i, j = 1, . . . , n. For
every A,B ∈ S(A1, . . . , An) such that A = p1A1 + · · ·+ pnAn and B = q1A1 + · · ·+ qnAn, we have that

A⊙P B =
n∑
i=1

n∑
j=1

piqjPi,j . (3.1)

Proof. From the definition of the addition ⊕ψ, one can observe that for any A = p1A1 + · · · + pnAn = (p1A1) ⊕ψ
· · · ⊕ψ (pnAn). Using this fact and the three properties above of ⊙P as in Definition 3.1, we obtain

A⊙P B = (p1A1 + · · ·+ pnAn)⊙P (q1A1 + · · ·+ qnAn)

= [(p1A1)⊕ψ · · · ⊕ψ (pnAn)]⊙P [(q1A1)⊕ψ . . . ⊕ψ(qnAn)]

=

n∑
j=1

[(p1A1)⊕ψ · · · ⊕ψ (pnAn)]⊙P (qjAj)

=
n∑
j=1

(qjAj)⊙P [(p1A1)⊕ψ · · · ⊕ψ (pnAn)]

=
n∑
j=1

n∑
i=1

(qjAj)⊙P (piAi)

=
n∑
j=1

n∑
i=1

qj [Aj ⊙P (piAi)]
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=
n∑
j=1

n∑
i=1

qj [(piAi)⊙P Aj ]

=
n∑
j=1

n∑
i=1

qjpi(Ai ⊙P Aj︸ ︷︷ ︸
Pi,j

)

=
n∑
i=1

n∑
j=1

piqjPi,j . (3.2)

□

Taking into account the arithmetic operations on Banach space S(A1, . . . , An), Equation (3.2) can be rewritten in
the following bilinear matrix form AtPB, where P = [Pi,j ]n×n, A = (p1, . . . , pn)

t, and B = (q1, . . . , qn)
t. That is,

A⊙P B =
[
p1 . . . pn

] P1,1 . . . P1,n

...
. . .

...
Pn,1 . . . Pn,n


q1...
qn

 , (3.3)

where A = p1A1 + · · ·+ pnAn and B = q1A1 + · · ·+ qnAn.
Theorem 3.1 establishes that if there exists a distributive product ⊙P on S(A1, . . . , An), then the distributive

product of two arbitrary elements is given as in Equation (3.3), that is, the summation of products of scalars piqj
and Pi,j , where Pi,j is the distributive product of Ai and Aj . Theorem 3.2 states that formula (3.3) for any given
symmetric matrix P defines a distributive product on S(A1, . . . , An). This results ensures not only the existence of
distributive products on S(A1, . . . , An), but also each distributive product depends on 0.5n(n + 1) elements Pi,j of
S(A1, . . . , An) (since Pi,j = Pj,i for all i and j).

Theorem 3.2. Given Pi,j ∈ S(A1, . . . , An) with Pi,j = Pj,i for i, j = 1, . . . , n. The binary operation ⊙P on
S(A1, . . . , An) defined as follows is a distributive product:

A⊙P B =

n∑
i=1

n∑
j=1

piqjPi,j = AtPB,

where A = p1A1 + . . . pnAn and B = q1A1 + · · ·+ qnAn. Moreover, we have that

• Pi,j = Ai ⊙P Aj for all i, j = 1, . . . , n,
• if A1 ⊙P Aj = Aj for all j = 1, . . . , n, then A1 ⊙P A = A for all A ∈ S(A1, . . . , An).

Proof. Let A = p1A1 + · · ·+ pnAn, B = q1A1 + · · ·+ qnAn, C = r1A1 + · · ·+ rnAn. To show that ⊙P is a distributive
product, we have to verify that three properties of Definition 3.1 are satisfied:

1. The commutativity is evident due to the symmetry of P;
2. Using the fact that B ⊕ψ C = ψ(ψ−1(B) + ψ−1(C)) = (q1 + r1)A1 + . . .+ (qn + rn)An, we have

A⊙P (B ⊕ψ C) = A⊙P [(q1 + r1)A1 + . . .+ (qn + rn)An]

=
n∑
i=1

n∑
j=1

pi(qj + rj)Pi,j

=

 n∑
i=1

n∑
j=1

piqjPi,j

⊕ψ

 n∑
i=1

n∑
j=1

pirjPi,j


= (A⊙P B)⊕ψ (A⊙P C).

3. Since xA = (xp1)A1 + . . .+ (xpn)An, it follows that

(xA)⊙P B = ((xp1)A1 + . . .+ (xpn)An)⊙P B
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=
n∑
i=1

n∑
j=1

(xpi)qjPi,j

= x

 n∑
i=1

n∑
j=1

piqjPi,j


= x(A⊙P B).

Therefore, the operation ⊙P is a distributive product.
Since Ak =

∑n
i=1 δk,iAi for all k = 1, . . . , n with δi,i = 1 and δk,i = 0 if k ̸= i, it follows that

Ai ⊙P Aj =
n∑
i=1

n∑
j=1

δk,iδk,jPi,j = Pi,j .

By hypothesis, we have that Pi,j = Pj,i for all i and j. If P1,j = A1 ⊙P Aj = Aj for all j = 1, . . . , n, then
A1 =

∑n
i=1 δ1,iAi and

A1 ⊙P A =
n∑
i=1

n∑
j=1

δ1,ipjPi,j =
n∑
j=1

pjP1,j

=
n∑
j=1

pjA1 ⊙P Aj =
n∑
j=1

pjAj = A.

□

Remark 3.1. [24] A noteworthy special case arises when considering the SLI set {1, A,A2, . . . , An}, where A is an
asymmetric triangular fuzzy number, instead of the general SLI set {A1, . . . , An}. In this case, one can consider the
following distributive product. Setting

Pi,j = Ai ⊙P Aj =

{
Ai+j , if i+ j ≤ n,

0, if i+ j > n,
(3.4)

for i, j = 0, 1, . . . , n. For B,C ∈ S(1, A, . . . , An), we have

B ⊙P C = [p0 . . . pn]


1 A . . . An

A A2 . . . 0
...

...
. . .

...
An 0 . . . 0



q0
q1
...
qn


=

n∑
i=0

n−i∑
j=0

piqjA
i+j (3.5)

=
n∑
i=0

 i∑
j=0

pi−jqj

Ai,

where B = (p0 + p1A+ . . .+ pnA
n) and C = (q0 + q1A+ . . .+ qnA

n).

It should be noted that Definition 3.1 extends the notion of product presented in [24, 26]. Recall that RF(A) =
S(1, A) where A is an asymmetric fuzzy number. If we consider P1,1 = 1 ⊙P 1 = 1, P1,2 = P2,1 = 1 ⊙P A = A, and
P2,2 = A⊙P A for some P2,2 ∈ RF(A), then, by Equation (3.1), the distributive product of B = (r+ pA) ∈ RF(A) and
C = (s+ qA) ∈ RF(A) is given by B⊙P C = rs+(rq+ sp)A+pqP2,2. This coincides with the definition of distributive
product on RF(A) provided in [26].
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The cross-product on S(A1, . . . , An) introduced in [21] is also a particular case of the distributive product. Let
{A1, . . . , An} be an SLI set such that A1 = 1 and [Ai]1 = {ai} for all i = 2, . . . , n and let A,B ∈ S(A1, . . . , An). The
cross-product of A and B is given by

A⊗B = bA⊕ψ aB ⊖ψ ab,
where [A]1 = {a} and [B]1 = {b}. If we consider Pi,j = Ai ⊗ Aj for all i, j = 1, . . . , n, then one can easily verify that
A⊙P B = A⊗B.

4. Fuzzy partial differential equations for S-linearly correlated fuzzy processes

In this section, we present fuzzy solutions to the second-order fuzzy linear partial differential equations with fuzzy
coefficients for S-linearly correlated fuzzy processes, using the concept of ψ-partial differentiability and the distribu-
tive product of fuzzy processes. For the convenience of calculation and without loss of generality, throughout the
remainder of the paper, we consider the SLI set {1, A,A2}, where A is asymmetric, and denote by ⊙P the product
introduced in Remark 3.1. In fact, all the results present in this section can naturally be extended for a general SLI
set {1, A,A2, . . . , Ak}, with k ≥ 2.

Consider the following linear FPDEs

e⊙P
∂2v

∂x2
+ r ⊙P

∂2v

∂x∂t
+ y ⊙P

∂2v

∂t2
+ k ⊙P

∂v

∂x
+ l ⊙P

∂v

∂t
+ q ⊙P v + w = j, (4.1)

where the coefficients e, r, y, k, l, q ∈ S(1, A,A2) and v : R2 → S(1, A,A2). Therefore, we assume that

v(x, t) = ψ(v0(x, t), v1(x, t), v2(x, t))

= v0(x, t) + v1(x, t)A+ v2(x, t)A
2,

w(x, t) = ψ(w0(x, t), w1(x, t), w2(x, t))

= w0(x, t) + w1(x, t)A+ w2(x, t)A
2.

As a result, by Theorems 3.2 and 2.3, we obtain the following systems of classical partial differential equations

e0
∂2v0
∂x2

+ r0
∂2v0
∂x∂t

+ y0
∂2v0
∂t2

+ k0
∂v0
∂x

+ l0
∂v0
∂t

+ q0v0 + w0 = j0, (4.2)

e0
∂2v1
∂x2

+ e1
∂2v0
∂x2

+ r0
∂2v1
∂x∂t

+ r1
∂2v0
∂x∂t

+ y0
∂2v1
∂t2

+ y1
∂2v0
∂t2

+ k0
∂u1
∂x

+ k1
∂v0
∂x

+ l0
∂v1
∂t

+ l1
∂v0
∂t

+ q0v1 + q1v0 + w1 = j1, (4.3)

and

e0
∂2v2
∂x2

+ e1
∂2v1
∂x2

+ e2
∂2v0
∂x2

+ r0
∂2v2
∂x∂t

+ r1
∂2v1
∂x∂t

+ r2
∂2v0
∂x∂t

+ y0
∂2v2
∂t2

+ y1
∂2v1
∂t2

+ y2
∂2v0
∂t2

+ k0
∂v2
∂x

+ k1
∂v1
∂x

+ k2
∂v0
∂x

+ l0
∂v2
∂t

+ l1
∂v1
∂t

+ l2
∂v0
∂t

+ q0v2 + q1v1 + q2v0 + w2 = j2, (4.4)

with e = e0 + e1A + e2A
2, . . ., q = q0 + q1A + q2A

2. Hence, the fuzzy solution of (4.1) is given in terms of the real
solutions of (4.2),(4.3), and (4.4).

4.1. Fuzzy linear transport equations. Consider the following fuzzy transport equation{
∂v
∂t = k ⊙P ∂v

∂x ⊕ψ w(x, t),
v(x, 0) = g(x),

(4.5)

where w : R× (0,∞) → S(1, A,A2) is continuous, g : R → S(1, A,A2) and k ∈ S(1, A,A2) such that k = k0 + k1A+
k2A

2. A fuzzy function v(x, t) is a solution of (4.5) on R× (0,∞) if it is ψ-partial differentiable with respect to t and
x and satisfies Equation (4.5).
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Theorem 4.1. Let g : R → S(1, A,A2) be an ψ-differentiable function with g ∈ C2(R, S(1, A,A2)) and let k =
k0 + k1A + k2A

2. If w : R × (0,∞) → S(1, A,A2) is ψ-partial differentiable with respect to x such that w(., t) ∈
C2(R, S(1, A,A2)), then the solution of Equation (4.5) is given by

v(x, t) = v0(x, t) + v1(x, t)A+ v2(x, t)A
2,

where

v0(x, t) = g0(x+ k0t) +

∫ t

0

w0(x+ k0(t− s), s) ds,

v1(x, t) = g1(x+ k0t) +

∫ t

0

w1(x+ k0(t− s), s) + k1
∂v0
∂x

(x+ k0(t− s), s) ds

= g1(x+ k0t) + k1tg
′
0(x+ k0t) +

∫ t

0

w1(x+ k0(t− s), s) ds+ k1

∫ t

0

∫ s

0

∂w0

∂x
(x+ k0(t− z), z) dz ds,

v2(x, t) = g2(x+ k0t) +

∫ t

0

w2(x+ k0(t− s), s) ds+

∫ t

0

k2
∂v0
∂x

(x+ k0(t− s), s) ds+

∫ t

0

k1
∂v1
∂x

(x+ k0(t− s), s) ds

= g2(x+ k0t) + k2tg
′
0(x+ k0t) + k1tg

′
1(x+ k0t)

+
k21t

2

2
g′′0 (x+ k0t) +

∫ t

0

w2(x+ k0(t− s), s) ds

+ k2

∫ t

0

∫ s

0

∂w0

∂x
(x+ k0(t− z), z) dz ds

+ k1

∫ t

0

∫ s

0

∂w1

∂x
(x+ k0(t− z), z) dz ds

+ k21

∫ t

0

∫ s

0

∫ z

0

∂2w1

∂x2
(x+ k0(t− p), p) dp dz ds .

Proof. Equation (4.5) can be converted into the following system of PDEs:

∂v0
∂t = k0

∂v0
∂x + w0(x, t),

∂v1
∂t = k0

∂v1
∂x + k1

∂v0
∂x + w1(x, t),

∂v2
∂t = k0

∂v2
∂x + k2

∂v0
∂x + k1

∂v1
∂x + w2(x, t),

v0(x, 0) = g0(x),

v1(x, 0) = g1(x),

v2(x, 0) = g2(x).

(4.6)

The function v0 is obtained by considering the system{
∂v0
∂t = k0

∂v0
∂x + w0(x, t),

v0(x, 0) = g0(x).

Applying the Method of Characteristics [23], we obtain that v0 is given by:

v0(x, t) = g0(x+ k0t) +

∫ t

0

w0(x+ k0(t− s), s)ds.

Using the obtained function v0, we can obtain v1 by solving:{
∂v1
∂t = k0

∂v1
∂x + k1

∂v0
∂x + w1(x, t),

v1(x, 0) = g1(x).
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The term k1
∂v0
∂x + w1 in the right side of the partial equation corresponds to the source/sink term of this equation

because v0 is already known. Thus, the solution v1 is given by:

v1(x, t) = g1(x+ k0t) +

∫ t

0

w1(x+ k0(t− s), s)ds+ k1

∫ t

0

∂v0
∂x

(x+ k0(t− s), s)ds.

Note that, we have

∂v0
∂x

(x+ k0(t− s), s) = g′0(x+ k0t) +

∫ s

0

∂w0

∂x
(x+ k0(t− z), z)dz.

Thus, combining two last equalities, we obtain

v1(x, t) = g1(x+ k0t) + k1tg
′
0(x+ k0t) +

∫ t

0

w1(x+ k0(t− s), s) ds+ k1

∫ t

0

∫ s

0

∂w0

∂x
(x+ k0(t− z), z) dz ds.

Using v0 and v1, we can obtain v2 by solving the system:{
∂v2
∂t = k0

∂v2
∂x + k2

∂v0
∂x + k1

∂v1
∂x + w2(x, t),

v2(x, 0) = g2(x).

Again, using the Method of Characteristics, we obtain that v2 is given by:

v2(x, t) = g2(x+ k0t) +

∫ t

0

w2(x+ k0(t− s), s)ds+ k2

∫ t

0

∂v0
∂x

(x+ k0(t− s), s)ds+ k1

∫ t

0

∂v1
∂x

(x+ k0(t− s), s)ds.

Using differentiation under the integral sign and the chain rule, we have

∂v1
∂x

(x+ k0(t− s), s) = g′1(x+ k0t) + k1sg
′′
0 (x+ k0t) +

∫ s

0

∂w1

∂x
(x+ k0(t− z), z)dz

+ k1

∫ s

0

∫ z

0

∂2w0

∂x2
(x+ k0(t− p), p) dp dz .

Substituting the expressions for ∂v0
∂x (x+ k0(t− s), s) and ∂v1

∂x (x+ k0(t− s), s) above in the solution v2, we conclude

v2(x, t) = g2(x+ k0t) + k2tg
′
0(x+ k0t) + k1tg

′
1(x+ k0t)

+
k21t

2

2
g′′0 (x+ k0t) +

∫ t

0

w2(x+ k0(t− s), s) ds

+ k2

∫ t

0

∫ s

0

∂w0

∂x
(x+ k0(t− z), z) dz ds

+ k1

∫ t

0

∫ s

0

∂w1

∂x
(x+ k0(t− z), z) dz ds

+ k21

∫ t

0

∫ s

0

∫ z

0

∂2w1

∂x2
(x+ k0(t− p), p) dp dz ds .

□

Transport equation models the advection that is the movement of some quantity or substance due to a bulk flow.
When the initial condition, advection velocity, and source term are uncertain, the equation describes the advection not
only of the physical quantity itself but also of the associated uncertainty, which is transported through space without
dissipation. Example 4.1 aims to illustrate this phenomenon along with the result presented in Theorem 4.1.

Example 4.1. Consider the following fuzzy transport equation:{
vt = (1 + 3A+ tA2)⊙P vx ⊕ψ

(
t+ (t2x)A+ (ex sin(t)))A2

)
,

v(x, 0) = x+ (5ex)A+ (x2 + 5)A2.
(4.7)
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Figure 1. The 3D view of the fuzzy solution v of Equation (4.7) for all (x, t) ∈ [0, 1]× [−1, 1], with
the triangular fuzzy number A = (−0.09; 0; 0.1). The gray-scale surfaces correspond to the endpoints
of the α-levels of the solution v, where the higher α, the darker the surface. The red line depicts the
1-level set of the fuzzy solution v.

The solution of Equation (4.7) is the fuzzy function v(x, t) = v0(x, t)+ v1(x, t)A+ v2(x, t)A
2 such that v0, v1, v2 are

solutions of the following system of classical partial differential equations:

∂v0
∂t = ∂v0

∂x + t,
∂v1
∂t = ∂v1

∂x + 3∂v0∂x + t2x,
∂v2
∂t = ∂v2

∂x + t∂v0∂x + 3∂v1∂x + ex sin(t),

v0(x, 0) = x,

v1(x, 0) = 5ex,

v2(x, 0) = x2 + 5.

(4.8)

By Theorem 4.1, we have

v0(x, t) = x+
t2

2
+ t,

v1(x, t) = 3t+
t4

12
+
t3x

3
+ 5ex+t,

and

v2(x, t) = (x+ t)2 + 5 +
t2

2
+
t4

4
+ ex+t

(
15t+

1− e−t(cos t+ sin t)

2

)
.

Let A = (−0.09; 0; 0.1). Figure 1 illustrates the fuzzy solution v for the FPDE (4.7) for all (x, t) ∈ [0, 1]× [−1, 1].
Figure 2 displays the solution v at the time instances t = 0.05, 0.35, 0.65, 0.8.

4.2. Fuzzy heat equations. In this subsection, let us turn our attention to fuzzy partial equations with fuzzy
boundary and initial conditions of the form

∂v
∂t (x, t) = K ⊙P ∂2v

∂x2 (x, t)⊕ψ s(x, t), 0 < x < L , 0 < t <∞,
v(0, t) = B,
v(L, t) = C,
v(x, 0) = φ(x), 0 ≤ x ≤ L,

(4.9)
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(a) (b)

(c) (d)

Figure 2. Let A = (−0.09; 0; 0.1). Each graph from (A) to (D) presents a top view of the fuzzy
solution v(x, ti) from Example 4.1 for x ∈ [−1, 1] at the time instances ti = 0.05, 0.35, 0.65, 0.8,
respectively. The gray-scale curves correspond to the endpoints of the α-levels of the solution v, where
the higher α, the darker the surface. The red curves depict the 1-level sets of the fuzzy solution v(·, ti)
at each fixed time ti.

where B = b0+b1A+b2A
2 and C = c0+c1A+c2A

2 correspond to the boundary conditions (BC), φ(x) = φ0(x)+φ1A+
φ2A

2 corresponds to the fuzzy initial condition (IC) at t = 0 for 0 ≤ x ≤ L, s(x, t) = s0(x, t) + s1(x, t)A+ s2(x, t)A
2

represents the fuzzy source (or sink) term of the FPDE for t ∈ (0,∞) and x ∈ (0, L), K = k0+k1A+k2A
2 with k0 > 0

stands for the fuzzy diffusion coefficient, and v(x, t) = v0(x, t) + v1(x, t)A + v2(x, t)A
2 is the fuzzy state variable of

interest, which depending on the context is the heat of a rod (or the concentration of a population) at position x and
instant t.

From Equation (3.5) and Theorem 2.3, solving Equation (4.9) is equivalent to solving the following classical FPDEs:
∂vi
∂t = k0

∂2vi
∂x2 + fi,

vi(0, t) = bi,

vi(L, t) = ci,

vi(x, 0) = φi(x),

(4.10)
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with

fi = si +
i−1∑
j=0

ki−j
∂2vj
∂x2

, (4.11)

for i = 0, 1, 2. Note that the following PDEs must be solved sequentially. In fact, v1 can only be found after determining
v0, while v2 can be found just after v1 a v0 are known. Moreover, if we consider an SLI set {1, A,A2, . . . , Ak} with
k ≥ 2, then we would have k PDEs which can be solved sequentially in a similar way.

In order to apply the eigenfunction expansion method, we need first to transform Equation (4.10) to a system
of PDEs with homogeneous boundary conditions and also consider the additional hypotheses that si, φi ∈ L2 for
i = 0, 1, 2. Taking vi(x, t) = ui(x, t) + ϕi(x) and ϕi(x) = bi +

x
L (ci − bi) for all x ∈ [0, L], 0 ≤ t < ∞ and i = 0, 1, 2,

we obtain ∂ui

∂t = ∂vi
∂t and ∂2ui

∂x2 = ∂2vi
∂x2 and, consequently, the following PDEs with homogeneous BC:

∂ui

∂t = k0
∂2ui

∂x2 + fi

ui(0, t) = 0

ui(L, t) = 0

ui(x, 0) = φi(x)− ϕi(x) = φi(x)− bi − x
L (ci − bi).

(4.12)

Now, Equation (4.12) can be solved using eigenfunction expansion method. To this end, let us consider the following
associated Sturm-Liouville problem given by:

X ′′(x) + λ2

k0
X(x) = 0

X(0) = 0

X(L) = 0,

which produces the eigenfunctions

Xn(x) = sin
(nπ
L
x
)
, (4.13)

for all n = 1, 2, 3, . . . . For every n, consider the operator Sn defined for every continuous function g : [0, L] → R as
follows:

Sn[g] =
2

L

∫ L

0

g(τ)Xn(τ)dτ.

One can easily verify that

Sn[Xm] =

{
0, if n ̸= m,

1, if n = m.

Hence, the set {Xn} is an orthogonal set of functions. The values Sn[g], n = 1, 2, . . . , correspond to the components
of the Finite sine transform of the function g and satisfy the following properties [16]:

(a) For every continuous function g : [0, L] → R, we have

g(x) =
∞∑
i=1

Sn[g]Xn(x), ∀x ∈ [0, L];

(b) The operator Sn is linear;
(c) If g : [0, L] → R is twice continuously differentiable, then

Sn [g
′′] = −

(nπ
L

)2
Sn [g] +

2nπ

L2

(
g(0) + (−1)n+1g(L)

)
.

Using property (a) above, for every t ∈ (0,∞), the functions fi and (φi − ϕi) can be written as

fi(x, t) =
∞∑
n=1

Sn[fi(·, t)]Xn(x), ∀x ∈ [0, L],
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and

(φi − ϕi)(x) = φi(x)− ϕi(x) =
∞∑
n=1

Sn[φi − ϕi]Xn(x), ∀x ∈ [0, L].

Suppose that the solution of (4.12) has the form ui(x, t) =
∑∞
n=1 Tin(t)Xn(x), with Tin continuously differentiable.

Using the fact that X ′′(x) = −
(
nπ
L

)2
Xn(x) for all x ∈ (0, L), Equation (4.12) can be written as

∑∞
n=1 T

′
in
(t)Xn(x) = −

(
nπ
L

)2
k0
∑∞
n=1 Tin(t)Xn(x) +

∑∞
n=1 Sn[fi(·, t)]Xn(x),

ui(0, t) =
∑∞
n=1 Tin(t)Xn(0) = 0,

ui(L, t) =
∑∞
n=1 Tin(t)Xn(L) = 0,

ui(x, 0) =
∑∞
n=1 Tin(0)Xn(x) =

∑∞
n=1 Sn[φi − ϕi]Xn(x).

(4.14)

Note that the boundary conditions above do not say anything about the functions Tin since Xn(0) = Xn(L) = 0.
However, since {Xn} are orthogonal functions, for every n, we obtain the initial value problem (IVP):{

T ′
in
(t) +

(
nπ
L

)2
k0Tin = Sn[fi(·, t)],

Tin(0) = Sn[φi − ϕi].

Using integrating factor, we obtain that the solution of this IVP is

Tin(t) = Sn[φi − ϕi]e
−(nπ

L )
2
k0t +

∫ t

0

e−(
nπ
L )

2
k0(t−τ)Sn[fi(·, τ)]dτ. (4.15)

From Equation (4.11) and the properties of the operator Sn, we have

Sn[fi(·, τ)] = Sn

si(·, τ) + i−1∑
j=0

ki−j
∂2vj
∂x2

(·, τ)


= Sn [si(·, τ)] +

i−1∑
j=0

ki−jSn

[
∂2vj
∂x2

(·, τ)
]

= Sn [si(·, τ)] +
i−1∑
j=0

−ki−j
(nπ
L

)2
Sn [vj(·, τ)]

+
i−1∑
j=0

ki−j
2nπ

L2

(
vj(0, τ) + (−1)n+1vj(L, τ)

)
.

Using this last equality, we obtain

Tin(t) =
2

L
e−(

nπ
L )

2
k0t

∫ L

0

(φi(τ)− ϕi(τ))Xn(τ)dτ +
2

L

∫ t

0

e−(
nπ
L )

2
k0(t−τ)

∫ L

0

si(z, τ)Xn(τ)dzdτ

+
i−1∑
j=0

−ki−j
(nπ
L

)2 ∫ t

0

e−(
nπ
L )

2
k0(t−τ)

∫ L

0

vj(z, τ)Xn(τ)dzdτ (4.16)

+
i−1∑
j=0

ki−j
2nπ

L2

∫ t

0

e−(
nπ
L )

2
k0(t−τ) (vj(0, τ) + (−1)n+1vj(L, τ)

)
dτ.

Thus, for i = 0, 1, 2, the solution of Equation (4.10) is given by

vi(x, t) = ϕi(x) + ui(x, t)

= bi +
x

L
(ci − bi) +

∞∑
n=1

Xn(x)Tin(t) (4.17)
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= bi +
x

L
(ci − bi) +

∞∑
n=1

sin
(nπ
L
x
)
Tin(t),

with Tin given as in Equation (4.16). This proves the following theorem.

Theorem 4.2. Consider the fuzzy PDE (4.9), with k0 > 0 and the functions si and φ continuous for i = 0, 1, 2. The
function v(x, t) = v0(x, t) + v1(x, t)A + v2(x, t)A

2, with vi given by Equation (4.17) for i = 0, 1, 2, is the solution of
the fuzzy PDE (4.9).

The fuzzy heat equation models the diffusion of a concentration and its associated uncertainty, which tends to
disperse and smooth out over time and space, indicating a dissipative process. This behavior is illustrated in Exam-
ple 4.2.

Example 4.2. Consider the following fuzzy heat equation
∂v
∂t =

(
(1 + 0.5A+ 0.25A2)⊙P ∂2v

∂x2

)
⊕ψ e−t (sin(πx) + 0.5 sin(2πx)A) ,

v(0, t) = 0,

v(L, t) = 0,

v(x, 0) = sin(πx) + 2 sin(2πx)A.

(4.18)

for 0 < x < 1 and t > 0.
According to Theorem 4.2, the fuzzy solution of the FPDE (4.18) is given by

v(x, t) = v0(x, t) + v1(x, t)A+ v2(x, t)A
2 , ∀(x, t) ∈ [0, 1]× [0,∞).

The function v0 is obtained solving the following PDE:
∂v0
∂t = ∂2v0

∂x2 + e−t sin(πx),

v0(0, t) = v0(1, t) = 0,

v0(x, 0) = sin(πx).

(4.19)

The function v0 can be obtained using the eigenfunction expansion method. To this end, we are seeking for functions
v0 of the form

v0(x, t) =

∞∑
n=1

Xn(x)T0n(t),

for all (x, t) ∈ [0, 1]× [0,∞). The functions Xn correspond to the solution of the following associated Sturm-Liouville
problem {

X − λ2X ′′ = 0,

X(0) = X(1) = 0.

The solutions of this initial value problem (IVP) is the eigenfunction Xn(x) = sin(λnx) with λn = nπ for n =
1, 2, 3, . . . . The function T01 is the solution of the IVP:{

T01 + π2T ′
01 = e−t,

T0,1(0) = 1.

Using integrating factor, we obtain

T01(t) = e−tπ
2

∫ t

0

es(π
2−1)ds+ e−tπ

2

=
e−t

π2 − 1
− e−π

2t

π2 − 1
+ e−π

2t.
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For all n ≥ 2, we have T0n(t) = 0 which is the solution of T0n + π2T ′
0n = 0 with the initial condition T0n(0) = 0.

Thus, the solution of PDE (4.19) is

v0(x, t) = X1(x)T01(t) = sin(πx)

(
e−t

π2 − 1
− e−π

2t

π2 − 1
+ e−tπ

2

)
.

With the function v0, we can find the function v1 that corresponds to the solution of the following PDE:
∂v1
∂t = ∂2v1

∂x2 + 0.5∂
2v0
∂x2 + 0.5e−t sin(2πx),

v1(0, t) = v1(1, t) = 0,

v1(x, 0) = 2 sin(2πx).

(4.20)

Note that

∂2v0
∂x2

(x, t) = −π2 sin(πx)

(
e−t

π2 − 1
− e−π

2t

π2 − 1
+ e−tπ

2

)
.

Using eigenfunction expansion method, the solution of (4.20) is of the form

v1(x, t) =
∞∑
n=1

Xn(x)T1n(t),

where Xn(x) = sin(nπx) is the solution of X − λ2X ′′ = 0, with X(0) = X(1) = 0, for n = 1, 2, . . . . The function T11
corresponds to the solution of {

T ′
11 + π2T11 = −0.5π2

(
e−t

π2−1 − e−π2t

π2−1 + e−tπ
2
)
,

T11(0) = 0,

which is given by

T11(t) = −0.5π2

(
π2 − 2

π2 − 1

)
te−π

2t − 0.5π2

(π2 − 1)
2 e

−t +
0.5π2

(π2 − 1)
2 e

−π2t.

The function

T12(t) =
0.5e−t

π2 − 1
− 0.5e−π

2t

π2 − 1
+ 2e−π

2t,

is the solution of the following PDE:

T ′
12 + π2T12 = 0.5e−t , with T12(0) = 2.

For all n ≥ 3, we have T1n(t) = 0 since it is the solution of T1n + π2T ′
1n = 0 with the initial condition T1n(0) = 0.

Thus, we obtain that the solution of (4.20) is

v1(x, t) = X1(x)T11(t) +X2(x)T12(t).

Hence, the solution of PDE (4.20) is

v1(x, t) = sin(πx)

(
−0.5π2

(
π2 − 2

π2 − 1

)
te−π

2t − 0.5π2

(π2 − 1)
2 e

−t +
0.5π2

(π2 − 1)
2 e

−π2t

)

+ sin(2πx)

(
0.5

π2 − 1
e−t − 0.5

π2 − 1
e−π

2t + 2e−π
2t

)
.

Now, we are ready to obtain v2. To this end, we consider the PDE:
∂v2
∂t = ∂2v2

∂x2 + 0.25∂
2v0
∂x2 + 0.5∂

2v1
∂x2 ,

v2(0, t) = v2(1, t) = 0,

v2(x, 0) = 0.

(4.21)
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Again, the eigenfunction are the functions Xn(x) = sin(nπx) which correspond to the solutions of X − λ2X ′′ = 0
with X(0) = X(1) = 0. Note that T2n(t) = 0 ∀n ≥ 3, since T2n is the solution of T ′

2n + π2T2n = 0 with T2n(0) = 0.
The function

T21(t) =
−π20.25

(π2 − 1)
2 e

−t +
0.25π2e−π

2t

(π2 − 1)
2 − π20.25

(
π2 − 2

π2 − 1

)
te−π

2t +
0.5π4

4

(
π2 − 2

π2 − 1

)
t2e−π

2t

− 0.5π4

2 (π2 − 1)
2 te

−π2t +
0.5π4

2 (π2 − 1)
3 e

−t − 0.5π4

2 (π2 − 1)
3 e

−π2t,

is the solution of{
T ′
21 + π2T21 = −π20.25

(
e−t

π2−1 +
(
π2−2
π2−1

)
e−π

2t
)
− π20.5

(
−π2

2

(
π2−2
π2−1

)
te−π

2t − π2

2(π2−1)2 e
−t + π2

2(π2−1)2
e−π

2t
)
,

T21(0) = 0.

Moreover, the solution of {
T ′
22 + π2T22 = −4π20.5

(
et

2(π2−1) −
e−π2t

2(π2−1) + 2e−π
2t
)
,

T22(0) = 0,

is given by

T22(t) =
−π2

(π2 − 1)
2 e

−t +
π2

(π2 − 1)
2 e

−π2t + π2

(
−4π2 + 5

π2 − 1

)
te−π

2t.

Thus, the solution of PDE (4.21) is

v2(x, t) = sin(πx)

(
−π2e−t

4 (π2 − 1)
2 +

π2e−π
2t

4 (π2 − 1)
2 − π2

4

(
π2 − 2

π2 − 1

)
te−π

2t

+
π4

8

(
π2 − 2

π2 − 1

)
t2e−π

2t − π4

4 (π2 − 1)
2 te

−π2t +
π4

4 (π2 − 1)
3 e

−t − π4e−π
2t

4 (π2 − 1)
3

)

+ sin(2πx)

(
−π2e−t

(π2 − 1)
2 +

π2

(π2 − 1)
2 e

−π2t + π2

(
−4π2 + 5

π2 − 1

)
te−π

2t

)
.

Therefore, the solution of FPDE (4.18) is

v(x, t) = v0(x, t) + v1(x, t)A+ v2(x, t)A
2

with v0, v1, and v2 given by Equations (4.19), (4.20), and (4.21), for all (x, t) ∈ [0, 1]× [0,∞), respectively. Figure 3 il-
lustrates the fuzzy solution v for the FPDE (4.18) in [0, 2]×[0, 0.5], with the triangular fuzzy number A = (−0.09; 0; 0.1).
Figure 4 displays the solution v at the time instances t = 0.05, 0.15, 0.2, 0.3.

5. Conclusions

In this study, we have proposed the concept of the distributive product and established its properties for S-linearly
correlated fuzzy processes. Within this framework, we have investigated second-order fuzzy linear partial differential
equations under the concept of ψ-partial differentiability, with fuzzy coefficients for S-linearly correlated fuzzy pro-
cesses. The proposed product has provided a consistent way to transform FPDEs into classical PDEs, offering a clear
analytical link between fuzzy and classical formulations. This approach differs from existing fuzzy theories by intro-
ducing a mathematically rigorous mechanism to handle interactions between correlated fuzzy quantities. Specifically,
we have examined fuzzy transport and heat equations and shown that the obtained fuzzy solutions effectively describe
transport and heat diffusion phenomena under uncertainty, demonstrating the applicability and significance of the
proposed framework.
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Figure 3. The 3D view of the fuzzy solution v of Equation (4.18) for all (x, t) ∈ [0, 2]× [0, 0.5], with
the triangular fuzzy number A = (−0.09; 0; 0.1). The gray-scale surfaces correspond to the endpoints
of the α-levels of the solution v, where the higher α, the darker the surface. The red line depicts the
1-level set of the fuzzy solution v.

(a) (b)

(c) (d)

Figure 4. Let A = (−0.09; 0; 0.1). Each graph from (A) to (D) presents a top view of the fuzzy
solution v(x, ti) from Example 4.2 for x ∈ [0, 2] at the time instances ti = 0.05, 0.15, 0.2, 0.3,
respectively. The gray-scale curves correspond to the endpoints of the α-levels of the solution v,
where the higher α, the darker the surface. The red curves depict the 1-level sets of the fuzzy solution
v(·, ti) at each fixed time ti.
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