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Abstract s )
In this paper, we use the powerful and strong methods to get the solution of Gilson pickering equation known

! !

as (H+ Cé((;))) expansion method and (WM)
useful and provides us with a lot of new general exact solutions for solving (NPDES). These method is used to solve
many problems that occur in physics, fluid physics and optical fiber. Types of solutions are discussed singular,
bright and rational. Modulation instability in higher order nonlinear partial differential equations is investigated.
Modulation instability is a phenomenon observed in certain types of nonlinear systems, such as in optical fibers or
plasma waves. By using linear technique, we establish the modulation instability and show the influence of higher
order nonlinear components on modulation instability. Finally, we introduce figures in 2D and 3D. These graphs
are very important and useful for describing the behavior of solutions.

expansion method. The performance of these methods is
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1. INTRODUCTION

It is known that the partial differential equations (PDEs) is used to discuss the complicated processes in various
fields such as physics, quantum field theory, geochemistry, fluid physics, wave propagation, engineering, optical fibers,
electricity, quantum mechanics and so on. Many scientists focused on the new results for NPDES, such as traveling wave
equations, trigonometric, complex functions, and so on. Examples include Schrédinger equation [13, 16], Kudryashov-
Sinelshchikov equation [24], Biswas-Milovic equation [31], Lakshmanan-Porsezian-Daniel model [7, 47], Chen-Lee-
Liu equation[30, 34], Radhakrishnan-Kundu-Lakshmanan equation[35], Sasa-Satsuma equation[20], fractional Biswas-
Arshed Model[l1, 17, 38], Navier-Stokes equation [19], Korteweg-De Vries equation [10], Burgers’ equation [48], Hirota
equations[26]. Several methods are considered powerful tools to find new solutions for models of NPDES | such as
tanh method [4], Sin-Gordon expansion method [14], kudrayashov method [15, 36], new kudryashov method [37], the
first integral method [18], improved sardar -sub equation method [5], Sinh-Gordon expansion method [32], p -model
expation method [6], modified mapping method [43], generalized tanh — coth method [21], generalized tanh — coth

method generalized g((:))) [29], Hirota bilinear method [2], improve tanh(¢p(£)/2) [27].

In this work, we solve Gilson pickering equation [25, 28] by using (H+ g((:))) expansion method, (

expansion.

G'(n) )
a+bG'(n)+G(n)

2kqe + qt — q0qe — B Gxx — Vxxt — G = 0, (1~1)
where the parameters o, 3,7 and k are arbitrary constants. The Gilso-Pickering equation is a nonlinear partial

differential equation that arises in the study of dispersive wave phenomena in various physical contexts. It is an
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extension of the classical Korteweg-de Vries type models, incorporating additional nonlinear and dispersive terms to
better capture the dynamics of certain nonlinear media. This equation contains cubic nonlinearities and higher-order
derivatives, making it suitable for modeling wave propagation in systems where both nonlinear convection and higher-
order dispersion are significant.The Gilson Pickering equation exhibits a wide range of nonlinear behaviors, including
solitary wave solutions, shock-like structures, and complex interaction dynamics. This makes it a valuable model for
both theoretical analysis and practical applications in nonlinear science.

The Gilson pickering equation has been investigated in Painlevé analysis and is giving by traveling wave equation.
This equation includes many nonlinear equations, such as Camassa Holm equation, Rosenau-Hyman equation, and
Fornberg-Whitham model. Gilson pickering equation is called Fornberg-Whitham equation when k£ = %7 o= —1,
B8 =3,y =1. If parameters v = 0, 0 = 1,k = 0, § = 3, then, Equation (1.1) is called Rosenau-Hyman equation.
Consider the constants are giving by v =1, 0 = —3, 8 = 2 then, (1.1) becomes Fornberg-Whitham model.

This equation solved by various methods, such as in 2020 by A. Yokus et.al., studied the solution of Gilson pickering

by using (%, ﬁ) expansion method and Sinh Jorden method [50]. Additionally, in 2020 H. Rezazadeh et al. solved
the Gilson pickering equation (1.1) using the modified kudryashov method [41]. In 2021 A. Rani et al. discussed the
solution of Equation (1.1) using tanh-coth method [40]. A. Saha el al., in 2019 solved Equation (1.1) by using Collection
method [9]. Also H. Rezazadeh et al., studied the bifurcation and solved Equation (1:1) using Jacobi elliptic function
method and Exponential rational function method [42] in 2021. By using Bernouli sub-equation method [12] Gilson
pickering equation solved by H. M. Baskonus in 2019. I. Samir et al. solved Equation (1.1) in 2022 using modified
extended mapping method [45]. S. A. Allahyani et.al., solved this model in 2022 using Sardar’s Sub-Equation method
[8]. Extended simple equation method and the generalized Riccati equation mapping method used to solve (1.1) by
H. U. Rehman et.al., in 2022 [44]. Exp-function method, multi-exp function method and multi hyperbolic tangent
method, multi-exp function method and the multi hyperbolic tangent method used by O’Regan et al., to solve (1.1)
in 2024 [33].

We also discuss the modulation instability and the influence of the nonlinearity in modulation instability. Modu-
lation instability refers to a phenomenon that occurs in nonlinear optical systems particularly, in optical fibers. It is
a process where small perturbations in the intensity of an optical signal can grow rapidly as it propagates through
the fiber [1, 3, 22, 23, 39, 46, 49, 51]. Modulation instability interest in different fields such as plasma physics and
nonlinear optics, the growth of modulation instability also discusses.

This paper is organized as following: Section 2 the descriptions of the methods known as (H+ %’((;7))) expansion

G/
method and (W(;]}’_G(n)

the solutions of models. Modulation instability analysis [MI] is also discussed in section 4. The graphical illustration
in 2D and 3D to show the behavior of solutions are also provided in section 5. Finally, conclusion of our work is
present in last section.

) expansion method are presented. In section 3, application of proposed methods to find

2. DESCRIPTIONS OF THE METHODS

In this section, we show the steps of the methods to understand how to apply these methods on the previous
equation. Consider the partial differential equation.

D(%Qt,(h,%t,%mwn) :07 (21)

where D represents a polynomial comprising the unknown function ¢ = ¢(z, t) as well as its different partial derivatives.
By using the transformation

n=ux—vtq(z,t) =un), (2.2)
where v is arbitrary constant, substituting from (2.2) into (2.1) then, (2.1) becomes (ODE) as following:

S(u', u’ ) =0, (2.3)

where S is a polynomial in u(n) and its derivatives.

(=)=
E)NE
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2.1. (H+ g((:]]))) expansion method. The basic steps of (H+ (o) ) expansion method are showed as following:
step 1: The solution of (2.3) is obtained as:

N
= > bi(H+QMn), (2.4)
i=—N

where Q(n) = %((:)), bi(1=0,£1,42,....... + N) and H constant can be determined later and G = G(n) which satisfy

nonlinear (ODE)

Q'(n) = A+ BQ(1)* + CQ(n), (2.5)

where A, B, C are real constants and (2.5) have solutions as following:

When (A(C —1) £0),(B(C —1) £0), (A%> = 4BC +4B > 0) , (A = A> - 4BC + 4B),

A + v/Atanh (@)
Qn) = |- 2C—1) ; (2.6)
A + VA coth (%)
Qn) = 2C—1) 7 (2.7)
A+ VA (tanh (VAn) +isech (VAn
- (A3 )
A+ VA (coth (VAn) +csch (VAR
Q) =|- ( g(c _)1) ( ))) , (2.9)
2A + /A (tanh VAN 4 coth (VA2
- (2203 )
i\/m—\/chosh(\/Zn) _A
Qn) = B+F2(né¢_z?) : (2.11)
i\/A(F—2+K—2)+\/ZFCOSh(\/Z?7) _A
Q) = B+F;}néﬂz)) : (2.12)

where F, K are real constants and F? + K2 > 0.

2B cosh (‘F”>
= (\/Zsmh (\F") Acosh(‘ﬁ ) +H) ’ (213)

sinh (Y41
Q(n)=( - h( ) )) (2.14)

VA cosh (Q) A sinh (
BE

B
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Oln) = 2B cosh (\/>77> 0.15)
E —A cosh (\Fn) + v/Asinh \/Kn) +ivVA ) .

(
21 n)( ) -

Q) = ( Asinh (fn>+fcosh ﬂn)

When (A2 —4BC +4B < 0), (A(C — 1) £0),(B(C —1) £0).

(A ++v/—Atan (‘/?’7) )
Qn) = ) ; (2.17)

2(C

A+Mcot( _2 U]
a 2(C —1)

A+vV=-A (tanh V—An ) =+ sech (\/jn))

Qn) = ( 20— 1) ) , (2.19)

(2.18)

(2.20)

A o (V) N@?D)
2(C — ’

ot = (A4 etV o <Fn>>> )

() = 24+ V-A (tan4( C Anlz + cot ( ))) | %)
| /AR AR cos(yE)

Q) = = + (2.29)

| AETR B Feos(vE)
Q) = B+F;(D(ET; ) ) (2.24)
where F, K are constants such that F2 — K2 > 0.

Qn) = e (@) (2.25)
\/7Asin(\/_2j’7) — Acos (@) 7

Qn) = o (V?n) ) ; (2.26)
V—=A cos (\/?’7) — Asin (\/?")

am = | - e ) 2 (2.27)

—Acos (\/En) +V/Asin (\/Kn) + VA ’
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_ 2B sin (\/In) 9 98
Q) —Asin (\/jn) +v/—Acos (\/En) +v-A - (228)

When B =0,A(C —1) £0.

As
@) = (_ (C — 1) {sinh(An) — cosh(An) + s}> ’ (2.29)
B B A(sinh(An) + cosh(An))

Q) =b <H (C — 1){sinh(An) — cosh(An) + s}> ’ (2.30)

where s is constant.
When A=B=0,(C-1) ~0.
1

Qn) = (H - (C’—l)r]—|—s> . (2.31)
where

n=u1x— vt (2.32)

step 2: The value of positive integer of N can be determined by balancing Equation (2.3).

step3: Substituting Equations (2.4) and (2.5) into Equation (2.3), we get the polynomials of (H + Q(n))* and
(H + Q(n))~% where (i = 0,1,2,3,.....), then collect all coefficient of the resulted polynomials and equal to zero, we
get the set of algebraic equations for b;(1 = 0,41, £2,....... + N) and the value of another constants by solving them
by wolfram mathematica then, we get the solution of wave Equations (1.1).

’

2.2. ((H_bGi(”)G(n)) expansion method. The steps of (WM)

G’ (n)+
Step 1: The solution (2.3) is getting as:

expansion method are obtained as following:

N
u(n) = gjw(n), (2.33)

=0

where w(n) = %, gj, a, b are arbitrary constants and G = G(7) is solution of the auxiliary ODE as following:

G AG'(n)
Gy =L =8 2.34
where p, A are arbitrary real number. We can find the following condition
I 20— MNw(n
wln) = o CEZAOD (5 (2, (2.35)
where (2.33) have the following solutions:
When A = \2 — 4y > 0.
we have G = —a+wvy exp <n(\2rbA/\) + vy exp (77(/\;;@) where a, v1,vo are constants that satisfy a? +v? +v2 # 0,
as in case 2, thus
V2 ()\f\/Z)exp (@ + v1 (\/KJr/\)
w1 = VA
bua (—\/K+)\—2>exp( 217”) + buy (\/Z—&—)\—Q)
)\(Uz—’l)l)—\/g(vl—kvg)} Sinh(\/Qan) —+ |:)\ (U1 +7.22) —\/K(Uz —Ul)] COSh (@) ( )
_ , 2.36
sinh (%) b (()\ —2) (v2 — 1) — VA (1 + 1)2)) + cosh (\/Qan) b (()\ —2) (v1 + v2) — VA (vg — vl))
an
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_ VA tanh ‘/7"
wy — wil = 2b(/>\\—iu—1) 263~ ;g 1) ) JA=2) (2 —v1) = VA (1 +02) =0, (2.37)
A—2u . \/ZCOth(%) ()\ _ 2) ( B \/E B .
26(A—p—1) 2(A—p—1) v1 + v2) (v2 —v1) = 0.
when \2 — ;1 < 0.
where G = exp (72—2> (112 sin (\/7’7> + v1 cos (\/f”)) —a

(\/ —Av; + /\Ug) sin (‘/E") + ()\vl — \/I’Ug) co (mrz) (238

w2 = s .
b (\/—Avl + (A= 2)1)2) sin (@’7) +b (()\ —2)v — v/ —Avg) cos (@")

_ a2 VA tan (V52 ) _

wo = W21 = 2b(,\7##71) T T 20(A—p—1) s (A =2)v2 — = (2.39)

B,
\/Zcot(ﬂ>
A—2u b
w22 = Gy — w2 — V-

Step 2: Substituting Equation (2.33) and (2.35) into Equation (2.3), then collect the coefficient of w; to zero and
solving the system to get the solution of Equation (1.1).

3. APPLICATIONS OF METHODS

By inserting (2.2) into (1.1)then, Equation (1.1) becomes:

u'(n) (2k — v = Bu’" (n) — ou(n)) +u'® (n) (v = u(n)) = 0, (3.1)
Integrating Equation (3.1) once with respect to  and put the constant of integration to zero
1 1 1
Dhuu(n) + v’ (n) — ulnu (n) — 50 (1) + sl (@) ul) — Souln)” (32)

By balancing u”(n),u(n)? into (3.2) then N = 2.

G'(n)
3.1 (H+ &%

) expansion method. Putting N = 2 in Equation (2.4) then (2.4) becomes:

b_1q b_s
u(n) = ba(H + 24 b (H+ + + + bo. 3.3
Inserting (2.5) and (3.3) into (3.2) then, collect the coefficients of (H 4+ Q(n)) where Q(n) = %/((;])) , we get the following
system:

%szfH‘* - %BQBbe‘* + 2B%ywby H* — 12B%b_1by H* — 2B?*boby H* — BCY; H® + BC b H®

— 2B%yub  H? + 2B%boby H® + 32BCHyvbo H® + 14B%b_1bo H® — 8B%Bb_1by H® + 4BChoby H?

+ %CQbeQ + ABbWIH? — écQ,BbeQ — ABBb?H? + 3BCywbi H® — 18B*b_1by H* + 6 B*Bb_1b1 H>

— 3BCboby H? + 2C°yvbo H? + 4ABvbs H? — T2B%b_oby H? + 24B*Bb_sbo H® — 39BCbh_1bo H?
+12BCBb_1bsH? — 2C*bobos H?> — 4ABbobs H> — ACH; H + ACBVTH — 2B*~yvb_1 H + 2B%b_1boH

— C*ywb H — 2ABywb H + 26B%b_3b1 H — 8 B*Bb_2b1 H + 18 BCb_1by H — 6 BCBb_1b1 H + C*bob1 H
— 4ACyVby H + T2BCb_oby H — 24BCBb_sby H + 13C*b_1boH + 26 ABb_1bo H — 4C?Bb_1bo H

— 8ABBb_1bsH + 4ACbob H + %B%il - %3251)31 + %AQbf - %AQﬂbf +2B?*ywb_s + BCyvb_,

+ 2kbo — vbo — 2B°b_gby — BCb_1bg + ACyvby — 13BCb_sby + 4BCBb_zby — 3C%b_1b1 — 6ABb_1b:
+ C?Bb_1b1 + 2ABBb_1by — ob_1by — ACboby + 2A%ywby — 12C2%b_gby — 24ABb_by 4+ 4C?Bb_2bs
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2
+ 8ABBb_2by — ob_2bs — 13ACH_1bs + 4A0ﬁb71b2 — 2A2b0b2 — Lbo

=0,

—2A%8b% 5, + 44%0%, — 4ABD2 ,BH? — 8Ab> ,BH? + 4ABW ,CH + 8Ab> ,CH — 28b>,B*H*
—4b2,B*H* + 48b2 ,BCH® + 8b> ,BCH?® — 28b> ,C*H? — 4b* ,C*H* = 0,

— 2A%Bb_ob_1 — 6A%b_sb_1 — 4ABb_sb_1BH? — 12Ab_sb_1BH? + 8ABb> ,BH + 12Ab* ,BH
— 4ABY?,C +4ABb_ob_1CH + 12Ab_sb_1CH — 6Ab2,C — 28b_ob_1B*H* — 6b_sb_1 B>H*
+ 882, B> H® + 1202, B2 H® + 48b_3b_1BCH® + 12b_3b_1 BCH® — 128b? , BCH?

— 18b% ,BCH? — 28b_3b_1C*H? — 6b_2b_1C*H? + 48b> ,C*H + 66> ,C*H = 0,

- %Azﬂbil +6A%b_oyv — %AQbQ_I —6A4%b_oby — 4A8b% B — ABb2 BH? + 12Ab_yByHv
— 3Ab2 BH? — 12Ab_3bo BH? + 8ABb_ob_1BH + 18Ab_sb_1BH — 4Ab> ,B — 4ABb_3b_1C
+ ABV? CH — 12Ab_syCHv + 3Ab2 ,CH + 12Ab_sboCH — 9Ab_3b_,C — %Bb%B?H‘*

+6b_yB2*vyH*y — %3133132}14 — 6b_2bo B2H* + 88b_sb_B*H® + 18b_3b_1 B*H®
—128b>,B*H? — 12b> ,B*H” 4+ 8b>BCH® — 12b_yByCH®v + 3b>, BCH® 4+ 12b_2by BCH®
—12Bb_3b_1BCH? — 27b_3b_1 BCH? + 128b% , BCH + 12b> , BCH — 28b%,02 — %51)2_102}12

+6b_oyC?H?v — ng_IC2H2 — 6b_2boC*H? 4+ 48b_2b_1C*H 4 9b_sb_1C° H — 20> ,C* — %bQ_QU =0,
2A2B8b_oby + 24%b_1yv — 2A4%b_1bo — 8A%b_oby — 4ABb_ob_1B + 4ABb_2by BH? + 4Ab_ ByH?v

— 4Ab_1boBH? — 16 Ab_sby BH? + 2AB8b2 BH — 20Ab_sByHy + 4Ab> | BH + 20Ab_sbo BH

— 6Ab_2b_1B — ABb? ,C + 10Ab_osvCv — 32A48b_2bsCH? — 4ABb_2b1 CH — 4Ab_~CHv

+ 4Ab_1boCH + 16 Ab_2b1 CH — 2Ab% ,C — 10Ab_2boC + 28b_oby BZH* + 2b_1 B>*yH*v

— 2b_1boB2H* — 8b_oby B> H* + 2862 B*H® — 20b_sB>*yH*v + 4b>  B*H® + 20b_2bo B*H*®
—128b_ob_1B*H? —18b_3b_1 B*H? + 882 3B>H + 4b> , B*H — 48b> , BC + 16b_2b, BCH*

— 4Bb_2by BOCH® — 4b_1 ByCH®v + 4b_1bo BCH? + 16b_2b1 BOCH® — 38b>  BCH? + 30b_s ByCH?v
—6b°> 1 BCH? — 30b_2bo BCH? + 128b_2b_1 BCH + 18b_3b_1 BCH — 2b> , BC — 2b_3b_1C"
+28b_ob1 C*H? + 2b_17C?H?v — 2b_1boC* H? — 8b_3by C*H? + 8b> C*H — 10b_2vC*Hv

+ 202, C*H + 10b_3boC*H — 3b_2b-1C* —b_3b_10 = 0,

—3B%*b_1b1H* + B*Bb_ by H* —12B%b_sbo H* + 4B*Bb_sbo H* — 6B>*ywb_1 H? + 6B%b_1boH®
+30B%b_sb1 H® —8B*Bb_3b1 H®> + 6 BCb_1b1 H> — 2BCBb_1b1 H* + 16 BCb_2bs H® — 8BCBb_oby H?
—3B%*?H? — 3B°Bb> {H” + 24B*yvb_oH” + 9BCvb_1H* — 24B*b_oboH? — 9BCb_1boH”

— 45BCb_oby H® + 12BCBb_2b1 H*> — 3C%b_1b1 H> — 6ABb_1b1H* + C*Bb_1b1 H”

+2ABBb_1b1H? — 12C%b_3b, H? — 24 ABb_sby H? + 4C*Bb_2bs H? + 8ABBb_sby H?

+ 3BCb:  H + 3BCBb>  H — 24BCywb_sH — 3C*yvb_1H — 6ABywb_1H + 6B*b_2b_1 H

+ 8B*Bb_sb_1H + 24BCb_2bo H + 3C*b_1bo H + 6 ABb_1boH 4 15C*b_obi H + 30ABb_2b1 H
—4C?Bb_sby H — 8ABBb_sby H + 6ACh_1by H — 2ACBb_1by H + 24ACH_2by H — 8ACBb_obo H

—2B%Bb%, — %C%’il — ABb?, — %Czﬁbil — ABBb: | — %abil +2kb_o +4Cyub_o
-+ SAB’YI/I)_Q — I/b_2 + 3AC’71/b_1 — 3BCb_2b_1 — 4BC’Bb_2b_1 — 402b_2b0 — 8ABb_2b0
— ob_sbg — 3ACH_1bg — 15ACH_oby + 4ACBb_2by — 3A%b_1by + A?Bb_1by
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— 12A%b_oby + 4A%Bb_sby = 0,

2A%Bb_1by — 6A%b_1by + 4ABb_ob1 B + 2Ab_1 Byv + 4ABb_1by BH? — 12Ab_1by BH?

— 4ABb_1b1BH — 16ABb_2by BH + 12Ab_1by BH + 48Ab_obo BH — 2Ab_1bo B — 14Ab_2b1 B

+ 2A8b_1b1C + 8ABb_2bsC — 4ABb_1bCH + 12Ab_1boCH — 6Ab_1b1C — 24Ab_5bsC
—28b_ob_1B* +2B8b_1byB*H* + 6b_1bo B H* — 48b_1by B°H® — 168b_sby B*H® + 12b_,b, B*H®
+48b_obo B> H® +12b_1bo B2 H® + 128b_oby B H? + 6b_1 B>vH?v — 6b_1bo B*H?

—42b_ob1 B*H? + 28b% 1 B*H — 12b_3B*yHv + 12b_3boB*H

— Bb2 1 BC + 6b_y ByCv — 48b_1bs BCH® + 12b_1bo BCH® + 68b_1b1 BCH? + 248b_2b, BCH?
— 18b_1b1 BCH? — 72b_3bs BCH? — 128b_3by BCH — 6b_1 BYCHv + 6b_1bo BCH + 42b_3b1 BCH
— 6b_2boBC + 28b_2b1C?% + b_1~7C?v + 28b_1b2C? H? — 6b_1b,C*H? — 28b_1b1C*H — 88b_3b,C*H
+6b_101C*H + 24b_2b2C*H — b_1boC* — Tb_2b1C* + 2b_1k — b_1v — b_1bgo — b_zb10 = 0,

— 2A%Bb1by + 4ABb_1b: B + 2Ab1 Byy — 4ABb1bo BH? + 2ABbI BH — 12Aby ByHv + 12 Aboby BH
— 24bob1 B — 14Ab_1bosB — ABY2C + 6AboayCr + 4ABb1bsCH — 6AbobyC + 28b_ob1 B

— 2B8b1bys B2H* 4+ 28b1 B H® — 120, B2 yH?v + 12boby B2 H® + 128b_1b2 B> H? +6b; B>vH v

— 6boby B*H? — 42b_1b; B> H? — 48b_1byB*H — 168b_2b, B*H + 12b_1b1 B>*H + 48b_3b, B*H

— 6b_ob1B% + 28b_1b1 BC + 88b_3by BC + 48b1bs BCH® — 38b3 BCH? + 18by ByC H?v

— 18boba BCH? — 128b_1b: BCH — 6by ByC'Hv + 6boby BCH + 42b_1bs BC H

— 6b_1b1 BC — 24b_2b2 BC + 28b_1b2C* + b1vC?v — 28b16,C*H? + Bb3C*H

— 6byyC?Hv 4 6bobaC* H — bob1 C? — Th_1b2C? + 2b1k — biv. — bobio — b_1byo = 0,

—28b3B* — 4b3B* = 0,

— 28b1ba B + 88b3 B*H + 12b3 B> H — 6b1bo B> — 48b3 BC' — 6b3BC = 0,

— 4ABb1boB + 8ABVIBH + 4Ab3BH — 6Ab1by B — 4ABbEC — 2Ab3C + 28b_1by B2

+ 2b1 B?yv + 88b2B*H® + 4b2B*H® — 128b1by B*H? — 18b1b: B H? + 28b° B*H — 20b, B>*yHv

+ 4b3B*H + 20boba B2H — 2bob1 B> — 8b_1b: B® — b2 BC + 10b; ByCv — 128b3 BCH?

— 6b3BCH? + 128b1bs BCH + 18b1bo BCH — 2b7 BC — 10boby BC' — 28b1b2C? + 48b3C*H

+ 2b5C* H — 3b1b2C° — bibeo = 0,

— 2A%8b3 — ABYIB + 8AbyByy — AABb3BH? + 8ABbiby BH + 6Abibo BH — AbI B

— 8Aboba B — 4ABb1boC +4ABYSCH — 3Ab1b2C + Bb_1b1 B® + 48b_2by B*

— 28b3B>H" + 88b102 B H® + 6b1b2 B> H® — 38b1 B*H? + 24b, B>y H?v — 3b7 B> H?

— 24boba B2H? — 88b_1bo B*H — 6by B*yHv + 6boby B*H + 30b_1b B> H

— 3b_1b1B* — 12b_3by B + 48b_1b2 BC + 3by BYCv + 48b3BCH® — 128b1b, BCH?

— 9b1bs BCH? + 38b; BCH — 24by ByC Hv + 305 BCH + 24boby BCH — 3boby BC'

—15b_1b3BC — %,Bb%ﬁ + 4byyC?v — 28b3C* H? + 48b1byC* H + 3b1b,C*H

1,2 0 2 b%U
— §b10 — 4boboC* + 2b2k — bov — bobao — 7 =0,

— 4ABb2B — 4Ab:B — %ﬁbeQ + 6byB*yv — 128b2B*H? — 12b3 B> H? + 88b1by B H

— 18b1b2B*H + %(—3)17%32 — 6boby B® — 48b1b2a BC + 128b3BCH + 1203 BCH
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2
—%ﬁﬂ%ﬁ@&&ﬂ—%yﬁ_%gzo

Solving the above system of equations, then we have the following cases:

Case 1.
12(2k — v)(A+ H(BH — ¢))? 9 2k —v
b =00 b_o (4AB — c2) teuy 4ABI/—02V’B 02 =0,
b — b_2B o b_Q(Cf2BH)
T A+HBH-¢) ' A+HBH-¢)
Case 2.
- 12(2k—v)(A+ H(BH - C))? )
bl—O,U— b_2(4AB—02) 4AB+C,
3(2k — v) (b_2 (C? —4AB)® + 4(2k — v)(A + H(BH — C))2)
Y== 7ﬁ:_27b2:07
v (4AB — C?) (b_2 (C? — 4AB)? +12(2k — v)(A + H(BH — 0))2)
b_s (b,QB (C? —4AB)® + 2(2k — v)(A+ H(BH — C)) (2B(A + 3H(BH — C)) + 02))
bO = ’
(A+ H(BH - C)) (b_2 (C2 — 4AB)? +12(2k — v)(A + H(BH — C))2)
, _ bos(C—2BH)
' T A+ H(BH-C)
Case 3
_ b4B b_y (4AB — C2+0) o
b =000 = F g = 120(C — 2BH)(A + H(BH — C))’b2 =06=-2
p o _ba(A+HBH-C)) b (4AB = (0?) (4AB — C? + o) LY
2 C —2BH "7 24(C —2BH)(A+ H(BH - C)) ' 2
Case 4
b_, (C? — 4AB
by = 0,0 = 3(C? —4AB) v = 2( ) B =—2by=0,
b_5(C2 — 4AB)? + 12k(A + H(BH — C))?
y b_»B L bo(C—2BH)  b_5(C*—4AB)’ o
T AT HBH-CO) ' A+HBH-0) ' T 6A+HBH-C)2
Case 5.
b_y (C2— 4AB
by = 0,0 = 2C% — 8AB,~ = 2( ) B=—2,by =0,
b_s (C? — 4AB)? + 24k(A + H(BH — C))?
- b_s (C? — 4AB)”
b b_»B b_o(C —2BH) . 2 ( ) ok,

T A+HMBH-0) ' T A+HBH-0)"  12(A+H(BH - (0))?

From (2.6)—(2.31) and (3.3) into Equation (2.2) then, we have the following solution:
When (A(C —1) £0),(B(C —1) £0), (A> —=4BC +4B > 0) , (A = A> - 4BC + 4B),

2
by A+ +vAtanh (@)
- 5 +by | H—
A+x/§tanh<@> 2(0 - 1)
H - 2(C—1)

Q(xvt) =
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A—|—\/Ztanh(\/§") b_1
+by [ H - + bo,
2(0 - 1) A+\/Ztanh(@)
- 2(C—1)
2
A + VA coth VAn
q(z,t) = to | H :
s = 2 -
A+Wcoch(\ﬁ"> ? 2AC-1)
H———e
A+\/Zcoth(‘/§") b,
+b | H=- + + bo,
2(0 — 1) A+\/Kcoth<@>
- 2(C—1)
q(z,t) = bz 2
(H A+\/Z(tanh(\/5n)+:l:isech(\/5n)))
- 2(C-1)
2
A+VA (tanh (\/Zn) + isech (ﬂn))
b | H— 20C —1)
A+ VA (tanh (\/Kn) =+ isech (\/Zn)> b_1
+b1 | H— 2(0 — 1) + I A.t,.\/E(tanh(\/En)iisech(\/zn)) t bo,
- 2(C—1)
q(z,t) = bz 2
(H A+\/Z(coth(\/xn)icsch(\/x77))>
- 2(C—1)
2
A+VA (coth (\/Kn) =+ csch (\/Kn))
+oo | H - 20C - 1)
A+ VA (coth (\/Zn) =+ csch (\/Zn)) b_1
o | H - 20 1) o Al /An (VA T
- 2(C—1)

2
bos 2A—|—\/K(tanh (@) + coth (@))
9z, ) = VA VA 7 T | H - 4(C —1)
2A+\/7(tanh< T ">+cotl\( 1 77))
H - 2(0—1)
24+ VA (tanh (Y52) + coth (¥51)) -
+b | H— + — + bo,
! 4(0 - 1) 2A+\/7(tanh(@)+coth< \/4K77)) ¢
FY(e))
+ A(F2+K2)—\/EF cosh(\/Zn) A 2
b_ B+F sin(vVA -
q(z,t) = 2 5 + b2 hl (van) + H
A(F2+K2)—\/ZF cosh(\/Zn) 2(0 - 1)
B+F sin(VAn -
2((2—1) ) +H
A(F2+K2)7\/EFcosh(\/Zn)
B+Fsin(vVAn) N b1
+b +H |+ + bo,
2(C -1 - cos
( ) i,/A(FZ’JrKZ) VAF cosh(vAn) .
B+F sin(VAn)
3(0-1D) +H

(3.10)

(3.11)

(3.12)

(3.13)

(3.15)
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i‘/A(F2+K2)+\/EFcosh(\/E77) A

b_ sin (VA
a(w,t) = 2 b B4F sin(VAT) +H
/ 2 2(C -1
A(F2+K2)+\/ZF cosh(\/Zn) . ( )
B+Fsin(\/Zn) B
2(C—1) +H
" VA(F24+K2)+VAF cosh(VAn)
B+F sin(\/Kn) - b71
+b +H |+ + bo,
! 2(C—-1) i,/A(F2+K2)+\/ZFmsh(\/Zn) N 0
B+F sin(\/Zn) B
2(C—1) +H

where F,K are real constants.
2

b_
q(z,t) = : 5 + b

2B cosh Y&
(amqqqu4@q+H>
2B cosh (@)

(‘/5") — A cosh (@)

2B cosh (@) .
_l’_
)

V/A'sinh (@) — A cosh (*/2&’

+

+ b1
VA sinh

b_
q(z,t) = : 2 + b2

2B sinh @)
(ﬂcosh(@n)Asinh(\/gn) +H)
2Bsinh (@)

+h(¢zmm(ﬁﬁ)‘A“m(§ﬁ

b_1
H) + | QBcosh(‘/QK"> | +H+b0»

QBsinh<£2ATL)

VA cosh(21) —asinn (Y31 +H

t) = b2 b1
q(.’I}, ) B 2B COSh(\/Z’ﬂ) 2 H + 2B cosh(\/zfl)
(H + —A cosh(\/Zn)+\/Zsinh(\/Kn)ii\/Z> —A cosh(\/Kn)-&-\/Ksinh(\/Zn)ii\/Z
2B cosh (\/Kn)
+bo+b1 | H+
—Acosh (\/Zn) + v/Asinh (ﬂn) +ivVA
2
2B cosh (\/Zn)
+ b2 H +
— Acosh (\/Zn) + V/Asinh (\/&,) +ivA
2
2B sinh (\/Zn)
q(z,t) = bs +H
_ Asinh (\/zn) + VA cosh (\/&7) + VA
2B sinh (\/Zn)
+ b1 + H
—Asinh (vVAn) + VA cosh (VAR) £ VA
b_ b_
+ 1 + 2 + bo.

2B sinh(VAn) H 2B sinh (VA7) H ’
—Asinh(\/xn)i\/ZCOSh(‘/Zn)""/Z —Asinh(\/K'ﬂ)i\/zcosh(\/le)i\/z +

11

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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When (A2 —4Bc+ 4B < O) ,(A(C —1) £0),(B(C —1) £0).
2
A+\/7Atan(v_2m’) A+\/7Atan(v_2A")
q(x,t) = b 2(C—1) +H| +b 20C—1) +H
b_ 1 b_ 2
b
A4/ — tan( A+\/7tan \/771) 2 + 05
2(C-1) 2(C—1) +H
2
A—i—\/—Acot( > ”) A—l—\/—Acot(V;A")
a(@t)=bi | H - 2(C—1) A 2(C—1)
b_1 b—2
+bo+
A+\/700t(\/777) 0 A+\/700t(\/7n)
H- 2(C-1) H - 2(C—1)
o, 1) b_s i (B A++V=A (tan (\/—An) =+ sec (\/—An)) :
) - 2 -
H A+\/j(tan(\/jn)+sec(\/jn)) 2 2(C - 1)
- 2(C—1)
o (- A+ V=A (tan (vV/—An) £ sec (vV—An)) \ b1 4
! 2(0 — 1) H A+\/—A(tan(\/—An)isec(\/—An)) 03
- 2(C—-1)
2
©.4) by A++V/-A (cot (\/—An) =+ csch (\/Zn))
q(x,t) = +b2 | H—
AV (cot(VEn) teseh(v=EN) \ o 2(C-1)
H - 2(C—-1)
o (- A++V/-A (cot (\/—An) + csch (\/—An)) N b_1 b
! Z(C - 1) H A+\/—A(cot(\/—An)icsch(\/—An)) 05
- 2(C—1)
2
bes 2A +V-A (tan(v ")—f—co‘c(v "))
T,t) = — +bo | H—
a0 2A 4V A (van (LB oot (LEND 4C-1)
H - 4(C—1)
o w 2A+\/7A(tan(7vff" +Cot(v_4m’)) . by o
' 4(C-1) 244V=A (tan (5 ) oot (LE2)) T
H - 4(C—-1)
+ 7A(F2+K2)7chosh(\/jn) A 2
q(z,t) = b2 5 + b2 B+ F sin(VAn) +H
—A(F24K2)—V=AF cos(v=4an) 2(C—-1)
sin(v/— A -
B+F 2((071?71) 4+ H
+ 7A(F2+K2)7EFCOS(E7]) _
B+F sin(\/jn) b71
b H b
th 2(C -1) + * —A(F24K2)— V=AF cosh(v=2n) o,
+ —A
sin(vV/—&
B+F2(c('—1) 2 +H
[c ][]

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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Q(xvt) =

+ b1

i\/—A(F2+K2)+\/jF cos(\/jn) 4

b_ B4 F sin(VA:
2 5 + b2 C(' 71) +H
—A(F24K2)+V=AF cos(vV=25&n) 2(C—-1)
B+F sin(vV/—A4n) -
2(C—1) 7 +H
+ \/W+\/7AFCOS(\/7A’U)
B+Fsin(v/—A - b_
( "7) + H + 1 + b07
2(0 — ].) 1/—A(F2+K2)+\/IF cos(v/—=4An)
+ B+F sin(v/=An) - H
2(C-1) +

where F, K are real constant where F?2 — K2 > 0.

2

b 2B cos (*/7")
qlz,t) = -2 5 +bo +H
2Bcos(@) e MSIH(\/*”)—ACOS(\/;TW)
msin(i\/?")fAcos(\/?")
o QBCOS(\/?W) u by .|_b
1 0,
v/ —Asinh (@) — Acos (@) ﬁs(@") — +H
\/KSIH( 5 ")-Acos( 5 ")
boo 2B sin (‘/?") ’
q(z,t) = — +b +H
2Bsin(Y551) TH 2T \/jcos(‘/i") fAsin(‘/_QT")
\/jcos(i\/?" ) —A sin( \/?7’)
. QBsm(\/i") cm)e b_y b
1 — 05
v/ —A cos (\/7’7) Asm(‘/?") 213;‘:(??) —+H
\/jcos( 5 77)—/1sm( 5 ")
b_ b
q(l’, t) = 2B COSQ(\/in) 2 y 2B coi(\/j"l) * b()
T TAcos \/7n)+\/75m(\/717)i\/7) B _ACOS‘(\/Kyl)'~_\/15irl(\/x77)i‘/Z
2B cos (\/Zn)
H —
—Acos \Fn)—ﬁ—fsm(fn):l:\ﬁ
2B cos (\/Kn) :
H —
—Acos (\Fn) ++V/Asin (\Fn) + VA
2
2B V=
q(z,t) = by sin ( 7] + H
—Asin \/ 77 + v —A cos (\/Zn) +v-A
b 2B sin (\/ 17)
—Asin (\/ 7]) + v/ —A cos (\/ n) + \/fA
b_ 1 b72
+ + + bo.
2B sm(Fﬁ) +H 2B sin(\/j’r]) " 2 0]
_ASUI(\/in)imCOS(\/in)_‘—\/i 7Asin(\/jn)i\/jcos(mW)im +
When B =0,A(C —1) £0.
a(o,) = b ¥ = +bo

2
As
(H (C—1){sinh(An)— cosh(An)«l»s})

~ (C=1){sinh(An)—cosh(An)+s}

13

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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As As ?
(C — 1){sinh(An) — cosh(An) + s}> 02 (H ~ (C = 1){sinh(An) — cosh(An) + s}) ’
_ B A(sinh(An) + cosh(An)) 2 B A(sinh(An) + cosh(An))
a(@:1) = bz (H (C — 1){sinh(An) — cosh(A4n) + S}) o <H (C — 1){sinh(An) — cosh(An) + s}>

b_1 b_»

H A(sinh(An)+cosh(An)) + 5 + bo.

~ (C=1){sinh(An)—cosh(An)+s} (H — (c_fl‘)(z‘is?:sx(‘\:;;cgi:}(lﬁr)’))+S})

+ b1 (H—

+

When A =B =0,(C -1) £0.

g(w,t) = by (H—W)QJF’” (H_m)

b b
+ L : 5 + bo.

H- 1 ]
©— 1yt (H _ m)

where

n=x—vi.

3.2. ( %) expansion method. Putting N = 2 in equation 34 we get the following equation:

u(n) = g2w(n)* + grw(n) + go-
Inserting(3.38) and (2.35) into (3.2) then, get the following system

_Bgti? | 2yger’v | gin® | 2909ai |y 2900tV gogid

S T R b3 b3 b3
29091 14° 950
+ b3 +290k:—g01/—7:o,
2B8g1920°  Bgidu | 2Bgip* | 6ygaduv o 12ygopPv 6gogadp | 12gogap®
- bd - b3 b3 + b3 v4 b3 - b3 + b3
YaA Y 6y dur  6ygupty | 2ygipr gogi A’
+ b2 - B2 + b2 b2 - b2
6901 e 6g0gin® 29091
b2 - b2 - b2 + 291k — g1V — gogi10 = 07
_ 2Bg3p*  4BgigaAn | 8Bgigap®  3gigadn  6gigap®  BgiN?
b4 b3 b b3 b 22
3Bgicn  3Bgip  Bgin | AygNv 24ygdpr | 24ygapPv | 8ygapr  4gogaN’
T R R R b2 2o b
_giA® | 3giAn | 2dgogdn  3gin®  24gogan®  gim  8gogan _ 3ygi\v | 9vgihw | 3vgidv
2h2 b2 b2 b2 b2 b2 b2 b b
_ Gy 6yvgiar  39091X° 9909101 390g1A | Bgogun® | Ggogip
b b b b b b b
2
g
+ 292k — g2V — gog20 — 917 =0,
4Bg3an  8Bg3u® 2930 4g2p? 2Bg1g2N? 12Bgigodn 12Bgigep®  4Bgigap
B b3 b3 I o B2 b2 - b2 - b2
301922 | 18gigadn 18gigap®  6gigap | BgiN’ 3Bgidn  BgiA | 2Bgin’
b2 b2 b2 b2 b b b b
289t 107g2A%v | 30vgoAur | 10vgadv  20ygapPv 20ygopr | 2g3N°
b b b T T, T Ty T b T

b

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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10g0g2A” _ 6giAn _ 30gogaAn _ 297\ _ 10gogaA | dgin® | 20g0g2p”  Agin

b b b b b b b b
2090 g2t 2 2 2
t—y T 29I AV — dygi A\ — Ay AV + 29g1 v + Avgr v + 27g11 — 29091 AT + 4gogi Ap

+4g0g1A — 290g114> — 4g0g11t — 91920 — 2g0g1 = 0,
28g30*  12Bg3\un  12Bg3p°  4ABgsp 293N | 12g3hu 12g3u%  4gip

b2 b2 o 2 B2 b2 b2 b2
4Bg192A*  12Bg1g2 i 4Bg1geA  8Bgigap®  8Bgigep 991922
+ - - + + +
b b b b b b
27g1go\ 9g1go\ 18 218
A1 G2AR 9g1G2 i g1g2/t + gig2pb 5 2)\24-59 )\H+ﬁg1
b b b b 2
,391

1
- *59@2 — Bgipn — = 4 679202 — 12992 A — 12992 A + 6792y + 12ygo v + 67gov

3
- *391)\ — 69092 A? + 39T A1 + 12g0g2 At + 39T A + 12g0ga X — *91# — 6g0gap’
930 i
= 39t — 12009241 — 5= = 6goga — =+ =0,
4Bg5N*  128gidu  4Bgih | 8Bgsu  8Bgim | 6g3A°  18g3Aum  6g3A | 12g34°
b b b Ty T T b by T

1242
+ % — 2Bg192A% + 489192 A1 + 4Bg192X — 2Bg1921° — 4Bg192p— 289192 — 69192A” + 1291 g2 A

+ 129192\ — 69192p4> — 12g1gapt — 69192 = 0,
— 289302 + 4Bg3 A + ABgIN — 2Bg5 1> — 4Bg51 — 2895 — Ag3 A7 + 8g3 A
+ 895\ — 4g5p* — 8gspu — 4g5 = 0.

Solve the previous system then, get the next solution:

Set 1:
_12byr(A—2p) (A—p—1) 9
b) _ ) 2 b
A= 2u b (3.39)
_ g v Xt )
90 x — 2bp° 22 '
Set 2:
N A2 —4
= I K aﬁ:_37922070:_ Ma
—2bAv + 2buv + 2b b2
2 _ _ 3/2 (3.40)
:_91 (\/)\ dp+ A 2M> k:l 91()\2—4u)/ o
g0 B —p—1) I T 5 W
Set 3:
N A2 —4
V= 9 K a6:_3792:o7(7:_ 2 Ma
—2bAv + 2buv + 2bv b (3.41)
3.41
3/2
91<V/\2 ’\+2“> k:g_g1(>\2—4u)/
g0 = (N — ,h1) T T O — 1)
[c ][]
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Set 4:
bg1 (=X 1 2(N\—4
5:_2792: gl( +lu+ )’y:(]’o':— ( 'U’)’
A—2u b2
) 9 (3.42)
a2 g (W —4p)
=T —p—1) " 8B —20)A—p—1)
Set 5:
bgi (A +p+1) A —dp gip
:_2 — A — = = = (. .4
ﬁ » 92 )\_Q,Uz v 070 b2 » 9o b)\—2b/l’k 0 (3 3)

_ 3(4bgo(A — p— 1) + g1(A — 2u)) (bgo(A — 2p) — g1 1)
20w (6bgo(A — p — 1)(A = 2u) + g1 (A2 — 6Ap + 2u(3p + 1))’
bp(A+p+l) g1 (N? —4p)®
A=2p 0 b2 (6bgo(A — g — 1)(A = 2p) + g1 (A2 — 6Ap + 2u(3p + 1))’

B=-2g0= (3.44)

o (2b31/(>\ —2u) (A% — 62+ 6% + 2p1) — g (A2 — 4M)2) + bgo(\ — 2u) (12b3u()\ —p= D)X= 2+ (A — 4u)2)
463 (X — 2p) (6bgo(A — p — 1)(A — 21) + g1 (A2 — 6Ap + 2u(3p +1))) '

From (2.36), (2.38), and (3.38) into (2.2), we get the following solution at:
when A =)2 — 44 >0

()\(vg — 1) = VA (01 + v )smh(‘/QZb") ( 1+ va) — VA (v —111)) cosh(‘/fb"

q(z,t) = g2 (b((/\2) (v2 — v1) — VA (01 + v2 )smh(@bn) ( = 9) (01 + v2) — VA( val)) cosh(\/zb")>

o ((A(m—m)—\/&vlﬂg )smh( )+( (v1 + v2) — VA (v2 — v1) )cosh( )

b(()\fQ) (vzfvl)f\/Z(vlJrvz)) sinh (Lﬁb) (()\ 2) (01 + v2) — VA (v2 — 11 )cosh(
When A = A2 — 4 < 0

k=

\_/

Jr

@0 B o) 3 ) m—m»cos(@) ;
q ‘T7t = g2
b(V=Avi + (A = 2)vz) sin (\/En) +b((A—2)v1 — V=Auvy) cos (@") 10
3.46
( —Av; + )\vg) sin (\/E”) + )\'Ul _ \/17&) cos (x/?n)
+g tg
o (VB £ (= 2pus) sin (1) 40 (A2 — V) cos (A1)
newvt (3.47)

3.3. The Importance of methods. ( H + g((;)) ) expansion method and %
powerful analytical tools for obtaining exact solutions of nonlinear differential equations, such as the Gilson- pickering
equation and other physically significant models in applied mathematics and physics. These methods are valuable
because they transform complex nonlinear problems into solvable forms by introducing an auxiliary function G(n) that
satisfies a simpler differential equation. The flexibility of these approaches enables the construction of a wide range
of exact solutions, including soliton-like, periodic, rational, and singular forms, which are essential for understanding
nonlinear wave propagation, stability analysis, and the qualitative behavior of physical systems. (H -+ %I((;)) ) expansion

method is advantageous due to its simplicity and reduced computational effort, making it suitable for problems where

) expansion method are

a compact analytical expression is desired. In contrast, the (%) expansion method offers greater generality
and can capture more complex solution structures due to the presence of additional underlying parameters, though
at the cost of more involved algebra. These methods are particularly relevant for equations describing nonlinear
oscillations, fluid dynamics, optical pulse propagation, and Bose-Einstein condensates. In the case of Gilson pickering
a0
o0
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TABLE 1. Comparison between (H + )] )-expansion method and (%)—expansion method.

Feature (H + %((:)) )-Expansion (%)-Expansion

Basic structure Constant H plus logarithmic derivative % Ratio of derivative G’ to a linear combination of G’ and G
Role of constants | Single constant H in addition to G-equation parameters Two constants a and b in the denominator (more adjustable)
Complexity Simpler form, fewer adjustable parameters More complex form, more parameters to fit

Solution types Typically yields hyperbolic, trigonometric, or exponential forms | Can yield those plus rational, singular, and kink-type solutions
Auxiliary equation | G(n) usually satisfies a linear ODE G(n) can satisfy linear or Riccati-type ODEs

Advantages Easy to compute and substitute More general, can cover a wider set of exact solutions
Disadvantages Less general, might miss some special solutions Algebra can become more involved

equation , exact analytical solutions derived via these methods can provide deeper insight into the underlying physical
mechanisms and assist in validating numerical simulations. However, the applicability of these methods is not universal.
They may become cumbersome for high-dimensional systems or equations lacking a suitable auxiliary equation form.
Moreover, if the targeted solutions are highly irregular or chaotic, these methods might not capture the full dynamics,
and alternative techniques: such as numerical simulations, perturbation methods, or inverse scattering may be more
appropriate.

3.4. The comparison of methods. Now, we comprise between two different method (H + (é/((:)) )-expansion method

and (WM}expansion method.

4. MODULATION INSTABILITY ANALYSIS[MI]

MI refers to a phenomenon that occurs in nonlinear optical systems, particularly in optical fibers. It is a process
where small perturbations or fluctuations in an optical signal can grow rapidly, leading to the formation of multiple
distinct pulses within the signal. This instability arises due to the interplay between the nonlinear effects in the
medium and the dispersion of the signal. MI used to display the behavior of continuous waves over a long time of
evolution.

We take the following transformation

q(z,t) = (v(z,t) + /T) exp(tir), (4.1)

where 7 is the optical power of normalized by inserting (4.1) into (1.1) then, we get the linear dispersion as following:

2kv, + v — YiTUxx + VIT — YUxxt = 0 (4.2)
To get the linear expression, we used the tiny perturbations in the plane -wave
v(z,t) = Ay exp(i(pzr —p't)) + As exp(—i(pz — p t)), (4.3)

where p normalized wave number of perturbations, p is frequency of wave equation. Substituting (4.3) into (4.2) then,
summing the coefficient of exp(i(px — p t) and exp(—i(px — p t), we get the determinant as following

( A ) ( 2ikp + p?p(—ivy) + pPriy —ip + it 0 )
Ay 0 —2ikp + p?p(—iy) + pAiyT +ip+it |-
By solving the previous determinant, we get the following equation as:
AR?p* — dykp®p — dkpp +7p"p® — *pir? + 29p% 0" — 29977 + P — 7 = 0. (4.4)
Determining the dispersion solution of (4.4) for 7 results
_ 1Rk —p) (4.5)
V=t = 29p? — 1

(&)
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If the wave number 7 is complex then the steady state solution will not be stable because the perturbation grow
gradually, but if 7 is real then steady state is stable. A steady state is not stable when

£/—92pt —29p2 — 1> 0, (4.6)
then, the growth of modulation instability MI is achieved as:
o = 2Im|p[p]]. (4.7)

5. GRAPHICAL ILLUSTRATING

1q(xt) |

[axt) |

FIGURE 1. Optical singular soliton solution of case (1) (3.4) with ¢(z,t) (3.9) using (H+ g((:))) ex-
panded method with constants A =0.3,b_5 =0.2, B =0.3,¢c=0.2,H =0.6,k = 0.3, and v = 0.2.
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FIGURE 2. Optical singular soliton solution of case (1) (3.4) with ¢(z,¢) (3.11) using (H—I—G/((;’)))
expanded method with constants A = 0.1,b_5 =0.3,B=0.2,¢=04,H =0.2,k = —0.3, and v = 0.2.

In this section, we introduce some figures in 2D and 3D about some solution of Gilson pickering equation by (
H+ (é/((:))) expansion method. In Figure 1, using (H+ %/((;7))) expanded method with constants A = 0.3, (b_ =0.2,) B =
0.3,c=0.2,H = 0.6,k = 0.3,v = 0.2.. Figure 2, with constantsA = 0.1,b_5 = 0.3, B = 0.2,c =04, H = 0.2,k =
—0.3,v = 0.2 we get the Optical soliton solution of case (1) (3.4) with g(x,t) (3.11). In Figure 3 we get the Optical
soliton solution of case (1) (3.4) with ¢(x,t) (3.12) using (H+ g((:))) expanded method plots with constants A =

0.2,b_o =02,B=03,c=02H =04,k = 0.1,y = 0.2.. In Figure 4 using (H+%/((7;7))) expanded method Case
(1) (3.4) with ¢(z,t) (3.14) with constants A = 0.2,b_o = 0.2,B = 04,c = 04,H = 0.3, = 0.4, and so on
in the method of (H+ (é,(%)) expanded method. Sing W@rw expansion method in Figure 13 set (1) (3.39)
with g(x,t) (3.46) with constants b = 1.06,9; = 0.6,A = 0.001, = 0.001,v = —0.5,v; = 0.5,v3 = 0.03. Figure
14 the optical soliton solution of set (2) (3.40) with g(z,t) (3.46) % expansion method with constants
oo
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laxt) |
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FIGURE 3. Optical singular soliton solution of case (1) (3.4) with ¢(x,t) (3.12) using (H+

G"(ﬂ))
(n)
expanded method plots with constants A = 0.2,b_o = 0.2,B =0.3,C =0.2,H = 0.4,k = 0.1, and
v=20.2.
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FIGURE 4. Optical singular soliton solution of Case (1) (3.4) with ¢(z,t) (3.14) using (H+ %/((?;7)))
expanded method with constants A =0.2,b_5=0.2;, B=0.4,C =04, H = 0.3, and v = 0.4.
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FIGURE 5. Optical singular soliton solution of Case (1) (3.4) with ¢(z,t) (3.15) (H+ ¢ )

O] ) expanded
method with constants A =0.4,b_,=02,B=04,C =0.7,F =0.2,H =0.05,k = 0.4, K = 0.4, and
v=20.2.

b=12,9g1 = 0.09, A\ =0.04, . = 0.01,» = 0.03,v; = 0.1,v2 = —0.01, and so on in this method. We plot the graph of
growth of modulation instability of Equation (4.4) with constants k = 0.4, 7 = 0.2. In Figure 15 modulation instability
also Figure 17 with constants 7 = —0.001, kK = —0.005 of Equation (4.5).
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FIGURE 6. Optical bright soliton solution of Case (1) (3.4) with ¢(z,t) (3.16) (H+ G/(")) expanded

(n)
method with constants A =0.1,b_, =0.1,B=0.5,C =0.5,H = 0.4, 0.2, and v = —0.1.
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FIGURE 7. Optical bright soliton solution of Case (1) (3.4) with ¢(z,t) (3.18) (H+ G/((:))) expanded
method with constants b_o =0.5,4A=0.3,B=02,C=0.2,H =0.6,k=0.1, and v = —0.4.
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FIGURE 8. Optical bright soliton solution of Case (1) (3.4) with g(z,t) (3.17) (H—&—%) expanded
method with constants A =0.3,b_, =0.2,B=0.3,C =02, H =03,k = 0.1, and v = 0.2.

6. CONCLUSION

We solved partial differential equations by using effective and simple methods known as (H+ g((:))) expanded method
and (%) expansion method. These methods are powerful analytical tools for obtaining exact solutions of
nonlinear differential equations. We introduced our solution by graphs in two and three dimension to show the behav-
ior of our solution. Modulation instability obtained and showed how we can get the growth of modulation instability
that very important and useful in the field of optical fiber.
These methods can be used to wide rang of nonlinear differential equations arising in physics, engineering, and applied
an
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FIGURE 9. Optical bright soliton solution of Case (1) (3.4) with ¢(z,t) (3.21) (H+ G/((:))) expanded

method with constants A =0.5,b_,=0.2,B=0.1,C=0.2,H =0.3,k = 0.5, and v = 0.2.
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laxt) |

F1GURE 10. Optical rational soliton solution of Case (1) (3.4) with ¢(z,t) (3.36) (H+ g((:))) expanded

method with constants A = 0,b_5 =0.1,b_y =0.1; B =0,C = 1.097,H = 0.1,k = 0.2,y = 04,5 =
0.1, and o = 0.3..
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FIGURE 11. Optical rational soliton solution of set (1) (3.39) with ¢(z,t) (3.45) (%)

expansion method with constants b =0.1,¢9;1 = 0.1, A = 0.1, x = 0.001,v = 0.2,v; = 0.1, and v = 0.2.

mathematics. Future research could explore their application to higher-dimensional systems, fractional-order equa-
tions, and coupled nonlinear models. In addition, integrating these methods with numerical simulations may provide
hybrid analytical-numerical schemes that enhance both accuracy and computational efficiency. Such advancements
could contribute to practical developments in optical communication, fluid dynamics, Bose-Einstein condensates, and
other areas where nonlinear wave phenomena play a main role.
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FIGURE 12. Optical soliton solution of set (2) (3.40) with ¢(x,t) (3.45) (%) expansion

method with constants b = 0.3,g1 = 0.2, A = 0.2, u = 0.001,v = 0.2,v; = 0.3, and vy = 0.2..
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FIGURE 13. Optical singular soliton solution of set (1) (3.39) with ¢(z,t) (3.46) (%)

expansion method with constants with constants b = 1.06,¢g; = 0.6,A = 0.001,x = 0.001,v =
—0.5,v1 = 0.5, and vy = 0.03.
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FIGURE 14. Optical singular soliton solution of set (2) (3.40) with ¢(z,t) (3.46) (%)

expansion method with constants b = 1.2,g; = 0.09,A = 0.04, = 0.01,v = 0.03,v; = 0.1, and
Vo = —0.01.
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FIGURE 16. Modulation instability (4.5) v = 0.7 and k = 0.6.

FIGURE 17. Modulation instability (4.5) v = —0.001 and k = —0.005.
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