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Abstract

In this paper, the geometric method of symmetry is used to study the full extended Korteweg-de Vries equation:
ut + 6uty + Uzzzr + a1uuy + a2UULze + a3UzpUzy + A4Uzzzez = 0. Based on the different states of the a; s
parameters, the problem is divided into different branches. While carefully examining each of these cases, the
geometric properties of the set of solutions are studied and specific solutions are obtained for different cases.
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1. INTRODUCTION
In this paper, the geometric method of symmetry is used to study the full extended Korteweg-de Vries equation:
eKdV 1 uy + 6utly + Uppe + 010Uy + ApUllgge + Q43U Uy + A4Uzzzze = 0,

where a1, a2, a3, and a4 are arbitrary constants. The Korteweg-de Vries equation arises in the description of weakly
nonlinear, long wave-length water-waves when terms-of second order in wave amplitude in the water-wave equations
are included [4, 5, 9]. Based on the different states of the a; s parameters, the problem is divided into different
branches. While carefully examining each of these cases, the geometric properties of the set of solutions are studied
and specific solutions are obtained for different cases. All eKdV equations have a symmetric group with at least two
dimensions. Some of them have the third order symmetric group and only the KdV equation has the fourth order
symmetric group. The larger this group, the more geometric properties and exact solutions of the equation can be
found.

2. LIE BIFURCATION ANALYSIS

This method is very successful and in many cases has led to useful facts. The method was first proposed by Sophus
Lie (1842-1899) and is still being developed and used. We use the modern form of this theory, the way in which Peter
Olver elaborated on [6] and described in [1, 2].

Suppose v =T 0; + X 0, + U 9, € X(J°(R?,R)) is a symmetry (infinitesimal generator for a group of symmetries)
for the equation eKdV, where X, Y, and U are smooth functions of ¢,  and u. First we have to prolonged v to 5th
order: v(®) € X(J°(R3,R)). The result will be:

v® = v 4 U9, + U'd,, + U?d,.. + U0

+U30

where
UO = DtQ — Tutt - Xum = Ut + Uuut - (Tuut + Tt)ut — (qut + Xt)ux,
Ul = DwQ - Tu:r:t - Xuza: = U:I: + Uuuz - (Tuum + T:c)ut - (qu:r + X:r)u:ca
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U5 = DiQ - Tu:vwwa;;rt - quwza:w:v = 5uwTuuutua:a:ww - 10Tuuuuutuiumaj + = 20Twu,u7uuiutaj7
and Q = U — Xu, — Tuy. The effect of v(®) on the eKdV equation is as follows:

<3a1U2Uimeu + 3a3uiuszzzu + -+ 30a2a4uu§;uxzuzmexuuu) Ut + .- ( )
2.1
+ <3a1u2uy25Trxu + 3a3uiux:chzu + -+ 30a2a4uuiur1szuuu> Urzrrre-

By placing u; = —6utiy+tgry— - —G4Uzzrae 0 (2.1), we get a polynomial of higher order in terms of wy, Utt, Uty, g, - - +
variables. Because X, Y, U are functions of ¢, x, u, this polynomial is only zero if the coefficients of this polynomial are
all zero. The result is a set of partial equations composed of 84 first-order and homogeneous linear equations, which
is called the determining system of the equation eKdV:

a4 Xyu =0, e 3(agu + )Ty + 504 Tppze = 0. '

In the exact solution of this system of PDEs, depending on the conditions on ay, as,as, and a4, we perform the
following 17 cases as follows:

Case 1: a4 # 0, a3 # 0, and a; # 3as. By simplifying the determining system (2.2) for this particular case, we
conclude that
,=T7T,=T,=0, X;=X,=X,=0, U=0. (2.3)
The general solution is
T=c, X=c, U=0, c1,c0 € R (2.4)

Thus, the equation eKdV accepts the two-dimensional symmetry group Gy with infinitesimal generators v; = 9; and
vy = ;. The action of the group Gp on (¢, z,u)—space is as follows:

(s1,82) - (t,@,u) = (t + 51,2 + s2,u).

Case 2: a4 # 0, a3 # 0, a1 = 3as. By simplifying the determining system (2.2) for this particular case, we conclude
that

—5a2U 6U
T=-——22 | T,=T,=0, Xy = —
! 2(azu —i-Ul)’ ¢ agua—vl
—ag a2
X, =2 X —U=U =0, U, =2
T 2(au+1) “ ! Y agu 1

The general solution is T"= —5cjaat + c2, X = 2¢1(12t — azx) + ¢3, and U = ¢q(agu + 1), where ¢y, ¢2,c3 € R. Thus,
the equation eKdV accepts the 3—dimensional symmetry group Ga with infinitesimal generators

v1 = O, Vg = Oy, v3 = —bagt O + 2(12t — asx) Oy + (agu + 1) O,.
The action of the group Gs on (¢, z,u)—space is as follows:

(vag + 8t)e=2283 — Qe 5a2ss

ag

(81,82,83) - (t,x,u)= (te_5“233 + s1, + s9, 83(agu + 1) + u)

Case 3: a4 #0, a3 =0, a1 # 0, as # 0, a; # 3as. This case is exactly the same as Case 1.
Case 4: a4 #0, a3 =0, a1 # 0, as # 0, a; = as. This case is exactly the same as Case 1.
Case 5: a4 #0, az =0, a; # 0, az = 0. This case is exactly the same as Case 1.

Case 6: a4 # 0, az =0, a; =0, ag # 0. This case is exactly the same as Case 1.

(=)=
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Case 7: a4 # 0, a3 = 0, a; = 0, as = 0. By simplifying the determining system (2.2) for this particular case, we
conclude that
T, =0, X =6U, U,=T,=X,=U0,=T,=X,=U, =0.

The general solution is T' = ¢1, X = 6¢ot + 3, and U = co, where ¢y, co, c3 € R. Thus, the equation eKdV accepts the
3-dimensional symmetry group G3 with infinitesimal generators vy = 9y, vo = 0y, v3 = 6t 9, + 0,,. The action of the
group G3 on (t,z,u)—space is as follows:

(81,82,83) - (t,x,u)= (t + s1,x + 683t + 59, u + 53).

Case 8: a4 = 0, a3(3az — a3) # 0, as # 0, a1(3az — a1) # 0. By simplifying the determining system (2.2) for this
particular case, we conclude that

T, — _(5a1a2u + 3a; + 6(12)U7 T, =T, =0, X, = &7
2(a1(1]¢+3)(a2u+ 1) uagl—&}l

—a1 a2
Xy = ) Xy=U=U,=0, Uy= )
2(a1u + 3) k agu+1

The general solution is (2.3), and the equation eKdV accepts the two-dimensional symmetry group with infinitesimal
generators (2.4).

Case 9: a4 =0, a3(3az — as) #0, az # 0, a1(3a2 — a1) = 0. This case is exactly the same as Case 1.

Case 10: a4 = 0, a3(3az — ag) # 0, as =0, a1 # 0. By simplifying the determining system (2.2) for this particular
case, we conclude that

T.,=T,=T,=0, X; =6U, X, =X, =U,=U,=0U, =0.
The general solution is T' = c¢;, X = 6¢cat 4¢3, and U = ¢y, where ¢4, ¢o, c3 € R. Thus, the equation eKdV accepts the

3—dimensional symmetry group G3 with infinitesimal generators v; = 0y, vo = 0;, v3 = 6t 0, + 0,,. The action of the
group G on (¢, z,u)—space is as follows:

(s1,82,83) * (t,x,u)= (t + 81,7 + 683t + So,u + 53).
Case 11: a4 =0, a3(3az —a3) # 0, as =0, a; =0. This case is exactly the same as Case 1.

Case 12: a4 = 0, a3(3a2 —a3z) =0, ag # 0, a1(a; — az) = 0. By simplifying the determining system (2.2) for this
particular case, we conclude that

1
Tt _ _(5a1a3u + 9(L1 + 6&3)[]7 Tw _ Tu _ 0’ Xt _ 87[]’
2(a11[LJ+ 3)(aszu + 3) asu [j‘ 3
ay as
Xp=—7—7—, X,=U=U,=0, U, = .
2(ayu+3) ‘ asu+ 3

The general solution is (2.3), and the equation eKdV accepts the two-dimensional symmetry group with infinitesimal
generators (2.4).

Case 13: a4 =0, a3(3az —a3) =0, a3 # 0, a1(a; — az) # 0. This case is exactly the same as Case 1.

Case 14: a4 =0, as(3az —a3) =0, ag =0, az # 0, a1(3az — a;) = 0. By simplifying the determining system (2.2)
for this particular case, we conclude that

T, — —(bajasu + 3a; + 6(12)U7 T, =T, =0, X, — 6U ’
2(a1u + 3)(agu + 1) asu+1

—ay Uay
Xo =g ——v Xy=U=U=0, U,= )
2(a1u+ 3) k agu +1

The general solution is (2.3), and the equation eKdV accepts the two-dimensional symmetry group with infinitesimal
generators (2.4).

Case 15: a4 =0, a3(3a2 —a3) =0, a3 =0, as # 0, a1(3az — a1) # 0. This case is exactly the same as Case 1.

(&)
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Case 16: a4 = 0, a3(3as —a3) = 0, ag = 0, az = 0, a1 # 0. By simplifying the determining system (2.2) for this
particular case, we conclude that

—3a1.U 18U
= s TZL’:T’LL:Oa X = —
¢ aiu+ 3 t aiu + 3
—a1U U
X, 7= X, U =U,=0, U, = -7
aiu+ 3 aiu+ 3

The general solution is T = —3cja1t + ¢2, X = ¢1(18t — a1x) + ¢3, and U = c1aju + 3¢, where ¢, 2, ¢35 € R. Thus,
the equation eKdV accepts the 3—dimensional symmetry group G4 with infinitesimal generators

v1 = O, vy = O, vz = —3a1t 0y + (18t — a1x) Oy + aru Oy.
The action of the group G4 on (¢, z,u)—space is as follows:

(@17 + 9t)e~ 4153 — Qte—3a183
ai

(51732733) : (t,x,u) = (t€_3a183 + s1, + 827611183”)'

Case 17: a4 = 0, a3(3as — az) = 0, ag = 0, az = 0, a; = 0. By simplifying the determining system (2.2) for this
particular case, we conclude that

3

T, = _iUu’ T,=T,=0, X; = —6uU, + 6U,
1

Xp==5Uu Xu=Ur=Up=0, Uw=0,

The general solution is T = 3¢yt + ¢3, X = 6¢ot + c1x + ¢4, and U = —cyu + ¢, where ¢, co,c3,c4 € R. Thus, the
equation eKdV accepts the 4—dimensional symmetry group G5 with infinitesimal generators
v1 = O, vy = Oy, vg3 = 6t Oy + Oy, vy = 3t0; +x 0y — 2ud,,.

The action of the group G5 on (¢, z,u)—space is as follows:
(s1,82,83,84) - (t,x,u) = (635475 + 51,6533t + €% 459, € %u + 33>.

The symmetry-bifurcation diagram related to the eKdV equation is given in the Figure 1. In each box , the
exit arrow pointing to the right and up means X = 0 and pointing down means X # 0.

Therefore, the following Theorem was proved. This is the main point of this article, and many results are obtained
from it.

Theorem 2.1. The eKdV equation always assumes the two-dimensional symmetry group with infintesimal generators:
vy = O¢ and vo = O,. Furthermore, this equation is accepted only in the following states of the three-dimensional
symmetry group:
Case 2) a1 = 3az, ag #0, a3 # 0. In the other words, infinitesimal generators of symmetry group of the equation
eKdVl DU+ 6’U/LLQ; + Uggr + G,Q'LL(?)UUI + umzz) + agUgUszy + Q4Uzrzre = 07
with azayg # 0, are vy, vy, and v3 = —5ast Oy + 2(12t — asx) Oy + (agu + 1) Oy
Case 7) a1 = as = a3 =0, aq # 0. In the other words, infinitesimal generators of symmetry group of the equation
eKdVy :+ up + 6uty + Ugps + G4Uzgzae =0,
with aq # 0, are vy, va, and v3 = 6t 9, + 0y

Case 10) a; # 0, az = a4 = 0, a3 # 0. In the other words, infinitesimal generators of symmetry group of the
equation

eKdVs : uy + 6uty + Ugpy + a1u2um + agtg Uz, =0,

with ayaz # 0, are vi, ve, and vy = 6t 0, + 0. Same as Case 7.
Case 16) a1 # 0, as = ag = aq = 0. In the other words, infinitesimal generators of symmetry group of the equation

eKdVy @ uy + 6uty + tggy + a1u’u, = 0,

(=)=
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Case 5
\ / /

\-3)02—01
/ - [Cases]
as — aq —

FI1GURE 1. Different states in examining the determining system.

with ay # 0, are vy, ve, and vy = —3a1t Oy + (18t — a12) Op + ayu O,,.

And only in Case 17 is the symmetric group of this equation four-dimensional: a1 = as = az = a4 = 0. That is,
for the classical KdV equation us + 6uuy, + uzre = 0. In this case, the infinitesimal generators of symmetry group of
the equation are vy, ve, v3 = 6t 0, + Oy, and vy = 3t Oy + x 0 — 2u Dy O

To improve readability and conciseness, we summarize these results in Table 1.

3. GEOMETRIC STRUCTURE OF SOLUTION SPACE

One of the results of this method is the extraction of some geometric properties of the set of solutions of the eKdV
equation. For example, the symmetric group of the eKdV equation acts on the set of solutions. This means that if
there is an answer to the equation and an element of the symmetric group, then the effect of the group element on
the solutions still the solution. In this way, we get a geometric way to generate new solutions from existing solutions.

From the basic Theorem 2.1 the following Theorems are deduced.

Theorem 3.1. The solutions of the eKdV equation with respect to the translations in the variables are invariant. That
means, if u = f(t,x) be a solution of the eKdV equation and ty, xo are arbitrary numbers, then so isu = f(t+tg, z+xo).

Theorem 3.2. The solutions of the eKdV; equation with respect to the 3—dimensional action Gy are invariant. That
means, if u= f(t,x) be a solution of the eKdV equation, then so is

2

A A—1
u:Af(/\5t+to,x+8—(1—)\3)t+x0>+ ,
as Aag

where A # 0, tg, and xo are arbitrary constants.
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TABLE 1. Classification of Symmetry Algebras for the eKdV equation.

Group Parameter Conditions Generators
G1 (2D) Generic Case: vy = 0O, v2 = Oz
All sets of parameters not listed below (Cases
1, 3-6, 8,9, 11-15).
G2 (3D) Case 2: vl = (’)h Vo = (’)z,
as # 0, az # 0, a1 = 3as. vz = —bHaztd + 2(12t — a22)0% + (azu + 1)d,
Gs (3D) Cases T: v1 = O, V2 = Oq,
a1:a2:a3:0,a47§0. v3:6t8z+8u
Cases 10:
az = a4 = O,a1a3 ;é 0.
G4 (3D) Case 16: v = (’)t, Vo = aw,
as = a3z =as =0,a1 # 0. vz = —3a1t0: + (18t — a12)0% 4 a1udy
Gs (4D) Case 17 (Classical KdV): vy = O, v2 = O,
a1 =az =az =aq =0. v3:6taz+8u, Vg = 3t0: +x0r — 2uy,

Theorem 3.3. The solutions of the eKdVs and eKdVs equations with respect to the 3—dimensional action Gz are
invariant. That means, if u = f(t,x) be a solution of the eKdVy or eKdV3 equation, then so is u = f(t +tg, x — 6st +
xo) + s, where ty, xg, s are arbitrary constants.

Theorem 3.4. The solutions of the eKdVy equation with respect to the 3—dimensional action G4 are invariant. That
means, if u= f(t,z) be a solution of the eKdVy equation, then so is

A

where A # 0, to, and xo are arbitrary constants. O

1 A
u= ff()\3t+t0,x+9—(17)\2)t+:co),
a

Theorem 3.5. The solutions of the KdV equation with respect to the 4—dimensional action G5 are invariant. That
means, if u = f(t,x) be a solution of the KAV equation, then so is u = )\f()\3t + g, 65\3t + N2z + xo) — s, where
A # 0, tg, g, and s are arbitrary constants. O

4. SOME EXACT SOLUTIONS

In the case of partial differential equations, sometimes finding only one special solution can be very difficult and
useful at the same time. One of the results of this method is the production of invariant solutions. That is, the
solutions that are inaccurate to a particular subgroup of symmetries. For this purpose, it is enough to specify the
subgroup (in fact, sub-Lie algebra) and apply invariant conditions to it. The most well-known type of these solutions
are solitary (or wave-travelling) solutions, which are invariant to the group of translation of independent variables.
Solarity solutions are so important in applications that they are still the answer if we move them in a certain direction.
More precisely, if the equation has a solution in the form u = f(x — ct), its translation in the (1, ¢) direction is still
the solution.

Since the infinitesimally generators of symmetry group the eKdV equation forms a Lie algebra, we conclude that

Corollary 4.1. Any eKdV equation has solitary solutions. That is, if c € R and f : R — R be a smooth function,
then eKdV equation has a solution in the form of u = f(x — ct).

Proof. Since I) = x — ¢t and I = u are inversions of the G; group action, by the Thorem 3.1, then u = f(x — ct) is
an invariant solution of the eKdV equation. O

While previous sections established the existence of invariant solutions, we now derive explicit closed-form solutions
by solving the reduced ODEs for the traveling wave [7] reduction u(t, ) = f(§) where £ = z — ct.

(=)
BEE
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Substituting v = f(£) into the general eKdV equation yields the 5th-order ODE:
—cf' + 61+ " arfPf a7 asf [+ aaf® =0

Integrating once with respect to & and setting the integration constant to zero (assuming localized wave conditions
£+ —0as & — +00), we obtain:

—ef 3P R b [l £ 4 aaf g =0, (@)

The integral term can be resolved if we impose the constraint as = az. Using the identity (ff”) = f'f" + ff"”, the
equation integrates to:

1
"

S =0,

This reduced ODE can be solved using auxiliary equation methods (e.g., assuming a solution of the form 3" A; tanh’ & ).

—ef +3F2 4+ "+ Z L+ auf D+ as(ff

Corollary 4.2. Let’'sc € R and f : R — R be a smooth function, then eKdVy equation has a solution in the form of
(1) u= flz—ct),

1 2a0cx + 16¢t — 1 1
2)u = E—
( ) " %f ( 2752/5@20 ) ag
3) 1 ajcx + Saget — 4 1
u = —.
Baget — 17 \ (bagcet — 1)2/5ca? as

Proof. The fact (1) has already been proven. We prove the fact (2). Since the differential invariants of the v = vy 4 cvs
vector field (infinitesimal generators of Gy) are

ajcx + 8aget — 4 vbasct — 1

I = 5 Iy = — au + 1 9

' (Baget — 1)%/5¢a? 2 as (a2 )
then I = f(I) is an invariant solution of the equation, where f : R — R is a smooth function. Now it suffices to
solve this equation in terms of u. The fact (3) is similar, with v = vy + cvs. O

Corollary 4.3. Let’sc € R and f : R — R be a smooth function, then eKdVs (eKdVs, respectively) equation has a
solution in the form of
cx

Du=flz—ct), u=c+f(E-2). Du=fO)+

Proof. We use the same argument to prove the Corollary 4.2. Of course for vector fields: vy + cvs, v1 + cvs, and
v9 + cvs, where v1 = Oy, vo = 0, and vz = 6t J, + 0. O

Corollary 4.4. Let’s c e R and f : R — R be a smooth function, then eKdVy equation has a solution in the form of
1 caix +9ct — 1 1 ca%x + 9cart — 9
1) u= —ct 2)u=—= _— 3)u= .
Ju=flo—d) Ju \?’/if< ca V't ) ’ Ju \3/30a1t—1f< ca?3cart — 1

Proof. We use the same argument to prove the Corollary 4.2. Of course for vector fields: vy + cva, v1 + cvs, and
vy + cvs, where v; = 0y, vo = 9, and v3 = —3a1t d + (18t — a12) O + ayu Oy. O

Corollary 4.5. Let’sc € R and f : R — R be a smooth function, then KdV equation has a solution in the form of

1) u= f(z—ct), 2)u=ct+f(9€—3ct2), 3)U:\3/mf(\3/3;ﬁ)’

cx 3 cx+1 3 cx — 3t 1
Hu=ft)+——  Bu=VE2 . e u=vVe[fl—=) - —.
Ju=f+ gy Hu= VR eu= Ve () -
Proof. We use the same argument to prove the Corollary 4.2. Of course for vector fields: v; + cvs, v1 + cvs, v1 + cvy,
Vg + cvg, Vs + cvy, and vz + cvy, where vy = 0, vo = Oy, v3 = 6t 9, + 0, and vy = 3t 0y + £ — 2u D,,. O
an
BE
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Therefore, all five types of equations have solitary solutions.

5. CONCLUSION

In this work, we have performed a complete Lie symmetry classification of the full extended Korteweg—de Vries
equation. We demonstrated that the equation always admits a two-dimensional symmetry group, but specific pa-
rameter constraints (Cases 2, 7, 10, 16, and 17) lead to higher-dimensional symmetry algebras, culminating in the
four-dimensional group for the classical KAV equation.

We condensed the 17 parametric cases into a concise classification table, clarifying the bifurcation structure. Further-
more, we moved beyond the implicit reductions to derive the reduced ODEs for traveling wave solutions. Specifically,
we showed that the integrability of the reduced ODE depends heavily on the relationship between ay and a3, and we
recovered the classical sech? soliton solution [3, 8] for the KAV limit. These results provide a geometric foundation for
classifying the integrability and exact solutions of extended KdV models appearing in fluid dynamics.

REFERENCES

[1] E. Alimirzaluo, M. Nadjafikhah, and J. Manafian, Some new ezact solutions of (3+1)-dimensional Burgers system
via Lie symmetry analysis, Adv. Difference Equ., 60 (2021), 17.

[2] W. Cheng and T. Xu, Consistent Riccati expansion solvable classification and soliton-cnoidal wave interaction
solutions for an extended Korteweg—de Vries equation, Chinese J. Phys., 56(6) (2018), 2753-2759.

[3] R. Grimshaw, D. Pelinovsky, E. Pelinovsky, and A. Slunyaev, Generation of large-amplitude solitons in the
extended Korteweg-de Vries equation, Chaos, 12(4) (2002), 1070-1076.

[4] T. R. Marchant and N. F. Smyth, The extended Korteweg-de Vries equation and the resonant flow of a fluid over
topography, J. Fluid Mech., 221 (1990), 263-287.

[5] T. R. Marchant, Soliton interaction for the extended Korteweg-de Vries equation, IMA J. Appl. Math., 56(2)
(1996), 157-176.

[6] P. J. Olver, Applications of Lie groups to differential equations, Second edition. Graduate Texts in Mathematics,
107. Springer-Verlag, New York, 1993.

[7] N. K. Vitanov, Z. I. Dimitrova, and H. Kantz, Application of the method of simplest equation for obtaining exact
traveling-wave solutions for the extended Korteweg-de Vries equation and generalized Camassa-Holm equation,
Appl. Math. Comput., 219(14) (2013),7480-7492.

[8] Y. Wang, C. Su, X. Liu, and J. Li, Nonautonomous solitons for an extended forced Korteweg—de Vries equation
with variable coefficients in the fluid or plasma, Waves Random Complex Media, 28(3) (2018), 411-425.

[9] G. B. Whitham, Linear and nonlinear waves, Pure and Applied Mathematics. Wiley-Interscience [John Wiley &
Sons|, New York-London-Sydney, 1974.



	1. Introduction
	2. Lie bifurcation analysis
	Case 1: a4=0, a3=0, and a1=3a2.
	Case 2: a4=0, a3=0, a1=3a2.
	Case 3: a4=0, a3=0, a1=0, a2=0, a1=3a2.
	Case 4: a4=0, a3=0, a1=0, a2=0, a1=a2.
	Case 5: a4=0, a3=0, a1=0, a2=0.
	Case 6: a4=0, a3=0, a1=0, a2=0.
	Case 7: a4=0, a3=0, a1=0, a2=0.
	Case 8: a4=0, a3(3a2-a3)=0, a2=0, a1(3a2-a1)=0.
	Case 9: a4=0, a3(3a2-a3)=0, a2=0, a1(3a2-a1)=0.
	Case 10: a4=0, a3(3a2-a3)=0, a2=0, a1=0.
	Case 11: a4=0, a3(3a2-a3)=0, a2=0, a1=0.
	Case 12: a4=0, a3(3a2-a3)=0, a3=0, a1(a1-a3)=0.
	Case 13: a4=0, a3(3a2-a3)=0, a3=0, a1(a1-a3)=0.
	Case 14: a4=0, a3(3a2-a3)=0, a3=0, a2=0, a1(3a2-a1)=0.
	Case 15: a4=0, a3(3a2-a3)=0, a3=0, a2=0, a1(3a2-a1)=0.
	Case 16: a4=0, a3(3a2-a3)=0, a3=0, a2=0, a1=0.
	Case 17: a4=0, a3(3a2-a3)=0, a3=0, a2=0, a1=0.

	3. Geometric structure of solution space
	4. Some exact solutions
	5. Conclusion
	References



