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Abstract - ~

This paper explores various numerical methods for solving the one-dimensional nonlinear Fisher equation using the
finite difference and Newton methods. The study focuses on achieving higher accuracy in numerical solutions, the
proposed approach being first-order accurate in time and second-order accurate in space. The numerical results
for different values of a closely match the exact solutions. Several examples are presented, comparing Lo and Lo
errors with the exact solution and the existing methods from the literature and leading to high accuracy. These
types of equation arise in various fields of sciences and engineering, the main application of this equation has been
found in biomedical sciences. The solution of this equation helps determine the size of the brain tumor.
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1. INTRODUCTION

In this paper, we focus on the one-dimensional generalized Fisher equation,
ou  9%u
ot 0x2

with initial condition

U(I,O):Uo(m), OS%‘Sl

+auf(1—u’), 0<z<1, t>0, (1.1)

and the boundary conditions
u(0,t) = f3(t), 0<t<T,
u(L,t) = fa(t), 0<t<T.

Here, the functions ug(z), f3, and fy are given smooth functions and « is the reactive factor. The nonlinear
reaction-diffusion equation was originally introduced by Fisher in 1937 [10]. The Fisher equation is commonly known
as the KPP equation, an abbreviation for Kolmogorov-Petrovsky-Piscounov. However, the Fisher equation is the
more well-known name for it. Equation (1.1) characterizes a nonlinear model of a physical system featuring linear
diffusion and nonlinear evolution, as described in [2]. Numerous disciplines, including science and industry, have made
significant use of Fisher’s equation [5-7, 16, 18]. The interplay between diffusion and reaction is thus described by
equation (1.1) [8].

The mathematical features of Fisher’s equation have been thoroughly discussed in the literature [1, 3, 4, 9, 14, 15, 17].
The overviews of Fisher’s equation provided by Brazhnik and Tyson [28], Kawahara and Tanaka [21] and Larson [22]
are highly informative and well-regarded. Subsequently, numerous researchers have conducted numerical solutions for
Fisher’s equation. To investigate numerical approaches for Fisher’s equation, Parekh and Puri [25] and Twizell et
al. [27] introduced both implicit and explicit finite difference algorithms. The modified form of a nonlinear Fisher’s
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reaction-diffusion equation solved by RBFs based on DQMs [12]. The Fisher equation in bounded domains, by
Faedo—Galerkin’s method and with a homogeneous Dirichlet conditions [11], The Fisher equation is solved by extended
homogeneous balance method and it is used to solve many non-linear equation liker Fisher’s equation and Burgers-
Fisher equation [9]. The Fisher’s equation is solved by the Lie symmetries of the generalized Fisher equation in [26]. We
have outlined a comprehensive approach in five sections to derive numerical solutions for Equation (1.1). In section 2,
we discuss various numerical schemes, including explicit, semi-implicit, implicit, semi-implicit Crank-Nicolson, implicit
Crank-Nicolson type-1 and implicit Crank-Nicolson type-2 schemes. Section 3 covers consistency and error analysis,
while section 4 presents the results of numerical experiments. Finally, Section 5 provides a conclusion.

2. NUMERICAL SCHEME

We employ a regular grid to divide the solution domain of Equation (1.1). The space between [0, 1] is divided into
N equal subintervals, and the time interval [0, 7] is divided into M equal subintervals. In the spatial dimension, we
set the mesh width as Az = 1/N, and the points z; are defined as x; = iAz for ¢ = 0,1,...,N. For the temporal
dimension, we set t" = nAt for n = 0,1, ..., M, where At = T'/M represents the mesh width in time.

2.1. Fully Explicit Scheme (ES). In this approach, we compute derivatives at the (n-+ 1) time level, while in the
explicit method, derivatives are calculated at the nt" time level. We apply the central difference formula in space and
the forward difference formula in the time direction. Consider modified Fisher’s Equation (1.1) for 8 = v = 1, we get

Ut = Mgy + ou(l — u), (2.1)

for the time derivative we use the forward difference approximation in the form

ntl_pn

3

(ut)|(.'£i7t") = TZ + ﬁ(At),
by applying the central difference formula with respect to &, the second derivative % can be approximated. Assuming
« is a real number within the interval [0, 1], we use the following a-family for the diffusion term.

nt+l _ prn Uur., —2U" +U"
PO = P T EORL g,

At a (Az)?
i, B oy AtUP(1 - UM + U} (2.2
i _M(Ax)g(i+1_ P+UM ) 4« F=-Un+ U, 2)
UM = U + (1= 29 4+ aAt(1 = UP)) U + U7, (2:3)
where,
At
= p—— >0 =1,2,..., N.
,y M(AI’)2 ) n — ) Z ) ) )

Equation (2.3) may be expressed in the form

NUP | + EU + HiUP, | = A;. (2.4)

where, N;, A; = U™ and H; are constants. So N; = H; = () and E; = (1 — 2y + aAt(1 — UP))UP. Equation (2.4)
is termed as the explicit finite difference approximation to Fisher’s equation. We can express this equation in the form
of a tridiagonal matrix with dimensions (N x (N + 2))

E. v 0 ... ol[Uur UG Ut
Uy 0 Uyt
v Ey v 0 2 2
o . ) L . _ .
0 .. EN—l Y : : .
0 cee . Y En U]r\L[ FYUJT\}-FI U]7\l,+1
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2.2. Semi Implicit Scheme (SIS). Here we calculate the derivative at the time level of (n + 1), but in the explicit
FD method, the derivatives are determined at the time level of nt". We employ the forward difference formula for
time and the central difference formula for space. In this partially implicit scheme. While using the explicit method,
derivatives are computed at the n'" time level, they are computed at the (n + 1)** time level. Consider the Fisher
Equation (2.1) will become,

Uin+1 _ Uln B U_7l+1 _ 2U7;n+1 + Uznj_ll

I e + UM (1 —Up),
At
Al — WAL (U =20t + UMY + oAU (1L - U + U, (2.5)
consider vy = u(AATt)z and n = aAt. So, we get
AU+ (L4 2y = (1 = UM)UMH = U = U7, (2.6)
PUM + BUM + QU = D (2.7)

Here, P, and Q; are constants. So P, = Q; = (—v) and B; = (1+2y—n(1-U}")), i¢=1,2,..,N. Equation (2.7)
written in the tridigonal matrix (N x (N + 2)) form

By —y 0 0 ... o7 Ut rTuUrl [—Urt
—y By —y 0 ... 0| |Uytt Uy 0

0 -y BN_1 - U]’r\?tll U]T\l/'—l 0 1
[0 ... .. 0 =y By|luztt] [UK] |-Url

2.3. Fully Implicit Scheme (IS). In this implicit scheme, the derivatives are evaluated at the (n + 1) time step,
whereas in the explicit method, they are calculated at the n'" time step. We apply a central difference scheme for
spatial derivatives and a forward difference scheme for time derivatives. If @ = 0 in Equation (2.1), the equation
reduces to a parabolic heat equation, commonly used in problems involving heat and mass transfer, consider the
Fisher Equation (2.1) will become,

Uin+1 _ Uz'n ~ U_n+1 _ 2Uin+1 + Uin-l-l

I (A2 =L 4 qUurti(1—Urth,
At
urtt = M AL (Ut =20 + UMY + aAUMT (1 - UMY + U, (2.8)
consider vy = M(AATt)z and n = aAt
— UM+ (L + 2y — (1 = UMTY) UM — Ul =07, (2.9)
— UM + LU + UM = U (2.10)

where, I; = (1 4+ 2y —n(1 — U™)),i = 1,2,..., N. Equation (2.10) written in the tridigonal matrix (N x (N + 2))
form

[, — 0 0 ... O07[UMy Tur] [UF
—y I, —y 0 ... 0| |U}M! Uy 0
= +
0 ... ... 0 Iy_1 —v||URTL Ur_, 0
0 ... .. 0 —y In]|lUuyt] LUR | UM
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2.4. Semi-Implicit Crank-Nicolson Scheme (SICNS). Higher-order derivatives are approximated using central

difference methods,
o*u UG 20ty Ut Up, - 207 + U
ox? (Az)? (Azx)? '
A widely used family of implicit schemes is based on the Crank-Nicolson method, which computes a weighted average
of the spatial derivatives at both the n'" and (n + 1) time levels. Consequently, the discretization of Equation (2.1)

U U
L) et - o,

is given as follows:
urtt —up 1 Ut 2ot Uttt n -
At 2 (Az)? (Az)?
where, pu=1,7=23,....,l and n=1,2,...,m. Then, we obtain
k
UPH S U = S (U = 20T U UL, = 2R UL + kU (1 - ), (2.11)
2k k k 2k k
Ut = U+ (2- U+ 55Ul + 2kaU (1 — U, (2.12)
(2.13)

—k +1 n+1
—= U5 +(2+E)Ui ~ Vit T o

h2
SUM' + TUM + SUM = WU, + YU + WU, + 227
i=1,2,..,Nand n=1,2,...,m.

where, At =k, Az =h,
Equation (2.13) written in the tridigonal matrix (N x (N + 2)) form
(T S 70 [Tw ] [wog ] [Surt [ Zp
s T S ... ... .|t Va 0 0 zy
R B N I S A | P
S T S| |UM, VN_1 0 0 zr_,
o S 1) gt LVed  Wuhy]  LSUREL | Zy
where, i =1,2,...., N and n =2,3,..,m+ 1,
2 'Y wW ST Op T
Va w Y W Uy
V-1 0 ... w Yy W| |Uy_,
| Vv | 0 oo w Y| | Uy |
where, T =2+ 28§ =k vy =22k 70 = kaU! (1 - UP).
2.5. Implicit Crank-Nicolson Discretization of Type -1 (ICNS-1). Higher-order derivatives are approximated
using central difference methods,
O UL UM U Op, o0 U
Ox2 l(witm) ™ (Ax)? (Ax)? '
A widely used family of implicit schemes is based on the Crank-Nicolson method, which computes a weighted average
of the spatial derivatives at both the n'"' and (n 4 1)* time levels. Consequently, the discretization of Equation (2.1)
is given as follows:
n+1 n n+1 n+1 n+1 n n n
n+l _ 1,0 —2U; U/ ur,—-20"+U]
A VS Wl e e S WS Rkl e S Ut (- U, (2.14)
At 2 (Ax)? (Ax)? ! ¢

(=)=
E)NE
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where, p =1, i=1,2,...Nandn=1,2,...m, At =k, Az = h, —}1“2 =\, aAt = 1.
k
(7n+1 U (7n+1
[ 7,n_ 2h2( 41

20, + U + ULy — 207 + Uly) + oAU (1= U,

(2.15)
“AUPE (2420 = 29(1 = UPT)UPT = AU = AU, + (2= 20U + AU, (2.16)
—AUME 4 LU = AU = AU + FUP + AU . (2.17)
where, L; =2 +2\ —2n(1 —U"), F=2-2)\,i=1,2,..,N,n=1,2,..,m
Equation (2.17) written in the tridigonal matrix (N x (N + 2)) form
(L1 =X\ ... ... ... ..o owoptty [Fooa s I 2 I DY/
X Ly =X ... ... .| |Uuptt 0 AN F N . Uy 0
. I N e R
0 —A Ly_1 —=A| UMt 0 O S D N RO/ 0
0 ... . - Ly Ut DoRt L oo A F]LUR] U
where, 1 =1,2,.... N and n=2,3,..,m + 1.

2.6. Implicit Crank-Nicolson Discretization of Type-2 (ICNS-2). In this method (2.5), we have discretized
by Crank-Nicolson the term

n+1 n
au(l — u)‘(%tn) R an( )(1 -U; ),

but in the (2.6) method, we are discretizing by Crank-Nicolson the term

au(l — u)‘m’w) ~ a(U{‘H + Ui”) (1 B Ut Ly

; ;)
Consider the Fisher Equation (2.1) will become,
ot - 1(%*11 — 207 A UEY | Uy, — 2070 + U ) +a(U?“ U (1- o+ U1, (2as)
At 2 (Ax)2 (Az)? 2 2 T
where, py =1, 1=1,2,...,. Nandn=1,2,....m, At =k, Ax = h, % =\ aAt=n
Ut -up = W(Ui:—ll =207+ UM + Uy - 207 + Uy + U(f) (1 - f) (2.19)
hence, we reach at
— AU 4 (444X — 20 4+ U 42U UPY — 2AUTHY = 20U + (4 — 4N + 20\ U7 4 20U7
—2\UJ + KUM= 20U = 20U + JU] + 20U . (2.20)
Equation (2.20) written in the tridigonal matrix (N x (N + 2)) form
TK: —2x ... ... L Turt™ Y T2yt e 23 e oo s T 22Ut
—2) Ko —2)\ ... Uyt 0 220 22 ... ... | | U 0
- IR R
—2X Ky-1 —2X| |UFTY 0 cee e 22X o 23| | U, 0
—2X Kyl U] 220t Lo 22 Ond LUK ] [22034 ]
Bo
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where, K; = (4 + 4\ —2n+ nUi(nH) + 277Ui”) and J; = (4 -4+ 277).

3. CONSISTENCY AND ERROR ANALYSIS

LTE(Local Truncation Errors)
This occurs when a numerical method is employed to estimate the solution of a partial differential equation. Let’s
assume that the function u is smooth at the point (x;,t,). The Taylor series method is then utilized.

2 k?)
2 2
ul = — huy ; + kui'; + g“gm — khug, ; + gu?m
h3 kh? hk? ht K3 39
- guwwz,i + Tutza:,i - Tuttw,i + Zua:w:vw,i + gutttﬂ ( : )
kn3 k*h% hk3
- ?utxwwﬂ' + Tuttmx,i - ?uxtttﬂ' +
n+1 n n n h2 n n k2 n
u;y =ui + hug ; + kug; + of Yaw,i + khuy, ; + o Yit,i
h3 kh? hk? ht K3 33
+ au:cz:v,i + Tutzm,i + Tuttz,i + Iumrzz,i + guttt,i ( : )
kn3 k*h? hk3
+ ?utmmx,i + Tuttrz,i + ?umttt,i + o
h? h3 ht
’LL:»LI = u;l - hu;l,z + ﬁugm,i - yu;zm,z + E’U’Zzzw,z + (34)
Ujpy = Uy + hu;ﬂ,i + Euacw,i + guzww,i + Z!‘umzacx,i + (35)
Explicit scheme(ES). Substituting Equations (3.1), (3.4), and (3.5) in Equation (2.2), we get
1 2 1 2 4 n n
Kt[ut(m) +O(At)?] = W[um(A:ﬁ) + O(Az)" ]+ aU (1= U). (3.6)
Semi-implicit scheme (SIS). Substituting Equations (3.1), (3.2), and (3.3) in Equation (2.5), we get
1 2 1 2 4 n+1
E[ut(At) + O(At)*] = m[um(AaE) +O0(Az)Y ] + aU (1= U). (3.7)
Implicit scheme(IS). Substituting Equations (3.1), (3.2), and (3.3) in Equation (2.8), we get
1 2 1 2 4 n+1 n+1
g [ (At) + O(A)?] = W[um(Ax) +O0(Az)"] + aU (1= UM, (3.8)

Semi-implicit Crank-Nicolson scheme (SICNS). Substituting Equations (3.1), (3.2), (3.3), (3.4), and (3.5) in
Equation (2.11), we get

1
Kﬁ[ut(At) +0(A)?] = A2

Implicit Crank-Nicolson Discretization of Type -1 (ICNS-1). Substituting Equations (3.1), (3.2), (3.3), (3.4),
and (3.5) in Equation (2.15), we get

1
(AP

[Uee(AZ)? + O(Az)*] + U (1 - UP). (3.9)

é[ut(At) +O(AH?] = e (A2)? + O(A2)'] + UM (1 — UP ). (3.10)
[c[m]
(0] €]
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Implicit Crank-Nicolson Discretization of Type-2 (ICNS-2). Substituting Equations (3.1), (3.2), (3.3), (3.4),
and (3.5) in Equation (2.19), we get

1 1 uptt 4 up urtt 4+ up
—[u (A At)?] = —— Az)? Az)? - ) (1 - =L A1
Agl0(A0) + O] = s aa (A2)? +0(A2) J+a(=——)( ) (3.11)
For the above equation, the local truncation error is expressed as,
2 92 3 93 4 o4 5 95
ITE = lim (Az)? 0*u = (Az)? 0%u  (Ax)* 0*u  (Ax)® &°u b0 (3.12)

Ad,At—0 2 Qx2 3 923 41 Ozt 5! 9xb

Consistency In all methods we discussed here, a numerical approach is considered consistent when the difference
between a partial differential equation (PDE) and its corresponding finite difference equation (FDE) approaches zero
with an increasing number of subdivisions.

lim (PDE-FDE)= lim (LTE)=0.

Az, At—0 Az, At—

As At and Az both approach zero, the local truncation error becomes zero based on Equation (3.12). Consequently,
the proposed scheme is consistent. And solving the Equations (3.6), (3.7), (3.8), (3.9), (3.10), and (3.11) comparing
with Equations (2.2), (2.5), (2.8), (2.11), (2.15), and (2.19). Our proposed scheme can be described as having a
first-order accuracy in time and a second-order accuracy in space.

3.1. Stability Analysis: Numerical errors introduced during the discretization of equations should not be amplified.
This property is known as stability. The von-Neumann stability analysis of finite difference methods for non-linear
problems, such as the reaction-diffusion model, has been explored in [13, 19, 24]. In von-Neumann stability analysis,
it is assumed that the solution to the Equation (2.1) is expressed in terms of Fourier modes.

Uzn — gankeirih,
Un L= fomkeir(i—ﬁ-l)h
i+1 )
in—l — ﬁankeir(ifl)h’
UnJrl — é—a(n-l-l)keirih
K3 b
Un+1 _ é-oz(nJrl)keir(ifl)h
i—1 = ’
where i = /-1, r is the wave number, and £ = £(r) represents the amplification factor. The stability condition
requires that [£(r)] < 1.

Fully Explicit Scheme (ES). We consider only von-Neumann stability analysis to explain this method on fully
explicit scheme (ES). The Equation (2.2) is considered in the following way.

k n n
Nﬁ( i —2U + UM ) +ak(Uy)"(1 = (UY)") + U

Urtt =
7
Linear form of the above equation is.
k
urtt = ,uﬁ( i =20 + UL ) + ak(U;)" (1 — constant) + U, (3.13)
Substituting the Fourier mode U = £2™*¢l"" into the linearized form of the difference Equation (3.13) yields:

k
gk =14 P 2(cos(rh) — 1) + ak(1 — constant).

For stability, we require |¢| < 1. Therefore, |¢**| < 1, which imposes a condition on the parameters. The stability
condition becomes:

k
1+ Mﬁ -2(cos(rh) — 1) + ak(1 — constant)| < 1.
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The stability condition depends on the values of u, «, k, and h. Typically, for the linear diffusion part, stability is
ensured by the condition:
k

— <
Hp2

l\D\H

Semi Implicit Scheme (SIS). Equation (2.5) converting into linear form by considering as follows.

k
Uptt = 2 (Uzyfll —urtt Ut + akUi(n-'_l)(l — constant) + U (3.14)

Substituting the Fourier mode U = £2™*¢l" into the linearized form of the difference Equation (3.14) yields:

1+ ps% - 2(cos(rh) — 1)

gak _
1 — ak(1 — constant)

For stability, we require |[¢| < 1. Therefore:

1+ pfs - 2(cos(rh) — 1)
1 — ak(1 — constant)

Fully Implicit Scheme (IS). Equation (2.8) converting into linear form as follows.

Urtl = Ut =20 + UMY + kU (1 = constant) + U (3.15)

Fh2 (
Substituting the Fourier mode U = £%"*eimh into the linearized form of the difference Equation (3.15) yields:

1+ ak (" (1 — constant))
1— pfs - 2(cos(rh) — 1)

é—ak _

The stability condition is:

14 ak (" (1 — constant))
1— pfs - 2(cos(rh) — 1)

Semi-Implicit Crank-Nicolson Scheme (SICNS). Equation (2.11) converting into linear form as follows.

P = o (U 20T U+ U - 207+ UR) + akU™ ™ (1 = constant) + U, (3.16)

Substituting the Fourier mode U = £2™*¢l"" into the linearized form of the difference Equation (3.16) yields:

ok _ po(cos(rh) — 1) (€** +1) + ak (€"*!(1 — constant)) + 1
& 1— % (cos(rh) — 1) '

The stability condition is:

2 (cos(rh) — 1) - (§€%% + 1) + ak (€"1(1 — constant)) + 1
1— % (cos(rh) — 1)
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Implicit Crank-Nicolson Discretization of Type -1 (ICNS-1). Equation (2.15) converting into linear form as
follows.
k
Urtt = W(U{fﬁ —2UMt UM + U - 20" + U y) + akUM (1 — constant) + U (3.17)
Substituting the Fourier mode U = £2™*¢l" into the linearized form of the difference Equation (3.17) yields,

2 (cos(rh) — 1) (£2% + 1) + ak (£°%) (1 — constant) + 1.

ak __
&= 1 — % (cos(rh) — 1)

The stability condition is:

2 (cos(rh) — 1) (£2% + 1) + ak (€°%) (1 — constant) + 1
1— % (cos(rh) — 1) -

Implicit Crank-Nicolson Discretization of Type-2 (ICNS-2). Equation (2.19) converting into linear form as
follows.

n+1 n k n+1 n+1 n+1 n n n Uin+1 + Uzn
urrtt =ult = ﬁ(Ui+1 —2U" + UM+ U - 200 + U ) + 7)(‘.2*)(1 — constant). (3.18)

Substituting the Fourier mode U = £2"*¢imh into the linearized form of the difference Equation (3.18) yields,

ak ank
F(cos(rh) — 1) (£2F +1) +1 (W) (1 — constant)
fak _ 1
The stability condition is:
ak ank
2 (cos(rh) — 1) (€% +1) + 1 (W) (1 — constant)

<1.
1 =

If 1 — constant < 0, (the reaction term is nonpositive), then it is unconditionally stable.

l¢| <1, forall k>0, and k> 0.

Otherwise, conditionally stable.

4. NUMERICAL EXPERIMENTS

In this context, we simulate test examples following the presentation of the suggested scheme to validate the
theoretical findings facilitated by the new method. Analyzing the Fisher equation proves challenging in this analysis.
The proposed scheme’s accuracy is ensured by the sufficiently smooth boundary conditions. We implement and
generate numerical solutions for boundary value problems using MATLAB(R2013a) software. Presented are the
numerical results of the different methods applied to various instances of the Fisher Equation (1.1) using MATLAB.
With the help of the exact solution, we measured the accuracy of the numerical method. Assess the accuracy and
efficiency of the proposed method by evaluating the s and [, at final time step .

LM 1/2
_ | L 2 _ _
Iy = lM mz::O(Um U 1 , s Ognvln,angw | Uy — |-

Here, w,, is numerical solution and U,, as the similarity solution corresponding to the node at position x,.

(&)
ENE
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The rate of numerical convergence for these methods was determined by using the following formula:

log(E(N2)/E(Ny))

ROC = )
log(N1/N2)

(4.1)

where the Lo, error value obtained by employing N; number of grid points is denoted as E(N;). The Ly and Lo
error norms are computed for Table 18 at the final time T = 0.1, with o = 1 . The table also displays the rate of
convergence (ROC) for the suggested methods across various grid sizes.

4.1. Results and Discussion. This paper employs the proposed schemes, which include explicit, semi-implicit, and
implicit methods, alongside semi-implicit Crank-Nicolson, implicit Crank-Nicolson type-1, and implicit Crank-Nicolson
type-2 schemes, to numerically solve the Fisher equation. A comparison is made between the numerical results and the
exact solution. In Table 1, 3, and 7, the numerical results obtained from the implicit Crank-Nicolson type-2 schemes
demonstrate better alignment with the exact solution for Example 4.1, considering a time step of At = 0.000005 and
a final time of 7" = 0.1 for both a = 6 and « = 1. Conversely, in Table 5, the numerical results from the implicit
Crank-Nicolson type-1 scheme prove more accurate in replicating the exact solution for example-2 under a time step
of At = 0.000005 and a final time of T'= 0.1 for v = % Tables 9, 10, and 11 display the solutions obtained from the
mentioned schemes and compare them with a few existing methods [23]. The proposed ICNS-1 and ICNS-2 schemes
achieve second-order spatial accuracy with reduced computational effort, requiring only a single matrix solve per step,
while ICNS-2 further improves accuracy by minimizing nonlinear truncation errors.

4.2. Tllusrative examples. In this section, we provide three examples to showcase the validity and effectiveness of
our proposed method. For each case, we obtain both initial and boundary conditions directly from analytical solutions.
The calculations for these examples are conducted using MATLAB.

Example 4.1. Consider Fisher’s Equation (1.1) for g =v = 1.
U = Uge + au(l —u), (4.2)

subject to the initial condition

1
u(z,0) = m, (4.3)

and the boundary conditions

1
u(0,t) = (4 e )
1
u(l,t) = A F ez

where the exact solution is given [23] by

1
(1 + Ve Foiye’

u(z,t) =
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ES

FI1GURE 1. Solution at o = 6, At =
0.000005 and T' = 0.1 for Example
4.1.

FIGURE 3. Solution at o = 6, At =
0.000005 and T = 0.1 for Example
4.1.

ICNS1

FIGURE 5. Solution at o = 6, At =
0.000005 and T' = 0.1 for Example
4.1.

SIS

FIGURE 2. Solution at o = 6, At =
0.000005 and T" = 0.1 for Example
4.1.

FIGURE 4. Solution at o = 6, At =
0.000005 and T' = 0.1 for Example
4.1.

ICNS2

FIGURE 6. Solution at o = 6, At =
0.000005 and T' = 0.1 for Example
4.1.

11



12 R. KUMARI, V. VIMAL, AND AMRITA

TABLE 1. Numerical and exact solution of Example 4.1 at At = 0.000005 and 7" = 0.1 for o = 6.

Computed solution Exact solution

T ES SIS IS SICNS ICNS-1 ICNS-2

0 0.387455619 0.387455619 0.387455619 0.387455619 0.387455619 0.387455619 0.387455619
0.1 0.358420950 0.358421753 0.358421429 0.358420902 0.358421477 0.358424323 0.358426914
0.2 0.329973045 0.329974448 0.329973933 0.329972971 0.329974007 0.329976117 0.329984205
0.3 0.302302174 0.302303995 0.302303386 0.302302091  0.30230347  0.302304964 0.302317425
0.4 0.275585137 0.275587205 0.275586575 0.275585056 0.275586655 0.275587693 0.275603147
0.5 0.249980707 0.249982862 0.249982262 0.249980637 0.249982331 0.249983095 0.250000000
0.6 0.225625778 0.225627862 0.225627329 0.225625724 0.225627383 0.225628071 0.225644772
0.7 0.202632409 0.202634257 0.202633819 0.202632371 0.202633857 0.202634669 0.20264943
0.8 0.181085897 0.181087332 0.181087014 0.181085875 0.181087036  0.18108816 0.181099172
0.9 0.161043954 0.161044779 0.161044606 0.161043944 0.161044615 0.161046218 0.161051594

0.142536957

0.142536957

0.142536957

0.142536957

0.142536957

0.142536957

0.142536957

TABLE 2. Absolute errors of Example 4.1 at At = 0.000005 and T" = 0.1 for o = 6.

T

ES

SIS

IS

SICNS

ICNS-1

ICNS-2

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

5.96450E-06
1.11605E-05
1.52504E-05
1.80101E-05
1.92931E-05
1.89942E-05
1.70213E-05
1.32745E-05
7.64000E-06

5.16190E-06
9.75670E-06
1.34296E-05
1.59421E-05
1.71381E-05
1.69105E-05
1.51731E-05
1.18397E-05
6.81480E-06

5.48500E-06
1.02720E-05
1.40386E-05
1.65727E-05
1.77385E-05
1.74435E-05
1.56107E-05
1.21577E-05
6.98860E-06

6.01200E-06
1.12343E-05
1.53338E-05
1.80909E-05
1.93628E-05
1.90486E-05
1.70591E-05
1.32970E-05
7.64990E-06

5.43750E-06
1.01981E-05
1.39551E-05
1.64920E-05
1.76687E-05
1.73891E-05
1.55729E-05
1.21352E-05
6.97870E-06

2.59160E-06
8.08820E-06
1.24605E-05
1.54547E-05
1.69049E-05
1.67010E-05
1.47614E-05
1.10117E-05
5.37590E-06

Example 4.2. Consider the Fisher’s Equation (1.1) for 8 =2 and a =v =1,

Uy = Uy + (1 — u),

with the initial condition

(=)=
E)NE

u(z,0) =

1

1—1—6%,

0<x <1,
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0.8
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FIGURE 7. Absolute errors of ICNS-
1, ICNS-2, and IS of Example 4.1.

«10® Numerical error, o = 6 and t = 0.1, dt = 0.000005
2.4

_zma E——
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2 ’ S s,
P LY
18 y N
a by
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FIGURE 8. Absolute errors of SIS,
SICN, and ES of Example 4.1.

TABLE 3. Numerical and exact solution of Example 4.1 at At = 0.000005 and T' = 0.1 for o = 1.

Computed solution

Exact solution

x ES SIS

IS

SICNS

ICNS-1

ICNS-2

0 0.271254811 0.271254811

0.1 0.260738237 0.260738258
0.2 0.250420762 0.250420799
0.240311303

0.230417946

0.3 0.240311256
0.4 0.230417894
0.5 0.220748135 0.22074819
0.211308755

0.202105610

0.6 0.211308702
0.7 0.202105564
0.8 0.193143927
0.9 0.184428227

1 0.175962132

0.193143963
0.184428248
0.175962132

0.271254811
0.260738251
0.250420787
0.240311288
0.230417930
0.220748174
0.211308740
0.202105598
0.193143953
0.184428243
0.175962132

0.271254811
0.260738236
0.250420761
0.240311254
0.230417892
0.220748133
0.211308700
0.202105562
0.193143925
0.184428226
0.175962132

0.271254811
0.260738252
0.250420789
0.240311290
0.230417933
0.220748176
0.211308742
0.202105599
0.193143954
0.184428243
0.175962132

0.271254811
0.260738703
0.250421159
0.240311594
0.230418190
0.220748410
0.211308976
0.202105857
0.193144255
0.184428602
0.175962132

0.271254811
0.260738428
0.250421096
0.240311688
0.230418385
0.220748648
0.211309201
0.202106010
0.193144276
0.184428430
0.175962132

In this case the exact solution is given [23] by

- 1
where, v = 7

13
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ES

FIGURE 9. Solution at o = 1, At =
0.000005 and T = 0.1 for Example
4.1.

FIGURE 11. Solution at a = 1, At =
0.000005 and T" = 0.1 for Example
4.1.

ICNS1

FI1GURE 13. Solution at o = 1, At =
0.000005 and T = 0.1 for Example
4.1.

SIS

FI1GURE 10. Solution at o = 1, At =
0.000005 and T' = 0.1 for Example
4.1.

SICNS

FIGURE 12. Solution at o = 1, At =
0.000005 and T = 0.1 for Example
4.1.

ICNS2

FI1GURE 14. Solution at o = 1, At =
0.000005 and T' = 0.1 for Example
4.1.

Example 4.3. Consider the generalized Fisher’s equation specified in [23]

Up = Uge + (1 — u®),
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TABLE 4. Absolute errors of Example 4.1 at At = 0.000005 and T' = 0.1 for o = 1.

ES

SIS

IS

SICNS

ICNS-1

ICNS-2

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1.913E-07
3.335E-07
4.320E-07
4.909E-07
5.130E-07
4.987E-07
4.456E-07
3.494E-07
2.035E-07

1.700E-07
2.971E-07
3.853E-07
4.385E-07
4.588E-07
4.463E-07
3.991E-07
3.131E-07
1.824E-07

1.772E-07
3.090E-07
4.001E-07
4.545E-07
4.747E-07
4.612E-07
4.119E-07
3.229E-07
1.879E-07

1.924E-07
3.354E-07
4.342E-07
4.933E-07
5.153E-07
5.007E-07
4.473E-07
3.507E-07
2.041E-07

1.761E-07
3.072E-07
3.979E-07
4.521E-07
4.725E-07
4.592E-07
4.102E-07
3.216E-07
1.872E-07

2.752E-07
6.280E-08
9.420E-08
1.949E-07
2.386E-07
2.249E-07
1.527E-07
2.110E-08
1.712E-07

«10® Numerical error, o = 1 and t = 0.1, dt = 0.000005

11 » n,

1.06

095

08

0.85

04 05 06

0.7 08

«10® MNumerical error, o = 1and t = 0.1, dt = 0.000005

0.8
S 06|
0.4

ozl

— — — ICNS1
————— ICNS2
15

0.2 0.3 0.4

0.5 0.6

0.7 0.8 0.9

F1GURE 15. Absolute errors of SIS,
SICN and ES of Example 4.1.

with intial condition

1 « 1,2
u(x,0) = {= tanh(———=xz) + =} =,
(z,0) {2 ( 2V2a +4 ) 2}
The exact solution is specified in [23] by
a+4 1

t
V2a+4

u(z,t) = {% tanh(— (x —

«
2/ 2a + 4

FIGURE 16. Absoluate errors of
ICNS-1, SICN-2, and IS of Example
4.1.

15
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D,ESW

FIGURE 17. Solution at At =
0.000005 and T' = 0.1 for Example
4.2.

FIGURE 19. Solution at At .=
0.000005 and T' = 0.1 for Example
4.2.

ICNS1

FiGURE 21. Solution at At =
0.000005 and T' = 0.1 for Example
4.2.

SIS

F1GURE 18. Solution at At =
0.000005 and T" = 0.1 for Example
4.2.

SICNS

FIGURE 20. Solution at At =
0.000005 and T' = 0.1 for Example
4.2.

ICNS2

FIGURE 22. Solution at At =
0.000005 and T = 0.1 for Example
4.2.
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TABLE 5. Numerical and exact solution of Example 4.2 at At = 0.000005 and 7" = 0.1 for v = 1/\@

Computed solution Exact solution

T ES SIS IS SICNS ICNS-1 ICNS-2

0 0.512497397 0.512497397 0.512497397 0.512497397 0.512497397 0.512497397 0.512497397
0.1 0.494822242 0.494822239 0.494822248 0.494822241 0.494822250 0.494822248 0.494822516
0.2 0.477160017 0.477160010 0.477160026 0.477160014 0.477160030 0.477160027 0.477160566
0.3 0.459554740 0.459554732 0.459554752 0.459554737 0.459554757 0.459554753 0.459555549
0.4 0.442049869 0.442049861 0.442049883 0.442049866 0.442049888 0.442049883 0.442050898
0.5 0.424687871 0.424687862 0.424687885 0.424687868 0.424687891 0.424687886 0.424689058
0.6 0.407509820 0.407509812 0.407509834 0.407509817 0.407509839 0.407509834 0.407511076
0.7 0.390555022 0.390555015 0.390555035 0.390555020 0.390555039 0.390555034 0.390556227
0.8 0.373860676 0.373860671 0.373860686 0.373860674 0.373860689 0.373860685 0.373861678
0.9 0.357461570 0.357461567 0.357461576 0.357461569 0.357461578 0.357461576 0.357462182

0.341389832

0.341389832

0.341389832

0.341389832

0.341389832

0.341389832

0.341389832

TABLE 6. Absolute errors of of Example 4.2 at At = 0.000005 and 7" = 0.1 for v = 1/\/§

ES

SIS

IS

SICNS

ICNS-1

ICNS-2

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

2.7310E-07
5.4960E-07
8.0890E-07
1.0292E-06
1.1872E-06
1.2559E-06
1.2052E-06
1.0022E-06
6.1210E-07

2.7700E-07
5.5610E-07
8.1680E-07
1.0377E-06
1.1956E-06
1.2635E-06
1.2118E-06
1.0071E-06
6.1480E-07

2.6780E-07
5.4030E-07
7.9680E-07
1.0154E-06
1.1727E-06
1.2418E-06
1.1926E-06
9.9230E-07
6.0630E-07

2.7480E-07
5.5230E-07
8.1200E-07
1.0324E-06
1.1902E-06
1.2585E-06
1.2074E-06
1.0038E-06
6.1290E-07

2.6550E-07
5.3650E-07
7.9200E-07
1.0102E-06
1.1674E-06
1.2368E-06
1.1883E-06
9.8900E-07
6.0440E-07

2.6720E-07
5.3950E-07
7.9610E-07
1.0149E-06
1.1725E-06
1.2419E-06
1.1930E-06
9.9270E-07
6.0660E-07
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Numerical error, t= 0.1 and dt = 0.000005

x10%

Numerical error, t = 0.1 and dt = 0.000005
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FIGURE 24. Absoluate errors of

FIGURE 23. Absolute errors of SIS, ICNS-1, ICNS-2, and IS of Example
SICN, and ES of Example 4.2. 4.9

TABLE 7. Numerical and exact solution of Example 4.3 at At = 0.000005 and T' = 0.1 for a = 1.

Computed solution Exact solution

T ES SIS IS SICNS ICNS-1 ICNS-2

0 0.271254811 0.271254811 0.271254811 0.271254811 0.271254811 0.271254811 0.271254811
0.1 0.260738237 0.260738258 0.260738251 ' 0.260738236 0.260738252 0.260738703 0.260738428
0.2 0.250420762 0.250420799 0.250420787 0.250420761 0.250420789 0.250421159 0.250421096
0.3 0.240311256 0.240311303 0.240311288 0.240311254 0.240311290 0.240311594 0.240311688
0.4 0.230417894 0.230417946 . 0.230417930 0.230417892 0.230417933 0.230418190 0.230418385
0.5 0.220748135 0.22074819 = 0.220748174 0.220748133 0.220748176 0.220748410 0.220748648
0.6 0.211308702 0.211308755 0.211308740 0.211308700 0.211308742 0.211308976 0.211309201
0.7 0.202105564 0.202105610 0.202105598 0.202105562 0.202105599 0.202105857 0.202106010
0.8 0.193143927 0.193143963 0.193143953 0.193143925 0.193143954 0.193144255 0.193144276
0.9 0.184428227 0.184428248 0.184428243 0.184428226 0.184428243 0.184428602 0.184428430

0.175962132

0.175962132

0.175962132

0.175962132

0.175962132

0.175962132

0.175962132
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TABLE 8. Absolute errors of Example 4.3 at At = 0.000005 and T' = 0.1 for o = 1.

T ES SIS

IS

SICNS

ICNS-1 ICNS-2

0.1 1.913E-07 1.700E-07
0.2 3.335E-07 2.971E-07
0.3 4.320E-07 3.853E-07
0.4 4.909E-07 4.385E-07
0.5 5.130E-07 4.588E-07
0.6 4.987E-07 4.463E-07
0.7 4.456E-07 3.991E-07
0.8 3.494E-07 3.131E-07
0.9 2.035E-07 1.824E-07

1.772E-07
3.090E-07
4.001E-07
4.545E-07
4.747E-07
4.612E-07
4.119E-07
3.229E-07
1.879E-07

1.924E-07 1.761E-07 1.752E-07
3.354E-07 3.072E-07 6.280E-08
4.342E-07  3.979E-07 9.420E-08
4.933E-07 4.521E-07 1.949E-07
5.153E-07 4.725E-07 2.386E-07
5.007E-07 4.592E-07 2.249E-07
4.473E-07  4.102E-07 1.527E-07
3.507E-07 3.216E-07 2.110E-08
2.041E-07 1.872E-07 1.712E-07

0.22
0.2
0.18

0.16
o1

FIGURE 25. Solution at a = 1, At =
0.000005 and T" = 0.1 for Example
4.3.

FIGURE 27. Solution at a = 1, At =
0.000005 and T" = 0.1 for Example
4.3.

SIS

0.22
0.2
0.18

0.16
o1

FIGURE 26. Solution at o = 1, At =
0.000005 and T' = 0.1 for Example
4.3.

SICN

FIGURE 28. Solution at o = 1, At =
0.000005 and T' = 0.1 for Example
4.3.
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ICNS1 ICNS2

FIGURE 29. Solutionata =1, At = FIGURE 30. Solutionat o =1, At =
0.000005 and T" = 0.1 for Example 0.000005 and 7' = 0.1 for Example
4.3. 4.3.
Nuymrerical error, ¢ = 1 and t = 0.1, dt = 0.000005
; 15N|*rngrical error, ¢ = 1 and t = 0.1, dt = 0.000005 12
1t -““'"--_.____*__ﬂ_ :
08t
5086
04F
i ~_ . o
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x X
FIGURE 31. Absolute errors of SIS, FIGURE 32. Absoluate errors of
SICN. and ES of Example 4.3. ICNS—I, ICNS—Q, and IS of Example

4.3.
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TABLE 9. Comparison of numerical and exact solutions for Example 4.1 at different At = 0.0001 and
At = 0.00005 for o = 6.

T T At =0.0001

Present solution at At = 0.0001 Exact solution At = 0.00005 Present solution at At = 0.00005 Exact solution

@ T RJiwari[23] (ICNS1) SIS SICN Exact R.Jiwari23] (ICNS1) SIS SICN Exact
025 05 081847  0.81838G 0.818403 0.818418  0.818393 0.81843  0.818390 0.818399  0.818406 0.818393
1.0 098293 0982916 0.982921 0.982921  0.982919 098202  0.982017 0.982920  0.982920 0.982919
2.0 099988  0.999883 0.999883 0.999883  0.999883 0.99988  0.999883 0.999883  0.999883 0.999883
50 1.00000  1.000000 1.000000 1.000000 1.000000 1.00000  1.000000 1.000000  1.000000 1.000000
05 05 077580  0.775796 0.775817 0.775840  0.775803 0.77585  0.775801 0.775812  0.775823 0.775803
1.0 097816  0.978143 0.978150 0978151  0.978150 0.97815  0.978145 0.978148  0.978149 0.978147
2.0 099985  0.999850 0.999850 0.999850  0.999850 0.99985  0.999850 0.999850  0.999850 0.999850
50 1.00000  1.000000 1.000000 1.000000 1.000000 1.00000  1.000000 1.000000  1.000000 1.000000
0.75 0.5 072594 0725818 0.725834 0.725853  0.725824 0.72588  0.725822 0.725830  0.725839 0.725824
1.0 097209  0.972067 0.972073 0.972074  0.972071 0.97208  0.972069 0.972072  0.972072 0.972071
2.0 099981  0.999808 0.999808 0.999808  0.999808 0.99981  0.999808 0.999808  0.999808 0.999808
50  1.00000  1.000000 1.000000 1.000000 1.000000 1.00000  1.000000 1.000000  1.000000 1.000000

TABLE 10. Comparison of numerical and exact solutions of Example 4.1 at At = 0.0001 and At =
0.00005 for o = 1.

T T At =0.0001

Present solution at At = 0.0001

Exact solution At = 0.00005 Present solution at At = 0.00005 Exact solution

z T R.Jiwari [23] ICNS1 SIS SICN  Exact solution R.Jiwari [23]  ICNS1 SIS SICN  Exact solution
0.25 0.5 0.33412 0.3340945 0.3340950 0.3340936 0.3340942 0.33411 0.3340943  0.3340945 0.3340938 0.3340942
1.0 0.45576 0.4557389  0.4573002 0.4557384 0.4557387 0.45575 0.4557388 0.4557392  0.4557386 0.4557387
2.0 0.68397 0.6839505 0.6839573 0.6839510 0.6839507 0.68395 0.6839506 0.6839512  0.6839509 0.6839507
5.0 0.96653 0.9665249 0.9665252 0.9665251 0.9665250 0.96653 0.9665250 0.9665251 0.9665251 0.9665250
0.5 05 0.30576 0.3057392  0.3057399 0.3057380 0.3057388 0.30575 0.3057389  0.3057393 0.3057383 0.3057388
1.0 0.42553 0.4255088 0.4275871 0.4255082 0.4255085 0.42552 0.4255086  0.4255092  0.4255083 0.4255085
2.0 0.65924 0.6592159 0.6592255 0.6592166 0.6592161 0.65922 0.6592161 0.6592169 0.6592164 0.6592161
5.0 0.96303 0.9630282 0.9630286 0.9630286 0.9630284 0.96303 0.9630283 0.9630285 0.9630285 0.9630284
0.75 0.5 0.27838 0.2783537 0.2783542 0.2783528 0.2783534 0.27837 0.2783535 0.2783537 0.2783530 0.2783534
1.0 0.39544 0.3954117 0.3969715 0.3954112 0.3954114 0.39542 0.3954115 0.3954119 0.3954113 0.3954114
2.0 0.63338 0.6333576 0.6333645 0.6333581 0.6333578 0.63336 0.6333577 0.6333583 0.6333580 0.6333578
5.0 0.95918 0.9591780 0.9591783 0.9591783 0.9591782 0.95918 0.9591781 0.9591782 0.9591782 0.9591782

5. CONCLUSION

In this study, we tackled the Fisher equation using various schemes and demonstrated the convergence of the dif-
ference schemes. Comparisons were made between the solutions obtained from these schemes and the exact solution.
Particularly, in Table 9, 10, and 11, the implicit Crank-Nicolson discretization of type -1 (ICNS-1) scheme exhibited
superior accuracy for Example 4.1, while the implicit Crank-Nicolson scheme of type-2 (ICNS-2) performed exception-
ally well for Example 4.2. These findings were also compared with a few existing results. It was observed that both
ICNS-1 and ICNS-2 consistently provided more accurate results.
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TABLE 11. Comparison of numerical and exact solutions of Example 4.2 at At = 0.0001 and At =
0.00005 for v = 1/v/2.

T T At =0.0001 Present solution at At = 0.0001 Exact solution At = 0.00005 Present solution at At = 0.00005 Exact solution

¢ T RJiwari (23] ICNS1 SIS SICN Exact solution R.Jiwari [23] ICNS1 SIS SICN Exact solution
0.25 0.5 0.51831 0.51829770 0.51829697 0.51829711 0.51829765 0.51830 0.51829762 0.51829726 0.51829733 0.51829765
1.0 0.58012 0.58010989 0.58010917 0.58010931 0.58010959 0.58012 0.58010983 0.58010947 0.58010954  0.58010959
2.0 0.69493 0.69492070 0.69492014 0.69492023 0.69492013 0.69492 0.69492070 0.69492042 0.69492046 0.69492013
5.0 0.91078 0.91078213 0.91078209 0.91078205  0.91078221 0.91078 0.91078219 0.91078217 0.91078215  0.91078221
0.5 0.5 0.47415 0.47413474 0.47413377 0.47413396 0.47413476 0.47414 0.47413463 0.47413415 0.47413424 0.47413476
1.0 0.53656 0.53654668 0.53654570 0.53654590 0.53654636 0.53655 0.53654659 0.53654610 0.53654620 0.53654636
2.0 0.65622 0.65621003 0.65620924 0.65620937  0.65620927 0.65621 0.65621001  0.65620962 0.65620968  0.65620927
5.0 0.89534 0.89533618 0.89533612 0.89533606 0.89533626 0.89534 0.89533626  0.89533623 0.89533620 0.89533626
0.75 0.5 0.43039 0.43037278  0.43037206 0.43037220 0.43037285 0.43038 0.43037269 0.43037233 0.43037240 0.43037285
1.0 0.49243 0.49241825 0.49241751 0.49241765 0.49241806 0.49243 0.49241817 0.49241780 0.49241788 0.49241806
2.0 0.61532 0.61530618 0.61530557 0.61530567 0.61530563 0.61531 0.61530616 0.61530586 0.61530591 0.61530563
5.0 0.87758 0.87757561 0.87757556 0.87757552  0.87757565 0.87758 0.87757568 0.87757565 0.87757563  0.87757565

TABLE 12. Comparison of errors in Lo norm and L., norm for different values of « = 6, T = 0.1,
and At = 0.000005, corresponding to Example 4.1.

ES SIS IS SICN ICNS-1 ICNS-2

Lo 1.77644E-05 1.61992E-05 1.66452E-05 1.78162E-05 1.65935E-05 1.54478E-05
Lo 2.25148E-05 2.03599E-05 2.09603E-05 2.25845E-05 2.08905E-05 2.01267E-05

TABLE 13. Comparison of errors in Lo norm and L., norm for different values of « = 1, T = 0.1,
and At = 0.000005, corresponding to Example 4.1.

ES SIS IS SICN ICNS-1 ICNS-2

Lo 1.07203E-06 2.34867E-01 2.34867E-01 1.07357E-06 1.04588E-06 2.72177E-07
L. 1.11000E-06 2.71255E-01 2.71255E-01 1.11100E-06 1.09500E-06 4.20000E-07

TABLE 14. Comparison of errors in Ly norm and L., norm for different values of v = %, T=0.1,
and At = 0.000005, corresponding to Example 4.2.
ES SIS IS SICN ICNS-1 ICNS-2

Ly 1.26614E-06 1.27207E-06 1.25582E-06 1.26831E-06 1.25204E-06 1.25571E-06
Lo, 1.57920E-06 1.58690E-06 1.56510E-06 1.58190E-06 1.56010E-06 1.56520E-06

TABLE 15. Comparison of errors in Lo norm and L., norm for different values of « = 1, T' = 0.1,
and At = 0.000005, corresponding to Example 4.3.

ES SIS IS SICN ICNS-1 ICNS-2

Ly 1.07212E-06 1.02243E-06 2.34867E-01 2.34867E-01 2.34867E-01 2.72107E-07
Lo 1.11010E-06 1.08320E-06 2.71255E-01 2.71255E-01 2.71255E-01 4.19600E-07
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TABLE 17. Comparision of numerical solution for Example 4.3 at At = 0.000005, T = 0.1 and o =1

TABLE 16. Comparision of numerical solution for Example 4.1 at At = 0.0005, 7= 0.1 and o = 1

T

BDF1 [31]

BDF3 [31]

SICN-1

Exact solution

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.260555346
0.250268689
0.240184531
0.230309036
0.220648412
0.211208986
0.201997201
0.193019543
0.184282411

0.260752490
0.250447850
0.240348491
0.230461597
0.220794013
0.211352270
0.202142581
0.193170799
0.184442349

0.260739058
0.250422186
0.240313089
0.230419968
0.220750295
0.211310796
0.202107433
0.193145392
0.184429081

0.260738428
0.250421096
0.240311688
0.230418385
0.220748648
0.211309201
0.202106010
0.193144276
0.184428430

T

BDF1 [31]

BDF1 [20]

SICN-2

Exact solution

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.260736413
0.250419251
0.240310001
0.230416819
0.220747153
0.211307719
0.202104493
0.193142693
0.184426775

0.260737784
0.250420391
0.240310950
0.230417634
0.220747899
0.211308466
0.202105305
0.193143625
0.184427868

0.260738703
0.250421159
0.240311594
0.230418190
0.220748410
0.211308976
0.202105857
0.193144255
0.184428602

0.260738428
0.250421096
0.240311688
0.230418385
0.220748648
0.211309201
0.202106010
0.193144276
0.184428430

TABLE 18. ROC of Example 4.1 for o = 1.

23

SICN-1 at At = 0.000005

SICN-1 at N =10

N Az Lo Loo ROC (space) At Loy Lo ROC (time)
10 0.1  3.50567E-07 4.72E-07 0.005  1.55559E-05 2.0924E-05

20 0.05 7.59970E-08 1.02E-07 2.2 0.0005 1.22493E-06 1.6470E-06 1.1

40 0.025 7.15367E-09 100E-08 3.4 0.00005 2.07442E-07 2.8000E-07 0.8
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