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Abstract

This paper investigates the existence and Ulam-Hyers-Rassias stability of solutions for integrodifferential equations
involving the Hilfer-Katugampola fractional derivative. By employing Ulam-Hyers-Rassias stability analysis and
applying Schaefer’s fixed point theorem, we establish key results concerning the behavior and stability of these
equations. Additionally, we provide illustrative examples to demonstrate the practical relevance of our theoretical
findings.
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1. INTRODUCTION

Derivatives and integrals of real or complex orders are integrated with classical integral calculus to form
fractional calculus, which is an intriguing field of mathematical inquiry. Recently, fractional differential equations
have garnered substantial attention due to their practical applications in physics, chemistry, engineering, biology, and
other disciplines. This shows the value of FDEs in explaining natural phenomena. Recent developments in the analysis
of partial and ordinary fractional differential integral equations are demonstrated by the following publications and
their references [1-3, 5-7, 11, 17, 20-22]. For specific values of the parameters, the literature has proposed some
generic formulations that provide interpolations between other difference integrals. Notable definitions include those
by Riemann-Liouville (R-L), Caputo (C), Hadamard (Ha), and Hilfer (H) [11, 16, 19].

Recently, R-L fractional differential derivatives and integrals were presented in a generalized form by Katugampola.
[15]. Thereafter, Oliveira et al.[18] established a more generalized form of the Katugampola fractional derivative, known
as the Hilfer Katugampola (H-K). This formulation serves as an interpolation between popular definitions such as the
H, H-Ha, C-Ha, and R-L FDs. We direct the reader to [18]. On the other hand, in a 1940 lecture at the University of
Wisconsin, Ulam brought up the stability issue of functional equations (specifically, group homomorphisms). Ulam’s
inquiry concerned ” What circumstances lead to the existence of an additive mapping close to an approximately additive
mapping?” Hyers provided the initial response to Ulam’s question (about additive mapping) in the context of Banach
spaces in 1941. Rassias proved linear mapping stability for the first time in 1978 when he established the Hyers-Ulam
stability of linear and nonlinear mappings. Following Rassias’s result, several mathematicians from around the world
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started looking into differential equation stability issues [13, 23]. According to Vivek et al., [24] (2018), Hilfer’s implicit
FDEs with nonlocal conditions of the type resulting in existence and stability results

904 2u(d) = ¢ (V,u(¥), D 2 u(v)) , veJ =[0,T], 0<t1<1,0<t<1, (1.1)
j(l)Itua)) :Z@u (771‘)7 rust=1 +'C2(1—t1) <1, (1.2)
=1

In 2020, the work of Harikrishnan et al.[10] studied the existence, uniqueness, and stability results for IDEs involving
H-K FD of the form
9

FO L Pu(l) = cp(ﬁ,u(ﬂ),/ h(9,v,u(v))dv), 9 €T = (a,T], (1.3)

a

gjiitu(u) = ug, T=1] +ty — ity < 1, (1.4)

where ngilfQ is the H-K FD of order v; and type t2 and gﬁif is generalized fractional integral of order 1- v, § > 0
where o : F XRXxR =R, §: A xR — R are continuous.

Similarly, in [23], the existence and uniqueness results for implicit differential equations with nonlocal conditions were
discussed, involving H-K FDs of the following form

g@éitzu(ﬁ) = (19,u(19),g©8£r’t2u(19) R deJ = [O,T], 0<r; <1,0< g <1, (15)
gﬁéfu(O) = Zgiu (i) s g <r=r+t(l—1)<l1, (1.6)
i=1

where § > 0 and g@éﬁ’tz is the H-K-FD of order vy and type to, gjcl)f is the Katugampola fractional integral of order
1—1v,m €(0,7),& R, foralli=1,2,....,n,m <72 < - <myand p: J x R xR — R is a continuous function.
Motivated by the above discussions, finding solutions to IDEs using the H-K FD and demonstrating the Hyers-Ulam
stability of solutions are the primary goals of this essay. In this paper, we derive sufficient conditions for the existence
of solutions to the following IDE and prove the U-H-R stability results on our problem,

9
D) = (9, u(ﬁ),/ 009, v, u(w))dv), 9ed = (aT), (1.7)
gjifu(a) = uy, t=t1+t(l—1) <l (1.8)

The functions » : J X R xR — R,0 : A xR — R are considered continuous, where 333;2;” is the H-K-FD of

order ty and type ta. The generalized fractional integral of order 1 — ¢, with § > 0 is noted gj}lf. In this case,
A={(¥v):a<v <9 <T} defines the domain A. To save time, let’s refer to this as

9
o) = / 009, v, u(v))dv. (1.9)

The study is summarized briefly in this section. A concise overview of the essential information necessary to reach
our main findings is presented in section 2. Our principal results are substantiated by several conjectures discussed in
sections 3 and 4. Specifically, we derive the necessary results employing Schaefer’s fixed point theorems. Furthermore,
we provide relevant instances to reinforce the proposed concept.

2. FOUNDATIONAL PRELIMINARIES

Let us start this part by reviewing some fundamental definitions and important findings in fractional calculus.
Sources like [14, 16, 18] are where the observations provided here come from. These observations will form the
framework for our discussion in this paper. J = (a,7] and 0 < a < T be given. The weighted space €, z[a,T] of
continuous functions on [a,7] for § > 0 and v € [0, 1) is defined by

98 — a¥

Ct’g[a,T]:{np:j—ﬂR:< 3

)tgo(f}) € QI[a,T]} ,t€1[0,1),

(=)=
E)NE
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with the norm

)

(Qﬁg“g)tww)

Q:O,S’[av T] = Q:[Cl, T]

lelle. s = sup
veg

where,

Obviously,
Csla, T] = {<p e et o™ e ¢ sla, T]} ,neN,

with the norm

n—1
s T ; H('O(i)

el

b
Ce 5

(n)
e

where,
Q:E'),S[aa T] = Q:t,g[aa T]

Let 0z = (191_3%). For any n € N, we use the notation &§_ _[a, T to represent the Banach space of functions s
that possess continuous differentiability, with respect to the oberator 0z, on the interval J up to the (n — 1) order.
Additionally, the n-th derivative 63 of ¢ must be defined on the interval J and belong to the space & z[a,b]. In
formal terms, this can be expressed as:

o 0T ={p: T = R:05p€aT],i=01,...;n=1,0%p € C 5la, T},

with the norm

n—1

leles, =D I05elle + 155¢lle, 5
=0

Ile, . = 3 o 559
If n = 0, we obtain,
€S [a.7] = €. 5[a, 7). o

Definition 2.1. [18] Let v; > 0,9 > a,§ > 0 and ¢ € €, 3[a, T]. The Katugampola fractional integral 377!, ¢ of order
t1 is defined as

ett) = 5 [ " (1931;&) o). (22)

and the corresponding Katugampola fractional derivative 307 ¢ is defined as

5Dk e(¥) = 05 (5957 ¢) (9)

. (1915;;)” - / (%3) o) 23)

such that n = [t1] + 1, and d(r1) is Euler Gamma function.



4 H. CHAHDANE, N. ABADA, N. ARAR, N. ALGHAMDI, AND M. S. ABDO

Definition 2.2. [18] Given the order t; and the type vy satisfying v; € (0,1) and v € [0,1]. The H-K FD of the
[a,T

function ¢ € €1, z[a,T] with §F > 0, t =11 + to — tyvo defined by

T1,t2 ~t2(l—Tt1 — d —tg)(l—1y
(5DL7p) (9) = (sJﬁ(l )<?9S 1d19> Sl )<P> (¥)

= (3721(1_”)3@&) ©(0).

Proposition 2.3. An interpolator of the following fractional derivatives is 5©

HF — 1, (seef[l11]),

H-Ha § — 0", (see[13]),

generalized vo = 0, (see[15]),

Caputo vo =1, (see[18]),

R-Lvy=0,F — 1, (see[10]),

Havo =0, — 01, (see[16]), *
Cro=1,5—1, (see[10]),
C-Haty=1,5 — 07, (see/8]),
Liouville v = 0,F — 1,a =0, (see[10]),
Weylta = 0,F — 1,0 = oo, (see[12]).

Definition 2.4. [9] Let = and IT be two Banach spaces, and ¢ a definite application from = to values in IT. We have

e If © is both continuous and converts every bounded set in Z into a relatively compact set in I1, then ¢ is

completely continuous.

o If p(Z) is relatively compact in IT, then ¢ is a compact application.

Lemma 2.5. [9/(Ascoli-Arzela of type €1_. ;)

Let Q C € _ z[a, T]. We say that Q is relatively compact if the following conditions hold:

a) The set Q is uniformly bounded:
M >0, |p()| <M, YoeQ, 9€la,T].

b) The set Q is equicontinuous on [a,T]:

Ve > 0,30 > 0,|01 — ¥2] <& implie that (1) — p(¥2)| < €, V1,02 € [a,T], Yo € Q.

Theorem 2.6. [9] (Schaefer’s fized point theorem)

Let = be a Banach space and R : = — = be a continuous and compact application. If,

T ={\€Z:X=wh(N), for somew € [0,1]},
is a bounded set, then K has a fived point.

(2.5)

The following parameters are taken into consideration: The spaces are defined as follows: t; € (0,1), t2 € [0,1] and

t € [0,1), such that v = t; + vy —t1ts.
Q:iliirf%' = {90 € @1_t,g[ﬂ, T]?SQZ{#’Q@ € €1—t,3[av T]} )
and
leg =19 €€ 5[0, T], 30540 € €1 5[0, T]},

where D% and D¢, are the H-K FD.
Clearly,

¢ 50, T]C C;L’?S[a, T) C €_r 5[a,T].
Lemma 2.7. [12] If ¢ € € 5[a,T] and v1,t2 > 0, then
532 (5359) () = 53470 (9).

Lemma 2.8. [18] For v, >0, 3% is maps from Cla, T] into €[a, T].

(=)=
E)NE

(2.6)

2.7)
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Lemma 2.9. [18] Let t; > 0 and v € [0,1). Then 337, is bounded maps from & z[a,T] into €. 3[a,T]

Lemma 2.10. [18] Let 0 <a <T,v€[0,1) and p € & z[a,T]. If vy >t then 33} ¢ is continuous maps on J, and
we have

s3gve(a) = lim 530 (1) = 0. (2.10)
Lemma 2.11. [18] Let v > a, 33 and 3D ,as defined in definition 2.1. Then for v1 > 0, ta > 0, we have
5 a 5 a
T -5 to—1 -5 t1+ro—1
N e = , (.11)
¢ S o(t1 + 1) 5

and for vy € (0,1)

(@; (Vggag)n_j (¥) =0. (2.12)

Lemma 2.12. [18] Let t; € (0,1) and v € [0,1). If ¢ € € 5[a,T] and gjif%p € ¢.[a, T, then

~t1 g _ (Sji:rl QD) (a) 9% —af
(575450 0) (V) = 0 (V) = =5 ( §

Proof. The integration by parts is used in the proof and this choice

t1—1
) , WeJ (2.13)

2=0% ="l and dz= %gj}litlw(u)dy. (2.14)

Lemma 2.13. [15] Let vy > 0, v € [0,1) and ¢ € €.[a,T]. Then ;% (5354 ¢) () = p(9).

Lemma 2.14. [18] Let v € (0,1), va € [0,1] and vt = v + ta(l — v1). Assume that (9, u(V)) € €1_. zla,T] where
»x:J xR =R be a function for any u € & _ 5[0, T]. Ifu €& <[a,T], then u satisfies

§©:¢t2u(ﬁ) = %(ﬂvu(ﬁ)% (2.15)
$I1 7 u(a) = uo, (2.16)
if and only if the Volterra integral equation given below is satisfied by
-1 9 t1—1
o ﬁ&—aﬁ)t 1 / (193—”3) 51
u(¥) = —~ | ——— +— _ v (v, u(v))dv. 2.17
=55 ("3 o) fe \ B ) (217
Proof. see [18] O
Lemma 2.15. [18] Assume that vy € (0,1),v2 € [0,1], and v =1 +v2(1 —v1). If p € €], 5[a,T], then
530300+ = 504 5D P, (2.18)
and,
§D5 5T = 50y, (2.19)

For our Eq. (1.7) and (1.8), we now establish an important equivalent mixed-type Volterra FIE in the following
Lemma 2.16, which we will use later in the main result.
Lemma 2.16. [18] Let vt =ty + t2(1 —t1), where vy € (0,1) and va € [0,1]. If 2: T x R x R = R is a function such
that s(-,u(-), Ou(-)) € €1_¢ zla, b] for all u € €1_; z[a, T] and Ou(VI) = ff 09, v, u(v))dv.
A function u € €] <[a,T] is the solution of fractional initial value Eq. (1.7)-(1.8) if and only if u satisfies the
following Volterra integral equation

u(¥) = % <193§a3>t1 + @ /f (193%1/5)“1 S (v, u(v), Ou(v))dy. (2.20)
(&)
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Proof. We will prove the lemma in two steps: firstly, by demonstrating the necessity of condition (2.20), and subse-
quently by establishing its sufficiency.
e Step 1: Let u € €;_.[a,T] be a solution of problem of Eq. (1.7)-(1.8). We will prove that u is also satis-
fies Eq. (2.20).
By the definition of €%_ [a, 7], Lemma 2.9, and Definition 2.2, we have: 3.7 "u € €[a,T] and,

DL u = 05577 u € €1 5[a, T, (2.21)
which implies, gfiifu € C}ftﬁs[a, T]. Using Lemma 2.12, with v; = ¢t and the Eq. (1.8), we can write:
-1
Uo 193 — Clg ‘

T 50 u() = u() - — ) 2.22
Tps®beutt) = o) - 1 () (2:22)
where ¥ € J. By hypothesis, D%, u € €;_3[a,T]. Using Lemma 2.15 with t; = ¢ and the Eq. (1.8), we
have:

§Jar 3D u(¥) = 3374 5D P u(d)

= T4 (0, u(0)). (2.23)
Comparing Eq. (2.22) and Eq. (2.23), we see that
193: - r—1
u(d) = % (5’(1) + 530 #(0, u(9),0u()); YveJ (2.24)

Thus, u(¥) satisfies Eq. (2.20).
e Step 2: Let u € € _ [a,T] satisfying Eq. (2.20). We will show that v also satisfies Eq. (1.7).
Apply operator 3®¢ . on both sides of Eq. (2.20). Then, from Lemma 2.11, Lemma 2.15, and Definition 2.2,

we obtain:

sD5u(¥) = 592050, u(D), Ou(v)). (2.25)
By hypothesis, 0%, € €;_[a,T], then, the Eq. (2.25) implies that

§O () = 55T =Ty (9) = ;@20 T W) € ¢ [a, T (2.26)
As (-, u(")) € € _¢[a,T], from Lemma 2.9 , we have

30T @ [, T (2.27)

From Eq. (2.27) and Definition 2.2, we obtain:
IRy e el o, 7). (2.28)

~ta (1=
Jt2+( 1)

Applying operator §J and using Lemmas 2.12, 2.11, and 2.15, we have:

Jgi(lfrﬂ%w,u(ﬂ), Ou(®))(a) (193 _ ag)l—tg(l_tl)
o(t2(l — 1)) 3

s T § D u(9) = (9, u(9), Ou(v)) +
= 5Dy u(V)
= (9, u(9), Ou(d)). (2.29)
Thus, the Eq. (1.7) holds.
Next, we show that if u € €§__[a, T] satisfies Eq. (2.20), it also satisfies the Eq. (1.7).
To this end, we multiply both sides of Eq. (2.24) by gjijt and use Lemmas 2.11 and 2.7 to get:
$IL () = uo + 3T (0, w(9), Ou(v)) (2.30)
Finally, taking ¥ — a in Eq. (2.30), the Eq. (1.8) follows.



CMDE Vol. *, No. *, * pp. 1-15 7

3. PRINCIPAL OUTCOMES

Let’s articulate some fundamental assumptions necessary for establishing the existence of solutions to the given
problem.

(Hy) Let 0 : AXR — R, Qu(v) = ff 0(Y,v,u(v))dr be continuous, and there exists a constant ¢ > 0 such that
[Ou(9)| < olul.

(Hz) Let s a function from J x R x R into R, and there exist a function p € L'(J,R") and two continuous
nondecreasing functions ¢; : [0,00) — [0, 00) such that,

|2(9,u, )| < p(D) 1 ([ul)2(|ul),? € T (3.1)
with p* = supyc 7 p(?9). And we have if ¢ (u) = ¢1(|u])p2(o|ul),

* du ul (TS —a® o
/k o) oo, where k= o() (3) . (3.2)

Theorem 3.1. Suppose that hypotheses (Hy) and (Hz) are fulfilled. Then, the problem(1.7)-(1.8) has at least one
solution.

Proof. In view of Lemma 2.16 , an operator N : €;_, z[a,T] — €1_, z[a,T] related to the problems (1.7)-(1.8), is
defined by

—1 9 t1—1
U 193—c15>t 1 / (195—1/5) 5.1

Nu)(¥) = —= + v (v, u(v), Ou(v))dv. 3.3

v = o (©5 o (55 (v, u(v), Ou(v)) (33)
Notice that the problems (1.7)-(1.8) is equivalent to the fixed point problem: Nu(¢) = u(1),, where N is defined in
(3.3)

The proof will be presented in multiple steps.

where

Step 1: N is continuous.
Let u,, be a sequence such that u, — v in €;_¢ 3. Then for all ¥ € J,

§ (ﬁs—aff)lt 1 /19 <193—Vg)tllyg—1
[ S b(tl) a S

X |3e(vy un (V), Oup (v)) — (v, u(v), Ou(v))| dv

<(193—a%>“ 1 /ﬂ(ﬁ%—ﬂ)“1y3_1<u3—a@>‘1
o S b(tl) a S S

I/S: o Clg 11—t
( 3 ) x(V, un (V), Oup (V) — (v, u(v), Ou(v))

195 _ a{g 11—t
)

(V) (9) — (Nu)(9)) (

X dv. (3.4)

From Definition 2.1, we have:

o vs —a\ 1 D98 — s\ 5.1 vE — !
o (25 o (552 (25

Also, from Lemma 2.11, we have:

(ijf* (VS % a$>t_1> (¥) = b(tbl(i 9 (ﬂg § al?)nﬂ_l’ (3.6)
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So,
193:—(13 1—t¢ ﬂg—ag 1—t¢ 1 19&-—0.3 tytr—1
=i (5=)|=(557) s (5
B 1) (e (), ©un() = ), 00 e 7
which implies
T _aS\
IVt = Nuler_p < Blsen) (T2 ) gl un0): Bun () = ). BuD e 9

Since s is continuous, then Eq. (3.8) implies that [|[Nu, — Nullg, — 0asn — oo It implies that N is continuous.

Step 2: N maps bounded sets into bounded sets in €1_, z[a, T].
Actually, it suffices to demonstrate that for ¢ > 0, there exists e > 0 such that if

u€ B, = {u €€ o3la, T fJulle, . ; < g}, (3.9)
then | Nulle¢,_, ; < @.. Let u € B,. We have
98— a8\ Juol 1 98 =S\ 98 NPT o
|(Nu)(19) ( 3 > < o) + ) ( 3 ) /a ( 3 > v (v, u(v), Ou(v))|dv.  (3.10)
From (H;) and (Hz), we have:
|2(v, u(v), Ou(v)] < p(¥) 1 (Ju(v)])¢2(|Ou(v)])

< P é1([u@)) g2 (olu(v)]), (3.11)
then
(Nu)(9) (19S 3 a5>1t <3 i (19S 5 ag)lt > /19 (193 5 Vg>t11 VS i (Ju(v) ) ga(olu(v)|)dv
5 BECRETCTRNE AN b : |
(3.12)
From Definition 2.1, we have
ey, (VS —a® o 1 G L A g1 (VS —ab ot
[m ( - ) ] )= s, (s ) v ( - ) v, (3.13)
Also from Lemma 2.11, we have
o (VS —aS\T (v 95 — g8\ !
(m (=) ) M= seds () (3.14)

1—t
Since u € B: and v, € J, we have (ﬁ) < C and |u(v)| <<C. So

T g8\t u * T8\
o) (S55) s s (B5) Bl 6O)onlosC) (3.15)
Put ¥(cC) = ¢1(sC)¢pa(osC). Then, we have
F_g8\!" u * F_ad\ "
(Nu)(¥) (19 S“ ) < L(i)u bé’tl) (T . a ) B(r, e))w(sT). (3.16)
Thus,
s _ 3 1—v¢
o) (P25 < (3.17)
an
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So, HNU”&,,.@ < w,, where

We = M p* (Tg —a’
*ob(r)  a(n) 5

Step 3: N maps bounded sets into equicontinuous set of €;_, z[a, T'.
Let ¥ < 9 for ¥1,92 € J. For all u € B, such that B, = {u €& o500, 1] ulle,_, ; < g},

95 —al r_l_ 95 — as o
(Nu)(?%)( 3 > (NU)(792)< 3 )

t—1
§_ 48 U9, 8 8N\
1 (191 a) / (M) V@*lx(yvu(y)v@u(l/))dl/

) 1 B(t,t1)w(sO). (3.18)

- b(ﬁ) T 5

53\ e 05 om0
,b(il) (ﬁgga ) / (19238> V5 (v, u(v), Ou(v))dy

X
<
T

—

X
—~
X
<
—~
X
~—
©)
<
o~
X
= ~—
~—
U
X

IN

o
=
N
>
/-
A/~
P
=)
S
]
)
N————
ke
/N
<
=ca
e |
a
B3]
~_
T

|
N
<
oS
e |
<
)
~__—
-
|
/N
<
=)

(&5}
a
c
~
T
v

X
<
<
L
X
—~
X
g
—~
X
~—
@
g
"
X
~—
QU
=

1 M oo ﬁg_yﬁ tl_11/371 v,u(v), Ou(v))dv

The right part of the above inequality tends to zero as 1 — V5.

Based on the results of steps one through three and the Arzela-Ascoli theorem, we conclude that the operator N is
completely continuous.

Step 4: We will prove that the set T = {u € €1_, 3[a,T] : v = w(Nu),0 < w < 1} is a bounded.

Assume that v € T;u = w(Nu) for some 0 < w < 1. Then, for each ¥ € J, we have

< Jwl (T3 _ “g>tl + b(l ) /j (193 _ ”S>rll S oe(v, u(v), Ou(v))|dv

u(9)] =

o(v) 5 g 5
u S 3 t—1 9 &—Z/S t—1
< (555) s [ (555) A retstlwh
[
<kt [ S0 (3.20)

(&)
ENE
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Where

and

P(lu@)]) = ¢1(fu()])p2(ofu(D)))-

First of all, we calculate

T * T 35 5 t1—1
_ p T— 19 — UV
/u flwv)dv = 50 /a 51 (S ) dv

_ W/Td <_M>“d
“oe)(w) J, dv 3 v

__P'¥ (TS—ag)tl -
BECES)) 3 o0

Let’s examine the function p(19), which is defined by u(¥) = supyc s |u()].

If 9* € [a, 9] such that u(¥) = |u(9*)], and ¥* € J, from the previous inequality, we can write:

9
() < k+ / F@)e(lu))dv.

Let’s consider ¢(1) as the right-hand side of the inequality above. In other words, we define:
k, if ¥=na,
p(0) = )
k+ [y f@)e(lu@)))dv, 9eJ.
Additionally, by differentiating the two halves of the given equality, we get, for ¢ € 7,
¢'(0) = f(O) ().
By utilizing the non-decreasing nature of the function 1, we establish that
u(9) < @(¥)  implie that ¢ (u(?)) < (e (9)).

Therefore, we conclude:

©'(9)
iy =)

Integrating from a to ¢, if ¢ € J, we obtain

/aﬁ wfs/a(@))) = /aﬁ ).

By changing the variable to p(v) = ¢, we get

p(V9) dC 9 00£
Lses ) wes [ i

Hence, for all ¥ € 7, there exists a constant 1 such that

[u(@)] < p(@) < @) <n.
B8O
BE

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Thus,
Ts; _ a&r 1—r¢
oo <0 (T5) = (333)
Consequently, the set T is bounded. Hence, by Shaefer’s point fixed Theorem 2.6, we conclude that N has a fixed
point, which is a solution to the problem of Egs. (1.7) and (1.8). O

4. STABILITY ANALYSIS

For the problem of Egs. (1.7) and (1.8), let’s outline the definitions of Ulam-Hyers-Rassias stability (U-H-R)
requirements. Suppose ¢ € €;_ z[a,T] and € > 0 is a positive real number. We examine the ensuing disparities

|g©;l+’t22(19) —#(0,2(9),02(9))]| <e, VT (4.1)
3052 2(0) — (9, 2(9), 02(9))| < eC(0), V€T, (4.2)
l3D 4 2(0) — 2(0, 2(0),02(9)) < C(0), JeJ. (4.3)

Definition 4.1. [4] The problem of Eqs. (1.7) and (1.8) is said to be U-H stable if there exists a constant C' € R*.
such that for every ¢ > 0 and for every solution z € €;_, z[a,T] of the inequality (4.1), there exists a solution
u € €1_y z[a,T] of problem (1.7)-(1.8) such that

|2(9) — u(9)| < Ce, veJ. (4.4)
Definition 4.2. [4] The Eqgs. (1.7) and (1.8) is said to be generalized U-H stable with respect to f,, € €;_, z[a,T],

where f,.(a) = 0, if for every solution z € €1_, z[a, T| of the inequality (4.1), there exists a solution u € €;_, z[a,T] of
(1.7)-(1.8) such that

[2(9) — w(W)| < f.(e) veJ. (4.5)
Definition 4.3. [4] The Eqgs. (1.7)-(1.8)is said to be generalized U-H-R stable with respect to { € €;_, z[a, T}, if

there exists a real number C¢ > 0 such that for every solution z € €;_, z[a,T] of the inequaliy (4.2), there exists a
corresponding solution u € €;_. z[a,T] of (1.7)-(1.8)such that

|2(0) — u(9)| < CeeC(9), YIeJ. (4.6)
Definition 4.4. [4] The Eqgs. (1.7)-(1.8)is said to be generalized U-H-R stable with respect to ¢ € €;_,z[a, T, if

there exists a real number C¢ > 0 such that for every solution z € €;_, z[a,T] of the inequaliy (4.3), there exists a
corresponding solution u € €_. z[a,T] of (1.7)-(1.8)such that

|2(0) —u(9)] < C((W), VIed (4.7)

Remark 4.5. A function z € €_ z[a,T] is a solution of the iniquality (4.2) if and only if there exists a function
g € €1_, 5[, T] such that

a) [g(W)] < eC(¥), Ve,
b) §0:472(0) = (9, 2(9),02(9)) + g(¥), Ve J.

Remark 4.6. Let vy € (0,1). If z is a solution of the inequality (4.1) , then z is also a solution of the following integral
inequality:

12(9) — =0 (MYH - /f <M>tl_lVg_lz(u,z(y),@z(y))dﬂ <o I (4.8)

o)\ F b(v1) 5 Foo(n +1)
In this section, we provide the main result, the Ulam-Hyer stability theorem.
R 1 F_qa5\°
(H3) There exists a constant 93 > 0 such that O > 1, where [ = b0 £ 1) (b gﬁ) "
g\ t1—1
Now we put &' = k + k, where k is defined by (3.2) and k, = ZS)' (b‘?g“l ) L
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Theorem 4.7. Let’s assume that hypotheses (Hy) — (Hs) are satisfied, and there exists a function g(¢) that fulfills
the Lemma 4.5, where 9 € J and 2R + k' < g(9). Hence, the Eqgs. (1.7)-(1.8)is U-H-R stable, and consequently, it
is also generalized U-H-R stable.

Proof. Let z be a solution of inequality (4.2), and by Theorem 3.1, there exists a solution u to the problem:

O u(0) = 2(9, u(v), Ou(d)), (4.9)
gj}ljtu(a) = Up. (410)
Then, we have
uy (95 —a® ot 1 vr9s 8\ 3.1
u(9) = ) ( ) + ) /a ( 3 ) v (v, u(v), Ou(v))dy, (4.11)

t1—1 v1—1
1 9% — a8\ o
vS7 Y g(w)|dv + 7|z0| < >

5 (v, 2(v), ©2(v))| dv

5
()
(57)
+ 11) /uﬁ (198 g Vg)tl_l S (v, u(v), Ou(v))| dv + ol (19S — (13)“_1
(=)
(57)

o(r) ¥

o ' (M)“_lu@1p<u>¢1<|z|>¢2<a|z<u>>du

v p(v)dr(u(@)]) b2 (o Ju(v)|)dv

IN

5

- ) (bs—ag)“+p*¢>1<|z|>¢2<o|z|> (b@—a@)“
~o(rr + 1) 5 o(ty +1) 5
L Pl da(o fu) (bg - ug)“ | luol + |z0] <b3 —ag)“_l. (4.12)
o(c; + 1) 3 0] 3
Let [ = m (%)n Now, applying Lemma 4.5 and (Hj), we obtain:

2(9) = w(W)| < 1eC(9) + Ip* ¢ ([2])Pa(o |2]) + 1p" dr (Jul)2(o [ul) + #
< le¢(d) + g(d)

< Cee((¥); Ce=1+1 (4.13)
Consequently, U-H-R stability is established for Eqgs. (1.7)-(1.8). Similarly, it can be demonstrated that the problem
represented by Egs. (1.7)-(1.8)being U-H-R stable implies general stability. O

5. APPLICATION

Example 5.1. Consider the IDFEs by H-K DF

1 u? |u| + 2 v 4 -1
<D () = — (¢ —1)2 / Zexpz ™ _1)dy, 9eT=(01], 5.1
D5 ul0) = (0 - 1 (o + 12 [ (Few v, 9e=(01] (5.1)
gj()l:ru(O) = ug, T=1] Fty — ity < 1, (52)

where ug = u(0) =0, v; = %, tg = %, andt:%

s<(9, u(0), Ou(d)) = %9(19 —1)2 ( W el 2) /019 <;1 expz ) 1) dv (5.3)

1+ |ul 3+ |yl
B8O
BE
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Hence,
% _ % 1 9 U2 |u| +2 v 4 _Tlu(u)
93 5¢(9, u(¥), Ou(d)) = 9+ E(ﬁ -1) (1 Tl + Ty |u|> /0 (3 exp —1) dv € €0,1] (5.4)
So, %('7u(")7 QU()) € Cl*tﬁ [07 1]
e (H;) is satisfied, indeed
V4 o 2
Ou(v)| = —exp2 ") —1) dv| < = |u(¥)]. 5.5
oul=| [ (Gew Y < 2 () (5:5)
e (H>) is satisfied, indeed
1 2
[se(w, u(9), Ou(@))| < 750 = 1)*(jul + D)3 ul, (5.6)
where p(¥) = 15(9 — 1)2, ¢1(u) = u+1 and ¢o(ou) = 2u. For 1(u) = ¢1(u)p2(ou), we have

< du
/O S = . (5.7)

e (Hj3), We can show that W > 1 where [ ~ 1,15 implies that R > 23,40. Further, by choosing g(¥) =
19

18¢(?’+1” and M = 24, then we have 2R < g(¥9), for all ¥ € (0, 1].
Using ((9) = e +1)” as our initial value, we can obtain C¢ ~ 2,15. So, by Theorem 4.7, the problem
of Egs. (5.1)-(5.2) is U-H-R stable and also generalized U-H-R stable over [0, 1].

Example 5.2. Consider the IDE by H-K DF

S5 () = W /0 ’ (ﬁllu(u)l . 1) dv, 9e€J =01, (5.8)
5307 u(0) = uo, t=1p g -ttt <1, (5.9)
where ug = u(0) =0, vy =3, o =%, and v = 2
9% 52(0, u(9), Ou(9)) = é% /019 ( )l ) dv (5.10)
So,
s ul-), Ou()) € oo [0, 1] (5.11)

1
e (H,) is satisfied, indeed |Qu ()| < 3 |u()] .

e (H,) is satisfied because, we have

|52(0, u(9), Ou(?))| < p(F)d1(|u(I)])d2(|Ou(?))), (5.12)

such that

p0) = g O () =@ P oa(Ou @) = hu(o)]. (513)
50 du

For ¢(u) = $u®, we have [;
that the problem of Egs. (5. 8) (5 9) has a least one solution u € €;_ 5[0, 1].

= 0o. Thus, the satisfaction of each requirement in Theorem 3.1 indicates

(&)
ENE
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6. CONCLUSION

The results of this work shed important light on the existence and Ulam-Hyers-Rassias stability of solutions to
integrodifferential equations involving the fractional derivative of Hilfer-Katugampola. We have established the exis-
tence and stability results for the current problem using Schaefer’s fixed point theorem, which is further supported by
illustrative examples. These discoveries pave the door for more investigation into the stability features of fractional
differential equations and their applications in mathematical analysis.
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