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Abstract ( )
The Fitzhugh-Nagumo model (FNM) is essential for explaining how electrical signals travel through excitable
material, such as nerve fibers, and how impulses are transmitted from the nerves. So, the key purpose of this
article is to investigate a nonlinear transmission of the fractional order FNM using a computationally efficient
analytical approach named the modified generalized Mittag-Leffler function method (MGMLFM). A more realistic
formulation of the FNM with memory effects and non-local behavior has been obtained by generalizing it using
the Caputo fractional operator. Furthermore, we study special cases derived from this fractional FNM that lead to
other famous equations such as the fractional Newell-Whitehead model (NWM) and the fractional Zeldovich model
(ZM). The MGMLFM approach to solving general fractional partial differential equations (FPDEs) is described.
Additionally, the convergence and error analysis for this method are demonstrated. We illustrate the behavior
of the approximate solution using graphical representations for varying values of the fractional operator o which
converges to the exact solution when o« = 1. Additionally, the MGMLFM approximate values are contrasted with
the known precise values in some tables which are exactly consistent with it when o = 1, as well as, we compare
the estimated absolute error from MGMLFM with other published methods under the same circumstances which
is found to be much lower than comparable methods. The findings show the MGMLFM’s effectiveness and
advantages, which include its easily calculable components, direct implementation of the problems, satisfactory
approximate solutions, small absolute error, and no need for linearization, perturbation, or transformations. So,
the MGMLFM is a useful instrument for determining the outcomes of any more nonlinear problems that may arise
in science and engineering.
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1. INTRODUCTION

The FNM is a nonlinear partial differential equation used to interpret many significant applications in applied
mathematics, biology, physics, engineering and neuroscience areas such as the transmission of nerve impulses, circuit
theory, the transmission of thermal energy in thermodynamics, and population genetics [15, 19, 27]. Since its first
introduction by Fitzhugh [14], the classical form of FNM is presented as

OU (x,t) O*U (x,1)
ot 0x?

where 7% (x,t) indicates the transmembrane potential and ¢ is arbitrary constant. If 6 = —1, Eq. (1.1) transforms into
the following classical NWM

— U (2, t)(1 — U (2, ) (% (z,t) — §) = 0, (1.1)

ou (x,t) O?U (x,t)
ot Ox?

— U (v, t) + U3 (x,t) = 0. (1.2)
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Also, when § = 0, Eq. (1.1) transforms into the following classical ZM

OU (x,t) O?U (x,t) B
ot Ox?

The FNM has been extensively researched by many researchers [3, 8, 13, 30, 31].

In recent years, arbitrary order calculus or fractional calculus (FC) has been employed in many fields, including
fluid dynamics, wave propagation equations, heat transfer, ocean circulation, etc. [1, 5, 23]. The FC is considered
a generalization of integer order calculus [29]. The main goal of fractionalizing the order of differential equations is
to leverage the feature of fractional-order derivatives to demonstrate memory effects. Where FC takes into account
patrimonial aspects, system memory, and non-locality, all of which are essential for modeling real-world applications
[4, 9]. The FC was developed with the help of world-renowned thinking mathematicians such as Euler, Fourier,
Liouville, Lagrange, Riemann, Caputo and many others [20, 29]. However, the Caputo fractional derivative (CFD) is
most widely used and significant among other fractional operators in representing many real-world applications because
of its smoothness, satisfaction of the convolution theorem, and consistency with initial conditions. In addition, the
CFD has favourable mathematical properties, such as linearity, compliance with initial conditions, and an intuitive
physical dimension interpretation. Also, it offers a more intuitive and localized representation of fractional dynamics.
Thus, it has a local character that makes it easier to understand and apply in a variety of scientific and engineering
contexts. FC has recently become more popular and attracted the attention of many researchers because of its many
uses in various science and engineering fields [2, 10].

Recently, partial differential equations (PDEs) have been used to model most physical phenomena and various
applications in engineering and scientific areas [7, 16, 18, 21, 22, 24,25, 28, 32]. The FPDEs are the name given to
these PDEs with FC. Many researchers have been interested in FPDEs, and as a result, they have presented a variety
of papers in that area and modeled complex real-life problems using nonlinear FPDEs [6, 11, 12]. The fractional order
model (FOM) is characterized by the fact that it can be used at any stage and does not depend on the current state
but on all historical states, in contrast to the integer-order models which depend only on the current state. It is also
seen as a vital tool for predicting the future and describing the behavior of phenomena, and it is more effective in
describing memory and hereditary properties than classical models. These are just a few of the important implications
and advantages of using FOM.

Motivated by those aforementioned above, the objective of this work is to generalize the classical FNM Eq. (1.1) and
its other special cases Egs. (1.2) and (1.3) into time-fractional order. Furthermore, we discuss approximate solutions
that are obtained in a reliable analytical method called MGMLFM. The mathematical framework of the suggested
problems is provided as:

e the time-fractional FNM

U3 (x,t) + U3 (x,t) = 0. (1.3)

o 02U (x,t
oo ety =D )1 - ) (1) - ), (1.4
o the time-fractional NWM
o O*U (x,t
copar ety = 08D a0 - ), (15)
e the time-fractional ZM
2
6D U (w,t) = %ﬁf’” + U3 (2, t) — U3 (2, t). (1.6)
where §D is CFD with order « € (0, 1], subject to initial condition
U (x,0) = U(x). (1.7)

This paper is innovative because it offers a trustworthy analytical technique, MGMLFM, for investigating the
approximate solution of the time-fractional FNM Eq. (1.4) and its other special cases Egs. (1.5) and (1.6) under
appropriate initial condition Eq. (1.7). Moreover, we present in tabled data a comparison between the acquired
approximate values at a = 1 and recognized exact values, which demonstrate a complete agreement between the
MGMLFM solution and the associated exact solution. To further elucidate the sufficiency and eligibility of MGMLFM,
an
BE
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we offer a comparison between the MGMLFM absolute error and other published methods under the same conditions
published in [3, 13] such as conformable Sumudu decomposition method (CSDM), homotopy perturbation method
(HPM), fourth residual power series (FRPS) and modified Taylor series technique (MTST), which turns out that the
absolute error resulting from our method is much lower than that of comparable methods.

The remainder of this study is structured as follows. Essential preliminaries for FC are introduced in section 2,
which helps us continue this research. Two subsections make up section 3: subsection 3.1 explains the general analysis
of the suggested method, while subsection 3.2 proves the convergence theorem and discusses absolute error analysis.
Section 4 is devoted to applying the proposed method to solve the time-fractional nonlinear FNM with appropriate
initial conditions (ICs) at three different value of § to give the previous cases presented in Eqs. (1.4), (1.5), and
(1.6) which are explained in the subsections (4.1), (4.2), and (4.3), respectively. Additionally, we present a numerical
simulation of the outcomes in figures with different fractional values, along with tables that allow comparisons between
these solutions with the exact solutions and established techniques in these three subsections. The results of this study
are concluded in section 5.

2. PRELIMINARIES
Some fundamental ideas and terminology are provided in this section to help further this study (see e.g. [9, 29]).

Definition 2.1. The definition of the Riemann-Liouville fractional integral is

1 t a—1
= [, (t — F(x,)dC, >0,
oIOF (z,t) = { T@ Jot=0) (2,Qd¢, @
F(x,t), a=0.
Definition 2.2. For the absolutely continuous function .#(x,t), the CFD is provided as
1 t n a—19"Z(z,¢) : .
= [, (t — = d f ae(n—1,n;neN,
6D F (x,t) =S piz ) o o 46 y (n=Lnlin
L7t if a=n
atn ) N
Theorem 2.3. Assuming

6D oI F (w,t) =

(x,t) is a differentiable function, then

(l‘,t),

n—1
T (e, ),
a Crya _ ’
oL oDy F (x,1) = F(,t) — ;::o I h:OE'

F
F

Definition 2.4. Suppose that the two-parameter Mittag-leffler function .#(-) is recognized by

Mas(t) = 1“(%}@4—[3)7 @, >0, (2.1)

~k=0
when 3 = 1, the notation for it’s ., (t).
Lemma 2.5. The CFD of #,(Xt*) is specified by
oo /\n+1tna
— I'(na+1)

o0

D M (M) = = Ao (NY). (2.2)

Theorem 2.6. [35] Let A (-) is a nonlinear operator for the function F(X,t) =~ 0" F.(X,t), is supplied by

/(?):Ti(n‘ on" { (ZUKJ )L_o) "

3. THEORETICAL ANALYSIS OF THE MGMLFM

There are two subsections in this section. The first offers a general solution for nonlinear FPDEs with the MGMLFM
method. The investigation of absolute errors of the proposed method and the convergence theorem are discussed in

the second part.
an
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3.1. Analysis of MGMLFM. Here, we demonstrate the MGMLFM algorithm used to solve general nonlinear
FPDEs.

§DPF (X,t) = L(F(X,1) + N (F(X,1)), (3.1)
with ICs
F(X,0) = (%), (3.2)
Fy gl
where 7% = =% , X =[x %2 X, n,m €N H(X) = 2 , Z and A are linear and nonlinear operators,
. o
respectively.
The MGMLFM imposes that the solution of Eq. (3.1) is given in the following form
T (X, 1) = G (X) Mo (M) Z% 1rkk11)
fhor
Fo(X,1) = Go(X) Mu(Not™) Z% Agm (3.3)

tkoz
Fm(X,t) =9, w(Amt®) Y, —_—
(X,1) = G ()4, Z T
where A1, -, A, are unknown factors and {%, -+, 9, are supportive functions satisfies % = 54, -+ , %, = H;,. We

can rewrite Eq. (3.1) as follows by applying Lemma 2.5 and Eq. (3.3).

ka tk:a

k+1 _
Z% A Fk: 5 32% ka e +</VZ% mr(k +1)) (3.4)
Thus, the Z(-) is expressed as
a
L(F(X,1)) Z ]m+ T )’ (3.5)
where w is fixed.The .#'(-) may be expressed using He’s polynomials [17, 26] and Theorem 2.6 as follows
) k—1
N(F (X, 1)) = N (H(X) (A )+ (N Fix 1) = A (D Fi(x 1)) (3.6)
k=1 1:0 i=0

Using Eqs. (3.5) and (3.6) into Eq. (3.4), we find a recurrence relation to get the coefficients A,,. Then, the general
solution of Eq. (3.1) is thus obtained.

3.2. Analysis of convergence and error. In this segment, we explain the convergence of the solution Eq. (3.1)
and error analysis for the suggested method, while the solution’s existence and uniqueness for the suggested model
have been addressed in [8].

Theorem 3.1. Let F = .Z(X,t) is belongs to a Banach space B. Then, the series approzimate solution specified in
Eq. (3.1) is convergent if

| Fi1ll < w||Zull, VF,€B; neN,
where w is a constant that satisfies w € (0,1).

Proof. The proof of this theorem is the same manner in [8, 30]. |

(=)=
E)NE
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Theorem 3.2. If we have a constant w € (0,1) such that || Fpn41(X,1)]| < w||Zn(X, )|, ¥n € N. Furthermore, if the
truncated seriesy . —oFn(X,1) is regarded as an approzimate solution of Eq. (3.1), then the maximum absolute error
is presented as

m m+1

w
Fo(X,t
=Y A< max R0

n=0

Proof. Using Theorem 3.1, we have

m+1

S — Fmll <

Fo(X,t
T (e | Fo(X, )]

Let &, =Y F(X,t) for m — oo, then .7, — Z(X,t), consequently
+

17 (%, 8) — Tl = |2 (X, 1) Zgz (x,1)| max | Fo(X,1).

w (X,1)eN

Next, the maximum possible absolute truncation error is assessed as

Zﬂ’ (%,1)] max |.%(%,1)),
— W (X,t)Ew

the theory is proven. O

4. APPLICATION AND RESULTS

4.1. Applying the described method to fractional FNM Eq. (1.4) when 6 = —1. In this part, we consider
Eq. (1.4) when 6 = —1 (i.e, fractional NWM) [3], therefore the Eq. (1.4) is given as

O?U (x,t)

SDEU (x,t) = oz T X (@) - U3 (x,t), (4.1)
and the initial condition Eq. (1.7) is provided as
U (x,0) = Uy(z) = 2(1 + tanh( ‘[””)) (4.2)
The exact solution of Eq. (4.1) when a = 1 is specified as
1 2
%(a,t) = 51 +tanh(@)). (4.3)

As per the MGMLFM procedures, the solution of Eq. (4.1) is presumed by

na

U (x,t) = G(x) Mo ALY) Z G (x (4.4)

I'(na+1)’

where ¢(z) is auxiliary function such that 4(x) = %y(x) and A is unknown factor. Utilizing Lemma 2.5 and Eq.
(4.4), we have

& tne

O* (U A™)
nt+l 0 7 n 3 np 1 = 4.
nz::o [%A o~ %A + U C T (no+ 1) | & o) 0, (4.5)
where
kg n k‘l k‘l k2
Z Z ARATRA . (4.6)
Py o I'(kia+1)T((n — k1)a+ )T (k1 — k2)a + 1)
From Eq. (4.5), the recurrence relation is presented as
& (Up A™ n n
= T | Y A" — UFCT (na + n @7

)
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By using Eq. (4.2), A =1andn =0,1,2,---, we get

2(—L(tanh(535) + 1)° + L(tanh(5%5) + 1) — & tanh (525 )sech® (525))
A= tanh(Qf) +1 ' (4.8)

) 79(1+2cosh(\/§))tanh(f)sech2(%)9tanh(\@)sech2(\[) 9tanh(%)sech2(%)
)

8(2cosh(v/2) — 1)3(tanh(ﬁ) -1) 8 — 8 tanh(v/2) 8(tanh(f) -
B 9 tanh(2v/2)sech?(2v/2) B 9 tanh(2v/2)sech?(2v/2) B 9tanh(\5f)sech2(ﬁ) (4.9)
8(tanh(2v/2) — 1) 8(1 + tanh(2v/2)) 8(1+ tanh(T)) '
- 9(1 + 2 cosh(v/2)) tanh(%)sechz(%)
8(2cosh(v/2) — 1)3(1 + tanh(%)) 7
27 x  2(cosh(J5) +tanh(355) —1) (20 +1)
A = @SQCh4(2ﬁ)( tanh(;25) . T2 (4.10)

Thus, the remaining coefficients can be obtained by substituting different values of n. Therefore, the solution to Eq.
(4.4) can be given in the form of the following power series:
Wiat) = A+ e T T

@, 8) = UA + A ey T A e A TEa g
The following figures and tables offer the numerical simulation of these theoretical results. In Figure 1, we exhibit the
behavior of approximate solution gained by MGMLFM at « = 1 for % in Eq. (4.1), and compare it with the exact
solution in Eq. (4.3) through 2D and 3D to evaluate the accuracy and usefulness of the suggested method. We note
that when o = 1, the approximate solution is consistent with the exact solution. Also, as we increase = and t, we see
that the solution behavior for % increases. In Figure 2, we display the effect of different values of « on the behavior
of the approximate solution in 2D and 3D plots. In 2D graphs, we keep z = 8 and show the behavior of % with ¢,
also, we set t = 0.5 and plot with x. We can observe that the solution of % increases smoothly as the fractional values
a decrease.

In Table 1, we present numerical values obtained by our method compared with numerical values of the exact
solution as well as a comparison of the evaluated absolute errors for problem (4.1) between our technique and the
CSDM published in [3] at different values of  when a = 1, ¢ = 0.02, and ¢ = 0.07. In Table 2, we offer a comparison
study of assessed absolute errors for % between our method and MTST published in[13], at different values of  when
a=1,t=0.1and ¢t = 0.5. In Table 3, we provide another comparison study of assessed absolute errors for % between
current results and MTST published in[13], at different values of x when a =1, t = 0.2 and ¢ = 0.8.

From the tabular results, it is clear that there is a high degree of agreement between the obtained solutions by
MGMLFM and the exact solution presented. Furthermore, when compared to other previously published approaches,
the absolute error calculated by MGMLFM is better and extremely minimal. We attest to the precision and effective-
ness of the employed approach and suggest it as a useful tool for resolving further scientific applications represented
by FPDEs in diverse scientific domains.

4o (4.11)

4.2. Applying the described method to fractional FNM Eq. (1.4) when § = 0.75. In this part, we consider
Eq. (1.4) when § = 0.75 [3], therefore the Eq. (1.4) is given as

2
SDEU (x,t) = 0 62;(;: ot _ Z%(x,t) + Z%Q(x,t) — U3 (x,t), (4.12)
and the initial condition Eq. (1.7) is provided as
1
U(x,0) =%(r) = ————- (4.13)

(=)=
E)NE
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FIGURE 1. The behavior of the approximate solution in problem 4.1 when o = 1 and exact solution
for % (z,t) in three and two dimensions.
TABLE 1. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.1 and a comparison of the absolute error with CSDM [3] at distinct values of z when o = 1, t = 0.02
and ¢t = 0.07.
t=0.02 t =0.07
v Exact MGMLFM CSDM error ~ MGMLFM Error Exact MGMLFM CSDM error  MGMLFM Error
0.05 0.516333 0.516333 1.11929%x10~%  3.48495%x 10~ 10 0.535031 0.535031 4.75469x107° 7.1145x1078
0.10 0.525156 0.525156 1.11497x107%  6.44521x10~1° 0.543815 0.543815 4.73493x107°  1.15354x10~7
0.15 0.533964 0.533964 1.10789x10~% 9.37136x10~1° 0.552571 0.552571 4.70361x107° 1.58953x10~7
0.20 0.542751 0.542751 1.09809x107% 1.22481x107° 0.561295 0.561295 4.66091x107° 2.01715x10~7
0.25 0.551511 0.551511  1.08563x10~° 1.50605x10~° 0.569982 0.569982  4.60706x107° 2.43422x10~"
The exact solution of Eq. (4.12) when a = 1 is specified as
1
U(x,t) = —————. 4.14
0=y (414)
In the same manner as in the analysis of problem (4.1), the recurrence relation of Eq. (4.12) given as
(U A™) _ 3 7.2 3
An+ S — SUA™ + (U LT (na + 1) — %3 C™T(nac 4 1) (4.15)
4 ’
an



H. MOHAMED ALI

FIGURE 2. The behavior of approximate solution for % (z,t) problem 4.1 at « = 0.9,0.8,0.5 in three
dimensions as well as two dimensions with x at ¢ = 0.5 and with ¢ at z = 8.

TABLE 2. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.1 and a comparison of the absolute error with MTST [13] at distinct values of  when v = 1, ¢ = 0.1
and t = 0.5.

t=0.1 t=0.5

Exact MGMLFM  MGMLFEFM Error  MTST Error Exact MGMLFM MGMLFM Error MTST Error

-10 0.000985 0.000985803 1.29747x10~ 1% 1.81907x1078 0.001794 0.00179457 2.20492 x10~" 1.28995% 1077
-8 0.004042 0.00404245  4.40827x 107! 7.04021x10~8 0.007341 0.00734069 7.32639x10~7 5.03538 x10~°
-6 0.016420 0.0164209 4.76152x10~ 11 1.61065x 107 0.029522 0.0295218  5.50836x 10" 1.62080x 1074
-4 0.064258 0.0642584 8.91485x10=1°0 4.24470x10~6 0.111211 0.111227 1.59214x10~° 3.41467x107°
6 0.987783 0.987783 5.18448x 10~ 11 3.02488 %10~ 0.993258 0.993259 8.98414x10~7 7.67840x1073
8 0.997002 0.997002 4.27119x 10~ 11 7.73833%x107° 0.998353 0.998353 6.26366x10~7 1.97000x10~3
10 0.999270 0.99927 1.24604x10~ 11 1.90502x107° 0.999599  0.999599 1.80122x10~7 4.85362x10~4

TABLE 3. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.1 and a comparison of the absolute error with HPM [13] at distinct values of  when o =1, ¢ =10.2

and t = 0.8.
. t=0.2 t=0.8
Exact MGMLFM MGMLFM Error HPM Error Exact MGMLFM MGMLFM Error HPM Error

-10 0.001145 0.00114516 8.47669x10~ 10 4.09642x107° 0.002811 0.00280798 3.95024x10~° 3.36424x10~%
-8 0.004693 0.00469358 2.86584x10~° 1.64667x10~° 0.011465 0.011453 1.28387x107° 1.34099x 1073

-6 0.019027 0.0190278  2.88383x10~° 6.15644x 1075 0.045536  0.0455306  5.627x10~° 4.84162x1073
-4 0.073889 0.0738893  5.9072x1078 1.67637x1074 0.164046 0.164337 2.91138x1074 1.13031x 1072
6 0.989467 0.989467 3.4287x107° 5.39335x 1075 0.995691  0.995706 157108%x1075 2.86839x1073

8 0.997419  0.997419 2.69056x107° 1.42325x107° 0.998949  0.998959 1.00245x107° 7.47603x1074
10 0.999371 0.999371 7.81804x 10710 3.52926x 1076 0.999744  0.999747 2.85821x1076 1.84838x10~*
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where

b kzzo I(ka+ 1)I((n = k)a+1)’ (4.16)

and C™ as presented in Eq. (4.6). Using Eq. (4.13), A =1and n =0,1,2,---, we have

S

e 1.75 vz —V2z 1 0.75
-Al = (6 V2 + 1)( _z_ - _ei + _ei - _ T T o= )7 (417)
(e Vva+1)2 2e V2412 (e V2412 (e V2412 e v2+1
00625 +0.0625¢ V7 — 0.0625¢ 5 — 0.0625¢2*
— —
(1. + e%)

3 _ .
A (1. N eﬁ)ﬁf(a N 1)2, (4.19)

A? : (4.18)

where

i = (—0.203125¢ V3 + 0.21875e V5 — 0.015625¢ 2 — 0.15625¢Y2" + 0.17187562Y2* — 0.015625)T (v + 1)2
x = z \ 2
— 0.078125¢ 72 (m% - 1.4) (1. + 1.eﬁ) I'(20+1).

We can find other coefficients in the same way, and substituted into the following power series to obtain the approximate
solution:

te 9 t2a 3 t30¢

(a+1) A I'2a+1) A F3a+1) o) (4.20)
The numerical simulation of this case is presented in the next figures and tables. In Figure 3, we compare the solution
of  in Eq. (4.12) gained by MGMLFM at o = 1 with the known exact solution given in Eq. (4.14) through 2D
and 3D in order to present the accuracy and efficiency of MGMLFM. We observe that when o = 1, the approximate
solution converges to the exact solution. Also, by increasing = and ¢, the behavior solution of % increases. In Figure
4, we show the impact of various values of « on the behavior of the approximate solution in 2D and 3D plots. In 2D
graphs, we keep z = 0.5 and show the behavior of % with ¢, also, we set t = 0.05 and plot with . We observe that in
the case of plotting with z, the solutions are close for different o values. On the contrary, the difference is very clear
between the solutions when plotting with ¢ for different o values. In both cases, we notice that the behavior of the
solution increases smoothly with the decrease in the fractional « values.

In Table 4, we offer numerical values obtained by MGMLFM compared with numerical values of the exact solution
as well as a comparison of the evaluated absolute errors for the problem (4.12) between our method and the CSDM
published in [3] at different values of x when o = 1, ¢ = 0.01, and ¢ = 0.05. The tabular data clearly shows that
the approximate solutions produced by MGMLFM and the exact solution that is displayed have a high degree of
agreement. Additionally, when compared to other previously published approaches, the absolute error calculated by
MGMLFM is extremely minimal, which demonstrates the accuracy and effectiveness of our method in solving FPDEs
compared to others.

U (x,t) :%(A°+A1F

4.3. Applying the described method to fractional FNM Eq. (1.4) when ¢ = 0. Here, we consider Eq. (1.4)
when 0 = 0 (i.e., fractional ZM) [3], consequently it’s identified as
O*U (x,t)

OCDf‘@/(x,t) = 7 + %2(1'7?5) — 62/3($,t), (421)

and the initial condition Eq. (1.7) is provided as
1 1 \/iac

U (x,0) = U(x) = 3 + 3 tanh( 1 ). (4.22)
an
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0.7
Uexact(x,t) 0.6 1.0

U(x.t)

FIGURE 3. The behavior of approximate solution in problem 4.2 when o = 1 and exact solution for

% (x,t) in three and two dimensions.

TABLE 4. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.2 and a comparison of the absolute error with CSDM [3] at distinct values of z when o = 1, ¢ = 0.01

and ¢ = 0.05.
t=0.01 t=0.05
Exact MGMLFM CSDM error MGMLFM Error Exact MGMLFM CSDM error MGMLFM Error
0.05 0.509721 0.508213 7.48392x10~3 1.5084x10~3 0.513255 0.505714 7.48392x10~2% 7.54156x10~3
0.10 0.518553 0.517046 7.5053x1073 1.50697x 103 0.522083 0.514549 7.5053x107%  7.53415x1073
0.15 0.527373 0.525868 7.52205x107% 1.50461x10~3 0.530897 0.523374 7.52205%1072  7.52205x1073
0.20 0.536176 0.534675 7.53415x107% 1.50131x10~3 0.539691 0.532186 7.53415%1073  7.5053x10~3
0.25 0.544956 0.543459 7.54156x1073  1.49709%x10~3 0.548461 0.540977 7.54156x1073  7.48392x1072
The exact solution of Eq. (4.21) when a = 1 is specified as
1 20+t
U(x,t) = 5(1 + tanh(\/_T)).

(4.23)

Similar to how the problems analysis (4.1) and (4.2) were conducted, the recurrence relation of Eq. (4.21) is
provided as

(=)=
E)NE

O (UA") | ULL'"T (noc + 1) — %EC™T (na + 1)

AnJrl — dx2

)

)

(4.24)
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FIGURE 4. The behavior of approximate solution for % (z,t) problem 4.2 at o = 0.9,0.8,0.5 in three
dimensions as well as two dimensions with x at ¢ = 0.05 and with ¢ at = = 0.5.

where L™ as Eq. (4.16) and C™ as Eq. (4.6). Using Eq. (4.22), A° =1 and n =0,1,2,---, we have
2(——(tanh(2\[) +1)3+1 (tanh(%[) +1)% — tanh(Qf)sechQ(ﬁi))

Al = Th(5) 1 : (4.25)
) sinh*( f)cschg(f)

L h(%”l ) (4.26)

e sech4(%)(2F(a + 1)?(cosh(75) + 3tanh(;%5) — 1) — I'(2a + 1)(3tanh(;25) + 1)) (4.27)

641 (a + 1)*(tanh(575) + 1)

To get the approximate solution, we can obtain further coefficients in the same manner and substitute them into the
power series that follows:
Wot) = (A + A=t e e P (4.28)
B T(a+1) C(2a +1) T(3a+1) ' '
The simulation of these results is presented in the following plots and tables. In Figure 5, we compare the exact
solution in Eq. (4.23) in 2D and 3D with the behavior of the obtained solution by MGMLFM at o = 1 for % in Eq.
(4.21), to assess the precision and utility of the proposed approach. We observe that the approximate solution and
the exact solution are consistent when o = 1. Additionally, we observe that the solution behavior for % grows when
we raise x and t. We show how different choices of a affect the behavior of the approximation solution in 2D and 3D
plots in Figure 6. In 2D graphs, we set ¢ = 0.5 and plot with =, and we maintain x = 5 to demonstrate the behavior
of % with t. As the fractional values o drop, we can see that the solution of % grows gradually.
In Table 5, we provide the numerical values acquired by our method for problem 4.3 along with numerical values
of the exact solution Eq. (4.23). Also, a comparison for evaluated absolute errors between MGMLFM with FRPS

(&)
ENE
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Uexact(x,t)
0.5

F1GURE 5. The behavior of approximate solution in problem 4.3 when o = 1 and exact solution for
% (x,t) in three and two dimensions.

TABLE 5. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.3 and a comparison of the absolute error with FRPS [13] at distinct values of  when oo =1, ¢ = 0.5

and t = 1.5.
t=20.5 t=1.5
v Exact MGMLFM MGMLFM Error FRPS Error Exact MGMLFM MGMLFM Error FRPS Error

-8 0.004465  0.0044657  9.54777x10~1° 3.47646x10~10 0.007341 0.00734069 7.32639x 10" 1.09671x107%
-6 0.0181167 0.0181167  9.84808x10~1° 2.12363x 1078 0.029522 0.0295218  5.50836x 1077 6.31389x10~7
-4 0.0705398 0.0705398  1.95568x10~8 8.71566x10~7 0.111210 0.111227 1.59214x107° 2.09979x10~°
4 0.955994  0.955994 1.73759x 1078 1.47459%x107° 0.972839 0.972828 1.12293x107° 3.55260x10~*
6 0.988933  0.988933 1.13647x107° 1.47787x1076 0.993258 0.993259 8.98414x10°7 4.39392x1075
8 0.997287  0.997287 9.05841x 10710 9.95126x 1078 0.998353 0.998353 6.26366x10~7 3.13930x10~¢
10 0.999339  0.999339 2.63554x 10710 6.07206x10~° 0.999599  0.999599 1.80122x10~7 1.94396x 107

method published in [13] at various values of  when @ = 1, ¢ = 0.5, and ¢ = 1.5. We provide a another comparison
study of assessed absolute errors for % between our method and MTST technique published in [13], at different values
of x for a =1,¢t=0.1, and ¢t = 0.5, in Table 6. Moreover, another comparison study of assessed absolute errors for %
between current results and HPM reported in [13] is presented in Table 7, at various values of  when o = 1, t = 0.2,
and t = 0.8.

(=)=
E)NE
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FIGURE 6. The behavior of approximate solution for % (z,t) problem 4.3 at « = 0.9,0.8,0.5 in three
dimensions as well as two dimensions with x at ¢ = 0.5 and with ¢ at z = 5.

TABLE 6. The exact solution, the approximate solution of MGMLFM (current results) for problem
4.3 and a comparison of the absolute error with MTST [13] at distinct values of z when v = 1, ¢ = 0.1

and t = 0.5.
t=0.1 t=20.5

v Exact MGMLFM  MGMLFM Error  MTST Error Exact MGMLFM MGMLFM Error MTST Error
-10  0.000892 0.000892075 1.75552x 10~ 4.16868x1077 0.001089 0.00108937 2.81931x10~1° 2.77828x10~7
-8 0.003659 0.00365917  5.98467x 10714 6.66744x1078 0.004465 0.0044657  9.54777x10710 2.79701x10~6
-6 0.014881 0.0148815 6.73871x 10~ 1.05031x1076 0.018116 0.0181167  9.84808x10~10 3.69676x107°
-4 0.058501 0.0585011 1.19446 x 10712 1.39130x107° 0.070530 0.0705398  1.95568x10~8 4.44201x10~4
6 0.986516 0.986516 6.95000x 10~ 14 3.25300x10~° 0.988933 0.988933 1.13647x107° 8.04594x 104
8 0.996688 0.996688 5.91749x 10714 8.52552x 106 0.997287 0.997287 9.05841x10710 2.12939x104
10 0.999193 0.999193 1.75415x 10714 2.11105%x 1076 0.999339  0.999339 2.63554x 10710 5.28587x107°

TABLE 7. The exact solution, the approximate solution of MGMLFM (current results) for problem

4.3 and a comparison of the absolute error with HPM [13] at distinct values of z when o =1, ¢ = 0.2

and t = 0.8.

t=0.2 t=0.8

¥ Exact MGMLFM MGMLFM Error HPM Error Exact MGMLFM MGMLFM Error HPM Error
-10 0.000937 0.00093777 1.75552x10~12 1.44156x10~7 0.001265 0.00126544 4.82935x10~7 9.96713x107F
-8 0.003846 0.00384605 3.84983x10712 5.80186x10~7 0.005184 0.00518464 1.62701x10~8 4.00383x107°
-6 0.015632 0.0156326  4.24892x10712 2.18030x 106 0.020980 0.020987 1.55247x 1078 1.49266x 1074
-4 0.061316 0.0613166  7.73533x10~!1 6.07615x1076 0.081030 0.0810309  3.39545x10~7 4.01265x10~4
6 0.987165 0.987165 4.49618x10~12 2.08616x1076 0.990460 0.99046 1.96338x1078 1.25134x104
8 0.996849 0.996849 3.76943x 10712 5.52665x 1077 0.997664 0.997664 1.49582x1078 3.29636x107°
10 0.999232 0.999232 1.10112x 10712 1.37172x10°7 0.999431 0.999431 4.33561x107° 8.17059x 1075

13
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5. CONCLUSION

The FNM is considered one of the most crucial equations in the nerve impulse transmission process. The main
objective of the current research is to investigate the solution of nonlinear FNM Eq. (1.4) and other special instances
Egs. (1.5) and (1.6) with the Caputo fractional operator. To achieve our goal, we successfully applied the MGMLFM
to obtain the approximate solution for the time-fractional nonlinear FNM with initial values. The steps for solving
general FPDEs using the suggested technique were demonstrated. Error analysis and MGMLFM convergence were also
established for the obtained solutions. The theoretical results for the three proposed cases were supported by 2D and
3D graphics considering various fractional order o values. We contrasted the current findings for « = 1 with the exact
values. Additionally, we presented a numerical comparison between the estimated absolute error in the MGMLFM
and other methods reported in the literature, including CSDM, HPM FRPS, and MTST. Based on our discussions,
we found that the outcomes of the fractional nonlinear FNM employing MGMLFM are nearly identical to the exact
solutions. Additionally, the absolute error estimated by MGMLFM is better compared to other published methods.
The obtained results reinforce the plausibility and efficiency of the proposed method for examining different fractional-
order nonlinear mathematical frameworks represented by FPDEs to describe a variety of real-world applications. The
current work has very practical and intriguing implications, and it can assist upcoming researchers in analyzing the
behavior of numerous nonlinear equations and models. Since the FNM is still open, future research will examine it
further using improved schemes and an updated fractional operator.
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