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Abstract
This paper considers Volterra integral equations (VIEs) of the third kind. We present a novel multi-interval

collocation-based approach for the numerical solution of this type of equations. The proposed method is par-

ticularly effective for VIEs when implemented in continuous piecewise polynomial spaces, leveraging its ability
to perform localized approximations on subintervals. We also analyze the solvability of the proposed continuous

collocation schemes and establish its convergence properties. Numerical experiments are included to demonstrate
the spectral accuracy of the method and validate the theoretical findings.
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1. Introduction

In the early 20th century, Volterra introduced a class of integral equations, which he initially formulated to address
population dynamics. Since then, these equations have grown in importance across numerous fields, including mechan-
ics, physics, astronomy, engineering, biology, and economics, where they serve as critical tools for modeling complex
systems [4, 5, 10]. Over the last several decades, Volterra integral equations (VIEs) of the third kind, in particular,
have garnered significant attention because of their applicability in accurately describing dynamic systems in science
and engineering [18, 19, 21].

Integral equations of the third kind can be an ill-posed problem. Finding analytical solutions for integral equations
of the third kind is usually very challenging. Therefore, reliable and efficient numerical methods are essential, and
developing these methods can be difficult. Numerical methods for solving Volterra integral equations (VIEs) of
the third kind have been studied, with collocation methods emerging as a central focus due to their flexibility and
accuracy [6–9, 14]. The authors of [19], considered an extension of spline collocation techniques within piecewise
polynomial functions and applied it to a certain class of VIEs of the third kind. Additionally, in [20] alternative
researches have been proposed for approximating solutions to nonlinear VIEs of the third kind. The authors employed
collocation methods in piecewise polynomial functions. The authors of [16] developed a spectral collocation method
based on generalized Jacobi wavelets, combined with the Gauss-Jacobi quadrature formula, to solve a class of third-
kind VIEs. Furthermore, [1] introduced a moving least squares approximation with shifted Chebyshev polynomials to
solve linear and nonlinear third-kind VDIE. The authors of [15] developed a collocation method for solving third-kind
Volterra integral equations. In order to achieve high order convergence for problems with nonsmooth solutions, they
constructed a collocation scheme on a modified graded mesh using a basis of fractional polynomials, depending on a
certain parameter. Despite these advancements, the development of numerical methods for third-kind VIEs remains
relatively limited compared to first- and second-kind VIEs.

In this study, we propose a multi-interval continuous collocation method for solving Volterra integral equations of the
third kind. The main idea is to approximate the solution by continuous piecewise polynomials on small subintervals,
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which makes the method both flexible and efficient. Compared with traditional global polynomial or spline-based
collocation schemes, the present approach offers several advantages. By decomposing the problem into smaller local
systems, it can be extended naturally to problems with nonlinearities or nonsmooth kernels, and it achieves high-order
convergence without relying on graded meshes or special basis functions. In this sense, the method addresses some
of the limitations of earlier techniques while remaining simple to implement and supported by a rigorous convergence
analysis.

Consider the following VIEs of the third kind,

xαy(x) = f(x) +

∫ x

0

k(x, t)y(t)dt, x ∈ I = [0, T ]. (1.1)

Here, α > 0 and f(x) = xαg(x), where g is a continuous function. The function k is continuous on the domain
∆ = {(x, t) : 0 ≤ t ≤ x ≤ T}.

The existence, uniqueness, and regularity of solutions to the model described in Equation (1.1) have been thoroughly
analyzed in [18].

The remainder of the paper is structured as follows; Section 2 introduces the proposed collocation methods. Next, in
section 3, the solvability of the collocation equations is discussed, and also the convergence of the collocation solution
is proved. To approve the effectiveness of the proposed method, some numerical examples are given in section 4. Some
conclusions are drawn in section 5.

2. Continuous collocation methods for third kind Volterra integral equations

2.1. Collocation space and meshes. Consider Ih = {xj = jh : j = 0, 1, · · · , N} as a mesh on the interval I.

Without loss of generality, let h = T
N be the mesh diameter and I(n) = [xn, xn+1]. Moreover, let function y be the

solution to the third-kind VIE (1.1). Then, y can be approximated by yh, which is defind within

S(0)
m (Ih) =

{
y ∈ C(I) : y|I(n) ∈ Pm = Pm(I(n)), n = 0, 1, · · · , N − 1

}
,

where Pm represents the set of real polynomials of degree up to m.

Letting Ωh =
{
xn,j = xn + θjh : 0 ≤ θ1 < ... < θm ≤ 1, n = 0, 1, 2, · · · , N − 1

}
denote the set of collocation

points, the collocation solution yh ∈ S(0)
m (Ih) is determined by the following collocation equation for (1.1)

xαyh(x) = f(x) +

∫ x

0

k(x, t)yh(t)dt, x ∈ Ωh (2.1)

It will be convenient to use the local Lagrange basis representations of yh. Since y′h belongs to the polynomial space
Pm−1, we expand the collocation polynomial as follows.

y′h(xn + sh) =
m∑
j=1

Yn,jLj(s), t ∈ [0, 1], (2.2)

with Yn,j = y′h(xn,j), and

Lj(s) =
m∏
k=1
k 6=j

s− θk
θj − θk

, j = 1, 2, · · · ,m.

Remark 2.1. When interpolating y′, we can achieve smoother results for y. If we interpolate y directly, any noise
or irregularities in the data can propagate through the interpolated function. By interpolating the derivative, we can
better control the smoothness of the resulting function.

We obtain from (2.2) the local representation of yh ∈ S(0)
m (Ih) on I(n),

yh(xn + sh) = yh(xn) + h
m∑
j=1

Yn,j(

∫ s

0

Lj(τ)dτ). (2.3)
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Setting βj(s) =
∫ s

0
Lj(τ)dτ , we can rewrite (2.3) as

yh(xn + sh) = yh(xn) + h
m∑
j=1

βj(s)Yn,j . (2.4)

By substituting a general point x = xn,i = xn + θih into the collocation Equation (2.1) and using the local
representation (2.4), we obtain

xαn,iyh(xn,i) = f(xn,i) +

∫ xn,i

0

k(xn,i, t)yh(t)dt, i = 1, 2, · · · ,m. (2.5)

and

yh(xn,i) = yh(xn) + h
m∑
j=1

aijYn,j , i = 1, 2, · · · ,m. (2.6)

where aij = βj(θi).
Hence, combining Equations (2.5) and (2.6), we derive:

xαn,iyh(xn,i) = f(xn,i) + h
n−1∑
l=0

∫ 1

0

k(xn,i, xl + sh)
(
yh(xl) + h

m∑
j=1

βj(s)Yl,j

)
ds

+ h

∫ θi

0

k(xn,i, xn + sh)
(
yh(xn) + h

m∑
j=1

βj(s)Yn,j

)
ds.

Thus, we have

xαn,iyh(xn,i) = xαn,iyh(xn) + hxαn,i

m∑
j=1

ai,jYn,j

= f(xn,i) + h
n−1∑
l=0

∫ 1

0

k(xn,i, xl + sh)yh(xl)ds+ h
n−1∑
l=0

∫ 1

0

k(xn,i, xl + sh)
(
h

m∑
j=1

βj(s)Yl,j

)
ds

+ h

∫ θi

0

k(xn,i, xn + sh)yh(xn)ds+ h

∫ θi

0

k(xn,i, xn + sh)
(
h

m∑
j=1

βj(s)Yn,j

)
ds, i = 1, 2, · · · ,m. (2.7)

Setting Yn = (Yn,1, · · · , Yn,m)T , e = (1, · · · , 1)T and A = (aij)m×m,

Fn = (f(xn,1), · · · , f(xn,m))T , Tn = diag
(
xαn,1, · · · , xαn,m

)
,

B(l)
n =

(∫ 1

0

k(xn,i, xl + sh)βj(s)ds
)
,

Bn =
(∫ θi

0

k(xn,i, xn + sh)βj(s)ds
)
,

C(l)
n = diag

(∫ 1

0

k(xn,i, xl + sh)ds
)
,

Cn = diag
(∫ θi

0

k(xn,i, xn + sh)ds
)
.

By the above notation from (2.7), we have(
hTnA− h2Bn

)
Yn = Fn + (hCn − Tn)e yh(xn) + h

n−1∑
l=0

(
C(l)
n eyh(xl) + hB(l)

n Yl

)
. (2.8)
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If f and K are continuous functions on appropriate domains, (2.8) determines a unique yh ∈ S(0)
m (Ih) for all sufficiently

small mesh diameters.

Lemma 2.2. The matrix A is invertible.

Proof. Consult [13]. �

Theorem 2.3. Let k ∈ C(∆) and α ∈ (0, 1). Then, for collocation parameters 0 < θ1 < · · · < θm ≤ 1, there exists a
constant h̄ > 0 such that the collocation equation (2.8) is solvable for all h ∈ (0, h̄).

Proof. Equation (2.8) can be written as(
I − h(TnA)−1Bn

)
Yn =

1

h
(TnA)−1

(
Fn + (hCn − Tn)e yh(xn) + h

n−1∑
l=0

(
C(l)
n eyh(xl) + hB(l)

n Yl

))
.

The matrix I − h(TnA)−1Bn is invertible, since

||h(TnA)−1Bn||∞ = ||hA−1T−1
n Bn||∞ ≤ h ||A−1||∞ ||T−1

n Bn||∞.

We set z = ||A−1||∞, Thus we have

(T−1
n Bn)ij = x−αn,i

∫ θi

0

k(xn,i, xn + sh)βj(s)ds.

Then,

||T−1
n Bn||∞ = max

1≤i≤m

m∑
j=1

|x−αn,i
∫ θi

0

k(xn,i, xn + sh)βj(s)ds|

≤ max
1≤i≤m

x−αn,i

∫ θi

0

|k(xn,i, xn + sh)| |
m∑
j=1

βj(s)|ds

≤ x−αn,1||k||∞ max
0≤s≤θm

|
m∑
j=1

βj(s)|

≤ (θ1h)
−α||k||∞ max

0≤s≤θm
|
m∑
j=1

βj(s)|.

Hence, if we set

h̄ =
( θ1

α

z ||k||∞ max
0≤s≤θm

|
∑m
j=1 βj(s)|

) 1
1−α

, (2.9)

for h ∈ (0, h̄), then the matrix I − h(TnA)−1Bn is invertible and the proof is complete. �

3. Convergence analysis

Theorem 3.1. Assume that

i. The functions k and f in (1.1) are of class Cm+2.

ii. yh ∈ S(0)
m (Ih) as the collocation solution for (1.1), associated to the collocation points Ωh, is determined by

(2.1).
iii. For any h ∈ (0, h̄), with h̄ > 0 determined in (2.9), each of the collocation equation (2.8) has a unique solution.
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Then

lim
h→0
||y − yh||∞ = 0,

if the collocation parameters {θi} satisfy the condition −1 ≤
m∏
i=1

θi − 1

θi
≤ 1.

The attainable global order of convergence is described by

||y − yh||∞ = max
x∈I
|y(x)− yh(x)| ≤ C

{
hm+1 −1 ≤ λ1 < 1
hm λ1 = 1

(3.1)

and holds for any set Ωh of collocation parameters with 0 ≤ θ1 < · · · < θm ≤ 1. The constant C depends on {θi}
but not on h.

Proof. Assumption (i) implies that y ∈ Cm+1(I) hence y′ ∈ Cm(I). Thus, using Peano’s theorem [3], for y′ on I(n),
we have

y′(xn + sh) =
m∑
j=1

y′(xn,j)Lj(s) + hmR
(1)
m+1,n(s), s ∈ [0, 1]. (3.2)

The Peano remainder term and Peano kernel are respectively given by

R
(1)
m+1,n(s) =

∫ 1

0

Km(s, ν)y(m+1)(xn + νh)dν

and

Km(s, ν) =
1

(m− 1)!

{
(s− ν)m−1

+ −
m∑
k=1

Lk(s)(θk − ν)
m−1
+

}
, s ∈ [0, 1].

Integrating (3.2) yields

y(xn + sh) = y(xn) + h
m∑
j=1

y′(xn,j)βj(s) + hm+1Rm+1,n(s), 0 ≤ s ≤ 1, (3.3)

where Rm+1,n(s) =
∫ s

0
R

(1)
m+1,n(ν)dν.

First, we suppose k(x, t) = 1 and define the collocation error eh = y − yh on I(n).
Employing (2.4) and (3.3), the collocation error can be written as

eh(xn + sh) = eh(xn) + h

m∑
j=1

εn,jβj(s) + hm+1Rm+1,n(s), (3.4)

where εn,j = y′(xn,j)− Yn,j . By setting s = θi in (3.4), we have

eh(xn,i) = eh(xn) + h
m∑
j=1

ai,jεn,j + hm+1Rm+1,n(θi). (3.5)

Then, based on (1.1)-(2.1) and using (3.4), we can write

xαn,ieh(xn,i) =

∫ xn,i

0

eh(s)ds = h
n−1∑
l=0

∫ 1

0

eh(xl + sh)ds+ h

∫ θi

0

eh(xn + sh)ds

= h
n−1∑
l=0

eh(xl) + h2
n−1∑
l=0

m∑
j=1

γj(1)εl,j + hθieh(xn) + h2
m∑
j=1

bi,jεn,j + hm+1R̃m+1,n(θi), (3.6)
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where γj(s) =
∫ s

0
βj(ν)dν, bi,j = γj(θi) and

R̃m+1,n(θi) = h
n−1∑
l=0

∫ 1

0

Rm+1,l(ν)dν + h

∫ θi

0

Rm+1,n(ν)dν.

Thus, from (3.5) and (3.6), we will have

xαn,i

(
eh(xn) + h

m∑
j=1

ai,jεn,j + hm+1Rm+1,n(θi)
)

= h
n−1∑
l=0

eh(xl) + h2
n−1∑
l=0

m∑
j=1

γj(1)εl,j + hθieh(xn)

+ h2
m∑
j=1

bi,jεn,j + hm+1R̃m+1,n(θi). (3.7)

We can modify Equation (3.7) by substituting n with n − 1 and setting i equal to m. By subtracting this modified
equation from the original equation given in (3.7), we get

xαn,ieh(xn)− xαn−1,meh(xn−1) + hxαn,i

m∑
j=1

ai,jεn,j − hxαn−1,m

m∑
j=1

am,jεn−1,j

+hm+1xαn,iRm+1,n(θi)− hm+1xαn−1,mRm+1,n−1(θm)

= heh(xn−1) + h2
m∑
j=1

γj(1)εn−1,j + hθieh(xn)− hθmeh(xn−1) (3.8)

+h2
m∑
j=1

bi,jεn,j − h2
m∑
j=1

bm,jεn−1,j + hm+1R̃m+1,n(θi)− hm+1R̃m+1,n−1(θm).

We set εn = (εn,1, · · · , εn,m)T , C = diag(θ1, · · · , θm), B = (bij)m×m and define γ = (γ1(1), · · · , γm(1))T .
Then, (3.8) can be rewritten as(

eh(xn)Tn − eh(xn−1) xαn−1,mIm

)
e+ hTnAεn − hxαn−1,mee

T
mAεn−1 (3.9)

= heh(xn−1)e+ h2eγT εn−1 + heh(xn)Ce− hcmeh(xn−1)e+ h2Bεn − h2eeTmBεn−1 + hm+1Rm+1,n,

Since eh is continuous in the interval I, and of course at the grid points, from (3.4) and eh(0) = 0, we obtain

eh(xn) = eh(xn−1 + h) = eh(xn−1) + h
m∑
j=1

bjεn−1,j + hm+1Rm+1,n−1(1) (3.10)

= h
n−1∑
l=0

m∑
j=1

bjεl,j + hm+1
n−1∑
l=0

Rm+1,l(1) = h
n−1∑
l=0

bT εl + hm+1
n−1∑
l=0

Rm+1,l(1),

with bj :=
∫ 1

0
Lj(s)ds and bT := (b1, · · · , bm).

By substituting eh given by (3.10) into (3.9), we obtain(
TnA− hB

)
εn =

(
xαn−1,mee

T
mA− heeTmB + heγT

)
εn−1 + Ce

(
h

n−1∑
l=0

bT εl + hm+1
n−1∑
l=0

Rm+1,l(1)
)

+
(
h
n−2∑
l=0

bT εl + hm+1
n−2∑
l=0

Rm+1,l(1)
)
e− θme

(
h
n−2∑
l=0

bT εl + hm+1
n−2∑
l=0

Rm+1,l(1)
)

+ hmR̃m+1,n

−

(( n−1∑
l=0

bT εl + hm
n−1∑
l=0

Rm+1,l(1)
)
Tn −

( n−2∑
l=0

bT εl + hm
n−2∑
l=0

Rm+1,l(1)
)
xαn−1,mIm

)
e. (3.11)
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We can rewrite (3.11) as(
TnA− hB

)
εn =

(
xαn−1,mee

T
mA− heeTmB + heγT − ebTTn + hCebT

)
εn−1

+(he
(
C + (1− θm)I

)
− Tn + xαn−1,mIm)

n−2∑
l=0

bT εl + hmR̃m+1,n.

We assume Λ = xαn−1,mee
T
mA− ebTTn, then

εn =
(

(TnA)−1 Λ +O(h)
)
εn−1 + hD

n−2∑
l=0

εl + hmR̄m+1,n. (3.12)

Let (TnA)−1 = (ξij)
m
i,j=1. Since

Λ =



xαn−1,mam1 − xαn−1,1b1 xαn−1,mam2 − xαn−1,2b2 . . . xαn−1,mamm − xαn−1,mbm

xαn−1,mam1 − xαn−1,1b1 xαn−1,mam2 − xαn−1,2b2 . . . xαn−1,mamm − xαn−1,mbm

...
...

. . .
...

xαn−1,mam1 − xαn−1,1b1 xαn−1,mam2 − xαn−1,2b2 . . . xαn−1,mamm − xαn−1,mbm


,

then

(TnA)−1Λ =



(
xαn−1,mam1 − xαn−1,1b1

) m∑
j=1

ξ1j . . .
(
xαn−1,mamm − xαn−1,mbm

) m∑
j=1

ξ1j

(
xαn−1,mam1 − xαn−1,1b1

) m∑
j=1

ξ2j . . .
(
xαn−1,mamm − xαn−1,mbm

) m∑
j=1

ξ2j

...
. . .

...

(
xαn−1,mam1 − xαn−1,1b1

) m∑
j=1

ξmj . . .
(
xαn−1,mamm − xαn−1,mbm

) m∑
j=1

ξmj


.

The rank of (TnA)−1Λ is one because the rank of Λ is one. Therefore, the only non-zero eigenvalue of (TnA)−1Λ is
equal to its trace. Then,

λ1 = tr
(

(TnA)−1Λ
)

=

m∑
i=1

(xαn−1,mami − xαn−1,ibi)

m∑
j=1

ξij = xαn−1,mx
−α
n,m − bTTn−1A

−1T−1
n e.

Let N(x) =
1

m!

m∏
i=1

(x − θi) be the collocation polynomial based on the points θ1, θ2, · · · , θm. The rational stability

function, defined asR(x) = P (x)
Q(x) , has the valueR(∞) = xαn−1,mx

−α
n,m−bTTn−1A

−1T−1
n e. P (x) andQ(x) are polynomials

of degree at most m, as

P (x) = N(1)xm + · · ·+N (m−1)(1)x+N (m)(1), Q(x) = N(0)xm + · · ·+N (m−1)(0)x+N (m)(0).

The following relation also holds for R(∞) [3, 17]:

R(∞) =
N(1)

N(0)
=

m∏
i=1

θi − 1

θi
,
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that is, xαn−1,mx
−α
n,m − bTTn−1A

−1T−1
n e =

m∏
i=1

θi − 1

θi
= λ1.

Since (TnA)−1Λ is diagonalizable, there exists a nonsingular matrix P̄ such that P̄−1(TnA)−1ΛP̄ = D̄, with D̄ =
diag(λ1, 0, · · · , 0). We next multiply the recursion (3.12) by P̄−1 and define En = P̄−1εn. We find that

P̄−1εn =
(
P̄−1A−1T−1

n Λ +O(h)
)
εn−1 + hP̄−1D

n−2∑
l=0

εl + hmR̄m+1,n

or

En = (D̄ +O(h))En−1 + hP̄−1DP̄
n−2∑
l=0

El + hmP̄−1R̄m+1,n. (3.13)

The following three cases are considered:
Case(i): −1 < λ1 < 1.
Using error analysis for collocation solutions of VIEs [3, 12, 13], there exists a constant C1, such that

||εn||∞ ≤ C1h
m.

We have xαn,i = (xn + θih)α ≥ (θih)α then 1
xαn,i
≤ 1

(θih)α ≤
1

(θ1h)α or x−αn,i ≤ (θ1h)−α.

From (3.7), we have

eh(xn) + h
m∑
j=1

ai,jεn,j + hm+1Rm+1,n(θi) = x−αn,i

(
h
n−1∑
l=0

eh(xl) + h2
n−1∑
l=0

m∑
j=1

γj(1)εl,j + hθieh(xn)

+ h2
m∑
j=1

bi,jεn,j + hm+1R̃m+1,n(θi)
)
,

or (
1− hθi x−αn,i

)
eh(xn) = −h

m∑
j=1

ai,jεn,j − hm+1Rm+1,n(θi) + x−αn,i

(
h
n−1∑
l=0

eh(xl)

+ h2
n−1∑
l=0

m∑
j=1

γj(1)εl,j + h2
m∑
j=1

bi,jεn,j + hm+1R̃m+1,n(θi)
)
.

Hence, we have

|eh(xn)| ≤ hC2

n−1∑
l=0

|eh(xl)|+ C3h
m+1.

The above inequality is a generalized discrete Gronwall inequality [2, 3, 11]. Therefore, there exists a constant C4 such
that

|eh(xn)| ≤ C4h
m+1 n = 1, 2, · · · , N.

Case(ii): λ1 = −1.
We replace n in (3.13) by n− 1 and subtract it from (3.13) to get

En − En−1 = (D̄ +O(h))(En−1 − En−2) + hP̄−1DP̄En−1 + hmP̄−1(R̄m+1,n − R̄m+1,n−1).

Hence, [
En

En−1

]
=

[
Im + D̄ +O(h) −D̄ +O(h)

Im 0

] [
En−1

En−2

]
+

[
hmP̄−1(R̄m+1,n − R̄m+1,n−1)

0

]
.
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Since R̄m+1,n − R̄m+1,n−1 = O(h) for y ∈ Cm+2, we define rm+1,n =
R̄m+1,n−R̄m+1,n−1

h and set

Xn =

[
En

En−1

]
, G =

[
Im + D̄ −D̄
Im 0

]
, r̄m+1,n =

[
P̄−1rm+1,n

0

]
.

Then,

Xn = GXn−1 +O(h)Xn−1 + hm+1r̄m+1,n. (3.14)

The eigenvalues of the matrix G are 1,−1, 0 of multiplicities m, 1 and m− 1. There are m linearly independent eigen-
vectors corresponding to 1, m−1 linearly independent eigenvectors associated with 0. Accordingly, G is diagonalizable,
and there is an invertible matrix P̃ such that P̃−1GP̃ is a diagonal matrix:

P̃−1GP̃ = Λ = diag( 1, 1, · · · , 1︸ ︷︷ ︸
m

,−1, 0, 0, · · · , 0︸ ︷︷ ︸
m−1

).

Defining Un = P̃−1Xn, we find

Un = (Λ +O(h))Un−1 + hm+1P̃−1r̄m+1,n. (3.15)

Similar to [13] we can assert that there exist constants C5 and C6 so that

||Un||∞ ≤ (1 + C5h)||Un−1||∞ + C6h
m+1.

Using an inductive argument, we will have

||Un||∞ ≤ (1 + C5h)n||U0||∞ +
(1 + C5h)n − 1

C5h
C6h

m+1

and also, there exists a constant C7 such that

||εn||∞ ≤ C7h
m. (3.16)

Based on (3.7), and similar to Case(i), there are a constant C8 such that

|eh(xn)| ≤ C8h
m+1. (3.17)

Case(iii): λ1 = 1.
The matrix G, in this case, has eigenvalues 1 of multiplicity m + 1 and 0 of multiplicity m − 1. The eigenspace

corresponding to 1 is of dimension m. Therefore, G is not diagonalizable. However, there is a nonsingular matrix P̂
such that

P̂−1GP̂ =



1 1
1

. . .

1
0

. . .

0


.

Setting Λ̄ = P̂−1GP̂, Ūn = P̂−1Xn and using (3.14), we conclude

Ūn = (Λ̄ +O(h))Ūn−1 + hm+1P̂−1r̄m+1,n. (3.18)

Based on an inductive argument, we obtain

Ūn = (Λ̄ +O(h))nŪ0 + hm+1
n−1∑
l=0

(Λ̄ +O(h))lP̂−1r̄m+1,n−1,

and hence there are constants C9 and C10 such that

||Ūn||∞ ≤ C9||Λ̄n||||Ū0||∞ + hm+1C10

n−1∑
l=0

||Λ̄l||∞.



Unco
rre

cte
d Pro

of

10 ALI DAVARI

For matrix Λ, we have

Λ
n

=



1 n
1

. . .

1
0

. . .

0


.

Thus, there are a constant C11 so that

||εn||∞ ≤ C11h
m−1. (3.19)

By similar argument to Case(i), and using discrete Gronwall inequality, there exists a constant C12 such that

|eh(xn)| ≤ C12h
m. (3.20)

If |λ1| > 1, then the collocation solution yh is divergent. Therefore, in the case of constant kernel, the proof is
completed.

In the following, we show the convergence analysis in the case of a general, non-constant kernel. From (3.5),
(1.1)-(2.1) and using (2.4), we have

eh(xn,i) = eh(xn) + h

m∑
j=1

ai,jεn,j + hm+1Rm+1,n(θi)

= x−αn,i

xn,i∫
0

k(xn,i, s)eh(s)ds

= x−αn,i

(
h
n−1∑
l=0

1∫
0

k(xn,i, xl + sh)eh(xl + sh)ds+ h

θi∫
0

k(xn,i, xn + sh)eh(xn + sh)ds
)

= x−αn,i

(
h
n−1∑
l=0

1∫
0

k(xn,i, xl + sh)(eh(xl) + h
m∑
j=1

βj(s)εl,j)ds

+ hm+1
n−1∑
l=0

h

1∫
0

k(xn,i, xl + sh)Rm+1,l(s)ds+ hm+2

θi∫
0

k(xn,i, xn + sh)Rm+1,n(s)ds
)

(3.21)

= x−αn,i

(
h
n−1∑
l=0

1∫
0

k(xn,i, xl + sh)ds eh(xl) + h2
n−1∑
l=0

m∑
j=1

1∫
0

k(xn,i, xl + sh)βj(s)ds εl,j

+ h

θi∫
0

k(xn,i, xn + sh)ds eh(xn) + h2
m∑
j=1

θi∫
0

k(xn,i, xn + sh)βj(s)ds εn,j

+ hm+1
n−1∑
l=0

1∫
0

k(xn,i, xl + sh)Rm+1,l(s)ds+ hm+2

θi∫
0

k(xn,i, xn + sh)Rm+1,n(s)ds
)
.
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We first rewrite (3.21) with n replaced by n− 1 and with i = m and subtract it from (3.21) to obtain

xαn,i

(
eh(xn) + h

m∑
j=1

ai,jεn,j

)
− xαn−1,m

(
eh(xn−1) + h

m∑
j=1

am,jεn−1,j

)

= h

1∫
0

k(xn,i, xn−1 + sh)ds eh(xn−1) + h2(θi + 1− θm)
n−2∑
l=0

1∫
0

∂k

∂t
(ηn,i, xl + sh)ds eh(xl)

+ h2
m∑
j=1

1∫
0

k(xn,i, xn−1 + sh)βj(s)ds εn−1,j + h3(θi + 1− θm)
n−2∑
l=0

m∑
j=1

1∫
0

∂k

∂t
(ηn,i, xl + sh)βj(s)ds εl,j

+ h

θi∫
0

k(xn,i, xn + sh)ds eh(xn)− h
θm∫
0

k(xn−1,m, xn−1 + sh)ds eh(xn−1)

+ h2
m∑
j=1

θi∫
0

k(xn,i, xn + sh)βj(s)ds εn,j − h2
m∑
j=1

θm∫
0

k(xn−1,m, xn−1 + sh)βj(s)ds εn−1,j

+ hm+1<m+1,n(θi)

or

(
eh(xn)Tn − eh(xn−1) xαn−1,mIm

)
e+ hTnAεn − hxαn−1,me

T
mAεn−1e

= heh(xn−1)C(n−1)
n e+ h2(C + (1− θm)Im)

n−2∑
l=0

eh(xl)∂C
(l)
n e+ h2B(n−1)

n εn−1 (3.22)

+ h3(C + (1− θm)Im)
n−2∑
l=0

∂B(l)
n εl + heh(xn)Cne− heh(xn−1)eeTmCn−1e

+ h2Bnεn − h2eeTmBn−1εn−1 + hm+1<m+1,n(θi),

with obvious meaning of <m+1,n(θi), and with

∂C(l)
n = diag

( 1∫
0

∂k

∂t
(ηn,i, xl + sh)ds

)
, l = 0, 1, · · · , N − 1,

∂B(l)
n = diag

( 1∫
0

∂k

∂t
(ηn,i, xl + sh)βj(s)ds

)
l = 0, 1, · · · , N − 1.
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Substituting (3.10) into (3.22), we have((
h
n−1∑
l=0

bT εl + hm+1
n−1∑
l=0

Rm+1,l(1)
)
Tn −

(
h
n−2∑
l=0

bT εl + hm+1
n−2∑
l=0

Rm+1,l(1)
)
xαn−1,mIm

)
e

+ hTnAεn − hxαn−1,me
T
mAεn−1e = h

(
h
n−2∑
l=0

bT εl + hm+1
n−2∑
l=0

Rm+1,l(1)
)
C(n−1)
n e

+ h2(C + (1− θm)Im)
n−2∑
l=0

(
h
l−1∑
θ=0

bT εθ + hm+1
l−1∑
θ=0

Rm+1,θ(1)
)
∂C(l)

n e+ h2B(n−1)
n εn−1

+ h3(C + (1− θm)Im)
n−2∑
l=0

∂B(l)
n εl + h

(
h
n−1∑
l=0

bT εl + hm+1
n−1∑
l=0

Rm+1,l(1)
)
Cne

− h
(
h
n−2∑
l=0

bT εl + hm+1
n−2∑
l=0

Rm+1,l(1)
)
eeTmCn−1e+ h2Bnεn − h2eeTmBn−1εn−1 + hm+1<m+1,n(θi),

or

εn =
(

(TnA− hBn)−1(xαn−1,mee
T
mA+ Tneb

T ) +O(h)
)
εn−1 + hD̂

n−2∑
l=0

bT εl + hmR̂m+1,n (3.23)

with obvious meaning of R̂m+1,n and D̂.
By comparing (3.12) for the case of constant kernel, i.e. K(t, s) = 1, with (3.23), and following a similar approach

used to proof the case of constant kernel, we can find

En = (D̄ +O(h))En−1 + hP̄−1D̂P̄

n−2∑
l=0

El + hmP̄−1R̄m+1,n. (3.24)

Here, we consider three cases: −1 < λ1 < 1, λ1 = −1 and λ1 = 1, with the similar argument as in the case of
K(t, s) = 1, we see that the inequality (3.1) holds. �

4. Numerical results

In this section some examples are given to demonstrate the applicability, the efficiency and accuracy of the proposed
adaptive continuous collocation method for VIEs of the third kind. We illustrate the theoretical results discussed in
section 3. In order to complement the tables of numerical errors, we also include the error function e(x) = |y(x)−yh(x)|,
for the test examples.

Example 4.1. Consider the following VIE

xαy(x) =
6

7
x3
√
x+

∫ x

0

1

2
y(t)dt, x ∈ I = [0, 1], (4.1)

whose exact solution is y(x) = x
5
2 for the case α = 1. The computational results comparing the maximum absolute

errors and the order of convergence for Example 4.1 with Chebyshev points, m = 2, and various values of N are
reported in Table 1. The results demonstrate that the proposed method acheives spectral accuracy and performs
better than earlier collocation techniques. Figure 1 illustrates the pointwise distribution of the error and confirms the
convergence behavior predicted by the theory.

Example 4.2. Consider the following VIE

xy(x) = x2(1− x

3
) +

∫ x

0

ty(t)dt, x ∈ I = [0, 1], (4.2)

in which α = 1, the equation has a unique solution in Cm+1[0, 1], which is given by y(x) = x. The computational
results of the maximum absolute error for N = 4 and m = 2, obtained with both Chebyshev and Gauss points, are
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Table 1. Comparison of maximum absolute errors and order of convergence for Example 4.1 with
Chebyshev points, m = 2.

Present method Method[19]
N ||e||∞ p ||e||∞ p
4 2.519× 10−3 −− 3.26× 10−2 −−
8 6.954× 10−4 1.857 1.08× 10−2 1.59
16 1.819× 10−4 1.934 3.03× 10−3 1.83
32 4.651× 10−5 1.968 7.80× 10−4 1.92
64 1.176× 10−5 1.984 2.05× 10−4 1.96
128 2.959× 10−6 1.991 5.18× 10−5 1.98
256 7.420× 10−7 1.995 1.30× 10−5 1.99

4 8 16 32 64 128 256

−6

−5

−4

−3

N

lo
g

1
0
(M

ax
E

rr
or

)

Error

Figure 1. Plot of log10(Max Error) versus N (horizontal axis equally spaced).

Table 2. The L∞ errors for Example 4.2 with various collocation points, N = 4, m = 2

Chebyshev points Gauss points
Digits ||e||∞ ||e||∞

10 7× 10−10 5× 10−10

20 3× 10−20 2× 10−20

30 6× 10−30 4× 10−30

40 4× 10−40 3× 10−40

reported in Table 2. The performance of the method is further examined under different precision levels, denoted by
d. As d increases, the error ||e||∞ decreases rapidly, illustrating the exponential convergence of the scheme.

In a second experiment, we study the pointwise error distribution of the method. The corresponding values are
presented in Table 2, and Figure 2 depicts Error as a function of x. The error remains consistently small, between
10−10 and 10−9, across the entire interval, highlighting the high level of accuracy achieved. As expected, the error is
essentially zero at the initial point and shows a mild growth toward the right endpoint. This increase is natural and
can be attributed to the accumulation of local approximation and quadrature errors. Despite this, the overall error
stays well within the predicted bounds, confirming the stability of the method and its agreement with the theoretical
convergence results established earlier.
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Figure 2. Pointwise error distribution for Example 4.2 with N = 8.

5. Concluding remarks

In this paper, we have developed and analyzed a multi-interval continuous collocation method for a class of VIEs
of the third kind. By employing localized polynomial approximations on subintervals, the method combines flexibility
with high accuracy. A detailed solvability analysis and convergence proof were provided, ensuring the theoretical
foundation of the approach. Numerical experiments further confirmed the efficiency of the scheme, showing that it not
only achieves spectral accuracy but also performs reliably in situations where existing methods face difficulties. These
results demonstrate that the proposed method offers a practical and powerful tool for tackling third-kind Volterra
problems and can be extended to more general settings in future research.
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