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Abstract
The main target of this article is to obtain new and several analytical and numerical traveling wave solutions of
the Kolmogorov- Petrovsky-Piskunov (KPP) equation. Furthermore qualitative analysis of the traveling waves

for the equation is presented through phase plane analysis. The genetics model introduced the equation for

the diffusion of a beneficial gene throughout a population. Subsequently, it was used with several chemical,
biological, and physical models. To address the inherent complexities associated with the nonlinear equation, the

authors employed highly effective techniques: Firstly ( G′

ωG′+G+r
)-expansion technique is implemented to create

some alternative exact solutions of the equation. A strong and popular method for getting exact solutions of

nonlinear partial differential equations (PDEs) is the ( G′

ωG′+G+r
) method. Next, a collocation approach based

on the septic B-spline approximation has been introduced and put into practice for the numerical solution of the

equation taking various test problem parameter values into consideration. The appropriate solutions for two test

problems are found by computing the L2 and L∞ error norms, which highlights the significance of the procedure
and demonstrates its applicability and credibility. The numerical findings are inferred to match the analytical

answers well, suggesting that the existing B-spline collocation algorithm is a strong and appealing algorithm. The

results are tabulated and reported both modally and in terms of productivity of the procedure. Analytical and
numerical results make the methods more convenient and systematically handle the nonlinear solution process.

Qualitative analysis of the traveling waves for the Kolmogorov-Petrovsky-Piskunov Equation is presented through

phase plane analysis. The results produced from both analytical and numerical methods demonstrate the great
utility of this study for scientists tasked with identifying characteristics and features of nonlinear processes across

a variety of scientific domains.

Keywords. Kolmogorov- Petrovsky-Piskunov, ( G′
ωG′+G+r

)-expansion technique, Finite element method, Collocation, Septic B-spline, Qualitative
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1. Introduction

It is common knowledge that nonlinear wave equations and their solutions have significant applications in many
branches of fluid dynamics and mathematical physics. One of the most successful theories for the mathematical
description of the propagation of species is based on the “traveling wave solutions” (TWSs). It has been discovered
that many nonlinear partial differential equations (NLPDEs) have a variety of travelling wave solutions, making TWSs
a significant form of solution. Following the well-known works by Fisher [9] and Kolmogorov, Petrovsky, and Piscunov
[20] in 1937, there was a lot of interest in the topic of investigating TWSs for parabolic equations. This topic is
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extremely rich and relevant to genetic theory. The KPP equation is one of the equations that has been extensively
researched recently regarding TWSs. It is defined as follows:

∂Ψ(x, t)

∂t
+
∂2Ψ(x, t)

∂x2
+ αΨ(x, t) + βΨ(x, t)2 + γΨ(x, t)3 = 0, (1.1)

where α, β and γ are real constants. Another importance of KPP equation, also known as Fisher-Kolmogorov-
Petrovsky-Piskunov’s equation (Fisher-KPP) or Fisher’s equation, can be contemplated as one of the variety of the
reaction- diffusion equations (RDEs) [4]. Moreover, it is one of the elementary semilinear RDEs owing to the in-
homogeneous term that reclines in it. RDEs can be used to mathematically represent a wide range of phenomena,
including neurology, synergy, foam drainage, crystal development, soil-moisture, population genetics, cellular ecology,
reaction chemistry, heat transfer, combustion, fluid dynamics, and more [12]. This equation is employed to set out
the process of gene wave propagation. Also the model is useful in the the propagation of nerve pulses, the evolution
of the set of duffing oscillators, and so forth. The KPP equation includes a number of well-known nonlinear equations
from mathematical physics; For example, α = −1, β = 0, γ = 1 it converts to the Newell-Whitehead equation,
for α = a, β = −(a + 1), γ = 1 it is known as FitzHugh-Nagumo equation and for α = −1, β = 1, γ = 0 this
equation is an exceptional case of Fisher equation [35]. To take out the TWSs of the KPP equation, scientists have,
so far, established some approximate and analytical approaches. These methods encompass the discrimination algo-
rithm [36], homotopy analysis method [11, 30], Chebyshev wavelet technique [21], first integral technique [6], modified
extended tanh method and an average linear finite difference scheme [37], Cole-Hopf transformation and Backlund
transformations [25], undetermined technique [40], generalized two-dimensional differential transform method (GT-

DDT) technique [33], (G
′
/G)- expansion method [8], Bäcklund transformation method [10, 14, 28], tanh method [19],

Adomian method [1], numerical approaches [3] and as well a direct algebraic approach [23], modified simple equation
approach [39], Miura transformation [5], analytical ansatz method [24], Hirota bilinear method [7] and so on.

We use the novel ( G′

ωG′+G+r )-expansion technique to obtain analytical solutions [2, 13, 32]. This approach, which is

regarded as a variant of the (G
′

G ) [27], can be used for conformable fractional derivatives, fractional differential equations

expounded by Jumarie [18], and differential equations of integer order. Furthermore, ( G′

ωG′+G+r )− expansion method
employed here can be viewed as a specific realization within the broader framework of the transformed rational function
method which utilizes rational transformations of solutions to auxiliary ordinary differential equations to construct
exact solutions for nonlinear PDEs [26]. Our approach leverages a specific auxiliary equation structure Eqs. (8) and
(9) to systematically generate new solution families for the KPP equation. Like any other approach, it has drawbacks,
especially when used on higher-order PDEs. If the equation cannot be readily reduced to an ODE or converted into
a suitable form, using this method becomes challenging.

One of the best methods for solving partial differential equations (PDEs) is the finite element method. B-spline
interpolation functions have gained popularity in approximation theory as a way to solve boundary-value problems.
For numerical calculations, the previously described functions are quite helpful. The majority of integrals in numerical
methods are zero, therefore spline functions can be both differentiable and integrable because they are piecewise
polynomials. Because of its straightforward implementation and programmable calculating approach, the B-spline-
based collocation method is an especially useful technology [15]. As such, it needs less computing work than other
existing techniques. In addition, these methods, which are based on spline functions to obtain numerical solutions
of differential equations, can turn into band matrices that can be easily solved with low-cost calculations and some
algorithms in the market. However, as the system parameters change, analyzing the dynamic features of wave solutions
of nonlinear evolution equations might reveal qualitative shifts in the system’s genesis [16].

The ( G′

ωG′+G+r )-expansion method employed here can be viewed as a specific realization within the broader frame-

work of the transformed rational function method [26], which utilizes rational transformations of solutions to auxiliary
ordinary differential equations to construct exact solutions for nonlinear PDEs. Our approach leverages a specific
auxiliary equation structure to systematically generate new solution families for the KPP equation.

Although the KPP equation has received a lot of attention, finding more intriguing new traveling wave solutions
continues to be a significant contribution. To add to the body of knowledge, novel exact and numerical solutions
to the KPP problem are examined in this paper. Two highly effective techniques have been used to achieve our
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goal: the finite element approach and the ( G′

ωG′+G+r )-expansion method. Structure of the document is as follows: In

Section 2, we start with the model’s mathematical analysis. Section 3 examines the ( G′

ωG′+G+r )-expansion approach

strategy. In Section 4, ( G′

ωG′+G+r )- expansion method is employed to acquire some new family of analytical solutions
of the equation. Section 5 discusses the graphical representation of several of these solutions. The construction of
the numerical method and its application to the equation are given in Section 6. Then in Section 7, in order to show
the performance and sensitiveness of the method, the problem has been solved by taking different parameters and the
results are shown in tables. In Section 8, qualitative analysis of the nonlinear TWSs of Eq. (1.1) is analyzed. A brief
presentation of the results is given in last Section.

2. Mathematical examination of the method

The following transformation is applied in order to obtain the TWS for Eq. (1.1):

Ψ(x, t) = v(ζ), (2.1)

here

ζ = κx− νt, (2.2)

and the speed of the traveling wave is represented by ν. Eqs. (2.1) and (2.2) allow us to rewrite Eq. (1.1) as follows:

κ2v′′2 + γv(ζ)3 − νv′(ζ) = 0. (2.3)

3. The ( G′

ωG′+G+r )-expansion approach’s configuration

The following is how we can formulate the governing equation:

F (Ψ,Ψxx,Ψt, ...) = 0. (3.1)

Eq. (3.1) presents a polynomial function F based on the function Ψ and its derivatives in space and time. We may
use a traveling wave transformation (2.1) to translate this PDE into an ordinary differential equation:

H(v, v′′, ...) = 0. (3.2)

The ( G′

ωG′+G+r )-expansion procedure involves the following crucial steps:

Step 1: Let’s assume that the answer to (3.2) is as follows:

v(ζ) =
N∑
i=0

siΘ(ζ)i, (3.3)

here Θ(ζ) = ( G′

ωG′+G+r ), G(ζ) fulfill the second-order differential equation:

(ζ)
′
− S

ω2
G(ζ)− S

ω2
r, (3.4)

where: si are unknown constants, S, L, and ω are constants that will be found later. On the other hand
Θ = Θ(ζ) satisfies the ODE

Θ′(ζ) = (L −S− 1)Θ(ζ)2 +
1

ω
(2S− L)Θ(ζ)− 1

ω2
S. (3.5)

Step 2: Applying the idea from the previous part to determine N.
Step 3: Two sets of (3.5) solutions are obtained:

Class 1: If J = L2 − 4S > 0,

G = −r + P1e
1
2ω (−L−

√
J)ζ + P2e

1
2ω (−L+

√
J)ζ , (3.6)



Unco
rre

cte
d Pro

of

4 D. YILDIRIM SUCU, S. BATTAL GAZI KARAKOC, A. SAHA, AND K. K. ALI

P1 and P2 are arbitrary constants, the relationship must be confirmed.
r2 + P2

1 + P2
2 6= 0, then

Θ(ζ) =
P1(L+

√
J) + P2(L − J)e

√
Jζ
ω

ωP1(L − 2 +
√
J) + ωP2(L − 2− J)e

√
Jζ
ω

,

Θ(ζ) =

[L(P2 −P1)−
√
J(P2 + P1)] sinh(

√
Jζ

2ω ) + [L(P2 + P1)−
√
J(P2 −P1)] cosh(

√
Jζ

2ω )

ω[(L − 2)(P2 −P1)−
√
J(P2 + P1)] sinh(

√
Jζ

2ω ) + ω[(L − 2)(P2 + P1)−
√
J(P2 −P1)] cosh(

√
J ζ

2ω )
.

(3.7)

Θ(ζ) =

{
L−2S

2ω(L−S−1) −
√
J

2ω(L−S−1) tanh(
√
Jζ

2ω ), (L − 2)(P2 −P1)−
√
J(P2 + P1) = 0,

L−2S
2ω(L−S−1) −

√
J

2ω(L−S−1) coth(
√
Jζ

2ω ), (L − 2)(P2 + P1)−
√
J(P2 −P1) = 0.

(3.8)

Class 2: If J = L2 − 4S < 0,

G = −r + e
−Lq
2ω (P1 cos(

√
−Jζ
2ω

) + P2 sin(

√
−Jζ
2ω

)), (3.9)

Θ(ζ) =
(LP1 −

√
−JP2) cos(

√
−Jζ
2ω ) + (LP2 +

√
−JP1) sin(

√
−Jζ
2ω )

ω((L − 2)P1 −
√
−JP2) cos(

√
−Jζ
2ω ) + ω((L − 2)P2 +

√
−JP1) sin(

√
−Jζ
2ω )

. (3.10)

Θ(ζ) =

{
L−2S

2ω(L−S−1) +
√
−J

2ω(L−S−1) tan(
√
−Jζ
2ω ), (L − 2)P2 +

√
−JP1 = 0,

L−2S
2ω(L−S−1) −

√
−J

2ω(L−S−1) cot(
√
−Jζ
2ω ), (L − 2)P1 −

√
−JP2 = 0.

(3.11)

Step 4: When (3.3) and (3.4) are added to (3.2), the coefficients with the same powers of Θ(ζ) vanish, revealing a
system of equations. To find the solution to this system, use the Mathematica software.

4. Mathematical solutions of the method

The ( G′

ωG′+G+r )-expansion method is used in this section to infer the analytical solutions for the two different

instances that are studied in Eq. (1.1). For nonlinear differential equations, the ( G′

ωG′+G+r )- expansion method is a
powerful analytical method that is used to approximate solutions with remarkable efficiency.

Integrating the idea of balance principle with (2.3) between the terms v′′ and v3 provides N + 2 = 3N , which
suggests that N = 1.We describe the solution to (2.3) using (3.3) as follows:

v(ζ) =

1∑
i=0

siΘ(ζ)i. (4.1)

Eq. (4.1) is substituted for Eq. (2.3) and the coefficients of like powers of ( G′

ωG′+G+r ) are equated to zero to provide
the following system:

αs0 + βs2
0 + γs3

0 +
κ2LSs1

ω3
− 2κ2S2s1

ω3
+

Sνs1

ω2
= 0, (4.2)

αs1 + 2βs0s1 + 3γs2
0s1 +

κ2L2s1

ω2
− 6κ2LSs1

ω2
+

6κ2S2s1

ω2
+

2κ2Ss1

ω2
+
Lνs1

ω
− 2Sνs1

ω
= 0, (4.3)

βs2
1 + 3γs0s

2
1 −

3κ2L2s1

ω
+

9κ2LSs1

ω
+

3κ2Ls1

ω
− 6κ2S2s1

ω
− 6κ2Ss1

ω
− Lνs1 + Sνs1 + νs1 = 0, (4.4)

γs3
1 + 2κ2L2s1 − 4κ2LSs1 − 4κ2Ls1 + 2κ2S2s1 + 4κ2Ss1 + 2κ2s1 = 0. (4.5)

The aforementioned set of equations could be solved with the Mathematica program to generate the following sets of
solutions:
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Set 1:

s0 =
ν
(
κ2(L − 2S) + νω

)
βκ2ω

, s1 =
2ν(−L+ S + 1)

β
, γ = −β

2κ2

2ν2
, α =

κ4(L2−4S)
ω2 − ν2

2κ2
. (4.6)

Set2:

s0 =
3κ2

(
L
√
L2 − 4S− 2S

(√
L2 − 4S + 2

)
+ L2

)
− νω

(√
L2 − 4S + L − 2S

)
2βω2

,

s1 =
(L −S− 1)

(
νω − 3κ2

√
L2 − 4S

)
βω

, α =
νω
√
L2 − 4S− κ2

(
L2 − 4S

)
ω2

, (4.7)

γ = − 2β2κ2ω2

9κ4 (L2 − 4S)− 6κ2νω
√
L2 − 4S + ν2ω2

.

Set3:

s0 =
3κ2

(
−L
√
L2 − 4S + 2S

(√
L2 − 4S− 2

)
+ L2

)
+ νω

(√
L2 − 4S− L+ 2S

)
2βω2

,

s1 =
(L −S− 1)

(
3κ2
√
L2 − 4S + νω

)
βω

, α = −
κ2
(
L2 − 4S

)
+ νω

√
L2 − 4S

ω2
,

γ = − 2β2κ2ω2

9κ4 (L2 − 4S) + 6κ2νω
√
L2 − 4S + ν2ω2

.

(4.8)

By plugging the values from Equations (4.6), (4.7) and (4.8) into Eq. (4.1) and utilizing Equations (3.7),(3.8), (3.10)
and (3.11), we can determine v(ζ). We may then find v(ζ) by inserting v(ζ) into Eq. (3.3). Finally, we may find the
solutions of Eq.(1.1) by substituting v(ζ) in Eq. (2.1) and Eq. (2.2):

Family 1: When J = L2 − 4S > 0, solutions rely on the hyperbolic function:

Ψ1(x, t) =
ν
(
κ2(L − 2S) + νω

)
βκ2ω

+
2ν(−L+ S + 1)

β
Θ(ζ), (4.9)

Ψ2(x, t) =
3κ2

(
L
√
L2 − 4S− 2S

(√
L2 − 4S + 2

)
+ L2

)
− νω

(√
L2 − 4S + L − 2S

)
2βω2

+
(L −S− 1)

(
νω − 3κ2

√
L2 − 4S

)
βω

Θ(ζ), (4.10)

Ψ3(x, t) =
3κ2

(
−L
√
L2 − 4S + 2S

(√
L2 − 4S− 2

)
+ L2

)
+ νω

(√
L2 − 4S− L+ 2S

)
2βω2

+
(L −S− 1)

(
3κ2
√
L2 − 4S + νω

)
βω

Θ(ζ), (4.11)

where

Θ(ζ) =

[L(P2 −P1)−
√
J(P2 + P1)] sinh(

√
Jζ

2ω ) + [L(P2 + P1)−
√
J(P2 −P1)] cosh(

√
Jζ

2ω )

ω[(L − 2)(P2 −P1)−
√
J(P2 + P1)] sinh(

√
Jζ

2ω ) + ω[(L − 2)(P2 + P1)−
√
J (P2 −P1)] cosh(

√
Jζ

2ω )
,

(4.12)

Θ(ζ) =

{
L−2S

2ω(L−S−1) −
√
J

2ω(L−S−1) tanh(
√
Jζ

2ω ), (L − 2)(P2 −P1)−
√
J(P2 + P1) = 0,

L−2S
2ω(L−S−1) −

√
J

2ω(L−S−1) coth(
√
Jζ

2ω ), (L − 2)(P2 + P1)−
√
J(P2 −P1) = 0.

(4.13)

Family 2: When J = L2 − 4S < 0, solutions rely on the trigonometric function:

Ψ4(x, t) =
ν
(
κ2(L − 2S) + νω

)
βκ2ω

+
2ν(−L+ S + 1)

β
Θ(ζ), (4.14)



Unco
rre

cte
d Pro

of

6 D. YILDIRIM SUCU, S. BATTAL GAZI KARAKOC, A. SAHA, AND K. K. ALI

- 10 - 5 0 5 10
0.000

0.002

0.004

0.006

0.008

0.010

x

(
x
,,

t
)

t=2

t=1

t=0

Figure 1. Graph of (4.9) with (4.13) and (4.6) at L = 0.1,S = 0.0001, ω = 0.7, κ = 3, ν = 0.008, β = 0.1.

Ψ5(x, t) =
3κ2

(
L
√
L2 − 4S− 2S

(√
L2 − 4S + 2

)
+ L2

)
− νω

(√
L2 − 4S + L − 2S

)
2βω2

+
(L −S− 1)

(
νω − 3κ2

√
L2 − 4S

)
βω

Θ(ζ),

(4.15)

Ψ6(x, t) =
3κ2

(
−L
√
L2 − 4S + 2S

(√
L2 − 4S− 2

)
+ L2

)
+ νω

(√
L2 − 4S− L+ 2S

)
2βω2

+
(L −S− 1)

(
3κ2
√
L2 − 4S + νω

)
βω

Θ(ζ),

(4.16)

where

Θ(ζ) =
(LP1 −

√
−JP2) cos(

√
−Jζ
2ω ) + (LP2 +

√
−JP1) sin(

√
−Jζ
2ω )

ω((L − 2)P1 −
√
−JP2) cos(

√
−Jζ
2ω ) + ω((L − 2)P2 +

√
−JP1) sin(

√
−Jζ
2ω )

, (4.17)

Θ(ζ) =

{
L−2S

2ω(L−S−1) +
√
−J

2ω(L−S−1) tan(
√
−Jζ
2ω ), (L − 2)P2 +

√
−JP1 = 0,

L−2S
2ω(L−S−1) −

√
−J

2ω(L−S−1) cot(
√
−Jζ
2ω ), (L − 2)P1 −

√
−JP2 = 0.

(4.18)

5. Visual Representations

In this paper, we examine the generated equations using a mix of analytical methods. Gaining a deeper understand-
ing of the system and its operation is our primary goal. We include 2D and 3D figures that illustrate the analytical
solution we discovered in order to clearly illustrate our conclusions. Visual representations of the solutions’ behavior
are provided by these figures, which also highlight the effects of different parameters and offer helpful insights into
how the system develops under various circumstances. The analytical solutions for Eqs. (4.9) to (4.18) in Figures 1–5
are the main focus of our attention.
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Figure 2. Graph of (4.10) with (4.12) and (4.7) at S = 0.001,L = 0.1,P1 = 1.5,P2 = 1, ω =
0.3, κ = 2, ν = 0.3, β = 3.
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Figure 3. Graph of (4.11) with (4.12) and (4.8) at S = 0.001,L = 0.1,P1 = 1.5,P2 = 1, ω =
0.3, κ = 2, ν = 0.3, β = 3.

6. Construction of the numerical method

In this section, we achieve the septic B-spline collocation finite element method to confirm and illustrate the accuracy
and efficiency of the proposed method. Septic B-spline functions φm(x), m = −3(3)N , at the nodes xm are defined
over the solution interval [xL = a, xR = b] in [29]. Because of their smoothness, local support, and capacity to manage
local occurrences, B-spline functions are dependable tools for precisely and simply solving both linear and nonlinear
partial differential equations. The emergence of a technique in the colocation procedure that only needs unknown
parameters at certain nodes to construct the solution depends on the use of B-spline functions. Approximate solution
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Figure 4. Graph of (4.15) with (4.18) and (4.7) at L = 0.001,S = 0.0001, ω = 0.1, κ = 0.2, ν =
0.05, β = 0.6.
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Figure 5. Graph of (4.16) with (4.18) and (4.8) at L = 0.001,S = 0.0001, ω = 0.1, κ = 0.2, ν =
0.05, β = 0.6.

unumeric(x, t) for analytical solution uexact(x, t) can be given as a linear combination of septic B-splines as follows:

unumeric(x, t) =
N+3∑
m=−3

φm(x)σm(t). (6.1)

Using the hξ = x − xm, (0 ≤ ξ ≤ 1) transformation to the typical finite interval [xm, xm+1] is planned to more
easily practicable region [0, 1]. Nodall values of um and its derivatives are deternined in terms of element parameters
σm in the following form

unumeric(xm, t) = σm−3 + 120σm−2 + 1191σm−1 + 2416σm + 1191σm+1 + 120σm+2 + σm+3,

u′m =
7

h
(−σm−3 − 56σm−2 − 245σm−1 + 245σm+1 + 56σm+2 + σm+3),
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u′′m =
42

h2
(σm−3 + 24σm−2 + 15σm−1 − 80σm + 15σm+1 + 24σm+2 + σm+3), (6.2)

u′′′m =
210

h3
(−σm−3 − 8σm−2 + 19σm−1 − 19σm+1 + 8σm+2 + σm+3),

uivm =
840

h4
(σm−3 − 9σm−1 + 16σm − 9σm+1 + σm+3),

uvm =
2520

h5
(−σm−3 + 4σm−2 − 5σm−1 + 5σm+1 − 4σm+2 + σm+3).

If the equalities (6.1) and (6.2) are used in the Eq.(1.1), following system of linearized ODEs are reached:

·
σm−3 + 120

·
σm−2 + 1191

·
σm−1 + 2416

·
σm + 1191

·
σm+1 + 120

·
σm+2 +

·
σm+3

− 42

h2
(σm−3 + 24σm−2 + 15σm−1 − 80σm + 15σm+1 + 24σm+2 + σm+3) (6.3)

+ Zm1
7

h
(−σm−3 − 56σm−2 − 245σm−1 + 245σm+1 + 56σm+2 + σm+3)

− Zm2(σm−3 + 120σm−2 + 1191σm−1 + 2416σm + 1191σm+1 + 120σm+2 + σm+3) = 0,

where
·
σ = dσ

dt and

Zm1 = u2,
Zm2 = u3.

The system of ODEs (6.3) reduces to the following system of nonlinear equations when
·
σi and σi are replaced by

the forward difference approximation
·
σi =

σn+1
i −σni

∆t and Crank–Nicolson formulation σi =
σn+1
i +σni

2 , respectively:

L1σ
n+1
m−3 + L2σ

n+1
m−2 + L3σ

n+1
m−1 + L4σ

n+1
m + L5σ

n+1
m+1 + L6σ

n+1
m+2 + L7σ

n+1
m+3

= L7σ
n
m−3 + L6σ

n
m−2 + L5σ

n
m−1 + L4σ

n
m + L3σ

n
m+1 + L2σ

n
m+2 + L1σ

n
m+3, (6.4)

where

L1 = [1− E −KZm1 − TZm2] , L2 = [120− 24E − 56KZm1 − 120TZm2] ,

L3 = [1191− 15E − 245KZm1 − 1191TZm2] , L4 = [2416 + 80E − 2416TZm2] ,

L5 = [1191− 15E + 245KZm1 − 1191TZm2] , L6 = [120− 24E + 56KZm1 − 120TZm2] ,

L7 = [1− E +KZm1 − TZm2] ,

E =
42

h2
, K =

7

2h
∆t, T =

1

2
∆t, m = 0, 1, ..., N − 1. (6.5)

In order to acquire a distinctive solution of the system (6.4), six unknowns σ−3, σ−2, σ−1, σN+1, σN+2, and σN+3

must be eliminated.

7. Numerical simulations

We examine the KPP equation for a range of time and space division values in order to evaluate the effectiveness
and validity of the suggested numerical approach. An exact wave feature of the KPP equation is

u(x, t) = [−1

3
−
√

8 + 12b

3
+
√
−2b tanh(

√
−b(x−

√
8 + 12b

3
t))], (7.1)

under restriction −8(1 + 6b)
√

4 + 6b− 11 = 0 with the below initial and boundary conditions:

u(x, 0) = [−1

3
−
√

8 + 12b

3
+
√
−2b tanh(

√
−bx)], (7.2)

where b = − 3
16 −

√
5

16 .
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In order to showcase the precision of our numerical approach, we have selected [xL = −70, xR = 70] as the problem’s
interval and t = 1 as the processing’s ultimate time, taking into account previous research findings. To verify our
approach, we will employ the error norms that are commonly utilized in the literature, specifically L2 and L∞ [17, 38]:

L2 = ‖uexact − unumeric‖2 '

√√√√h
N∑
j=1

∣∣∣(uexact)j − (unumeric)j

∣∣∣2, (7.3)

L∞ = ‖uexact − unumeric‖∞ ' max
j

∣∣∣(uexact)j − (unumeric)j

∣∣∣ , j = 1, 2, ..., N. (7.4)

In simulation calculations, typical values ∆t = 0.001 with h = 0.1, 0.01, 0.05 and 0.005 were selected in order to
agree with the literature. The results for the error norms L2 and L∞ computed over these values for step sizes and time
levels are shown in Table 1. Consequently, it is simple to observe how the quantity of ranking points affects how the
numerical approach behaves. Upon analyzing the table, it was discovered that the computed error norms L2 and L∞
were appropriately minimal. We can conclude that the numerical findings are positively impacted by increasing the
number of time divisions. A t = 0.05 study was conducted on the approach. Secondly, Table 2 show some comparisons
between recently acquired numerical results and various papers in the literature. It is evident from the table that the
collocation approach in conjunction with the division methods performs better, quicker, and with greater reliability
than the other approaches. The 3-dimensional example of descending bell-shaped wave features formed at chosen time
intervals is evident when examining Figure 6 and 7. The wave’s behavior, which involves sluggish motion and no form
change, is depicted in the figures.

Table 1. The error norms for two values of h and ∆t.

∆t = 0.001, h = 0.1 ∆t = 0.001, h = 0.005
t L2 L∞ L2 L∞

0.01 11.42×10−2 18.06×10−3 44.44×10−5 80.55×10−5

0.02 22.74×10−2 35.94×10−3 88.23×10−5 14.16×10−4

0.03 33.93×10−2 53.64×10−3 13.23×10−4 20.39×10−4

0.04 45.02×10−2 71.17×10−3 17.64×10−4 26.99×10−4

0.05 55.99×10−2 88.52×10−7 22.04×10−4 33.50×10−4

∆t = 0.001, h = 0.01 ∆t = 0.001, h = 0.05
t L2 L∞ L2 L∞

0.01 42.41×10−5 69.35×10−5 52.25×10−5 80.55×10−5

0.02 85.09×10−5 13.69×10−4 10.39×10−4 14.16×10−4

0.03 12.78×10−4 20.39×10−4 15.53×10−4 20.39×10−4

0.04 17.07×10−4 26.99×10−4 20.63×10−4 26.99×10−4

0.05 21.35×10−4 33.50×10−4 25.68×10−4 33.50×10−4

Table 2. The comparison of error norms for distinct values of h and ∆t.

∆t = 0.001, h = 1/8 ∆t = 0.001, h = 1/16
t L2 L∞ L2 L∞

Ref. [37] 1.06456E-02 1.54297E-02 2.59637E-03 3.75879E-03
0.01 5.14640E-04 9.82253E-04 4.54164E-04 8.31462E-04
0.02 9.47241E-04 14.7435E-04 8.92579E-04 14.2336E-04
0.03 14.0282E-04 20.3937E-04 13.3645E-04 20.3934E-04
0.04 18.6252E-04 26.9953E-04 17.8104E-04 26.9951E-04
0.05 23.2164E-04 33.5007E-04 22.2512E-04 33.5005E-04



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-15 11

- 1.75

- 1.50

- 1.25

- 1.00

- 0.75

- 0.50

- 0.25

- 4 - 2 0 2 4

0.00

0.01

0.02

0.03

0.04

0.05

- 1.8

- 1.4

- 1.0

- 0.6

- 0.2

Figure 6. Numerical features of the problem for ∆t = 0.001 and h = 0.1.

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0 1 2 3 4 5

0.0

0.2

0.4

0.6

0.8

1.0

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

Figure 7. Numerical behaviours of the problem for ∆t = 0.01 and h = 0.1.

8. Qualitative Analysis

We are interested to investigate te qualitative analysis of the nonlinear TWSs of Eq. (1.1). To explore all possible
nonlinear TW of Eq. (1.1), one can employ a frame ξ = x− vt with speed v. Then Eq. (1.1) becomes

−vΨξ + Ψξξ + αΨ + βΨ2 + γΨ3 = 0. (8.1)

Then the system (8.1) is written as the following dynamical system (DS):

ψξ = P,

Pξ = vP − αΨ− βΨ2 − γΨ3. (8.2)

The system (8.2) is a planar dynamical system [22, 31, 34] with α, β, γ and v as physical parameters. If β2 −
4γα > 0, then the DS (8.2) has three equilibrium points at E0(Ψ0, 0), E1(Ψ1, 0), and E2(Ψ2, 0), where Ψ0 = 0,

Ψ1 =
−β+
√
β2−4αγ

2γ and Ψ2 =
−β−
√
β2−4αγ

2γ . If β2− 4γα = 0, then the DS (8.2) has two singular points or equilibrium

points at E0(Ψ0, 0) and E3(Ψ3, 0), where Ψ3 = − β
2γ . If β2 − 4γα < 0, then the DS (8.2) has only one equilibrium

point at E0(Ψ0, 0). For each point (Ψi,Pi) in the ΨP -plane, each trajectory or orbit in the phase portrait correlate
with a traveling wave feature or solution of Eq. (1.1).
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Figure 8. (left) Phase plot of the DS (8.2), (right) Plot of Ψ with respect to ξ for v = 0.1, α =
1, β = 2, and γ = 0.9.
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Figure 9. (left) Phase plot of the DS (8.2), (right) Plot of Ψ with respect to ξ for v = 0.1, α =
1, β = 2, and γ = 1.

In Figure 8(a), phase plot of the DS (8.2) is presented for v = 0.1, α = 1, β = 2, and γ = 0.9. It contains three
singular or equilibrium points at E0(Ψ0, 0), E1(Ψ1, 0), and E2(Ψ2, 0). There are two unstable spirals at E0(Ψ0, 0) and
E2(Ψ2, 0). The unstable oscillation corresponding the unstable spiral at E0(Ψ0, 0) is presented in Figure 8(b).

In Figure 9(a), phase plot of the DS (8.2) is presented for v = 0.1, α = 1, β = 2, and γ = 1. It accommodates two
singular or equilibrium points at E0(Ψ0, 0) and E3(Ψ3, 0). There is one unstable spiral at E0(Ψ0, 0). The unstable
oscillation corresponding the unstable spiral at E0(Ψ0, 0) is presented in Figure 9(b).

In Figure 10(a), phase plot of the DS (8.2) is presented for v = 0.1, α = 1, β = 2, and γ = 1.1. It contains only one
equilibrium point at E0(Ψ0, 0). There is only one unstable spiral at E0(Ψ0, 0). The unstable oscillation corresponding
the unstable spiral at E0(Ψ0, 0) is presented in Figure 10(b).
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Figure 10. (left) Phase plot of the DS (8.2), (right) Plot of Ψ with respect to ξ for v = 0.1, α =
1, β = 2, and γ = 1.1.

9. Conclusion

The implications of our research are twofold: Firstly, ( G′

ωG′+G+r )-expansion method has been used for obtaining the
exact solutions of the KPP equation. Since the method offers a wide range of exact wave solutions for a sizable class
of nonlinear evolution equations, the applied method is a novel scheme that is also incredibly strong and effective.
Secondly, the septic B-spline collocation method has been presented and implemented for the numerical solutions of the
equation. For the purpose of numerical experiments, our method has been applied for the single solitary wave in which
the exact solution is known. To assess the performance and validness of numerical algorithm L2 and L∞ error norms
have been measured. For the sake of better understanding of the obtained solutions, some graphical illustrations
are presented also for the two methods. Numerical experiments demonstrated that the results are obtained from
the proposed method are efficient, reliable, fruitful, and powerful. The study’s greatest feature is how well the two
strategies for obtaining precise and quantifiable results were implemented. Qualitative analysis of the traveling wave
features for the KPP equation is presented through phase plane analysis. All possible phase portraits with unstable
spirals are depicted. The oscillatory wave solutions are presented corresponding to the unstable spirals. It is therefore
possible to analyze NLPDEs, which frequently occur in engineering sciences, mathematical physics, and other scientific
subjects, more successfully by using this straightforward yet effective method.
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