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Abstract . 3

The overarching purpose of this work is to derive new exact traveling wave solutions for a fifth-order generalized
nonlinear fractional differential equation (5th-order GNFDE) by applying the Improved Auxiliary equation method.
This equation is characterized by M-fractional derivatives (M-FD), which offer a larger basis for modeling complex
dynamical systems with memory effects. The proposed methodology enables various types of solutions designed
in the shape of traveling wave solutions, solitary wave solutions, and other prominent solution types, indicating
the robustness and versatility of the approach in dealing with nonlinear fractional differential equations. Some
investigated solutions are demonstrated in 2D and 3D graphics by smearing definite values to the parameters
under constrained conditions to boost the key propagating features. The results contribute significantly to the
development of analytical techniques for solving high-order nonlinear fractional differential equations (NLFDE).
In addition, the method is efficient and applicable to various non-linear systems, further enhancing its practical
efficacy.
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1. INTRODUCTION

The study of wave phenomena has significant relevance across various applied scientific disciplines. Fractional
derivatives in nonlinear differential equations extend the idea of classical differential equations with integer-order
derivatives. Nonlinear fractional partial differential equations (NLPDEs) have emerged as crucial tools in modeling
complex phenomena across a broad spectrum of scientific and engineering disciplines. Their applications span fields
such as plasma physics, solid state physics, fluid dynamics, chemical kinetics and mathematical biology, theoretical and
applied physics, biomechanics, chemical dynamics, biological systems, power-law non-local effects, relativistic models,
nonlinear optical systems, engineering design, signal processing, electrical systems, and solid mechanics, among others.
Due to their ability to describe complex systems with both deterministic and random behaviors, PDEs have become
a foundation in applied mathematics and physical sciences [9, 10, 26, 27, 46]. The single key aspect of the non-linear
physical phenomenon is the determination of the precise solutions of non-linear fractional PDEs. Exact solutions
deliver treasured physical insights and help to understand the principles of various physical models, such as those
in solid-state physics, chemical physics, biology, optical fibers, and plasma physics. Over the past 200 years, many
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academics have been paying attention to fractional calculus. Frequent non-linear elements, such as fluid mechanics,
chemical reactions, biological processes, etc., are used as models. Commanding by fractional-order PDEs is the classic
integer-order PDEs generalization. A variety of advanced mathematical methodologies have been formulated to derive
precise analytical solutions for non-linear partial differential equations. Among these techniques are solitary wave
solutions, traveling wave solutions, and periodic wave solutions, all providing valuable insights into the underlying
characteristics of the solutions to these equations. A variety of algebraic methods that have been applied to the
nonlinear PDEs to generate exact solutions such as [11, 14, 20, 41, 44]. Recently, Wazwaz [49] introduced a fifth-order
nonlinear evolution equation, expressed as

Uitt — Urzaza — 4 (UwUt)xz —4 (Ua:th)g; =0, (11)
and its generalized form is given by:
Uttt - Uzzmmz — K (UxUt)xx -V (UzUmt)x = 0, (12)

where p and v are arbitrary parameters.

The approaches to solving non-linear PDEs significantly improving the tools available for the mathematical modeling
of physical phenomena. His work, along with contributions from others in the field; has endorsed the advancement
of more effective and systematic approaches for obtaining exact analytical solutions to complex equations. Riemann-
Liouville fractional derivative [33], Caputo fractional derivative [34, 48], Caputo-Fabrizio [17], conformable fractional
derivative [31, 40, 42], and others are among the definitions of fractional derivatives that originate in the literature.
In 2017, Sousa and Oliveira [47] introduced an M-fractional derivative (M-FD) that integrates the Mittag-Leffler
function with a single parameter [? ], ensuring its alignment with the characteristics of classical integer-order calculus.
Building on this idea, we present a truncated M-FD that consolidates previously defined fractional derivative types,
while upholding the fundamental properties of integer-order calculus.

Non-integer order models can be solved by using the truncated M-FD. Incorporating fractional derivatives in
NLPDESs provides a more accurate representation of memory and hereditary effects, commonly observed in physical
and biological systems. In recent years, a variety of robust methods have been developed and widely applied to
determine exact solutions of nonlinear fractional differential equations (FDEs). These include homotopy analysis

Sumudu transform method [29], the generalized (G’/G)-expansion technique and the generalized tanh-coth method

[37], the improved tan@—expansion method and the semi inverse variational principle method [28, 32], Hirota’s

bilinear method [18, 24, 25], the homotopy analysis method [19], the modified expansion function method [4], the sin-
cos method [50], the tan(h) method [36], and method of the exponential rational function [21]. Additional significant
methods including the sine-Gordon [23] expansion technique, the extended (%)—expansion method [57], the tanh-
coth expansion method [55], and the first integral approach [56]. Further advancements have led to techniques such
as the exp(—¢(n)) method [15], new auxiliary equation methods [54], the Riccati equation method [51], and various
extended direct algebraic and exp-function methods [43, 58]. Moreover, the Jacobi elliptic function expansion [35],
exp(—F'(n))-expansion method [5], generalized algebraic methods [12], and several other techniques [6-8, 52] have
proven to be valuable tools for the analysis and solution of non-linear FDEs. Specifically, various methods have
been employed to derive exact solutions for fifth-order generalized nonlinear fractional PDEs. These methodologies
include the generalized Kudryashov method and the sub-equation technique [45], the (G’/G?)-expansion approach for
obtaining exact traveling wave solutions to nonlinear conformable evolution equations [30], as well as the application of
the (G’ /G?)-expansion method for deriving analytical solutions to the time-fractional prolonged Zakharov-Kuznetsov
equation [16]. Furthermore, analogous techniques have been utilized to derive novel traveling wave solutions for a
range of nonlinear fractional partial differential equations [13]. Recent improvements to tanh-function algorithms,
F'/F-expansion strategies [53], and other innovative methods [22, 38, 39] have further enhanced the precision and
applicability of these techniques in the literature. These advancements highlight the ongoing advancement of techniques
used in the study of nonlinear fractional differential equations such as [1-3]. Our goal in this study is to examine
the exact solutions of novel fifth-order generalized nonlinear fractional differential equations (NLPDEs) using the
M-fractional derivative and the Improved Auxiliary Equation (IAE) method. Founded on the work of Wazwaz , we
are motivated to introduce the first extended nonlinear equation in the context of the first truncated M-fractional
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conformable as:
Df’o‘H + B1D{ Hypor + B2 (Hy DY H) . + B3 (HyDi*Hy),, = 0, (1.3)

where, 1, B2, 83 are nonzero real parameters and « is the fractional order such that 0 < o < 1.

Our work contributes significantly to the frame of knowledge by developing the TAE method to solve 5th-order
generalized nonlinear fractional DEs. The use of the M-FD develops the accuracy and efficiency of the solutions,
consenting for a deeper understanding of the complex behavior characteristics in such systems. Through this article,
we aim to provide new insights and analytical solutions that can assist as a foundation for forthcoming studies and
applications of fractional calculus in nonlinear PDEs.

The organization of this paper unfolds by way of: section 2 outlines the essential preliminaries of fractional calculus,
particularly the M-FD, which form the foundation of the study. Section 3 describes the key principles and steps of
the Improved Auxiliary Equation (IAE) Method. In section 4, we derive the exact and solitary wave solutions for the
proposed equations using the TAE method. Section 5 presents the results with comprehensive graphical discussions,
displaying 2-dim. and 3-dim. representations of the derived results, including their physical interpretations. Lastly,
the section 77 concludes the paper with a summary of the findings and insights into the potential applications of the
results.

2. PRELIMINARIES

M-Fractional Derivative (M-FD) and Its Fundamental Properties The M-fractional derivative, also known as the
truncated M-fractional derivative, is a type of fractional derivative that was introduced to address some limitations
of existing fractional derivative definitions. It aims to preserve certain properties of classical integer-order derivatives,
like linearity, the product rule, and the chain rule, while generalizing other fractional derivatives.

Let u(t) : (0,00) = R, and the truncated M-FD of u of order o is expressed as [47]:

-«
D3P u(t) = lim = (tEp (r7%)) —u(t). (2.1)

T—0 T

where 0 < a < 1 and 8 > 0.
Here, E3(-) represents the truncated Mittag-Leffler function with a single parameter, which is defined as:

Eﬁ(m):;m, B>0,meC. (2.2)

Characteristics of the Truncated M-Fractional Derivative (TM-FD) Consider parameters 0 < e < 1,8 > 0,7,s € R.
Suppose the functions u and v are a-differentiable at a point ¢ > 0. Based on the principles outlined in [18], the
following properties can be established:

(i) The truncated M-fractional derivative of a linear combination of two functions u(t) and v(t) is given by:

Dy (su(t) +ro(t)) = sDyju(t) +rDyo(t), (2.3)
(ii) The truncated M-fractional derivative of the product of two functions u(t) and v(t) can be expressed as:
Diry (ut) - v(t)) = u(t) - Dy, o(t) + o(t) - Dy pult), (24)

(iii) The truncated M-fractional derivative of the ratio of two functions u(t) and v(t) is defined as:

v (u®)Y _ o(t) - Dy u(t) — u(t) - Dy, () (2.5)
M) ) (v(1))? ’ '
(iv) The truncated M-fractional derivative of a constant function u(t) = c¢ is:
Dy 4(c) =0, (2.6)
(v) The truncated M-fractional derivative of a function u(t) is represented as:
th=e  du(t)
DY 1) = . 2.7

(&)
ENE



4 M. ASHRAF, N. MUHAMMAD, M. A. B. MASUD, M. N. ALAM, AND M. J. HOSSEN

Significance of Truncted M-Fractional Derivative.

(i) It provides a simple, non-singular kernal.

(ii) Avoids some inconsistencies of other fractional derivatives.

(iii) It is very useful in modeling physical systems with memory or non-local dynamics.

3. DESCRIPTION OF IAE METHOD

In this part of the paper, we delve into the fundamental steps and core principles underlying the TAE method. We
consider traveling wave equation, expressed as a partial differential equation (PDE):

H|H,H,,H,, H;,Hy;,Hyy,Hy,...] = 0. (3.1)
Let H = H(x,y,t,...), where the function H is expressed as a transformation dependent on ¢. The parameter ¢, in
turn, is defined as a function of the independent variables x,y,t, ..., such that:

H =H(¢), with¢=d¢(z,y,t,...). (3.2)

By substituting Equation (2) into Equation (1), the transformation yields a nonlinear ordinary differential equation
(NODE). This resulting equation can be represented in a generalized form, where O is a functional that depends on
H and its derivatives, such that:

O[H,H',H" H",...]=0, (3.3)

where H represents the dependent variable and the terms H’, H”, H"", etc., represent its derivatives.

To explore soliton solutions, we integrate Eq. (3.3) repeatedly, setting the integration constants to zero. Herein, we
provide a comprehensive list of the core functions of the tools suggested: Assume the solution to Eq. (3.1) takes the
form:

S c;atf (@)
Z?:O dla’bf(qﬁ) ’
where, ¢; and d;, (i = 0,1,2,3,...,n) are the free parameters, and both of these can not be zero at the same

time. Here, a’ are the real constants. where n is the positive integer taken by balancing the highest-order linear
term with the highest-order nonlinear term in the equation. Eq. (3.3) and for this purpose we follow the expression

, k
D {dgH(w)} =n+g,D {Hg (th(w)) } =ng + k(n + h). So, expanding the Eq. (3.4) for the value of n and the

H(¢) = (3-4)

dwy dwh
Eq. (3.4) satisfy the following equation

, pa—I® 4 raf©®) 4q

= 3.5
7' (@) s (35)
4. DERIVATION OF SOLUTIONS VIA IMPROVED AUXILIARY EQUATION METHOD
Rewriting the first truncated M-fractional conformable first extended nonlinear equation as:

D}*H 4 81 DY Hyprwe + Bo (H.D{H),, + ps(H,D{H,), = 0. (4.1)

Consider the wave transformation, which can be described as follows:
I'(y+1)pt®
H(z,t) = H(¢), ¢=dz+ %. (4.2)

The nonlinear partial differential equation (PDE) presented in Equation (4.1) can be reduced to a nonlinear ordinary
differential equation (ODE) through the application of the wave transformation outlined in Equation (4.2). By
substituting this transformation into Equation (4.1), we obtain the following ODE:

PHD (9) + (262 + B3) 8°p [H (6)U D (9) + H"(6)2] + 516" pH P (9) = 0. (4.3)

(=)=
E)NE



CMDE Vol. *, No. *, * pp. 1-13 5

By analyzing the Equation (3.4), we define that the parameter n is equal to 1, which is taken by equating the
highest-order linear term with the highest-order nonlinear term. Equation (3.4) simplifies to the following form:

" _ctaa f(9)
@) = T da 7@’

where, ¢ represents the wave transformation variable, defined as a function of space and time such that

¢ = ¢(I,t)'

By substituting Equation (4.4) into Equation (4.3) using Equation (3.5) and its required derivatives, we apply Math-
ematica software to determine the necessary parameter values. By combining all the coefficients of af(®), we derive a
system of algebraic equations. Solving this system yields various solution sets for Equation (4.3), as discussed in [47].
The following solution sets are derived from this process:

12
{q _ L2Odor g = iMﬁTéQM}’

(4.4)

282+ B

12510d 4
{eo = 28 o = 0.p = /B0~ o |

2B2 + 3

we apply the initial solution set of the Equation (4.5) to the Equation (4.4), which results in the following types of
exact solutions:
Case 1: if ¢ — 4pr < 0 with r # 0 following as;

o, 099 (0 VI o (3B (s ) )

Hi(z,t) = , 4.6
1(@1) do 282 + 33 (46)
or
et = @ 2 0 (VApr = cot (3v/Apr —@ (0 + 22225 ) ) +4) (47)
:L‘7 = —_— . .
2 do 282+ B3
Case 2: when the condition ¢? — 4pr > 0 holds, and » # 0, as a result;
Ha(o,4) co +6515 (\/q2—4prtanh (%\/q2—4pr (51:—}—%)) +q) (48)
xz,t) = — , .
° do 202 + B3
or
Hi(o,4) co +6516 (\/q2—4prcoth (%\/q2—4pr (‘h"‘W)) +q> (19)
:1:‘7 = — . .
4 do 262 + 63
Case 3: in the scenario where ¢2 + 4pr < 0, r # 0, and 7 = —p, consequently, the transformation holds;
o 68107 (q — v/ —4p* — ¢* tan (%\/ —4p? — ¢? (693 + 7F(7+;)pta))>
Hs(z,t) = — — , (4.10)
do (262 + B3)p
or
Ha(o.4) cg 60T (\/—4p2 — ¢? cot (%\/—4192 —q? ((596 + W)) + q) (411)
_’L‘7 = -_— . .
¢ do (262 + B3) p
Case 4: in the case where ¢? + 4p® > 0, r # 0, and r = —p, it follows that;
ooty 68107 (\/4292 + ¢? tanh (%\/4172 + ¢ (63: + Dotett )) + q) (112)
7\, = 5 - .

do (262 + B3)p ’
80
200



or

M. ASHRAF, N. MUHAMMAD, M. A. B. MASUD, M. N. ALAM, AND M. J. HOSSEN

¢ 0BT (\/4;02 + ¢2 coth (%\/4192 +q? ((556 + 7F(7+;)pta)) + q)

~do (262 + B3)p

Case 5: when ¢ — 4p? < 0 and r = p, hence;

or

co +6[316r (qf 4p? — g tan( W(5I+M))>

H t) = —
o(@, ) do (2824 B3)p ’
e 66107 <\/4p2 — g% coth (%\/ ap? — ¢? (696 + 7””21””)) + q)
0(2,8) = do * (262 + B3)p )

Case 6: when ¢?> — 4p? > 0 and r = p, resulting as;

or

o , 00" (Va2 =B tanh (/g =22 (62 + T0ED) ) )

H .’E,t = — 9
n(@?) do (262 + B3)p
o @ 653107 (\/q2 — 4p? coth (%\/ q? — 4p? <5x + ~—F(7+;)pta )) + q)
t + .
2(nt) =5 (282 + Bs) p

Case T: in the case When ¢? = 4pr, as a result;

i A ) 1
13(%, 1) = do (282 + B3) (5$+ W)

)

Case 8: under the condition that rp < 0, ¢ = 0, also.r # 0, consequently;

or

o 128167/ tanh(\/—pr (&p + M))

H - =
1a(e ) do 205 + B3 )
Co 125157’\/¥C0th(\/7pr (53; 4 W))
His(z,t) = — + .

dio 282 + B3

Case 9: in this case ¢ = 0 and holds p = —r, therefore;

Case

T(y+1)pt™
128,07 (eQT(5I+ ) 1)
Co

+ T(y41)pt™
do (28, + B3) <€2T(6$+%) - 1)

Hlﬁ(x,t) =

)

10: if p=0and r =0,

Case 11: when p = ¢ = k, and additionally, r = 0,
Case 12: if r =0 and ¢ = 0,
Case 13: when r = 0, in these cases, we have constant solution thats why we are omitting due to lack of physical
significance of constant solution.
Case 14: If ¢ = K,r = K, and p = 0, it follows that;

D(y41)pt®
_Q 1254 sre (6z+ « )

T dy (2524-53)(1—[((535_’_%#)).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Case 15: assuming ¢ = p + r, which provide result as;

T( 1) pt® _r
123,67 <pe(59hL S )(p ) _ 1)
Co
Hys(z,t) = 2 — - . 4.23
() do (28, + B3) (re(‘s‘”m?p )= — 1) )

Case 16: assuming that ¢ = —(p + r), we get results as;

198,67 <e(6x+l"("/+i>ﬁto¢)(p_r) B p)

co
H )= — — = . 4.24
ol =g (285 + B3) (el ) =) ) -

Case 17: if p = 0 which follows;

T(y+1)pt®
< 12515qreq<6$+ 2 )

Ho(w,t) = o=+ Ot o) (req (oo Ty — 1) : (4.25)
Case 18: assuming that r, p, ¢ are all nonzero, result as;
Hiy (1) = o 68107 (\/gtan (%\/gp <5x + W)) — 1) (426)
do 202 + B3
Case 19: if p=0and ¢ =0
Has(z,t) = 126,0 «. (4.27)
(282 + f3) <5$ + W) do
Case 20: assuming r = p, and ¢ = 0, then;
Ha(o,f) = o 1283167 tan(p (5m + W)) (428)
do 202+ B3

The comprehensive analysis of the obtained exact solutions reveals that the nonlinear partial differential equation
admits a rich variety of wave structures, depending on the specific parameter regimes. Notably, the solutions include:
Hyperbolic function solutions which are characteristic of solitary wave phenomena. These solutions describe localized,
non-dispersive waveforms that retain their shape and velocity over time. Trigonometric function solutions which
correspond to periodic wave behaviors, reflecting oscillatory patterns inherent in the underlying nonlinear dynamics.
Rational function solutions, which emerge under particular parameter constraints, represent special or degenerate
cases of the equation where the nonlinear terms simplify, yielding algebraic expressions.

These results demonstrate the efficiency of the improved auxiliary equation method in gevorning the wide range of
analytical wave solutons.

5. GRAPHICAL DISCUSSION AND RESULTS

This study systematically derives a range of exact and solitary wave solutions the work also illustrates 2-Dim. (2D)
and 3-Dim. (3D) graphical representations of selected key soultions, highlighting significant features. The graphical
representation of these solutions is presented to visually highlight their distinct physical characteristics. Various types
of waveforms are illustrated, including kink-shaped solitons, periodic solitons, periodic kink type soliton solution,
and bell-shaped solitons, each demonstrating unique features and behaviors. As shown in Figure 1, displays the 2-D
and 3-D profiles the kink-shaped soliton solution H3(z,t) for selected parameter values such as: ¢ = 3,p = 0.2,r =
-1, =0.3,p=0.2,8 = 0.5,8, = 13,83 = 0.1, = 0.5,¢c0 = —0.5,dy = 0.1. The 2-D plot (left) shows a smooth
kink-like transition at various time levels (¢t = 0, 1,2, 3), the middle figure shows the influence of fractional operator
while the 3-D surface plot (right) highlights the solitons propagation in space and time, confirming its stability and
kink-shaped behavior. Figure 2, depicts the 2-D and 3-D profiles of the Hs(x,t) with particular parameters such as

(&)
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Hy(x.t) Hy(x.t)

FIGURE 1. 2-D and 3-D graphical kink soliton profile of Hs(x,t), (a) 2-D visuals for different time
t, (b) 2-D graph with different fractional order «, (¢) 3-D graph with fractional order oo = 0.5.

FIGURE 2. 2-D and 3-D graphical profile of Hs(x,t), (a) 2-D visuals for the different value of time
t, (b) 2-D graphs with different value of fractional operator «, (c) 3-D graph with fractional order
a=1.

q=05p=09§=06,p=095 =—-02,8 =0.1,85 = 0.6,y = 0.5,¢c9 = 0.2,dy = —0.7. The 2-D plots shows
the impact of time interval and the impact of fractional derivative operator respectively, while the 3-D surface plot
highlights the temporal and spatial evolution of the solution, characterized by its a spatial type of soliton structure.
The figure 3 presents the 2-D and 3-D graphical profiles of the periodic soliton solution Hy4(x,t) for specific parameter
values: ¢ = 0,7 = 2.3,p = 21,0 = 0.3,p = 22,8, = 03,82 = 1.3,83 = 0.7,y = 0.5,¢9 = 0.2,dyp = 0.5. The 2-D
plot (left) reveals a sharp step-like transition at different time levels (¢ = 0,1,2,3) and the middle 2-D plot shows
the impact of fractional operator «, while the 3-D surface plot (right) demonstrates the propagation of this solution
in both spatial and temporal dimensions, highlighting its periodic characteristics. As displayed in figure 4 the 2-D
and 3-D graphical representations of the periodic kink type soliton solutions Hig(x,t) for specific parameter values:
q=0.7,0=0.86,p=0.2,8; =15,8, =1.5,83 =0.1,7 = 1.3,¢¢g = 1.3,dg = 0.1. The 2-D plots highlights the impact
of time and fractional derivative operator. The 3-D surface plot (right) further visualizes the localized behavior and
propagation of the soliton solution over space and time. These solutions contribute vital insights into the dynamic
behavior of complex systems that are modeled by such equations.

CONCLUSION

This work introduces a robust and efficient context for solving fifth-order generalized nonlinear fractional equation
(5th-order GNFDE), operating improved Auxiliary equation method within the framework of M-fractional derivative.
The method’s capability to produce varied and exact solutions, including kink-shaped, singular kink-shaped, singular
step-like, and bell-shaped solitons, imitates its substantial potential in advancing the analytical behavior of high-order
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E)NE



CMDE Vol. *, No. *, * pp. 1-13 9

Ha(x,t) Hia(x,t)
80

40

szzz=s
e DT —

-10

FIGURE 3. 2-D and 3-D graphical periodic soliton profile of His(x,t), (a) 2-D visuals for the
different value of time ¢, (b) 2-D graphs with different value of fractional operator «, (c) 3-D graph
with fractional order e = 0.7.

Hyg(x,t) Hyg(x,t)
2000
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1500
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1000
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LAr\hlkLlLl
10 -5 5

(a) (b)

FIGURE 4. 2-D and 3-D graphical periodic-kink soliton profile of His(z,t), (a) 2-D visuals for the
different value of time ¢, (b) 2-D graphs with different value of fractional operator «, (c) 3-D graph
with fractional order a = 0.5.

fractional systems. Over and done with comprehensive 2-Dim. (2D) and 3-Dim. (3D) graphical visualizations, ex-
tracted all solutions highlight complex dynamical behaviors under specific parametric constraints, contributing deep
insights into the interplay of nonlinearity and memory effects intrinsic in fractional systems. These outcomes accen-
tuate the theoretical significance of the proposed approach and significantly improve its effectiveness in addressing
real-world nonlinear phenomena. The findings offered in this study mark an extensive contribution to the area of
fractional differential equations and nonlinear dynamic systems, providing a solid foundation for further exploration
of mathematical models in complex systems. These findings serve as a powerful demonstration of how innovative
analytical approaches can expose the rich underlying structure of nonlinear fractional systems, strengthening their
relevance in modern mathematical and physical sciences.
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