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Abstract

In the current investigation, we propose a novel and computationally efficient numerical framework for solving

Hilfer fractal-fractional differential equations (HF-FDEs) by introducing a new class of basis functions termed

fractional-order clique functions (FCFs). In contrast to conventional fractional models, which primarily rely on
classical kernels and often fall short in encapsulating the intricate interplay between memory-dependent behavior

and fractal geometries, the adopted Hilfer fractal-fractional derivative offers a unified formulation that inherently

incorporates both non-locality and fractality-features essential for accurately modeling complex real-world pro-
cesses. To the best of our knowledge, this work marks the first development and implementation of FCFs within

a numerical solution framework. The distinctive analytical properties of FCFs facilitate precise, adaptable, and

computationally stable representations of HF-FDE solutions. By integrating the FCFs-based approximation with
a collocation technique and Newton’s iterative algorithm, the under study problem is efficiently transformed into

a system of nonlinear algebraic equations. A thorough convergence analysis is presented to ensure the theoreti-

cal soundness of the approach, and its practical performance is validated through five numerical examples. The
results decisively demonstrate the enhanced accuracy and effectiveness of the proposed method in capturing the

multifaceted behavior of fractional dynamic systems when compared to traditional approaches.

Keywords. Hilfer fractal-fractional differential equations, Fractional-order clique functions, Convergence analysis, Numerical method.
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1. Introduction

Fractional operators can more effectively describe real-world problems in science and engineering compared to classi-
cal operators ([1], [8], [19]). This advantage arises from the flexibility of fractional operators to adopt arbitrary orders,
whereas classical operators are limited to local derivatives and cannot capture the full memory effect. These equations
present significant challenges in obtaining analytical solutions due to the presence of non-integer order derivatives. As
a result, considerable attention has been focused on the numerical solutions of different fractional differential equa-
tions (FDEs), such as the Chelyshkov wavelets and least squares support vector regression method for FDE arising in
optics and engineering [30], the Bell polynomials method for ψ-fractional integro-differential equations [31], wavelets
neural networks approach for ψ-FDEs [33], finite difference approach for variable-order time fractional diffusion equa-
tion [43], the Jacobi polynomials method for the Hadamard fractional Klein-Gordon-Schrödinger equations [15], the
generalized Bernoulli polynomials method for nonlinear two-dimensional fractional optimal control problems [11], the
Vieta-Fibonacci polynomials method for fractal-fractional differential equations (F-FDEs) system [35], hybrid func-
tions of the Bernstein polynomials and block-pulse functions for optimal control of the nonlinear Volterra integral
equations [25], etc.
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In [16] Hilfer introduced a definition of fractional derivative called Hilfer fractional derivative (HFD). The HFD is
a generalization of Riemann-Liouville and Caputo fractional derivatives. In fact, the two-parameter family of HFD
with order ν and γ enables interpolation between the Riemann-Liouville and Caputo derivatives. The type parameter
introduces additional types of stationary states and offers an extra degree of freedom in the initial condition. The
HFD is a highly effective tool for modeling complex real-world problems due to its enhanced precision. Only a
limited number of studies have explored FDEs with HFD, such as Authors in [10] applied the fixed-point method
and Mittag-Leffler functions to examine the existence and uniqueness of solutions for FDEs with HFD. Authors in [4]
derived sufficient conditions for the existence, uniqueness, and Ulam-Hyers as well as Ulam-Hyers-Rassias stability of
FDEs involving HFD. Authors in [45] applied Schaefer’s fixed point theorem and the Banach contraction principle to
establish existence and uniqueness results for implicit FDEs involving HFD. Authors in [47] investigated the existence
of solutions for a nonlocal initial value problem involving FDEs with HFD using fixed-point methods. Authors in [49]
examined the existence of solutions for a hybrid fractional differential equation involving the φ-Hilfer derivative with
a non-local condition. Authors in [44] used the shifted Legendre polynomials Galerkin method for FDEs involving
HFD.

In 2017, Atangana [5] proposed a definition of differential operators that incorporates the convolution of power
functions, exponential functions, and generalized Mittag-Leffler function with a fractal derivative. These definitions
came to be known as fractal-fractional (FF) differential operators. An FF operator combines the principles of fractional
differentiation, known for its non-local properties, with those of the fractal derivative, which exhibits local properties,
in a single differentiation. The primary goal of fractal-fractional differentiation is to accurately model fractal dynamics
by replacing fractal time with continuous time. Similarly, for a system that is fractal differentiable, the fractal-order
derivative is proportional to ℘t℘−1. It has been highly effective in the mathematical modeling of various scientific
fields, including finance [46], biology [42], chaotic different problems [6], etc. This has motivated researchers to
develop numerical schemes to obtain approximate solutions for such problems. For example, the generalized Lucas
wavelets method for FF optimal control problems [38], the Müntz-Legendre polynomials method for FF 2D optimal
control problems [36], the shifted Chebyshev cardinal functions method for the FF Schrödinger equations [12], the
shifted Vieta-Fibonacci polynomials method for the FF fifth-order KdV equation [13], the fractional shifted Morgan-
Voyce neural networks method for FF pantograph differential equations [32], artificial neural networks method for
variable-order FF Mittag-Leffler differential equations [50], and piecewise Lagrange interpolation method of fractal
fractional model of tumor-immune interaction with two different kernels [40].

Recently, Shloof et al. [41] introduced a novel concept of differentiation, known as HF-FDEs, which integrates both
fractal effects and memory. They obtained Hilfer fractal-fractional (HFF) derivative operational matrix of the shifted
Legendre polynomials for solving introduced differential equations. Due to the application of this problem and the lack
of other works in this field, we decided to solve these problems numerically. For solving HFF differential equations,
we introduce and then apply FCFs. It is worth mentioning here that a small number of FCFs is needed to achieve a
reliable approximate solution, also, simulation results demonstrate that the obtained solution is practical.

It is noteworthy that clique polynomials (CPs), originally introduced by Hoede and Li, are intrinsically connected
to the maximum clique problem (MCP) [17, 18]. The MCP represents a fundamental challenge in combinatorial
optimization, with broad applicability across various disciplines, including economics, classification theory, scheduling,
information retrieval, biomedical engineering, and signal transmission analysis. Due to their structural properties,
CPs have found extensive utility in the development of advanced numerical methods for solving a wide range of
differential equations. Notable applications include time-fractional Klein-Gordon equation [9], classical Klein–Gordon
equation [22], fractional partial differential equations [2], boundary-layer natural convection flow problem [21], multi-
delay fractional differential equations [27], space-time fractional Schrödinger equation [14], fractional-order Brusselator
chemical model [20], and distributed-order fractional ordinary differential equations [26].

Arrangement of the article: In section 2, we recall some important definitions related to fractional, Hilfer, FF, and
HFF definitions. In Section 3, FCFs are defined. Section 4 discusses the FCFs-based numerical scheme for solving
HF-FDEs. Section 5 shows the convergence of the presented method. Section 6 covers the numerical applications and
the discussion of results. Finally, section 7 presents the findings and concludes of the paper.
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2. Fundamentals and key definitions

2.1. Fractional definitions.

Definition 2.1. The Riemann-Liouville fractional integral of order ν > 0, is obtained as [41]

Iνa+R(t) =
1

Γ(ν)

∫ t

a

(t− ϑ)ν−1R(ϑ)dϑ, t > a. (2.1)

Definition 2.2. The Riemann-Liouville fractional derivative of order ν > 0, is obtained as [41]

RDν
a+R(t) =

1

Γ(n− ν)
(
dn

dtn
)

∫ t

a

(t− ϑ)n−ν−1R(ϑ)dϑ, t > a ≥ 0, n− 1 < ν ≤ n. (2.2)

Definition 2.3. The Caputo fractional derivative of order ν > 0, is obtained as [41]

CDν
a+R(t) =

1

Γ(n− ν)

∫ t

a

(t− ϑ)n−ν−1R(ϑ)dϑ, t > a ≥ 0, n− 1 < ν ≤ n. (2.3)

Corollary 2.4. The Caputo fractional derivative of tα is given [34]

CDνtα =
Γ(α+ 1)

Γ(α− ν + 1)
tα−ν , α > ν. (2.4)

2.2. Hilfer and fractal-fractional definitions.

Definition 2.5. The Hilfer fractional derivative of function R(t) is given as [41]

Dν,γ
a+ R(t) = (I

γ(1−ν)
a+

d

dt
(I

(1−γ)(1−ν)
a+ R(t))), 0 < ν ≤ 1, 0 ≤ γ ≤ 1. (2.5)

In particular case, if γ = 0 and γ = 1, then Hilfer derivative reduced to Riemann-Liouville Eq. (2.2) and Caputo
fractional derivative Eq. (2.3).

Definition 2.6. Let R(t) be differentiable on (a, b). If R(t) is fractally differentiable of order ℘ on (a, b), then the FF
derivative in Caputo sense with power law kernel of the function R(t) is defined of order ν and ℘ is given as [41]

CDν,℘
a+ R(t) =

1

Γ(n− ν)

∫ t

a

(t− ϑ)n−ν−1 dR(ϑ)

dϑ℘
dϑ, (2.6)

where
dR

dt℘
= lim

t→ϑ

R(t)−R(ϑ)

t℘ − ϑ℘
=

1

℘t℘
d

dt
R(t), 0 < n− 1 < ν, ℘ ≤ n.

Definition 2.7. Let R(t) be differentiable on (a, b). If R(t) is fractally differentiable of order ℘ on (a, b), then the FF
derivative in Riemann-Liouville sense with power law kernel of the function R(t) of order ν and ℘ is given as [41]

RDν,℘
a+ R(t) =

1

Γ(n− ν)

d

ds℘

∫ t

a

(t− ϑ)n−ν−1R(ϑ)dϑ. (2.7)

Definition 2.8. Assume that R(t) is continuous in (a, b). Then the FF integral in Riemann-Liouville sense of order
ν and ℘ is given as [41]

Iν,℘a+ R(t) =
℘

Γ(ν)

∫ t

a

ϑ℘−1(t− ϑ)ν−1R(ϑ)dϑ, t > a. (2.8)

Corollary 2.9. The Hilfer fractional derivative of tr is given [41]

Dγ,℘tα =
Γ(α+ 1)

Γ(α− γ + 1)
tα−γ , 0 < γ, ℘ ≤ 1. (2.9)
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2.3. Hilfer fractal-fractional definitions.

Definition 2.10. Let R : [a, b] → R, 0 < ν ≤ 1, 0 ≤ γ ≤ 1 is a continuous function on [a, b] and fractal differentiable
on (a, b) with order ℘, then the HFF derivative of function R(t) is given as [41]

Dν,γ,℘
a+ R(t) = (I

γ(1−ν)
a+

d

dt℘
(I

(1−γ)(1−ν)
a+ R(t))), (2.10)

where
dR

dt℘
= lim

t→ϑ

R(t)−R(ϑ)

t℘ − ϑ℘
.

Remark 2.11. If γ = 0, we have

Dν,0,℘
a+ R(t) = d

dt℘ (I
(1−ν)
a+ R(t)),

also for γ = 1, we yield

Dν,1,℘
a+ R(t) = I

(1−ν)
a+

d
dt℘ (R(t)).

Corollary 2.12. The HFF derivative of tr is given [41]

Dν,γ,℘tα =
Γ(α+ 1)

℘Γ(α− ν + 1)
tα−ν+1−℘, ν, γ, ℘ ∈ (0, 1). (2.11)

3. Fractional-order clique functions

The CP of a graph G, denoted by C(G, t), is formally defined as follows [9]:

C(G, t) =
i∑

r=0

βr(G)tr, β0(G) = 1. (3.1)

Here, βr(G) denotes the number of r-cliques in the graph G. In particular, the CP of a complete graph Hi with i
vertices is given by [9]:

C(Hi, t) = (1 + t)i =
∑i

r=0

(
i
r

)
tr.

We now proceed to define the FCFs over the closed interval [0, 1] as follows:

C(Hi, t, λ) =
i∑

r=0

(
i
r

)
trλ. (3.2)

Any function R(t) ∈ L2[0, 1] can be approximated with high accuracy using the FCFs, expressed as follows:

R(t) ≃ R∗(t) =
M∑
j=0

ajC(Hj , t, λ) = ATC(t), (3.3)

where

A = [a0, a1, . . . , aM ]T .

C(t) = [C(H0, t, λ),C(H1, t, λ), . . . ,C(HM , t, λ)]
T .

By utilizing Equation (3.3), we obtain the following result:

A = Q−1 < R(t),C(t) >,

where Q =< C(t),C(t) >, and < ., . > denotes the standard inner product between two arbitrary functions.
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4. Implementation of the proposed technique

In this article, we will numerically solve the following HF-FDEs using the FCFs:

Dν,γ,℘R(t) = F(t, R(t),CDνR(t), Dν,γR(t)). (4.1)

The initial condition is given as follows:
if γ = 0, R(0) = R0,

also if 0 < γ < 1, I(1−γ)(1−ν),℘R(t)|t=0 = R0.
For solving Eq. (4.1), the unknown function R(t) is approximated as

R(t) ≃ R0 + t(
M∑
j=0

ajC(Hj , t, λ)) = R∗(t). (4.2)

By applying Corollary 2.4 and Eq. (3.2), the Caputo fractional derivative function (CDνR(t)) is approximated as

CDνR(t) ≃
M∑
j=0

j∑
r=0

aj

(
j
r

)
CDν(trλ+1)

=
M∑
j=0

j∑
r=0

aj

(
j
r

)
Γ(rλ+ 2)

Γ(rλ+ 2− ν)
trλ+1−ν = CDνR∗(t). (4.3)

From Corollary 2.9 and Eq. (3.2), the Hilfer fractional derivative function (Dν,γR(t)) is approximated as

Dν,γR(t) ≃
M∑
j=0

j∑
r=0

aj

(
j
r

)
Dν,γ(trλ+1)

=
M∑
j=0

j∑
r=0

aj

(
j
r

)
Γ(rλ+ 2)

Γ(rλ+ 2− ν)
trλ+1−ν = Dν,γR∗(t). (4.4)

By considering Corollary 2.12 and Eq. (3.2), the HFF derivative function (Dν,γ,℘R(t)) is approximated as

Dν,γ,℘R(t) ≃
M∑
j=0

j∑
r=0

aj

(
j
r

)
Dν,γ,℘(trλ+1)

=
M∑
j=0

j∑
r=0

aj

(
j
r

)
Γ(rλ+ 2)

℘Γ(rλ+ 2− ν)
trλ+2−ν−℘ = Dν,γ,℘R∗(t). (4.5)

Now, we can write

I(1−γ)(1−ν),℘R(t) ≃ I(1−γ)(1−ν),℘R0 + I(1−γ)(1−ν),℘t(
M∑
j=0

ajC(Hj , t, λ)). (4.6)

Using the definition of FF integral in (2.8), we get

I(1−γ)(1−ν),℘R0 =
℘R0

Γ((1− γ)(1− ν))

∫ t

0

s℘−1(t− s)(1−γ)(1−ν)−1ds

=
℘R0

Γ((1− γ)(1− ν))

∫ t

0

t℘−1(
s

t
)℘−1t(1−γ)(1−ν)−1(1− s

t
)(1−γ)(1−ν)−1td

s

t

=
℘R0

Γ((1− γ)(1− ν))
t(1−γ)(1−ν)+℘−1Γ(℘)Γ((1− γ)(1− ν))

Γ(℘+ (1− γ)(1− ν))
I(1;℘, (1− γ)(1− ν)),

(4.7)
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and

I(1−γ)(1−ν),℘trλ+1 =
℘

Γ((1− γ)(1− ν))

∫ t

0

s℘+rλ(t− s)(1−γ)(1−ν)−1ds

=
℘

Γ((1− γ)(1− ν))

∫ t

0

t℘+rλ(
s

t
)℘+rλt(1−γ)(1−ν)−1(1− s

t
)(1−γ)(1−ν)−1td

s

t

=
℘

Γ((1− γ)(1− ν))
t℘+rλ+(1−γ)(1−ν)Γ(℘+ rλ+ 1)Γ((1− γ)(1− ν))

Γ(℘+ rλ+ 1 + (1− γ)(1− ν))

× I(1;℘+ rλ+ 1, (1− γ)(1− ν)), (4.8)

where I(t; a, b) is the regularized beta function [28].
From Eqs. (4.6)-(4.8), we achieve

I(1−γ)(1−ν),℘R(t) ≃ ℘R0

Γ((1− γ)(1− ν))
t(1−γ)(1−ν)+℘−1Γ(℘)Γ((1− γ)(1− ν))

Γ(℘+ (1− γ)(1− ν))
I(1;℘, (1− γ)(1− ν))

+
M∑
j=0

j∑
r=0

aj

(
j
r

)
℘

Γ((1− γ)(1− ν))
t℘+rλ+(1−γ)(1−ν)Γ(℘+ rλ+ 1)Γ((1− γ)(1− ν))

Γ(℘+ rλ+ 1 + (1− γ)(1− ν))

× I(1;℘+ rλ+ 1, (1− γ)(1− ν)) = I(1−γ)(1−ν),℘R∗(t). (4.9)

We introduce the residual error function (Res(t)) as follows

Res(t) = Dν,γ,℘R∗(t)−F(t, R∗(t),CDνR∗(t), Dν,γR∗(t)), (4.10)

For γ = 0, by collocating the obtained algebraic equation at the zeros of the shifted Legendre polynomials (PM (t)),
we get

Res(ti) = 0, i = 1, 2, . . . ,M. (4.11)

For 0 < γ < 1, we collocate Eq. (4.10) and consider Eq. (4.9), we get{
Res(ti) = 0, i = 1, 2, . . . ,M − 1,

I(1−γ)(1−ν),℘R∗(t)|t=0 = R0.
(4.12)

Finally, we obtain a system of M algebraic equations with M unknowns. The above system should be solved to
determine ai, i = 1, 2, . . . ,M. To this end, Newton’s iterative scheme is employed, and the FindRoot package in
Mathematica software is utilized for its implementation.

5. Convergence analysis of the current scheme

The purpose of this section is to evaluate the convergence of the current algorithm within the Sobolev space. The
Sobolev norm of integer order µ ≥ 0 on the interval (0, 1) is defined as [32]

∥R∥Hµ(0,1) =

( µ∑
j=0

∫ 1

0

|R(j)(t)|dt
) 1

2

=

( µ∑
j=0

∥R(j)(t)∥2L2(0,1)

) 1
2

, (5.1)

where R(j) indicates the distributional derivative of order j of R.

Theorem 5.1. Let R ∈ Hµ(0, 1) with µ ≥ 0 and M ≥ µ, and let R∗ represent the best approximation of R obtained
using the FCFs. Then, the following inequality holds [32]:

∥R−R∗∥L2(0,1) ≤ ζ∆M−s, (5.2)

and for 1 ≤ s ≤ µ we yield

∥R−R∗∥Hs(0,1) ≤ ζ∆M2s− 1
2−τ , (5.3)
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where ∆ = ∥R(µ)∥L2(0,1).

Lemma 5.2. If R∗(t) represents the best approximation to R(t) within the space spanned by the FCFs, then we have
the following inequality

∥IνR− IνR∗∥L2[0,1] ≤ ℓ1∥R−R∗∥L2[0,1], (5.4)

where ℓ1 = 1

Γ(ν)
√

2ν(2ν−1)
.

Proof. Using Eq. (2.1), we derive the following relation:

IνR(t)− IνR∗(t) =
1

Γ(ν)

∫ t

0

(t− ϑ)ν−1(R(ϑ)−R∗(ϑ))dϑ. (5.5)

By the Schwarz’s inequality, we get

|IνR(t)− IνR∗(t)| ≤ 1

Γ(ν)

(∫ t

0

(t− ϑ)2ν−2dϑ

) 1
2
(∫ t

0

(R(ϑ)−R∗(ϑ))2dϑ

) 1
2

≤ 1

Γ(ν)
√
(2ν − 1)

tν−
1
2 ∥R−R∗∥L2[0,1]. (5.6)

Applying the L2−norm to both sides of Eq. (5.6), we obtain the desired result:

∥IνR− IνR∗∥L2[0,1] ≤
1

Γ(ν)
√
(2ν − 1)

∥tν− 1
2 ∥L2[0,1]∥R−R∗∥L2[0,1]

≤ 1

Γ(ν)
√
2ν(2ν − 1)

∥R−R∗∥L2[0,1]. (5.7)

□

Lemma 5.3. Assuming the conditions of Lemma 5.2, we obtain the following inequality:

∥DνR−DνR∗∥L2[0,1] ≤ ℓ2∥R−R∗∥L2[0,1], (5.8)

where ℓ2 = 1

Γ(n−ν)
√

(2n−2ν)(2n−2ν−1)
.

Proof. The proof follows similarly to that of Lemma 5.2. □

Lemma 5.4. If R∗(t) denotes the best approximation to R(t) within the space spanned by the FCFs, that R(t), R∗(t) ∈
L[0, 1], then we derive

∥Dν,γR−Dν,γR∗∥L2[0,1] ≤ ℓ3∥R−R∗∥L2[0,1], (5.9)

where ℓ3 = 1

2Γ(γ(1−ν))Γ((1−γ)(1−ν))
√

γ(1−ν)(2γ(1−ν)−1)(1−γ)(1−ν)(2(1−γ)(1−ν)−1)
.

Proof. From Eq. (2.5), we get

Dν,γR(t)−Dν,γR∗(t) = (Iγ(1−ν) d

dt
(I(1−γ)(1−ν)R(t)))− (Iγ(1−ν) d

dt
(I(1−γ)(1−ν)R∗(t))). (5.10)
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Taking the Hs−norm to both sides of Eq. (5.10), Lemma 5.2 and the definition of the Sobolev space, we conclude

∥Dν,γR−Dν,γR∗∥L2[0,1] ≤ ∥(Iγ(1−ν) d

dt
(I(1−γ)(1−ν)R(t)))− (Iγ(1−ν) d

dt
(I(1−γ)(1−ν)R∗(t)))∥L2[0,1]

≤ 1

Γ(γ(1− ν))
√
2γ(1− ν)(2γ(1− ν)− 1)

× ∥ d
dt

(I(1−γ)(1−ν)R(t)− I(1−γ)(1−ν)R∗(t))∥L2[0,1]

≤ 1

Γ(γ(1− ν))
√
2γ(1− ν)(2γ(1− ν)− 1)

× ∥I(1−γ)(1−ν)R(t)− I(1−γ)(1−ν)R∗(t)∥Hs[0,1]

≤ 1

Γ(γ(1− ν))
√
2γ(1− ν)(2γ(1− ν)− 1)

× 1

Γ((1− γ)(1− ν))
√
2(1− γ)(1− ν)(2(1− γ)(1− ν)− 1)

× ∥R−R∗∥L2[0,1]. (5.11)

□

Lemma 5.5. If the function R(t) and R∗(t) are continuous and fractal differentiable on (0, 1) with order ℘, we havewwwwdR(t)dt℘
− dR∗(t)

dt℘

wwww
L2[0,1]

≤ 1

℘
√
3− 2℘

∥R−R∗∥Hs[0,1]. (5.12)

Proof. Using Ref. [37], we can write

dR(t)

dt℘
− dR∗(t)

dt℘
=

1

℘t℘−1
(
dR(t)

dt
− dR∗(t)

dt
). (5.13)

Applying the L2−norm to both sides of Eq. (5.13) and the definition of the Sobolev space, we acquirewwwwdR(t)dt℘
− dR∗(t)

dt℘

wwww
L2[0,1]

≤ 1

℘
∥t1−℘∥L2[0,1]

wwwwdR(t)dt
− dR∗(t)

dt

wwww
L2[0,1]

≤ 1

℘
√
3− 2℘

∥R−R∗∥Hs[0,1]. (5.14)

□

Lemma 5.6. Assume the assumptions of Lemma 5.4 hold, then we attain

∥Dν,γ,℘R−Dν,γ,℘R∗∥L2[0,1] ≤ ℓ4∥R−R∗∥L2[0,1], (5.15)

where

ℓ4 =
1

2℘Γ(γ(1− ν))Γ((1− γ)(1− ν))
√
γ(1− ν)(2γ(1− ν)− 1)(3− 2℘)(1− γ)(1− ν)(2(1− γ)(1− ν)− 1)

.
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Proof. Considering Eq. (2.10) and Lemmas 5.2 and 5.5, we derive

∥Dν,γ,℘R−Dν,γ,℘R∗∥L2[0,1] ≤ ∥(Iγ(1−ν) d

dt℘
(I(1−γ)(1−ν)R(t)))

− (Iγ(1−ν) d

dt℘
(I(1−γ)(1−ν)R∗(t)))∥L2[0,1]

≤ 1

Γ(γ(1− ν))
√

2γ(1− ν)(2γ(1− ν)− 1)

× ∥ d

dt℘
(I(1−γ)(1−ν)R(t)− I(1−γ)(1−ν)R∗(t))∥L2[0,1]

≤ 1

℘Γ(γ(1− ν))
√
2γ(1− ν)(2γ(1− ν)− 1)(3− 2℘)

× ∥I(1−γ)(1−ν)R(t)− I(1−γ)(1−ν)R∗(t)∥Hs[0,1]

≤ 1

℘Γ(γ(1− ν))
√
2γ(1− ν)(2γ(1− ν)− 1)(3− 2℘)

× 1

Γ((1− γ)(1− ν))
√
2(1− γ)(1− ν)(2(1− γ)(1− ν)− 1)

× ∥R−R∗∥L2[0,1]. (5.16)

□

Theorem 5.7. If we employ the FCFs to approximate the HFF derivative in the HF-FDEs, and assume that the
Lipschitz conditions for the function F with constants ηi, i = 1, 2, 3, we can converge to its exact solution.

Proof. Using Eq. (4.1), we get the error of the presented method as

∥Error∥L2[0,1] ≤ ∥Dν,γ,℘R−F(., R,CDνR,Dν,γR)

−Dν,γ,℘R∗ + F(., R∗,CDνR∗, Dν,γR∗)∥L2[0,1]

≤ ∥Dν,γ,℘R−Dν,γ,℘R∗∥L2[0,1]

+ η1∥R−R∗∥L2[0,1]

+ η2∥CDνR− CDνR∗∥L2[0,1]

+ η3∥Dν,γR−Dν,γR∗∥L2[0,1]

≤ (ℓ4 + η1 + η2ℓ2 + η3ℓ3)∥R−R∗∥L2[0,1]. (5.17)

∥Error∥L2[0,1] ≤ (ℓ4 + η1 + η2ℓ2 + η3ℓ3)ζ∆M
−s. (5.18)

It is clear from Eq. (5.18) that as M −→ ∞, then ∥Error∥L2[0,1] −→ 0. This indicates that the developed method is
convergent. □

6. Numerical results

In this section, we demonstrate the efficiency and precision of the proposed scheme by solving five numerical
examples and presenting the results through figures and tables. When the exact solution to the problem is known, the
absolute error serves as a means of evaluating the accuracy and reliability of the proposed method. Conversely, when
the exact solution is unknown, the residual error (|Res(ti)|) is employed to assess the accuracy of the results.

Example 6.1. Consider the following HF-FDE as [41]:

Dν,γ,℘R(t) = 1−R2(t), (6.1)
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with the initial conditions {
R(0) = 0, γ = 0,

I(1−γ)(1−ν),℘R(t)|t=0 = 0, 0 < γ < 1.

The exact solution of the classical model is R(t) = e2t−1
e2t+1 . Table 1 lists the numerical results (NRs) and absolute errors

(AEs) for ν = γ = ℘ = 1, λ = 1
2 , and M = 15. In fact, in this table, we compare our results with the trigonometric

basic functions (TBFs) [3], and Legendre operational matrix (LOM) [41]. Table 2 reports the AEs values for distinct
values of M . This table shows that the AE decrease with the increase of M . The NRs and residual error (REs) for
λ = 1

2 , and varied values of ν, γ, ℘,M are shown in Table 3.

Table 1. The NRs and AEs for ν = γ = ℘ = 1, λ = 1
2 , and M = 15 (Example 6.1).

t Exact solution NRs AEs

TBF LOM Presentedmethod TBF LOM Presentedmethod

0.0 0.0000000000 0.000000 0.0000000000 0.0000000000 0 1.08× 10−10 0
0.2 0.1973753202 0.197773 0.1973753208 0.1973753578 3.98× 10−4 3.76× 10−8 3.76× 10−8

0.4 0.3799489623 0.380422 0.3799489608 0.3799489865 4.73× 10−4 3.66× 10−8 2.42× 10−8

0.6 0.5370495670 0.537449 0.5370495562 0.5370495759 3.99× 10−4 3.00× 10−8 8.90× 10−9

0.8 0.6640367703 0.664285 0.6640367336 0.6640367692 2.48× 10−4 3.00× 10−8 1.03× 10−9

1.0 0.7615941560 0.761671 0.7615941295 0.7615941567 7.68× 10−5 2.65× 10−8 7.79× 10−10

Table 2. The AEs for ν = γ = ℘ = 1, λ = 1
2 , and varied values of M (Example 6.1).

t M = 6 M = 8 M = 10 M = 14 M = 15

0.0 0 0 0 0 0
0.2 1.27× 10−4 3.15× 10−5 5.85× 10−6 3.71× 10−7 3.76× 10−8

0.4 1.18× 10−4 2.72× 10−5 5.22× 10−6 3.30× 10−7 2.42× 10−8

0.6 9.71× 10−5 2.27× 10−5 4.34× 10−6 2.74× 10−7 8.90× 10−9

0.8 7.65× 10−5 1.79× 10−5 3.41× 10−6 2.14× 10−7 1.03× 10−9

1.0 5.75× 10−5 1.34× 10−5 2.56× 10−6 1.62× 10−7 7.79× 10−10

Table 3. The NRs and REs for λ = 1
2 , and varied values of ν, γ, ℘,M (Example 6.1).

t M = 7; ν = γ = ℘ = 0.7 M = 8; ν = γ = ℘ = 0.8 M = 9; ν = γ = ℘ = 0.9 M = 10; ν = γ = ℘ = 1
NRs REs NRs REs NRs REs NRs REs

0.1 0.358664 4.96× 10−4 0.248088 1.14× 10−3 0.160773 2.38× 10−4 0.099662 7.01× 10−6

0.2 0.456068 2.25× 10−3 0.366105 7.40× 10−5 0.275240 3.83× 10−5 0.197369 1.33× 10−6

0.4 0.561341 1.24× 10−4 0.516822 8.40× 10−5 0.452971 3.13× 10−6 0.379944 1.69× 10−7

0.6 0.621476 5.53× 10−5 0.612773 3.10× 10−4 0.583597 9.44× 10−7 0.537045 5.15× 10−8

0.8 0.662326 1.61× 10−4 0.679286 2.75× 10−6 0.679852 7.35× 10−7 0.664033 2.77× 10−8

1.0 0.692351 4.63× 10−4 0.727693 3.28× 10−5 0.750727 1.49× 10−6 0.761592 5.38× 10−8

Example 6.2. Consider the following HF-FDE as [41]:

Dν,γ,℘R(t) = 2R(t)−R2(t) + 1, (6.2)

with the initial conditions {
R(0) = 0, γ = 0,

I(1−γ)(1−ν),℘R(t)|t=0 = 0, 0 < γ < 1.
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Figure 1. Diagrams of R(t) for (a) : γ = ℘ = 1; (b) : ν = ℘ = 1; (c) : ν = γ = 1 with M = 7, λ = 1
2

(Example 6.1).

The exact solution of the classical model is R(t) = 1+
√
2Tanh(

√
2t+ 1

2 log
√
2−1√
2+1

). The comparison of the AE between

suggested approach with variational iteration method (VIM) [7], optimal homotopy asymptotic method (OHAM)
[24], modified homotopy perturbation method (MHPM) [29] and iterative reproducing kernel Hilbert spaces method
(IRKHSM) [39] are shown in Table 4. As observed, the results presented in Table 4 demonstrate the efficiency and
effectiveness of the presented scheme in comparison to other approaches. Also, we compare the NRs of our method
with IRKHSM, reproducing kernel method (RKM) [23], MHPM, LOM, and Bernstein polynomials method (BPM)
[48] for ν = 0.75 and ν = 0.90 in Tables 5 and 6, respectively. The NRs and REs for λ = 1

2 ,M = 7, and varied values
of ν, γ, ℘ are listed in Table 7. Additionally, Figure 2 illustrates the numerical solutions of R(t) for varied values of
ν, γ, ℘.

Table 4. The AEs for ν = γ = ℘ = 1, λ = 1, and varied values of M (Example 6.2).

t V IM OHAM MHPM IRKHSM Presentedmethod
t M = 9 M = 11 M = 13

0.2 1.03× 10−6 2.90× 10−4 1.20× 10−5 9.23× 10−5 1.38× 10−9 9.54× 10−10 3.94× 10−13

0.4 3.33× 10−5 2.50× 10−3 3.03× 10−4 7.35× 10−5 4.94× 10−8 5.96× 10−10 3.12× 10−12

0.5 7.26× 10−5 4.40× 10−3 1.55× 10−3 7.62× 10−5 7.75× 10−9 3.44× 10−10 1.44× 10−11

0.6 9.98× 10−5 5.50× 10−3 4.69× 10−3 7.56× 10−5 7.50× 10−8 1.12× 10−9 7.60× 10−12

0.8 1.54× 10−5 3.80× 10−3 1.88× 10−2 3.94× 10−5 5.83× 10−8 3.65× 10−9 4.61× 10−12

1.0 3.47× 10−3 3.40× 10−3 3.43× 10−2 7.12× 10−5 1.14× 10−13 1.02× 10−12 1.92× 10−11

Table 5. The NRs and REs for ν = 0.75 with γ = ℘ = 1, λ = 1
2 ,M = 8 (Example 6.2).

t IRKHSM RKM MHPM LOM Presentedmethod
t NRs REs

0.2 0.473076 0.469516 0.428892 0.3141626547 0.4735031278 2.65× 10−5

0.4 0.936880 0.933596 0.891404 0.6948840414 0.9370150647 8.92× 10−6

0.5 1.147576 1.144880 1.132763 0.9109355150 1.1476933146 7.29× 10−11

0.6 1.333068 1.330980 1.370240 1.1600920300 1.3331549500 2.34× 10−5

0.8 1.622033 1.621530 1.794879 1.5192229000 1.6221711080 3.72× 10−6

1.0 1.817550 1.818650 2.087384 1.8110290000 1.8179655852 5.97× 10−5

Example 6.3. Consider the following HF-FDE as [41]:

Dν,γ,℘R(t) = −R(t), (6.3)

with the initial conditions
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Table 6. The NRs and REs for ν = 0.90 with γ = ℘ = 1, λ = 1
2 ,M = 8 (Example 6.2).

t IRKHSM RKM BPM LOM Presentedmethod
t NRs REs

0.2 0.314571 0.312985 0.314869 0.3152541236 0.3141822543 3.56× 10−5

0.4 0.697246 0.695357 0.697544 0.6974216000 0.6967232069 9.83× 10−5

0.5 0.903363 0.901484 0.903695 0.9043248600 0.9028486855 1.06× 10−11

0.6 1.107569 1.105760 1.107866 1.1060828000 1.1070617198 5.60× 10−5

0.8 1.477434 1.476060 1.477707 1.4731964000 1.4770428919 6.36× 10−6

1.0 1.765103 1.764170 1.764520 1.7623270000 1.7647907078 8.67× 10−5

Table 7. The NRs and REs for λ = 1
2 ,M = 7, and differing values of ν, γ, ℘ (Example 6.2).

t ν = γ = ℘ = 0.65 ν = γ = ℘ = 0.75 ν = γ = ℘ = 0.85 ν = γ = ℘ = 0.95
NRs REs NRs REs NRs REs NRs REs

0.2 1.102260 2.83× 10−3 0.743711 8.44× 10−4 0.474588 7.34× 10−4 0.304210 1.02× 10−3

0.4 1.386790 1.70× 10−4 1.161720 3.72× 10−4 0.898931 4.30× 10−5 0.667543 5.34× 10−5

0.5 1.472590 7.88× 10−4 1.315120 1.58× 10−4 1.093020 1.98× 10−4 0.864382 2.33× 10−4

0.6 1.539390 8.10× 10−5 1.440730 1.53× 10−5 1.268640 2.02× 10−5 1.061880 2.03× 10−5

0.8 1.637380 2.47× 10−4 1.629590 4.34× 10−5 1.557700 6.03× 10−5 1.430110 4.58× 10−5

1.0 1.706490 7.32× 10−4 1.760950 1.25× 10−4 1.768800 1.73× 10−4 1.730160 9.06× 10−5

Figure 2. Diagrams of R(t) for (a) : γ = ℘ = 1; (b) : ν = ℘ = 1; (c) : ν = γ = 1 with M = 7, λ = 1
2

(Example 6.2).

{
R(0) = 1, γ = 0,
I(1−γ)(1−ν),℘R(t)|t=0 = 1, 0 < γ < 1.

The exact solution of the classical model is R(t) = e−t. Table 8 presents the NRs and REs for λ = 1
2 ,M = 8, and

differing values of ν, γ, ℘ obtained using the mentioned method. Also, Figure 3 shows diagrams of R(t) for diverse
values of ν, γ, ℘ with M = 8, λ = 1

2 .

Table 8. The NRs and REs for λ = 1
2 ,M = 8, and differing values of ν, γ, ℘ (Example 6.3).

t ν = γ = ℘ = 0.75 ν = γ = ℘ = 0.80 ν = γ = ℘ = 0.85 ν = γ = ℘ = 0.90 ν = γ = ℘ = 0.95
NRs REs NRs REs NRs REs NRs REs NRs REs

0.2 0.655243 1.53× 10−4 0.688632 8.03× 10−5 0.722791 3.87× 10−5 0.756494 1.62× 10−5 0.818731 3.84× 10−9

0.4 0.557234 1.85× 10−4 0.574347 9.13× 10−5 0.594883 4.12× 10−5 0.618202 1.62× 10−5 0.670320 3.74× 10−9

0.5 0.523678 1.22× 10−10 0.533739 1.84× 10−11 0.547482 1.82× 10−11 0.564519 7.61× 10−12 0.606531 4.40× 10−15

0.6 0.495784 6.99× 10−5 0.499600 3.32× 10−5 0.507053 1.44× 10−5 0.517934 5.44× 10−6 0.548812 1.16× 10−9

0.8 0.451387 6.26× 10−6 0.444722 2.90× 10−6 0.441237 1.23× 10−6 0.440884 4.50× 10−7 0.449329 8.62× 10−11

1.0 0.416977 7.46× 10−5 0.401991 3.39× 10−5 0.389606 1.41× 10−5 0.379792 5.06× 10−6 0.367879 8.47× 10−10
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Figure 3. Diagrams of R(t) for (a) : γ = ℘ = 1; (b) : ν = ℘ = 1; (c) : ν = γ = 1 with M = 8, λ = 1
2

(Example 6.3).

Example 6.4. Consider the following HF-FDE system as [41]:{
Dν1,γ,℘R1(t) = R1(t) +R2(t),
Dν2,γ,℘R2(t) = −R1(t) +R2(t),

(6.4)

with the initial conditions{
R1(0) = 0, R2(0) = 1, γ = 0,
I(1−γ)(1−ν),℘R1(t)|t=0 = 0, I(1−γ)(1−ν),℘R2(t)|t=0 = 1, 0 < γ < 1.

The exact solution of the classical model is R1(t) = et sin(t), R2(t) = et cos(t). The NRs and AEs for the classical
model with λ = 1,M = 11 are reported in Table 9. The NRs and REs for ν1 = 0.70, ν2 = 0.90, λ = 1

2 ,M = 8, and
diverse values of γ, ℘ are discussed in Table 10. Figures 4 and 5 show the behavior of R1(t), and R2(t) for diverse
values of ν, γ, ℘ with M = 8, λ = 1

2 .

Table 9. The NRs and AEs for ν = γ = ℘ = 1 and λ = 1,M = 11 (Example 6.4).

t R1(t) R2(t)

Exact solution NRs AEs Exact solution NRs AEs

0.1 0.1103329887 0.1103329887 6.39× 10−16 1.0996496670 1.0996496680 0
0.2 0.2426552686 0.2426552686 8.88× 10−16 1.1970560214 1.1970560214 4.44× 10−16

0.3 0.3989105538 0.3989105538 9.43× 10−16 1.2895693740 1.2895693740 2.22× 10−16

0.4 0.5809439008 0.5809439008 6.66× 10−16 1.3740615389 1.3740615389 0
0.5 0.7904390832 0.7904390832 1.11× 10−16 1.4468890366 1.4468890366 2.22× 10−16

0.6 1.0288456663 1.0288456663 6.66× 10−16 1.5038595406 1.5038595406 0
0.7 1.2972951119 1.2972951119 8.88× 10−16 1.5402030254 1.5402030254 6.66× 10−16

0.8 1.5965053406 1.5965053406 8.88× 10−16 1.5505492968 1.5505492968 0
0.9 1.9266733040 1.9266733040 1.11× 10−15 1.5289138119 1.5289138119 2.22× 10−16

1.0 2.2873552872 2.2873552872 0 1.4686939399 1.4686939399 0

Table 10. The NRs and REs for ν1 = 0.70, ν2 = 0.90, λ = 1
2 ,M = 8, and differing values of γ, ℘

(Example 6.4).

t γ = ℘ = 0.85 γ = ℘ = 0.90 γ = ℘ = 0.95

NRs(R1(t)) NRs(R2(t)) REs NRs(R1(t)) NRs(R2(t)) REs NRs(R1(t)) NRs(R2(t)) REs

0.2 0.68260 1.23326 9.22× 10−5 0.62061 1.22448 6.89× 10−5 0.56439 1.21457 5.03× 10−5

0.4 1.24328 1.27929 9.82× 10−5 1.17801 1.28635 7.11× 10−5 1.11534 1.29053 5.01× 10−5

0.5 1.52593 1.25329 1.90× 10−10 1.46936 1.26787 3.64× 10−11 1.41346 1.27950 1.82× 10−11

0.6 1.80888 1.19454 3.36× 10−5 1.76691 1.21428 7.80× 10−6 1.72393 1.23143 1.64× 10−5

0.8 2.36507 0.97559 2.77× 10−6 2.36660 0.99325 1.93× 10−6 2.36538 1.00945 1.31× 10−6

1.0 2.88592 0.61610 3.07× 10−5 2.94228 0.60699 2.10× 10−5 2.99656 0.59627 1.40× 10−5



Unco
rre

cte
d Pro

of

14 P. RAHIMKHANI, N. SAMADYAR, AND M. RAZZAGHI

Figure 4. Diagrams of R1(t) for (a) : γ = ℘ = 1; (b) : ν1 = ν2 = ℘ = 1; (c) : ν1 = ν2 = γ = 1 with
M = 8, λ = 1

2 (Example 6.4).

Figure 5. Diagrams of R2(t) for (a) : γ = ℘ = 1; (b) : ν1 = ν2 = ℘ = 1; (c) : ν1 = ν2 = γ = 1 with
M = 8, λ = 1

2 (Example 6.4).

Example 6.5. Consider the following HF-FDE as [41]:

Dν3,γ,℘R(t) = −CDν1R(t) + 2CDν2R(t)−R(t) + t3 − 6t2 + 6t+
16

5
√
π
t2.5, (6.5)

with the initial conditions {
R(0) = R′(0) = 0, γ = 0,
I(1−γ)(1−ν),℘R(t)|t=0 = R′(0) = 0, 0 < γ < 1.

The exact solution for ν1 = 2, ν2 = 1, ν3 = 0.5 is R(t) = t3. We compare the NRs and REs for ν1 = 2, ν2 = 1, ν3 = 0.5,
with different values of λ in Table 11. In fact, this table shows the effect of parameter λ. The NRs and REs for
λ = 1

2 ,M = 10, ν1 = 2, ν2 = 1, ν3 = 0.5, and diverse values of γ, ℘ are displayed in Table 12. To further analyze, we
plot the approximate solutions of R(t) for ν1 = 2, ν2 = 1, ν3 = 0.5 with different values of ℘, γ in Figure 6.

Table 11. The NRs and REs for ν1 = 2, ν2 = 1, ν3 = 0.5, and γ = ℘ = 1 (Example 6.5).

t M = 2 M = 4

λ = 1
4 λ = 1

2 λ = 2
3 λ = 1 λ = 1

4 λ = 1
2 λ = 2

3 λ = 1

0.2 1.31× 10−2 6.94× 10−17 1.51× 10−3 5.20× 10−18 8.62× 10−16 2.78× 10−17 1.10× 10−4 8.67× 10−18

0.4 2.94× 10−2 8.33× 10−17 3.10× 10−3 1.39× 10−17 1.68× 10−15 0 2.24× 10−4 2.78× 10−17

0.5 3.83× 10−2 6.94× 10−17 3.81× 10−3 0 1.97× 10−15 4.16× 10−17 2.98× 10−4 2.78× 10−17

0.6 4.79× 10−2 2.78× 10−17 4.56× 10−3 0 2.14× 10−15 8.33× 10−17 3.81× 10−4 5.55× 10−17

0.8 7.01× 10−2 1.11× 10−16 6.42× 10−3 1.11× 10−16 1.67× 10−15 2.22× 10−16 5.59× 10−4 0
1.0 9.55× 10−2 3.33× 10−16 8.66× 10−3 0 2.22× 10−16 4.44× 10−16 7.60× 10−4 0
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Table 12. The NRs and REs for λ = 1
2 ,M = 10, ν1 = 2, ν2 = 1, ν3 = 0.5, and diverse values of γ, ℘

(Example 6.5).

t γ = ℘ = 0.50 γ = ℘ = 0.60 γ = ℘ = 0.70 γ = ℘ = 0.80 γ = ℘ = 0.90
NRs REs NRs REs NRs REs NRs REs NRs REs

0.0 0 1.04× 10−2 0 2.22× 10−3 0 2.08× 10−5 0 3.33× 10−4 0 1.93× 10−4

0.2 0.008023 2.69× 10−6 0.008024 6.55× 10−7 0.008021 7.02× 10−8 0.008016 4.95× 10−8 0.008009 3.60× 10−8

0.4 0.064022 3.51× 10−7 0.064116 9.03× 10−8 0.064145 1.27× 10−8 0.064130 4.62× 10−9 0.064080 4.03× 10−9

0.5 0.124398 2.21× 10−11 0.124816 1.03× 10−13 0.125033 9.93× 10−13 0.125116 1.88× 10−12 0.125100 9.10× 10−15

0.6 0.213196 1.13× 10−7 0.214521 3.03× 10−8 0.215322 4.96× 10−9 0.215778 1.03× 10−9 0.215985 1.14× 10−9

0.8 0.491888 6.52× 10−8 0.499424 1.81× 10−8 0.504521 3.30× 10−9 0.508029 3.78× 10−10 0.510426 5.81× 10−10

1.0 0.920136 1.37× 10−7 0.947617 3.92× 10−8 0.967128 7.75× 10−9 0.981407 3.95× 10−10 0.992038 1.08× 10−9

Figure 6. Diagrams of R(t) for ν1 = 2, ν2 = 1, ν3 = 0.5 with (a) : ℘ = 1; (b) : γ = 1 with
M = 9, λ = 1

2 (Example 6.5).

7. Conclusions

The constants in this research, including the fractional order ν, the type of Hilfer derivative γ, and the fractal
parameter ℘, can be adjusted to analyze the behavior of various problems and achieve the best outcomes for each
case. To approximate the solution of HF-FEs, we introduced the FCFs and their properties. The problem is then
approximately solved using the FCFs, collocation method, and Newton’s iterative approach to handle the resulting
system of equations. The solutions obtained using the proposed method indicate that the best value of λ for the
classical model (ν = γ = ℘ = 1) is λ = 1, and for non-classical models is λ = 1

2 . A small number of the FCFs is
sufficient to achieve a satisfactory result; thus, the approximation using the FCFs requires a short CPU time. Examples
with satisfactory results are provided to illustrate the applications of this scheme. This technique can be applied to
solve other FDEs with different concepts that arise from physical models. We plan to do the following works in the
future:

• This method can be used to solve different problems such as fractional partial differential equations, two-
dimensional fractional optimal control problems, fractal-fractional differential equations, stochastic differential
equations, inverse problems, etc.

• Wavelets can be combined with the deep neural network method and the parallel least-squares support vector
machine method for solving the proposed problems.

• Examining existence and uniqueness of the solution for the proposed Hilfer fractal-fractional differential equa-
tions.

• Stability analysis of the suggested scheme for the numerical approximation of the problem under study is an
interesting problem for future works.
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