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Abstract

This study looks into magneto-radiative Williamson nanofluid flow with entropy generation in a Darcy-Forchheimer

porous medium, incorporating motile microorganisms, activation energy, Brownian motion, thermophoresis, and

chemical reactions. Solutions for non-linear differential equations are obtained semi-analytically using the Ho-
motopy Analysis Method (HAM) and Modified Homotopy Analysis Method (MHAM), with results validated

through numerical results. Notable discoveries include increased velocity profiles with magnetic field and Darcy-
Forchheimer number, enhanced entropy generation with Brinkman number and magnetic field and reduced motile

microorganism profiles with bioconvection Lewis number and Peclet number, refining comprehension of thermal

interactions and cooling mechanisms using nanofluids. The HAM approach yields semi-analytical outcomes in a
direct manner and explicit form, and its appropriateness is adaptable for solving complex non-linear problems

in physics, chemistry as well as biology. Furthermore, by comparing numerical values of published works with,

mathematical expressions for the skin friction coefficient, Sherwood number, Nusselt number and motile microor-
ganism density number are developed also validated, providing high consistency in confirming the validity of the

analytical approximations results.

Keywords. Bioconvection, Darcy-Forchheimer, Entropy generation, Motile microorganisms, Thermal radiation, Modified homotopy analysis

method (MHAM).
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1. Introduction

A novel development in fluid dynamics, nanofluids are made up of nanoparticles scattered all over regular fluids
to improve thermal conductivity. By strategically managing the consistency and distribution of nanoscale particle.
In 1995, Choi and Eastman [16] from National laboratory located in Argonne first presented the view of nanofluids.
Later studies by Adnan et al. [4] showed that, in comparison to those with only nano-dimensions, nanofluids with
silver nanostructures have improved thermal transfer efficiency. The thermodynamic characteristics of second-grade
nanofluid flow along a stretching sheet were inspected by Paul et al. [32], taking chemical reactions as well as radiation
into account. Magnetohydrodynamic(MHD) hybrid nanofluid transport in porous materials over a vertical stretching
surface of a cylinder with heat stratification effects was investigated by Ahmed et al. [1] and for circular channel
by Sharma et.al [34]. The publications of Ali et al. [2] and Asjad et al. [10] contain recent noteworthy studies on
nanofluids with a variety of properties. Cao et al. [15] and Akbarov et al. [6], focus on heat transfer in Maxwell
nanofluids and hydro-elastic systems. These investigations, along with work by Dawood et al. [17], utilize advanced
mathematical methods to gain insights into complex phenomena.

With uses in astrophysics, engineering and geophysics, the magnetohydrodynamic Williamson fluid exhibits non-
Newtonian behavior, marked by a power-law stress-strain rate dependency. Activation energy and MHD effects with
bioconvection, heat radiation and diffusion in magneto-Williamson and Casson fluid flows, heat and mass transfer
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in MHD Williamson nanofluid flow and heat and mass transport in hydromagnetic Williamson nanofluid dynamics
involving suction as well injection, buoyancy, radiation also chemical reaction effects are some of the recent studies
that have investigated its dynamics by Awan et al. [3] and Dhlamini et.al [18].

Darcy-Forchheimer flow regime is essential in fluid dynamics, presenting analysis into fluid motion in porous media.
It combines Darcy’s law with Forchheimer’s extension, accounting for non-linear effects like inertial resistance and
turbulence. This model is crucial in geosciences, petroleum, environmental engineering and industrial filtration.
Researchers have made use of it to study various phenomena, encompassing mixed convective flow with Joule heating by
Sharma and Gandhi [35], chemically reacting flow with activation energy, irreversibility analysis of radiative nanofluid
flow and MHD flow with viscous dissipation and variable fluid properties. Activation energy is a primary concept
in chemical kinetics, referring to the minimum energy required for reactant molecules to overcome the challenge and
transform into products. Its applications span cancer treatment, drug formulation and food preservation. Researchers
have studied its effects in various nanofluid flows, including magneto-Williamson nanofluid, combined convective
nanofluid flow by Dhlamini et al. [19], Prandtl-Eyring nanofluid, and Maxwell flow of fluid across a Riga plate in a
porous material by Vijayalakshmi et al. [40], highlighting its significance in chemical reactions and fluid dynamics.
Agrwall et al. [5] and Lakestani et al. [23] explores various topics in fluid dynamics and mathematical modeling,
including micropolar fluid flows and analytical solutions to modified dispersive water-wave systems.

Entropy generation in fluid flow represents the one-way increase in entropy due to dissipative processes, crucial for
optimizing system designs and efficiency. Its applications span heat exchange, turbines, and environmental remediation.
Researchers have studied entropy generation in various fluid flows, including MHD radiative transport of Williamson
nanofluid by Kumar et al. [21], Kumaran and Sandeep [22], viscous flow over a stretching cylinder by Butt et al. [14],
magneto-viscoelastic flow by Baag et al. [13], radiative nanomaterial flow, magneto-nanofluid boundary layer flow by
Ullah et al. [39], and bio-convective micropolar nanofluid flow, highlighting its significance in thermodynamic analysis
and optimization.Recent studies have explored the dynamics of gyrotactic microorganisms in various fluid flows. Haq
et al. [20] investigated the behavior of gyrotactic microorganisms in radiated nanomaterial Williamson fluid with
activation energy. Song et al. [36] analyzed the bidirectional nonlinear stretched flow of Williamson nanofluid with
motile gyrotactic microorganisms. These studies highlight the significance of microorganisms in fluid dynamics and
their potential applications.

This study investigates magneto-Darcy Forchheimer flow of bioconvective Williamson nano scale fluid along a
stretching sheet, focusing on entropy generation, activation energy also motile microorganisms. Incorporating thermal
radiation, suction/injection and heat source effects, this research provides a novel approach to understanding complex
phenomena. Utilising the HAM and MHAM, semi-analytical answers for density, temperature, velocity and concen-
tration are obtained. Semi-analytical mathematical solutions are expressed for motile density number, skin friction
coefficient, Sherwood number, and Nusselt number. These results are compared with numerical solutions using tables.
Additionally, graphical representations of the previously described functions, constants, and entropy generation are
also presented.

2. Mathematical formulation of the problem

The present work examines the mathematical modeling of entropy optimization in Williamson nanofluid flow,
considering factors like magneto-Darcy Forchheimer flow, motile microorganisms, Brownian motion, thermophoresis,
radiation, heat sources, chemical reactions and activation energy. Figure [1] illustrates the flow configuration for the
current model. Boundary sheet of the flow dynamics issue is susceptible to flow in the x-direction, with the y-direction
perpendicular to it. The linear velocity of the stretching sheet is assumed to be uw = ax, with uniform thermal
and concentration conditions Tw and Cw while ambient concentration(C∞) also temperature(T∞). The controlling
equations for flow are detailed in the work of Kumar et al. [21], Reddy et al. [33] and Butt et al. [14].

∂u

∂x
+

∂v

∂y
= 0, (2.1)

u
∂u

∂x
+ v

∂u

∂y
= v

∂2u

∂y2
+
√
2vΓ

∂u

∂y

∂2u

∂y2
− σB2

0u

ρ
− µ

ρk1
u− cb√

k1
u2, (2.2)



Unco
rre

cte
d Pro

of

CMDE Vol. *, No. *, *, pp. 1-22 3

Figure 1. Illustration of the flow geometry.

u
∂T

∂x
+ v

∂T

∂y
=

(
µ
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)(
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)2

+

(
µ

ρCP

)
Γ

(
∂u
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)3

+ τ

(
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∂y
+
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(
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+
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u2, (2.3)
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+
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∂y2
−K2
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(
T
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(
−Ea

kT

)
, (2.4)(

u
∂N

∂x
+ v

∂N

∂y

)
= Dm

∂2N

∂y2
+

bwc

(Cw − C∞)

∂

∂y

(
N

∂C

∂y

)
. (2.5)

The specified boundary value conditions are listed below:

At y = 0: u = uw, v = vw,
∂T

∂y
=

−hf

k
(Tw − T ), C = Cw, N = Nw,

As y → ∞:u → 0, T → T∞, C → C∞, N → N∞.
(2.6)

The governing equations are reduced through the similarity transformations: ([17],[12])

u = axf ′(η), v = −
√
aν f(η), η =

√
a

ν
y, θ(η)(Tw − T∞) = T − T∞,

ϕ(η)(Cw − C∞) = C − C∞, χ(η)(Nw −N∞) = N −N∞.

(2.7)

Using similarity transformations in Eqs. (2.2)–(2.6) formulated to

(1 +Wef ′′)f ′′′ − (M +K)f ′ + ff ′′ − Frf ′2 − f ′2 = 0, (2.8)(
1 +

4

3
R

)
θ′′ + Pr

[
fθ′ +Nbθ′ϕ′ +Ntθ′2 +MEcf ′2 + Ecf ′′2 +

1√
2
EcWef ′′3 +Qθ

]
= 0, (2.9)

ϕ′′ + Scfϕ′ +

(
Nt

Nb

)
θ′′ − ScCr(1 + α1θ)

n exp

(
−E

1 + α1θ

)
ϕ = 0, (2.10)

χ′′ + Lbfχ′ − Pe [(δ1 + χ)ϕ′′ + χ′ϕ′] = 0. (2.11)

The conditions at the boundary are:

f(0) = S, f ′(0) = 1, θ′(0) = Bi(θ(0)− 1), ϕ(0) = 1, χ(0) = 1,

f ′(∞) = 0, θ(∞) = 0, ϕ(∞) = 0, χ(∞) = 0,
(2.12)



Unco
rre

cte
d Pro

of

4 P. MUTHUMEENA AND V. ANANTHASWAMY

where

M =
σB2

o

ρa
, K =

v

ak1
, We = Γuw

√
2a

v
, Fr =

cb√
k1

,

P r =
v

α
, Q =

Qo

ρCpa
, Ec =

u2
w

(Tw − T∞)Cp
, Nb =

τDB(Cw − C∞)

v
,

Lb =
v

Dm
, S = − vw√

av
, Bi =

hf

k

√
v

a
, Sc =

v

DB
,

R =
4σ∗T 3

∞
k∗k

, Nt =
τDT (Tw − T∞)

T∞v
, Cr =

Kr

a
.

(2.13)

The skin friction, Motile density number, Sherwood number also Nusselt number outlined below:√
RexCf =

(
1 +

We

2

)
f ′′(0),

Nh√
Rex

= −χ′(0),
Sh√
Rex

= −ϕ′(0),
Nu√
Rex

= −
(
1 +

4

3
R

)
θ′(0), (2.14)

2.1. Investigation of entropy generation. Magneto-Williamson nano scale fluid’s volumetric entropy generation
is represented as:

Ns = α1

(
1 +

4

3
R

)
θ′2 +Br

(
f ′′2 +

We√
2
f ′′3
)
+ L1

(
α2

α1

)
ϕ′2

+Br(M +K)F ′2 + L1θ
′ϕ′ + L2

(
α3

α1

)
χ′2 + L2χ

′θ′,

(2.15)

such that,

Br =
µou

2
w

k∆T
, L1 =

RD(Cw − C∞)

k
, L2 =

RD(Nw −N∞)

k
,

We = Γuw

√
2a

v
, α2 =

∆C

C∞
, α1 =

∆T

T∞
, α3 =

∆N

N∞
,

(2.16)

correspond to Brinkman number, diffusion parameter due to concentration, diffusion parameter due to microorgan-
isms, Williamson fluid, concentration difference parameter, concentration difference of microorganisms additionally
temperature difference parameter.

3. Semi-analytical expression of non-linear boundary value problem through HAM and MHAM

The Homotopy analysis method (HAM) is a powerful, analytical technique for solving non-linear differential equa-
tions, facilitating adaptable convergence through a convergence-control parameter. Successfully applied across various
scientific and engineering disciplines, HAM excels in handling highly non-linear differential equations. We utilize HAM
to investigate MHD flow problems, providing solutions as infinite power series that require numerical evaluation for
practical applications. With an auxiliary parameter, HAM allows control over convergence regions, making it superior
to other perturbation methods. Proposed by Liao ([25–31]), HAM’s flexibility and effectiveness make it an ideal choice
for tackling complex nonlinearities in MHD flow and similar problems as also demonstrated by Ananthaswamy et al.
([8–11, 38])

The Modified Homotopy analysis method (MHAM) ([7, 24, 37]) further enhances this versatility, applicable to
both linear and non-linear types of differential equations. MHAM addresses various non-linear boundary value prob-
lems(bvp) in physics, chemistry and biology, particularly in MHD flow problems. Key advantages of MHAM include
simplicity, rapid convergence typically within a single iteration, and high accuracy with error percentages below 0.3%
compared to numerical solutions. The solution involves arbitrary constants dependent on the diff erential equation’s
order, facilitating determination and application. By leveraging MHAM’s strengths, researchers can efficiently obtain
accurate analytical solutions for complex non-linear bvps. MHAM’s effectiveness and efficiency provide a powerful
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resource for scientists as well as researchers tackling challenging problems, offering reliable results with minimal compu-
tational effort. The outcomes computed for the unit less velocity, concentration, density distributions and temperature
are outlined below, accompanied by their approximate analytical formulations.

3.1. Semi-analytical outcomes of velocity distribution using HAM ([28–31]): A semi-analytical solution is
presented below for the velocity profile in Eq. (2.8) subject to the boundary specifications (2.12).

f(η) = S +
1√

M +K
− e−

√
M+K η

√
M +K

+ h



1

6
· We 3

√
M +K + 7Fr
3
√
M +K

+
1

2
· 1 + 10S

√
M +K

3
√
M +K

+

(
−1

2
· 1 + 10S

√
M +K

3
√
M +K

− 1

3
· We 3

√
M +K + 7Fr
3
√
M +K

)
e−

√
M+K η

− 1

2
· 1 + 10S

√
M +K

M +K
· η e−

√
M+K η

+
1

6
· (We 3

√
M +K + 7Fr) e−2

√
M+K η

3
√
M +K


, (3.1)

f ′(η) = e−
√
M+K η

(
1 +

1

3
h · We(M +K)3/2 − 7Fr

M +K
+ h(1− 10S

√
M +K)

√
M +K · η

)
− 1

3(M +K)
h
(
We(M +K)3/2 − 7Fr

)
e−2

√
M+K η.

(3.2)

Using the Modified Homotopy analysis method (MHAM), we extract semi-analytical solutions of the transformed
temperature, concentration, and density distribution Eqs. (2.9)-(2.11), which fulfills the boundary conditions in Eq.
(2.12), as follows:([7, 24])

θ(η) =
Bi× e(−Aη)

A+Bi
+ h





(MEcR+Nb+Nt)e(−Aη)PrBiC

(Q+ S)(A+Bi)
(
1 + 4

3R
)

− 1

4

e(−2
√
M+Kη)PrEc(2M +K)

(M +K)
(
1 + 4

3R
)

− e(−(A+
√
M+K)η)PrBiA

(A+
√
M +K)2(A+Bi)

(
1 + 4

3R
)√

M +K

+
1

18

√
M +Ke(−3

√
M+Kη)PrEcWe

√
2(

1 + 4
3R
)

− 1

4

e(−2Aη)PrNtBi2

(A+Bi)2
(
1 + 4

3R
) + e(−(A+B)η)PrNbBiAB

(A+B)2(A+Bi)
(
1 + 4

3R
)

+N1 −BiN2



/Bi



, (3.3)
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ϕ(η) = e−Bη + h



(E +R)Nt e−Bη
((

S + 1√
M+K

)
ScB + ScCr − ScCr E

)
Sc+ CrNb

− e−(
√
M+K−B)ηScB

(
√
M +K +B)2

√
M +K

+
ScB

(
√
M +K +B)2

√
M +K

+
e−(A+B)η

(
ScCr E α1 Bi+ScCr nα1 Bi−E nα1 Bi

A+Bi

)
(A+B)2

+
e−(2A+B)ηnE α2

1 Bi2

(2A+B)2(A+Bi)2
+

NtBi

(A+Bi)Nb
− e−BηNtBi

(A+Bi)Nb

−
(E +R)Nt

((
S + 1√

M+K

)
ScB + ScCr − ScCr E

)
Sc+ CrNb

−
(
ScCr E α1 Bi+ ScCr nα1 Bi− E nα1 Bi

(A+Bi)(A+B)2

)
− nE α2

1 Bi2

(2A+B)2(A+Bi)2



, (3.4)

χ(η) = e(−Dη) + h


e(−Dη)Lb

(
S + 1√

M+K

)
√
Lb+ Peα1

− e(−(
√
M+K+D)η)LbD

(
√
M +K +D)2

√
M +K

− (E +R)Nte(−Bη)Peα1

Sc+ CrNb
+

e(−(B+D)η)
(

Pe(Sc+CrNb)
(R+E)Nt − PeDB

)
(B +D)2

 , (3.5)

where constants which are used in Eqs. (3.1)-(3.5)

A =

√
Q+ S

MEcR+Nb+Nt
, (3.6)

B =

√
Sc+ CrNb

(R+ E)Nt
, (3.7)

C =

√
Q+ S

MEcR+Nb+Nt

(
S +

1√
M +K

)
−Q, (3.8)

D =
√

Lb+ Peα1, (3.9)

N1 =



1

2

PrEc(2M +K)√
M +K

(
1 + 4

3R
) − PrBiC

A(A+Bi)
(
1 + 4

3R
) + PrNbABBi

(A+B)(A+Bi)
(
1 + 4

3R
)

+
1

2

PrNtBi2(Q+ S)

A(MEcR+Nb+Nt)(A+Bi)2
(
1 + 4

3R
) − 1

6

(M +K) PrEcWe
√
2(

1 + 4
3R
)

+
PrBiA

(A+
√
M +K)(A+Bi)

(
1 + 4

3R
)√

M +K


, (3.10)
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N2 =



(MEcR+Nb+Nt) PrBiC

(Q+ S)(A+Bi)
(
1 + 4

3R
) − 1

4

PrEc(2M +K)

(M +K)
(
1 + 4

3R
)

− PrBiA

(A+
√
M +K)2(A+Bi)

(
1 + 4

3R
)√

M +K
+

1

18

√
M +K PrEcWe

√
2(

1 + 4
3R
)

− PrNbABBi

(A+B)2(A+Bi)
(
1 + 4

3R
) − 1

4

PrNtBi2

(A+Bi)2
(
1 + 4

3R
)


. (3.11)

3.2. Semi-analytical expression for skin friction coefficient, Nusselt number, motile microorganism den-
sity number and Sherwood number. Mathematical formations for skin friction coefficient, Nusselt number, motile
microorganism density number and Sherwood number as follows:√

RexCf =

(
1 +

We

2

)(
−
√
M +K

(
1 +

1

3

h(We3
√
M +K − 7Fr)

M +K

)

+ h(1− 10S
√
M +K)

√
M +K +

2

3

h(We3
√
M +K − 7Fr)√
M +K

)
,

(3.12)

Nu√
Rex

= −
(
1 +

4

3
R

)


− BiA

(A+Bi)

(MEcR+Nb+Nt) PrBiAC

(Q+ S)(A+Bi)
(
1 + 4

3R
)

− PrBiA

(A+
√
M +K)2(A+Bi)

(
1 + 4

3R
)√

M +K

− PrNbBiAB

(A+B)(A+Bi)
(
1 + 4

3R
) + 1

2

PrEc(2M +K)

(M +K)
(
1 + 4

3R
)

+
1

2

APrNtBi2

(A+Bi)2
(
1 + 4

3R
) − 1

6

(M +K) PrEcWe
√
2(

1 + 4
3R
)


, (3.13)

Nh√
Rex

=


B + Lb

(
S +

1√
M +K

)
+

LbD

(−
√
M +K −D)

√
M +K

− B(E +R)NtPeα1

Sc+ CrNb
+

(
Pe(Sc+CrNb)

(R+E)Nt − PeDB
)

−(B +D)

 , (3.14)

Sh√
Rex

=



(E +R)NtB
((

S + 1√
M+K

)
ScB + Sc Cr − ScCrE

)
Sc+ CrNb

+
ScB

(
√
M +K +B)2

√
M +K

− ANtBi

(A+Bi)Nb

−

(
ScCr Eα1Bi+ScCr nα1 Bi−E nα1 Bi

A+Bi

)
(A+B)2

− nE α2
1 Bi2

(2A+B)2(A+Bi)2


. (3.15)

4. Results and Discussion

The visual portrayal in this segment utilizes the semi-analytical results (via Pyhton 3.10) sketched in Eqs. (3.2)-
(3.5), which are compared to numerical results, as shown in Figure 2-18. A high degree of consistency is observed
between the semi-analytical and numerical solutions.

The research explores the effects of multiple parameters on velocity as per Eq. (3.2), temperature, concentration
and density number as mentioned in Eqs. (3.3)-(3.5). Figures 2-5 indicates velocity profile is influenced by several
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factors, including the magnetic field parameter(M), porosity(K), Darcy-Forchheimer (Fr) furthermore suction factor
(S), all of which contribute to a diminishes in velocity.

The graphical representations in Figures 6-10 examine how various parameters influence temperature profiles ac-
cording to Eq. (3.3), such as magnetic parameter (M) in Figure 7, R in Figure 10, Nt in Figure 9 and Nb in Figure 8
which rise up the temperature . However, suction factor (S) has a contrary effect, reducing temperature in Figure 6.

Figures 11-14 present a visual examination of the concentration under the influence of various parameters in line
with Eq. (3.4). Brownian motion factor (Nb) in Figure 13 and chemical reaction factor (Cr) in Figure 11 all goes down
the concentration. In contrast, and Thermophoresis parameter (Nt) in Figure 14 and energy factor (E) in Figure 12
boost the concentration.

A comprehensive graphical illustration Figures 15 and 16 reveals that Density number of motile microorganisms is
influenced by parameters as indicated by Eq. (3.5), while Lb and Pe have a reducing effect.

The relationship between the Brinkman number(Br) and entropy generation is depicted in Figure 17 as per Eq.
(2.15), showing a positive correlation. Additionally, Figure 18 illustrates the impact of the M on entropy generation,
revealing that a stronger M results in elevated Ns due to enhanced irreversibly.

In Figures 19-22 that an augment in Fr leads to an elevate in magnetic field parameter(M), which in turn affects
skin friction in Figure 19. Meanwhile, an grow in Nt results in a diminish in the suction factor(S), impacting the
Nusselt number in Figure 20, and an amplifying in E, influence the Sherwood number as Figure 21. Additionally, as
Pe rise influencing the motile density number in Figure 22.

Tables 1-4 present the effects of various parameters on skin friction, thermal transmission rate, mass transmission
rate as well as motile density number. Skin friction coefficient (Table 1) increases with Lorentz force, porosity(K),
Forchheimer impact(Fr), and suction velocity(S), but decreases with Williamson fluid factor. Thermal transmission
rate (Table 2) enhances with suction(S), Pr, R, Q, and Biot number(Bi), while Eckert number(Ec), Brownian motion
factor(Nb) additionally Nt exhibit an opposite trend. Mass transmission rate (Table 3) increases with Schmidt
number(Sc), Cr, and Brownian motion factor(Nb) due to reduced mass diffusivity, accelerated species consumption,
and augmented nanoparticle diffusion. Conversely, thermophoresis factor and activation energy(E) decrease mass
transport efficiency. Motile density number (Table 4) improves with Lb, Pe and δ1.

Table 1. Comparison of Numerical and Semi-analytical results for −Cf

√
Rex.

M K We Fr S Numerical solution Semi-analytical solution Error%
1.0 0.5 0.2 0.5 0.1 1.477742 1.288874 0.146537
2.0 0.5 0.2 0.5 0.1 1.758635 1.635541 0.075262
3.0 0.5 0.2 0.5 0.1 1.996164 1.922485 0.038325
1.0 0.5 0.2 0.5 0.1 1.857811 1.635541 0.135900
1.0 1.0 0.2 0.5 0.1 1.973876 1.802485 0.095086
1.0 1.5 0.2 0.5 0.1 2.082577 1.922485 0.083273
1.0 0.5 0.1 0.5 0.1 1.758635 1.552448 0.132814
1.0 0.5 0.2 0.5 0.1 1.511875 1.635541 0.075612
1.0 0.5 0.3 0.5 0.1 0.97548 1.719467 0.432685
1.0 0.5 0.2 0.5 0.5 1.787103 1.635541 0.092668
1.0 0.5 0.2 1.0 1.0 1.855624 1.647136 0.126576
1.0 0.5 0.2 1.5 0.1 1.920718 1.658731 0.157944
1.0 0.5 0.2 0.5 0.1 1.758635 1.635541 0.075262
1.0 0.5 0.2 0.5 0.2 1.801445 1.641041 0.097745
1.0 0.5 0.2 0.5 0.3 1.845063 1.646541 0.120569

Absolute Average Error Percentage 0.125751
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Figure 2. Dimensionless velocity
verses the non-dimensional axial co-
ordinate. The curves are visualized
using Eq. (3.2) for selected values of
the dimensionless magnetic(M) and
the remaining non-dimensional pa-
rameters held constant.

Figure 3. Dimensionless velocity in
relation to the non-dimensional ax-
ial coordinate. For multiple values
of dimensionless porosity (K) and
holding certain values held constant
for other non-dimensional parame-
ters, the curves are plotted using Eq.
(3.2).

Figure 4. Dimensionless velocity
against the non-dimensional axial
coordinate.The graphs are plotted
according to the Eq. (3.2) for several
values of the non-dimensional suc-
tion factor (S) and in some dimen-
sionless parameters held at fixed val-
ues

Figure 5. Visualization of the non-
dimensional velocity versus the di-
mensionless axial coordinate have
been plot using Eq. (3.2) for various
values of the non-dimensional Forch-
heimer inertia factor (Fr), with
other dimensionless parameters
fixed.
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Figure 6. Non-dimensional tem-
perature in relation to the non-
dimensional axial coordinate. For
different values of the dimension-
less suction factor (S) and for cer-
tain fixed values of further non-
dimensional parameters, the curves
are plotted using Eq. (3.3).

Figure 7. Dimensionless tempera-
ture vs. the non-dimensional axial
coordinate. The curves are visual-
ized using the Eq. (3.3) for several
values of the non-dimensional mag-
netic parameter (M) and in certain
values held constant for other non-
dimensional parameter.

Figure 8. Dimensionless tempera-
ture in relation to non-dimensional
axial coordinate. For specific values
of the dimensionless Brownian mo-
tion factor (Nb) and for certain fixed
values of the other non-dimensional
parameters, the curves are plotted
using Eq. (3.3).

Figure 9. Plots of the non-
dimensional temperature versus the
dimensionless axial coordinate have
been plotted using Eq. (3.3) for var-
ious values of the non-dimensional
Thermophoresis factor (Nt), with
some dimensionless parameters held
at fixed values.
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Figure 10. Plots of the non-
dimensional temperature related to
dimensionless axial coordinate have
been generated using Eq. (3.3) for
multiple values of the dimension-
less Radiation (R), with other non-
dimensional parameters are con-
stant.

Figure 11. Dimensionless concen-
tration versus the non-dimensional
axial coordinate. The curves are
visualized using the Eq. (3.4) for
various values of the dimensionless
Chemical reaction factor (Cr) and in
specific fixed values of the other non-
dimensional parameters.

Figure 12. Dimensionless concen-
tration against non-dimensional ax-
ial coordinate. The curves are plot-
ted according to Eq. (3.4) for sev-
eral values of the non-dimensional
activation energy factor (E) and in
some dimensionless parameters held
at constant.

Figure 13. Non-dimensional con-
centration in relation to the dimen-
sionless axial coordinate. Several
values of the non-dimensional Brow-
nian motion factor (Nb) and for par-
ticular fixed values of the other non-
dimensional parameters, the curves
are plotted using Eq. (3.4).
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Figure 14. Plots of the non-
dimensional concentration vs. the
dimensionless axial coordinate have
been plotted using Eq. (3.4) for vari-
ous values of the dimensionless Ther-
mophoresis factor (Nt), with other
parameters are fixed.

Figure 15. Non-dimensional den-
sity related to the dimensionless ax-
ial coordinate. The graphs are plots
based on Eq. (3.5) for a range values
of the non-dimensional Bioconvec-
tion Lewis number (Lb)and in par-
ticular dimensionless parameters are
fixed.

Figure 16. Dimensionless density
verses non-dimension axial coordi-
nate. For several values of the di-
mensionless Peclet number (Pe) and
for some non-dimensional parame-
ters held constant, the curves are
plotted using Eq. (3.5).

Figure 17. Non-dimensional en-
tropy generation versus the dimen-
sionless axial coordinate over a range
of values for the non-dimensional
Brinkman number (Br) at dimen-
sionless parameters keep constant, as
per Eq. (2.15).
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Figure 18. Dimensionless entropy
generation vs. the non-dimensional
axial coordinate for several values
of the non-dimensional magnetic pa-
rameter (M) at some dimensionless
parameters held at fixed values, as
per Eq. (2.15).

Figure 19. Non-dimensional skin
friction related to dimensionless
magnetic(M) for a range of values
of the non-dimensional Forchheimer
inertia factor (Fr) at other non-
dimensional parameters are fixed, as
per Eq. (3.12).

Figure 20. Dimensionless Nusselt
number vs. the non-dimension suc-
tion factor (S) for multiple values
of the dimensionless Thermophore-
sis parameter (Nt) at other non-
dimensional parameters held con-
stant, as per Eq. (3.13).

Figure 21. Non-dimensional Sher-
wood number, against the dimen-
sionless energy factor (E) for several
values of the non-dimensional Ther-
mophoresis parameter (Nt) at other
dimensionless parameters are fixed,
as per Eq. (3.14).
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Figure 22. Dimensionless Motile density number, versus the non-dimension Bioconvection Lewis
number (Lb) for different values of the dimensionless Peclet number (Pe) at other non-dimensional
parameters held at fixed values, as per Eq. (3.15).

Table 2. Comparison of Numerical and Semi-analytical results for (Rex)
−1/2Nu.

Pr R Q Ec Nb Nt S Bi Numerical solution Semi-analytical solution Error%
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.200651 0.215622 0.069432
0.8 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.209637 0.218272 0.039561
0.9 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.217624 0.220921 0.014924
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.214126 0.215622 0.006938
0.7 1.0 0.1 0.1 0.2 0.2 0.1 0.1 0.268170 0.204000 0.314559
0.7 1.5 0.1 0.1 0.2 0.2 0.1 0.1 0.319090 0.193031 0.653051
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.168289 0.215622 0.219518
0.7 0.5 0.2 0.1 0.2 0.2 0.1 0.1 0.186183 0.210758 0.116603
0.7 0.5 0.3 0.1 0.2 0.2 0.1 0.1 0.202533 0.206531 0.019358
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.202533 0.215622 0.060703
0.7 0.5 0.1 0.2 0.2 0.2 0.1 0.1 0.157159 0.210377 0.252965
0.7 0.5 0.1 0.3 0.2 0.2 0.1 0.1 0.111471 0.205131 0.456586
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.210720 0.215622 0.022734
0.7 0.5 0.1 0.1 0.4 0.2 0.1 0.1 0.205288 0.196377 0.045377
0.7 0.5 0.1 0.1 0.6 0.2 0.1 0.1 0.198752 0.178489 0.119128
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.205598 0.215622 0.046489
0.7 0.5 0.1 0.1 0.2 0.4 0.1 0.1 0.203600 0.196377 0.036781
0.7 0.5 0.1 0.1 0.2 0.6 0.1 0.1 0.201454 0.178489 0.128663
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.202533 0.215622 0.060703
0.7 0.5 0.1 0.1 0.2 0.2 0.2 0.1 0.215301 0.206377 0.043241
0.7 0.5 0.1 0.1 0.2 0.2 0.3 0.1 0.227063 0.197754 0.148209
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.1 0.098279 0.215622 0.544207
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.2 0.202533 0.226244 0.104803
0.7 0.5 0.1 0.1 0.2 0.2 0.1 0.3 0.256363 0.236865 0.082317

Absolute Average Error Percentage 0.150285
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Table 3. Comparison of Numerical and Semi-analytical results for Sh/
√
Rex.

Sc Cr Nb Nt E Numerical solution Semi-analytical solution Error%
0.1 0.1 0.2 0.6 0.5 0.081285 0.134186 0.394237
0.3 0.1 0.2 0.6 0.5 0.20454 0.357390 0.427684
0.5 0.1 0.2 0.6 0.5 0.319531 0.471219 0.321906
0.1 0.1 0.2 0.6 0.5 0.20454 0.193505 0.057026
0.1 0.3 0.2 0.6 0.5 0.331816 0.234355 0.415870
0.1 0.5 0.2 0.6 0.5 0.425054 0.270577 0.570917
0.1 0.1 0.2 0.6 0.5 0.080851 0.193505 0.582177
0.1 0.1 0.4 0.6 0.5 0.183881 0.259689 0.291919
0.1 0.1 0.6 0.6 0.5 0.218341 0.295192 0.260343
0.1 0.1 0.2 0.2 0.5 0.246190 0.451593 0.454840
0.1 0.1 0.2 0.4 0.5 0.218072 0.280860 0.223555
0.1 0.1 0.2 0.6 0.5 0.191366 0.193505 0.011055
0.1 0.1 0.2 0.6 0.5 0.178927 0.193505 0.075338
0.1 0.1 0.2 0.6 1.0 0.156203 0.169915 0.080700
0.1 0.1 0.2 0.6 1.5 0.141155 0.193505 0.270536

Average Error Percentage 0.295874

Table 4. Comparison of Numerical and Semi-analytical results for Nh/
√
Rex.

Le Pe δ1 Numerical solution Semi-analytical solution Error%
0.5 1.0 0.2 0.433115 0.804853 0.461870
1.0 1.0 0.2 0.645337 1.102367 0.414590
1.5 1.0 0.2 0.838304 1.147917 0.269717
0.5 1.0 0.2 0.679127 0.848527 0.199640
0.5 1.2 0.2 0.712947 0.870103 0.180618
0.5 1.4 0.2 0.746807 0.891000 0.161833
0.5 1.0 0.2 0.645337 0.848527 0.239462
0.5 1.0 0.4 0.665762 0.963393 0.308940
0.5 1.0 0.6 0.686187 1.066646 0.356687

Absolute Average Error percentage 0.288151

5. Conclusion

This research effectively used both Homotopy analysis method (HAM) as well as Modified Homotopy analysis
method (MHAM) to compute analytical approximations for unit less axial velocity, temperature, concentration and
density. The graphical displays of several parameters on velocity, density, temperature, concentration, and entropy
generation provided a good grasp of the system’s behavior. The assessment of semi-analytical results to numerical re-
sults demonstrated high consistency, determining the accuracy and effectiveness of both HAM and MHAM approaches.
These results contribute to a good understanding of the core physical phenomena and can be useful for optimizing
system performance and better efficiency. The principal observations can be summarized as:
• An augment in the Brinkman number(Br) yields greater entropy generation due to intensified viscous dissipation,
which converts more mechanical energy into heat. The density number fall with elevate values of the Bioconvection
constant (δ1) also Lb, Pe.

• Velocity increases with decline the parameter Forchheimer inertia factor (Fr), suction(S), K, M . Increasing the
temperature difference factor (L1), K and M outcomes in increased entropy generation.
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• The thermal curve is strengthens with rising Eckert number (Ec), radiation parameter (R), thermophoresis factor
(Nt), Nb, and Bi. The motile density number goes up with the Lb, Pe also δ1.

• The suction(S) exhibits an inverse trend, reducing the thermal curve. The Peclet number (Pe), radiation (R),
heat source parameter (Q), suction (S) and Biot number (Bi) noticeably increase thermal efficiency near the surface.

• Increasing the activation energy parameter raises the concentration curve. The solutal transfer rate near the
surface increases with higher values of Brownian motion term (Nb), Sc, Cr, but decreases with higher thermophoresis
factor (Nt) and activation energy (E).

Future research could investigate three-dimensional and unsteady effects on Williamson bioconvective nanofluid
flow, investigate non-Newtonian models with unique rheological characteristics in porous media, and leverage machine
learning approaches to optimize entropy generation analysis, thereby providing further insights and improvements.

Appendix

Appendix A: Approximate analytical expressions for non - linear differential Eq. (2.8) via Homotopy
analysis method

This appendix provides the detailed derivation of semi-analytical solution (3.1) for the given problem through Homo-
topy analysis method. We construct as following homotopy for Eq. (2.8):

(1− p)(f ′′′ − (M +K)f ′) = hp((1 +Wef ′′)f ′′′ − (M +K)f ′ + ff ′′ − Frf ′2 − f ′2). (A. 1)

The initial approximation for Eq. (A. 1) is provided by

fo(0) = S, f ′
o(0) = 1, f ′

o(∞) = 0, (A. 2)

fi(0) = 0, fi
′(0) = 0, fi(∞) → 0, i = 1, 2, 3, · · · . (A. 3)

Homotopy Eq. (A. 1) can be rewrite as:

(1− p)

{(
f0 + pf1 + p2f2 + . . .

)′′′ − (M +K)
(
f0 + pf1 + p2f2 + . . .

)′}
= hp

{
(1 +We)

(
f0 + pf1 + p2f2 + . . .

)′′′ (
f0 + pf1 + p2f2 + . . .

)′
− (M +K)

(
f0 + pf1 + p2f2 + . . .

)′
+
(
f0 + pf1 + p2f2 + . . .

) (
f0 + pf1 + p2f2 + . . .

)′′
− Fr

[(
f0 + pf1 + p2f2 + . . .

)′]2 − [(f0 + pf1 + p2f2 + . . .
)′]2}

,

(A. 4)

Here,

f = fo + pf1 + p2f2 + · · · . (A. 5)

Equating constant terms in Eq. (A. 3), we get

f ′′′
o − (M +K)f ′

o = 0. (A. 6)

Applying the boundary conditions given in Eq. (A. 2), we determine the value of f0

fo(η) = S +
1√

M +K
− e−

√
M+Kη

√
M +K

, (A. 7)

f ′
o(η) = e−

√
M+Kη. (A. 8)

Equating coeffienct of p terms in Eq. (A. 4), we get

f ′′′
1 − (M +K)f ′

1 − f ′′′
0 − (M +K)f ′

o = h((1 +Wef ′′
o )f

′′′ − (M +K)f ′
o + fof

′′
o − Frf ′2

o − f ′2
o ). (A. 9)
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Applying the boundary specifications Eq. (A. 3), we determine the expression for f1

f1 =



1

6
· We 3

√
M +K + 7Fr
3
√
M +K

+
1

2
· 1 + 10S

√
M +K

3
√
M +K

+

(
−1

2
· 1 + 10S

√
M +K

3
√
M +K

− 1

3
· We 3

√
M +K + 7Fr
3
√
M +K

)
e−

√
M+K η

− 1

2
· 1 + 10S

√
M +K

M +K
· η e−

√
M+K η

+
1

6
· (We 3

√
M +K + 7Fr) e−2

√
M+K η

3
√
M +K


. (A. 10)

The HAM technique yields,

f = lim
p→1

f(η) = fo + f1. (A. 11)

Hence, the semi-analytical solutions of the velocity distribution,is obtained by substituting the Eqs. (A. 7) and (A. 10)
into the Eq. (A. 11), as follows

f(η) = S +
1√

M +K
− e−

√
M+K η

√
M +K

+ h



1

6
· We 3

√
M +K + 7Fr
3
√
M +K

+
1

2
· 1 + 10S

√
M +K

3
√
M +K

+

(
−1

2
· 1 + 10S

√
M +K

3
√
M +K

− 1

3
· We 3

√
M +K + 7Fr
3
√
M +K

)
e−

√
M+K η

− 1

2
· 1 + 10S

√
M +K

M +K
· η e−

√
M+K η

+
1

6
· (We 3

√
M +K + 7Fr) e−2

√
M+K η

3
√
M +K


. (A. 12)

Appendix B: Semi-analytical expressions for the non - linear differential Eqs. (2.9)-(2.11) via Modified
Homotopy analysis method (MHAM). This appendix outline the derivation of semi-analytical expressions of
Eqs. (3.3)-(3.5) using MHAM method, which can be obtained by rewriting Eqs. (2.9) to (2.11) in a suitable form,(

1 +
4

3
R

)
θ′′ + Pr

[
fθ′ +Nbθ′ϕ′ +Ntθ′2 +MEcf ′2 + Ecf ′′2 +

1√
2
EcWef ′′3 +Qθ

]
= 0, (B. 1)

ϕ′′ + Scfϕ′ +

(
Nt

Nb

)
θ′′ − ScCr(1 + α1θ)

n exp

(
−E

1 + α1θ

)
ϕ = 0, (B. 2)

χ′′ + Lbfχ′ − Pe [(δ1 + χ)ϕ′′ + χ′ϕ′] = 0. (B. 3)

Now, we generate the following Homotopy for the Eqs. (B. 1)–(B. 3) as follows

(1− p)

(
1 +

4

3
R

)
θ′′ = hp

[(
1 +

4

3
R

)
θ′′ + Pr

[
fθ′ +Nbθ′ϕ′ +Ntθ′2 +MEcf ′2 + Ecf ′′2

+
1√
2
EcWef ′′3 +Qθ

]]
, (B. 4)

(1− p)ϕ′′ = hp

(
ϕ′′ + Scfϕ′ +

(
Nt

Nb

)
θ′′ − ScCr(1 + α1θ)

n exp

(
−E

1 + α1θ

)
ϕ

)
, (B. 5)

(1− p)χ′′ = hp (χ′′ + Lbfχ′ − Pe [(δ1 + χ)ϕ′′ + χ′ϕ′]) . (B. 6)
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Initial approximations for Eqs. (B. 4)-(B. 6) are given by

θ′o(0) = Bi(θo(0)− 1), θo(∞) → 0, ϕo(0) = 1, ϕo(∞) → 0 and χo(0) = 1, χo(∞) → 0, (B. 7)

θ′i(0) = Bi(θi(0)), θi(∞) → 0,

ϕi(0) = 0, ϕi(∞) → 0,

χi(0) = 0, χi(∞) → 0, i = 1, 2, 3, . . .

 (B. 8)

Approximate analytical solutions to the Eqs. (B. 4)-(B. 6) are:

θ = θo + pθ1 + p2θ2 + ..., (B. 9)

ϕ = ϕo + pϕ1 + p2ϕ2 + ..., (B. 10)

χ = χo + pχ1 + p2χ2 + .... (B. 11)

Substituting the Eq. (B. 11) into the Eqs. (B. 4) to (B. 6) respectively and comparing the coefficients of like powers
of p, we acquire the following equations

po : θ′′o = 0, (B. 12)

p1 : θ′′1 − θ′′o = h

[(
1 +

4

3
R

)
θ′′o + Pr

[
foθ

′
o +Nbθ′oϕ

′
o +Ntθ′2o +MEcf ′2

o + Ecf ′′2
o +

1√
2
EcWef ′′′3

o +Qθo

]]
, (B. 13)

p0 : ϕ′′
o = 0, (B. 14)

p1 : ϕ′′
1 − ϕ′′

o = h

(
ϕ′′
o + Scfoϕ

′
o +

(
Nt

Nb

)
θ′′o − ScCr(1 + α1θo)

n exp

(
−E

1 + α1θo

)
ϕo

)
, (B. 15)

po : χ′′
o = 0, (B. 16)

p1 : χ′′
1 − χ′′

o = h(χ′′
o + Lbfoχ

′
o − Pe[(δ1 + χo)ϕ

′′
o + χ′

oϕ
′
o]). (B. 17)

The initial guessing solutions for the Eqs. (B. 4) to (B. 6) are constructed using MHAM, which satisfies the boundary
conditions in Eq. (B. 7) are:

θo(η) =
Bi× e

(
−
√

Q+S
MEcR+Nb+Ntη

)
√

Q+S
MEcR+Nb+Nt +Bi

, (B. 18)

ϕo(η) = e

(
−
√

Sc+CrNb
(R+E)Nt

η
)
, (B. 19)

χo(η) = e(−
√
Lb+Peα1η). (B. 20)

Utilizing the boundary conditions in Eq. (B. 11), we determine the Eqs. (B. 21)-(B. 23) are obtained by substituting
the Eqs. (B. 13),(B. 15)and (B. 17) respectively, as follows

θ1(η) = h





(MEcR+Nb+Nt)e(−Aη)PrBiC

(Q+ S)(A+Bi)
(
1 + 4

3
R
)

− 1

4

e(−2
√
M+Kη)PrEc(2M +K)

(M +K)
(
1 + 4

3
R
)

− e(−(A+
√
M+K)η)PrBiA

(A+
√
M +K)2(A+Bi)

(
1 + 4

3
R
)√

M +K

+
1

18

√
M +Ke(−3

√
M+Kη)PrEcWe

√
2(

1 + 4
3
R
)

− 1

4

e(−2Aη)PrNtBi2

(A+Bi)2
(
1 + 4

3
R
) +

e(−(A+B)η)PrNbBiAB

(A+B)2(A+Bi)
(
1 + 4

3
R
)

N1 −BiN2



/Bi



, (B. 21)
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ϕ1(η) = h

 (E +R)Nt e−Bη
((

S + 1√
M+K

)
ScB + ScCr − ScCr E

)
Sc+ CrNb

− e−(
√
M+K−B)ηScB

(
√
M +K +B)2

√
M +K

+
ScB

(
√
M +K +B)2

√
M +K

+
e−(A+B)η

(
ScCr E α1 Bi+ScCr nα1 Bi−E nα1 Bi

A+Bi

)
(A+B)2

+
e−(2A+B)ηnE α2

1 Bi2

(2A+B)2(A+Bi)2
+

NtBi

(A+Bi)Nb
− e−BηNtBi

(A+Bi)Nb

−
(E +R)Nt

((
S + 1√

M+K

)
ScB + ScCr − ScCr E

)
Sc+ CrNb

−
(
ScCr E α1 Bi+ ScCr nα1 Bi− E nα1 Bi

(A+Bi)(A+B)2

)
− nE α2

1 Bi2

(2A+B)2(A+Bi)2

]
,

(B. 22)

χ1(η) = h


e(−Dη)Lb

(
S + 1√

M+K

)
√
Lb+ Peα1

− e(−(
√
M+K+D)η)LbD

(
√
M +K +D)2

√
M +K

− (E +R)Nte(−Bη)Peα1

Sc+ CrNb
+

e(−(B+D)η)
(

Pe(Sc+CrNb)
(R+E)Nt − PeDB

)
(B +D)2

 . (B. 23)

Based on the Homotopy analysis method (HAM) technique, we have

θ = lim
p→1

θ(η) = θo + θ1,

ϕ = lim
p→1

ϕ(η) = ϕo + ϕ1,

χ = lim
p→1

χ(η) = χo + χ1.

(B. 24)

Hence, the semi-analytical solutions of the temperature, concentration, and density distribution equations result from
substituting the Eq. (B. 18) to (B. 20) and (B. 21) to (B. 23) into the Eq. (B. 24) respectively, which are given in the
text Eqs. (3.3)-(3.5) and the constants are defined in (3.6)-(3.11).

Appendix C: Nomenclature.

Symbol Meaning
Bi Biot number
Bo Uniform magnetic field (kg / S2A)
DB Brownian diffusion coefficient
η Dimensionless axial co-ordinate

f ′(η) Dimensionless velocity
Cr Chemical reaction parameter
Ec Eckert number
DT Thermophoresis diffusion coefficient
θ(η) Dimensionless temperature
Kc Rate of reaction constant
Fr Darcy Forchheimer
K Porosity parameter
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M Magnetic field
ϕ(η) Dimensionless concentration
Lb Bioconvection Lewis number
Nt Thermophoresis parameter
χ(η) Dimensionless density
Br Brinkman number
Cf Skin friction coefficient
Nu Nusslet number
Nh Motile micro organism density number
Nb Brownian motion
Sh Sherwood number
Pr Prandtl number
Sc Schmidt number
Pe Peclet number
R Radiation parameter
Q Heat source parameter
S Suction parameter
u, v Velocity components in x and y directions (m/s)
T∞ Free stream temperature(K)
δ1 Bioconvection constant
We Williamson fluid parameter
x, y Cartesian coordinates (m)
ρ Fluid density (kg/m3)
ν Kinematic viscosity (m2/s)

ρCp Fluid thermal capacity (J/m3K)
µ Dynamic viscosity (kg/(ms))
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