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Abstract - 1

This study presents a novel RGB image edge detection algorithm using a first-degree polynomial fuzzy trans-
form (F!-transform) and a hierarchical fuzzy inference system (HFIS). The Fl-transform generates adaptable
convolution kernels that enable adjustable image smoothing and create directional derivatives in four orientations,
producing an optimized gradient matrix. These derivatives help connect and refine edges into smooth, continuous
contours. For computational efficiency, we implement a multi-layer HFIS structure with two-input single-output
fuzzy systems at each layer. This hierarchy progressively refines fuzzified gradient inputs, enhancing edge extrac-
tion while reducing noise. The method shows improved performance with additional layers due to flexible rules and
diverse membership functions. Comparisons with traditional (e.g., Canny) and modern techniques demonstrate
its effectiveness.
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1. INTRODUCTION

Edge detection is a fundamental technique in image processing for identifying boundaries, crucial for computer
vision tasks. Various methods exist, including gradient-based approaches (Sobel, Prewitt, Roberts) that detect in-
tensity changes, and the Laplacian of Gaussian, which highlights regions of rapid variation. The Canny detector is a
prominent multi-stage technique involving smoothing, gradient calculation, non-maximum suppression, and hysteresis
thresholding for reliable results [7, 8, 13, 20, 21, 24].

Fuzzy-based edge detection techniques offer robustness to noise and precise edge localization by effectively handling
uncertainty through fuzzy logic and membership functions. These methods outperform traditional approaches in
noisy environments [3, 5, 12,716, 17, 23, 25]. Various implementations include multi-level thresholding for contrast
enhancement [25], Sobel and type-2 fuzzy hybrids for uncertainty management [12], generalized type-2 fuzzy sets
for detailed feature capture [16], univalue segment fuzzification with bio-inspired optimization [23], and specialized
applications like retinal vessel detection [17]. Hardware-aware approaches using nanotube transistors have also been
explored [5].

Fractional calculus operators enhance edge detection by capturing complex textures through fractional derivatives
and filters, leveraging their ability to model long-range dependencies and non-local signal characteristics [4, 10, 14, 22,
26]. These methods excel with natural images exhibiting power-law or fractal properties. Specific applications include
Caputo-Fabrizio based masks for medical imaging [14], Atangana-Baleanu operators for real images and retinal vessel
detection [10, 22], and memristor-based neural networks for detailed edge extraction [26].

In the current contribution, we present an edge detection algorithm based on the first degree polynomial fuzzy
transform, also known as F'-transform, and fuzzy inference systems. This algorithm aims to detect edges in an image,
while preserving edge details and being robust against noise. The F!-transform effectively captures image gradients
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FI1GURE 1. Structure of the proposed technique.

and intensity variations. Originally developed for single-variable functions [18], its extension to higher degrees and
dimensions has enhanced its capability to model complex data patterns in image processing and pattern recognition
[1, 2, 27]. Applications span approximation, filtering, and compression [1, 2, 9, 18, 19, 27]. Notably, it has been
integrated into Canny edge detection by replacing traditional gradient computation with Fl-transform derivatives,
followed by standard non-maximum suppression and thresholding, simplifying the algorithm and potentially improving
performance [19].

Fuzzy inference systems (FIS) effectively manage real-world uncertainties in applications like control, decision
support, and pattern recognition [6, 11]. The core FIS components are: fuzzification (converting crisp inputs to fuzzy
sets), a rule base (if-then rules), an inference engine (applying rules), and defuzzification (producing crisp outputs).
This process enables robust handling of imprecise data.

This study employs the F'-transform with varying strides to generate multi-scale convolution masks for edge detec-
tion. These masks compute horizontal and vertical gradients, and are rotated by 45° to derive additional directional
derivatives. The four directional derivatives are combined into an optimized gradient matrix by calculating the mag-
nitude of intensity changes at each pixel. Different strides produce distinct gradient matrices, enabling multi-scale
edge capture. We use the elements of different optimized gradient matrices as inputs to a fuzzy inference system
and leverage the information contained in these matrices to make decisions or predictions based on fuzzy logic prin-
ciples. A hierarchical fuzzy inference system (HFIS) extends traditional FIS by structuring inference across multiple
layers, enhancing efficiency and scalability for complex systems. Unlike single-layer FIS, which processes all rules
simultaneously, HFIS decomposes the problem into stages: each layer applies fuzzy rules to its inputs (either initial
data or intermediate outputs from prior layers) and produces fuzzy outputs for subsequent processing. This reduces
computational burden and improves interpretability but requires careful design of layer architecture and rule sets.

In this work, the HFIS comprises multiple layers of two-input, single-output FIS units. Initial inputs-elements from
optimized gradient matrices-are fuzzified and processed in the first layer. Intermediate layers operate directly on fuzzy
sets without repeated fuzzification/defuzzification, streamlining computation. Only the final output is defuzzified to
yield a crisp edge detection result. This structure efficiently refines edge information while managing complexity. We
called the thechnique mentioned above the HFIS edge detection method. The proposed HFIS edge detection method
is evaluated against established techniques including Canny, fuzzy-based [16, 19, 23], and fractional-based methods
[10, 14, 26]. Performance is assessed using standard metrics: accuracy (ACC), sensitivity (SEN), specificity (SPC),
PSNR, SSIM, and FOM. The following advantages of the HFIS method are demonstrated:

Adjustable image smoothness via F''-transform kernels with variable strides.

Multi-scale edge detection using optimized gradient matrices from different strides.
Continuous edges through 4-directional derivative integration.

Computational efficiency via HFIS with reduced rules and intermediate layer optimization.
Improved accuracy through layered HFIS with adaptive rules and membership functions.
Enhanced noise suppression using F!-transform and hierarchical fuzzy processing.

2. COMPREHENSIVE THEORETICAL ANALYSIS OF THE PROPOSED ALGORITHM

This section introduces a novel edge detection method for color images. This method utilizes the YIQ color model to
extract the grayscale components from the RGB image, enabling more effective analysis. Additionally, the application
of the F'-transform aids in the creation of filters with varying sizes. These filters are then employed to both smooth
the image and evaluate optimized gradient matrices. The resulting elements of these matrices serve as inputs for
a fuzzy inference system. The algorithm’s intricacies and steps are thoroughly explained and outlined in Figure 1,
providing a comprehensive understanding of its implementation.
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2.1. Converting color image to grayscale. Let P = {(R(xk, ), G(xk,v:), B(zg, yl)) | ¢, = 1,---,N, y =
1,---, M} denote a 3rd-order tensor with N x M x 3 elements. This tensor represents a color image, where the kl-th
component corresponds to the intensity values of red, green, and blue colors, respectively. In color image processing,
the goal is to transform the color image into a grayscale image by separating the color information from the brightness
information. Various algorithms exist for this transformation. In this paper, we adopt the YIQ color model, which
entails the following representation:

P ={(Y (@r, ), I(zn, i), Qans ) | =1,--- N, yy=1,--- ,M},
where,
Y (zk,y1) = 0.2999R(x, y;) + 0.587G (zk, y1) + 0.114B(x, y1),
I(zg,y1) = 0.596 R(xk, yi) — 0.275G (xk, yi) — 0.321B(xk, yi1),
Q(zk,y1) = 0.212R(xg, y1) — 0.523G(zk, yi) + 0.311B(xg, y1)-
Here, Y denotes the luminance of the image, while I and @ signify the color information.
2.2. Image smoothing using F'-transform. Here, we apply the theoretical findings of the F'-transform as pre-

sented in [2, 19]. By utilizing the Fl-transform, we can enhance our original image by generating masks or kernels
specifically designed for smoothing purposes.

2.2.1. The concepts of Fl-transform for two-variable functions. From the literature, let fuzzy sets By : [a — hy, b +
hy] X [¢ = hy, d+ hy] — [0, 1] called basic functions and constitute an extended fuzzy partition of Q = [a — hy, b+ hy] X
[c = hy,d+ hy).

Example 2.1. Throughout this study, we consider triangular basic functions {Bj;} as defined below:

Bio(u,v) = { (1= Ly — 2y v) € fus — husuk ] X 00— o, v+ o,

u v

Oa 0.Ww.

Let Lo(Bj,) denote the weighted Lo-space of bivariate functions with the kernel-weighted inner product:

1
(f,0)8,, = ﬁ//g flu, v)g(u, v) By (u, v) dudv (2.1)
kol
where Q ; = [ug—1, Uk+1] X [v—1, Uz41) is the local support region.
Lemma 2.2. Let f € Lo(By,). The fuzzy transform F' is defined as F*(f) = [F}} ],xq such that F}.; is defined as
Fy(u,0) = ) + ¢ (u = ug) F epp(o — ),

1,0 0,1 .
in which the components of c,C l,ck . and ¢, are obtained as follows

i = f(u, v) B (u, v)dudv, (2.2)
’ h h Qs ’

c ’(l) __ 0 // flu, v)(u — ug) By (u, v)dudv, (2.3)
" h“) Q1

co’l— 0 flu, v)(v — vp) B (u, v)dud (2.4)
k,l — )3h 0 1)0k, (U, v)duav. )

Theorem 2.3. For twice contmuously differentiable functions § € Lo(By;) w.r.t. v and v in Q. Then
Fi1(u,0) = f(u,v) + O(max((ha)?, (he)?)), (u,v) € Q.
Moreover, the coefficient approzimations verify:

A = Flug, vr) + O(max((hy)?, (hy)?)),

& = T ) 4+ 0 (max((h)?, (1)),
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ci’? = %(uk,vl) + O(max((hu)2, (hU)Q)).

Throughout this paper, we consider h, = h, = h.
2.2.2. Image smoothing technique. Let T be a normalized grayscale image matrix of Y with size N x M. The ki-th

element of T, denoted T'(xg,y;), is defined as the ratio of the corresponding element in Y to the maximum element in
Y. Mathematically, this can be expressed as:

Y(xlﬁ yl)
T(xg,y) = ——~, fo =1,---,N, and =1,---, M.
(ks 1) max(Y ()’ " T nd y,
Consider the extended triangular shaped basic functions By ; defined on windows of size m x m centered at (xg,y;),
where xp =1,--- ,N and y; = 1,--- , M. The strides are set as h = mT'H The windows are constructed by extending

zero-padding to fill all empty areas of the image array. From the results of Theorem 2.3, we have
0.0
T(ﬁka yl) Crl-
The coefficients C%l fork=1,--- ,Nandl=1,---, M can be obtained by substituting finite sums instead of integrals

in Eq. (2.2) as shown below:
yi+h  xp+h

?= S > T(a,y)Bralz,y). (2.5)

y=yi—hz=xr—h

c

We assume h = 3 which results in a window size of 5 x 5. By employing Eq. (2.5) and Example 2.1, we obtain the
following mask with a size of 5 x 5.

12 1 2 1

9 9 3 9 9

2 4 2 4. 2
199399

5 12 2 1
W:§ 3 3 1 3 3
2 472 4 2

9 9 3 9 9
121 2 1

9 9 3 9 9

For any given value of h, we can create masks W™ of size m x m. Ty, (the smoothed image ) can then be obtained
by convolving T" with the mask W™. This convolution operation is denoted by *, and mathematically expressed as:

T =T x WM.
Here, T;, represents the smoothed version of the image T' using the mask W™ and T,,(zx,y;) = 027?.

2.3. Optimized gradient matrix computation using F''-transform. In this section, we enhance the methodology
by applying F!-transform to derive four distinct masks. Utilizing these kernels, we are able to generate an optimized
gradient matrix.
Based on the findings of Theorem 2.3, it can be concluded

%(m y)wclaO %(x y)NCOal

o ks Yl k> dy ks Yl k"
The coefficients cz”ll and c,lc”?, where k=1,--- ,Nand [l =1,--- , M, are derived by substituting finite sums instead of
integrals in Egs. (2.3)-(2.4) in the following manner:
y+h  xp+h

C = Z Z T x y y yl)Bkl(x y) (26)

:

yylhrmkh

vyith  xp+h

cb = Z Z (x,y)(x — zk)Br(z,y). (2.7)

yylhwzkh
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By assuming h = 3, utilizing Egs. (2.6)-(2.7) and Example 2.1, we can derive the following masks with a size of 5 x 5:

_2 _4 _2 _4 _2 —2 _2z 9 2 2

9 9 3 9 9 9 9 9 9

_2 _4 _2 _4 _2 _4 _4 9 4 4

9 9 9 3 9 9 9 9 9 9 9

5 5 _2 _2 2 2
Wy = 2*7 0 0 0 0 0 > Wao ﬁ 3 3 0 3 3
2 4 2 4 2 _4 _4 4 4

9 9 3 9 9 9 9 9 9

2 4 2 4 2 ~2 _2 9 2 2

9 9 3 9 9 9 9 9 9

The masks Wi5 and W, are derived by rotating the masks W§ and W§, by 45°, respectively.

2 4 _2 _2 2 2 _4 _2
3 9 9 9 0 0 9 9 9 3
4 2 4 2 2 4 2 4
o |79 T3 o 0 3 5 |9 0 -5 =35 —3%
5 _ _2 _4 4 2 5 2 4 _4 _2
W45 277 9 9 0 9 9 ) W135 - 277 9 9 0 9 9
_2 0 4 2 4 4 2 4 0 _2
9 9 3 9 9 3 9 9
2 2 1 2 2 4 2. 2
O 9 9 9 3 3 9 9 9 0

To obtain the directional derivatives of an image P in four main directions, we can create two masks, Wj* and Wy,
with sizes m x m for any arbitrary value of h. We can then rotate these masks by 45° to obtain W;? and Wiis,
respectively. By convolving these masks with the image P, we can obtain the directional derivatives in four main
directions through the following convolutions:

Pt =T x WG, Pis = T x Wi, Pso = Tm * Wy, Piss = Tom * Wiis.
1,0 0,1
In fact, Pg*(zx, y1) = ¢}, and Pgy(zr, y1) = ¢} -

The optimized gradient matrix of image P is denoted as E,;, = [ez’-?
egj = max(|(Pg")is| + |(Pgo)isls [(P5)is| + [(Piss)isl), — i=1,--- N, j=1,---, M.

)

], where the elements e} are defined as:

In the context of edge detection, masks with a small size can extract edge information that involves both strong and
weak edges. However, these small masks are more sensitive to noise and tend to classify noisy pixels as edges. On
the other hand, masks with a larger size can extract more general edges and are less affected by noise. To address
these issues and achieve a more accurate detection of edge locations, we combine gradient matrices obtained from
kernels with different sizes. This allows us to reduce the impact of noise and enhance the accuracy of edge detection.
The steps involved in evaluating the image smoothed matrix and the optimized gradient matrix are summarized in
Algorithm 1.

2.4. Hierarchical fuzzy inference system in edge detection. In this step, we utilize a fuzzy inference system
to enhance image edge detection. We provide a concise overview of the fundamental principles of the fuzzy inference
system. In order to accomplish greater precision and computational efficiency, we introduce the concept of the HFIS.
The HFIS offers enhanced capability in handling the inherent uncertainty associated with edge positions in images,
surpassing the capabilities of conventional fuzzy inference systems.

2.4.1. Multi-input single-output fuzzy inference system. The multi-input single-output (MISO) fuzzy inference system
utilizes the ij-th elements of optimized gradient matrices E,,, where m € {3,5,7,9,---}, as crisp inputs. To avoid
confusion, we denote e? as e™ and fuzzify them accordingly. These fuzzified inputs are then passed through the
inference engine, which utilizes a fuzzy rule base to derive the fuzzy output. Subsequently, the fuzzy output is
defuzzified to generate a crisp output. These outputs enable the identification and determination of the image edges.
The architecture of the multi-input single-output fuzzy inference system is illustrated in Figure 2. The fuzzy inference
system establishes a relationship between fuzzy rules and generates conclusions for fuzzy inputs through IF-THEN
rules comprised of antecedents and consequences as fuzzy sets. As an illustration, we can examine a fuzzy inference
system in the following format:
G
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Algorithm 1:

1 Steps of image smoothing and calculation of the optimized gradient matrix ;
Input : Color Image P
Output: Gradient matrix E,,
2 Read color image P
3 Utilize the following formula to compute the brightness information of an image:
Y =0.2999R + 0.587G + 0.114B.
4 Normalize each component of the array Y = [Yy,,,]| by utilizing the following formula:

T(mk,yl):%, zp=1--- N, yy=1,---, M.

5 Choose an odd number m > 1 and generate a convolution mask W™.

6 Smooth the image T using the convolution mask W™ to obtain the smoothed image T}, by performing the
following convolution operation: T}, = T * W™.

7 Choose an odd integer m > 1 and generate four convolution masks: Wg*, Wit, Wgi, Wiis.

8 Calculate the directional derivatives of the image P in the four main directions using the following formulas:
Py = Ty + W, PR =T,, « Wi, P =T, x Wi, P = T Wi

9 Calculate the optimized gradient matrix E,, = [elfg] of image P using the following formula:
ey = max(|(Pg")i;| + |(Po)isls [(Pi5)ijl + |(Piss)iz))  i=1,--+ N, j=15:-- M.

Premise :IF x € A; and y € B, THEN z € C;,i=1,--- ,n
Fact: x € A andy € B’

Conclusion z € ¢’

In this structure, 4;, A’ € F(X), B;, B’ € F(Y), C; € F(Z). Here, F(X) represents the collection of fuzzy subsets of
X. C" € F(Z) can be interpreted using various methods such as Mamdani inference, Larsen inference, t-norm-based
inference, etc. Throughout this paper, we employ t-norm-based inference system with a max-t-norm rule base which
is defined as follows:

C'(z)=\/ (@) AB(y)« Rix,y,=),

reX ,yey

where R € F(X x Y x Z) is being used to interpret the fuzzy rule base in the premise and *; is arbitrary t-norm.

RI
et —|  Fuzzifier Rule Base
\-.

~—

eml Fuzzifier E v
| Inference y
s Engine Defuzzifier u
-
//

emn —| Fuzzifier

FIGURE 2. Structure of MISO fuzzy inference system.
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2.4.2. Hierarchical fuzzy inference system. To enhance the efficiency of the MISO fuzzy inference system (Figure 2),
we propose the utilization of the HFIS depicted in Figure 3. This hierarchical structure serves to simplify the fuzzy
inference system, particularly in scenarios with higher dimensions. The proposed system consists of n layers, where
j-th layer contains n + 1 — j two-input single-output RIs. Each RI comprises an inference engine and a rule base,
enabling effective processing and decision-making. In the first layer, we apply the fuzzified elements of optimized
gradient matrices F3 and F,, (for arbitrary m € {5,7,9,---}) as inputs to the RIs. The first layer serves as a
foundation for subsequent processing. To streamline the system and eliminate unnecessary computations, we omit the
fuzzifier and defuzzifier in the middle layers. This helps to improve efficiency by reducing the computational burden
and simplifying the overall process. The inputs of the RI] (representing the i-j-th RI) are determined by the outputs
of the RI{ 1 and the RIZ:_le in the previous layer. This design allows for effective information propagation between
layers, maximizing the flow and utilization of information throughout the system. Finally, the output of the last layer
is defuzzified to determine the edges of the image.

| RI1a }—-| Al

em —[Fuzzifier] ~
RI 1-2
&3 —+| Fuzzifier| _,_<:| FI— }_‘| A |/
evs — i} — -

< e ‘ RI 1-n-1 }—>| L |
: : T
. : | RI 1-n }—| Al n |
< N ‘ RI 2-n-1 }—A| = L I"’

&t —+| Pugzifier]— ]

~+ RI3-1 }—-| Az |
M3 —pl i =5

& —[ Fuszificr| 7# RI n-1-1 }—A| Ano1a l

et —+| Fuzzifier i

= a_ﬂuziﬁer — [
i ~ mIna Ay
emn — s aher]

FIGURE 3.  Structure of the HFIS.

2.4.3. Fuzzification. Based on the preceding discussion and Figure 3, it is evident that e* and e™ (where m €
{5,7,9,---}) serve as the inputs of the RI! and need to be fuzzified. Fuzzification is the process of mapping crisp
values into fuzzy sets. In this context, we employ a singleton fuzzifier approach, which is generally preferred in real-
time systems due to its simplicity and popularity. Hence, we fuzzify e™ for m € {3,5,7,9,--} using the singular
membership function A7, (t) = x(em}(t).

2.4.4. Fuzzy Rule Base. In the following, we define the fuzzy rule bases that will be utilized in the different layers of
the HFIS.
First layer: The rule base for the fuzzy inference system in the first layer consists of antecedents A}, A%y, and

2 »

A7}, which represent the membership functions for linguistic terms "low”, "medium”, and "high” respectively. These
membership functions are defined for m € {3,5,7,9,---} and are illustrated in Figure 4(a).

A7 =< 0,min(E,,), min(E,,) + amax(E,,) >,

A =< B1E™ —amax(Ey,), 51E™, B2E™, 2™ + amax(E,,) >,

A =< (1 — a) max(E,,), max(E,,), 1 >,
where £™ = min(E,,) + max(E,,) and «, 1, f2 > 0.

Remark 2.4. We represent trapezoidal and triangular fuzzy numbers as pu; =< a,b,¢,d > and pus =< a,b,c >,
respectively.
oG
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—tow —low
|——medium| ——medium
high high

| \ n/><\\L |

1 1

(a) Antecedents of the first layer.  (b) Antecedents of the middle layers. (c¢) Consequences of the layers.

FIGURE 4. Example of fuzzy values of three linguistic variables in the antecedents and consequences
of the layers.

In the image classification process, the image is divided into three main regions: constant region, edge region, and
possible noise region. In the constant region, all pixels have almost the same intensity. In the edge region, the pixels
located on edges have similar intensity values in the edge directions, while their values differ significantly from those
of the other surrounding pixels. The possible noise region is characterized by intensity values that differ from the
neighboring pixels for both edge and non-edge pixels. The intensity values of the neighborhoods surrounding non-
edge pixels are nearly the same, while the intensity values of the neighborhoods surrounding edge pixels in the edge
directions are close to each other. The consequences of the rule base in the first layer of the fuzzy inference system are
represented as Bi", By*, and Bf*, which model the membership functions for the linguistic terms ”constant region”,
”edge region”, and ”possible noise region” respectively. These membership functions are defined in the following for
m € {5,7,9,---} and visualized in Figure 4(c).

B* =< 0,0, min{Es, E,,,} >,
By =<1 —min{Es, E,, },1,1 >,
By =< 0,1y max{Es, Ep, }, vo max{Es3, By, }; 1>,

here, vq,v5 > 0.
By utilizing the antecedents and consequences provided earlier, we can establish the following rule base for the first
layer of the fuzzy inference systems.

Rule 1: IF 2y is A2 and x5 is A7 THEN y is B
Rule 2: IF z; is A;’v{ and x5 is AV THEN y is B3,
Rule 3: IF z; is A% and x, is AY; THEN y is By
Rule 4: IF z; is A3, and 22 is A7 THEN y is B}
Rule 5: IF z; € A3, and a» € ATy THEN y € BI".
Rule 6: IF z; is Ag’{ and zy is AP THEN y is Bj*.

To simplify the analysis, we assign numerical values to the linguistic terms L M, H as L =1, M =2, and H = 3.
The following fuzzy relation is applied to interpret the fuzzy rule base in the first layer.

Riwr, w2,y) = (A3 (1) A AT (2)) 5 B @) v (A3 (1) A AF (22)) %0 B ()
v ((A3(0) A AT (@2)) %0 BE W) V (VE 2 VT (A% (1) A AL (22)) %0 BY'(9) ).

where x; denotes arbitrary t-norm.

We classify the elements of the optimized gradient matrix F,, for m € {3,5,7,9,...} into three categories: "low,
"medium,” and ”high,” based on the membership functions illustrated in Figure 4. To determine the region of each
pixel in an image, we analyze the values of e® and e™ for m € {5,7,9,...}. If these values correspond to the ij-th pixel
being classified as ”low,” then we assign the pixel to the constant region. Conversely, if the values correspond to the
an

BE

2
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ij-th pixel being classified as "medium” or "high,” then we assign the pixel to the edge region. We can leverage large-
sized convolution masks to reduce the impact of noise. By examining the values of e* and e™ for m € {5,7,9,...}, if
these values do not fall into the same class, we classify the pixel as part of the possible noise region. N

Middle layers: The antecedents of the rule base in the middle layers consist of three components: AZ’J jdtv and

.Aw These components represent membership functions that model the linguistic terms ”low”, ”medium”, and ”high”,
respectlvely The membership functions are defined as follows and can be visually depicted in Figure 4(b).

i _(@=(1=-Npp)? (@—pp)?
5= min(e 252 e 207 ),
_@=0-Npp? _ (@—pp)?
A% = min(e 202 se 202 ),
i _@E=(1-Mp)? (@—py?
= min(e 202 e~ 202
H 9 ’

here

pe = min{min(E3), min(E,,, ), -, min(Ey,,, )},

1
PM = §median{53,5mi,~-' JEMiHI L

pu = max{max(E3), max(Ey,, ), - ,max(Ey,,, )},

andoz%,0<)\<1,’y>0.
The consequenceb of the rule base for the fuzzy inference system in the middle layers correspond to linguistic terms

such as ”constant region”, "edge region”, and "possible noise region”. These terms are represented by the membership

functions BY, %’J , and Bm respectively. The membership functions are defined as follows and can be visualized in

Figure 4(c).

By =< 0,0,pz >,
B;.’j =<1- L, 1,1>,
Bg’j =< OvylpHa V2P7-l71 >,

where v1, 9 > 0.
Based on the antecedents and consequences described earlier, the following rule base is defined in the i-th fuzzy
inference engine within the j-th middle layer.

Rule 1: IF z; is Ai’j_l and 9 is .AZ+1 J=1 THEN vy is B”
Rule 2: IF z; is .Aw and z is AZH’] " THEN y is BY7.
Rule 3: IF 2 is AZ’7 Dand 24 is AHL] ! THEN y is B”.
Rule 4: IF z; is A” and zo is AZH’J ! THEN y € B; i
Rule 5: IF 2z is Aw Dand x4 is AHL] ! THEN y is Bl’j.
Rule 6: IF 27 is A;_’Lj and o is AZLH’J ! THEN vy is 63’1.

The following fuzzy relation is utilized to interpret the fuzzy rule base mentioned above.

Riwr,w2,) = (AP (20) A AT (22)) 50 B () ) v (A5 () A AST 7 (02) w0 BY (9))
V(A5 ) A G (2) w0 By (9)) v (VI oV ZH (A ) A AT (w2) % BY (1)

7,21

where x; denotes arbitrary t-norm.
The fuzzy rule bases defined in the layers of the HFIS have been proven experimentally to exhibit high coverage
and accuracy. This has been achieved through rigorous experimentation on diverse datasets.
an
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TABLE 1. Parameters of the HFIS edge detection method.

Antecedents of the first layer | Antecedents of the middle layers | Consequences of the layers

! B1 B2 A 0 Vi 12
0.6 0.8 1.5 0.1 2 0.5 1.5

2.4.5. Mamdani inference system. Due to the simplicity and advantageous computational properties of Mamdani
inference, we employ the following Mamdani inference method in the i-th inference engine within the first layer.

)=V (A5(@) A AL (22)) ¢ R(x1,22,y) = R(e®, ™, y).
zl,xze[O,l]

Furthermore, the following Mamdani inference method is applied to the i-th inference engine within the j-th middle
layer.

A;J(y) = \/ (A;,jq(ﬁfl) A A/i+1,j71(5”2)) xt R(21,72,y).

z1,22€][0,1]

2.4.6. Defuzzification. In the last layer of the HFIS, the fuzzy output of the fuzzy inference engine is subjected to
defuzzification. Specifically, we employ the center of gravity defuzzification method to handle this task. The center of
gravity defuzzification is implemented as follows:

1
JAj d
UICOG( / ): foly 1,n(y) y
fo i,n(y)dy

1,n
Remark 2.5. We have employed the aforementioned process to calculate the value u for each element within the
image matrix. By executing this process, we derive u;; = u where i =1,--- ,N and j =1,--- , M. In the subsequent
section, we will analyze the edge-detected image U, which is defined as U = [u;j]nx -

3. EVALUATING THE QUALITY OF THE HFIS EDGE DETECTION METHOD

The performance of the HFIS edge detection method is analyzed in terms of accuracy and sensitivity to noise. To
assess its effectiveness, we evaluate several criteria including ACC (Accuracy), SEN (Sensitivity), SPC (Specificity),
PSNR (Peak Signal-to-Noise Ratio), SSIM (Structural Similarity Index), and FOM (Figure of Merit). In order to
explore the method’s sensitivity to different types of noise, we specifically consider Gaussian noise and salt and pepper
noise. The test images used in our analysis are sourced from the BSDS500 dataset, which can be accessed at https:
//www .eecs.berkeley.edu/Research/Projects/CS/vision/bsds/. These images have dimensions of 321 x 481 and
481 x 321. Additionally, we utilize images from the CVG-UGR image dataset available at http://decsai.ugr.es/
cvg/dbimagenes/. These images have dimensions of 256 x 256 and 512 x 512. During the experiment, we employ
either the min-t-norm or algebraic product as the t-norm operator. The optimal parameters of the HFIS edge detection
method have been determined through experimental analysis. The following parameters have been found to yield the
best results.

3.1. ACC, SEN, and SPC measures and experimental results. To ensure the accuracy of the HFIS edge
detection method, we assess its performance by comparing the resulting edge detected image to a ground truth image.
To establish the ground truth, we start by using the Canny edge detection algorithm provided by MATLAB’s built-in
functions. In order to achieve this comparison, we utilize accuracy, sensitivity, and specificity measures as described
below:

TP + TN

ACC = 1
CC=FprTNrp AN < 1O0%
TP
EN——— %1
S T PN < L00%,

(=)=
E)NE


https://www.eecs.berkeley.edu/Research/Projects/CS/vision/bsds/
https://www.eecs.berkeley.edu/Research/Projects/CS/vision/bsds/
http://decsai.ugr.es/cvg/dbimagenes/
http://decsai.ugr.es/cvg/dbimagenes/
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TABLE 2. The average values of ACC, SEN, and SPC for the HFIS method.

dataset ACC SEN SPC
CVG-UGR 0.9226 0.9081 0.9313
BSDS500 0.9018 0.9184 0.9008
TN

The variables TP, TN, FP, and FN represent the number of true positives, true negatives, false positives, and false
negatives, respectively. The high values for ACC suggest that there is a strong agreement between the detected edges
and the actual edges in the ground truth. This means that the method is able to accurately identify the edges in the
images. Furthermore, the high SEN values indicate that the method is able to capture a large proportion of the true
edges present in the images. This means that the method is successful in identifying most of the actual edges in the
images. The high SPC values suggest that there is a low rate of false edge detections. This means that the method is
reliable in distinguishing between true edges and non-edges, and it does not erroneously identify non-edges as edges.
To implement these criteria, we apply a binarization process to the output of the HFIS. The binarization is carried
out using the following transformation:

. {17 u>T,
a

0, o.w.

where 7 represents the threshold value. The output of the HFIS edge detection method is converted into a binary
image using this technique.

Here, we present the complete evaluation results of ACC, SEN, and SPC measures for both the CVG-UGR and
BSDS500 datasets. These criteria offer a comprehensive evaluation of the performance of the HFIS method on both of
these datasets. Table 2 indicates that all three values of ACC, SEN, and SPC are high. By analyzing the results in this
table, it can be concluded that the HFIS edge detection method is effective in accurately identifying and delineating
edges in images.

Now, our objective is to compare our technique with the methods introduced in [10, 14, 19]. We will accomplish
this by evaluating the performance of the methods using two test images, namely House and Airplane. The House
image has dimensions of 256 x 256, while the Airplane image has dimensions of 481 x 321. Figures 5(a) and 6(a)
depict these images respectively. To establish a baseline for comparison, we have the ground truth images for House
and Airplane, which are illustrated in Figures 5(b) and 6(b), respectively.

The fuzzy-based technique introduced in [19] integrates the F''-transform into the Canny edge detection process. The
combined technique involves applying the F!-transform to the image, which helps derive the first partial derivatives in
two directions. Following this, we continue with the remaining steps of the Canny algorithm, including non-maximum
suppression and hysteresis thresholding. These steps help identify and refine the detected edges. We observe the
results of this combined approach in Figures 5(c) and 6(c).

The techniques introduced in [10, 14] utilize fractional-order masks to derive directional derivatives in two directions:
the horizontal and vertical. This results in computing the gradient matrix. We present a visualization of the binarized
outcomes obtained from the fractional approach proposed in [14], depicted in Figures 5(d) and 6(d). Additionally, we
showcase the binarized results achieved using the fractional approach introduced in [10], illustrated in Figures 5(e)
and 6(e).

Furthermore, we apply the HFIS edge detection method and obtain binarized output images as shown in Figures
5(d) and 6(d). The visual evidence presented in Figures 5 and 6 supports the conclusion that the performance of the
HFIS method significantly surpasses that of the other mentioned methods in achieving seamless and unbroken edges.
To critically assess the effectiveness of the HFIS edge detection method, the fuzzy-based method and the fractional-
based methods, we analyze three key evaluation metrics: ACC, SEN, and SPC. The ACC, SEN, and SPC values
obtained in Table 3 demonstrate that the HFIS edge detection method outperforms the other mentioned methods, as
it consistently achieves better continuous edges. The HFIS edge detection method is superior to the other methods
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(e) (f)

FIGURE 5. (a) Original image (b) Ground truth (c¢) Fuzzy-based method [19] (d) Fractional-based
method [14] (e) Fractional-based method [10] (f) The HFIS edge detection method.

(a) (b) (c) (d)

FIGURE 6. (a) Original image (b) Ground truth (c¢) Fuzzy-based method [19] (d) Fractional-based
method [14] (e) Fractional-based method [10] (f) The HFIS edge detection method.

because it uses directional derivatives in four directions, leading to an optimized gradient matrix. This allows it to
capture subtle variations in intensity more effectively. On the other hand, the hierarchical fuzzy inference system
in our technique combines the information of various optimized gradient matrices, obtained through the use of F'-
transform with variable strides, within a hierarchical structure. This innovative approach ultimately enables accurate
determination of edge locations.

(=)
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TABLE 3. Comparison of ACC, SEN, and SPC values

of the methods in [10, 14, 19] and the HFIS

13

method.
method [19] method [14] method [10] HFIS method
Images | ACC SEN SPC | ACC SEN SPC | ACC SEN SPC | ACC SEN SPC
House | 0.967 0.430 0.991 | 0.935 0.755 0.945 | 0.939 0.817 0.946 | 0.901 0.918 0.900
Airplane | 0.985 0.491 0.990 | 0.982 0.782 0.991 | 0.991 0.779 0.993 | 0.982 0.937 0.982

3.2. PSNR and SSIM measures and experimental results. We aim to evaluate the robustness of our algorithm
against noise by adding two types of noise, Gaussian and salt and pepper, to the original image. To assess the
performance of our method in detecting edges in noisy images, we utilize the peak signal to noise ratio (PSNR)
and the structural similarity index measure (SSIM). PSNR compares the strength of strong and weak edges in noisy
corrupted images. Higher PSNR values correspond to smaller differences between the edge-detected image of the
original image and the noisy image, indicating better preservation of edge information in the presence of noise. PSNR
is calculated using the following formula:

M x N x (max(U))?
N M -
Dim1 2o (wij — Ui)?
where U = [u;;]nxn is the edge-detected image of the original image, U = [@i;]nxar is the edge-detected image of
the noisy image, and max(U) = max{u, ;i =1,--- ,N,j=1,--- ,M}.
Furthermore, SSIM provides a quantitative measure of how well the structural information is preserved between two

images. Higher SSIM values indicate better preservation of structural information, while lower values indicate a greater
distortion or loss of information. SSIM is expressed by the following equation:

(2uipz + Cr)(o12 + Ca)
(13 + pi + C1)(0F + 035 +Cy)’

)

PSNR = 10log;q

SSIM =

Gy = (0.01 x max(U))?, Cy = (0.03 x max(U))?.

The variables pi1, i, 0%, 05, 012 denote the average, variance, and covariance of the edge-detected image of the original
and noisy images.

In this step, we aim to demonstrate the increasing performance of the HFIS edge detection method as it advances
through higher layers. To analyze the performance, we consider the test image Cottage, which has a size of 481 x 321
and is affected by Gaussian noise with zero mean and 0.01 variance (Figure 7(a)). We implement the highly effective
HFIS edge detection method by utilizing three layers, which include the optimized gradient matrices Fs, E5, Fr,
and Ey. Our primary aim is to analyze and compare the performance and overall quality of the presented method
across these three layers. To accomplish this, we conduct defuzzification on the outputs of the HFIS in every layer.
Specifically, Figure 7(b) illustrates the output of the 2-th fuzzy inference system in the first layer (R3), while Figure
7(c) presents the output of the 2-th fuzzy inference system in the second layer (R3). Furthermore, Figure 7(c) shows
the output of the last layer (R3). Comparing the PSNR and SSIM values between the outputs R}, R3, and R3 reveals
a notable improvement in the performance of the HFIS edge detection method in higher layers. This improvement
can be attributed to the innovative utilization of flexible rules and distinct membership functions within each layer.
The reason for the increasing performance of the HFIS edge detection method as it advances through higher layers lies
in the hierarchical structure of the system. This structure facilitates efficient propagation of relevant data (E3, Es,
Er, and Ey), allowing for maximized flow and utilization of information throughout the entire system. To assess the
robustness of the HFIS edge detection method in differentiating edges from noise, we compare it with multiple edge
detection algorithms discussed in previous studies [7, 10, 14, 19]. In order to comprehensively evaluate the algorithm’s
ability to handle noise, we utilize three test images: Woman’s face, Butterfly, and Peppers, as illustrated in Figures
8(a), 9(a), and 10(a), respectively. The Woman’s face image has dimensions of 321 x 481 pixels and is corrupted by
Gaussian noise with a mean of zero and a variance of 0.3. The Butterfly image is a 256 x 256 pixel image affected by
Gaussian noise with a mean of zero and a variance of 0.2. The Peppers image, measuring 512 x 512 pixels, is corrupted
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(a) (b) (c) (d)

FIGURE 7. (a) Test image Cottage of size 481 x 321 corrupted by Gaussian noise with zero mean,
0.01 variance (b) The output image of R3 (PSNR=26.9720, SSIM=0.7379) (c) The output image of
R3 (PSNR=32.6635, SSIM=0.9024) (d) The output image of R} (PSNR=40.5497, SSIM=0.9682).

FIGURE 8. (a) Test image Woman’s face of size 321 x 481 corrupted by Gaussian noise with zero
mean, 0.3 variance (b) Canny algorithm (¢) Fuzzy-based method [19] (d) Fractional-based method
[14] (e) Fractional-based method [10] (f) The HFIS edge detection method.

TABLE 4. Comparison of PSNR and SSIM values of the methods in [7, 10, 14, 19] and the HFIS

method.
method [7] method [19] method [14] method [10] HFIS method
Images PSNR SSIM | PSNR SSIM | PSNR SSIM | PSNR  SSIM | PSNR SSIM
Woman’s face | 9.4193 <0.477-| 14.990 0.636 | 15.271 0.316 | 14.845 0.330 | 45.811 0.989
Butterfly 12.383 . 0.732 | 17.798 0.816 | 14.252 0.356 | 14.147 0.377 | 47.723 0.992
Peppers 8.3943 0.316 | 15.846 0.596 | 12.841 0.191 | 13.932 0.205 | 45.805 0.988

by mixed noise, consisting of Gaussian noise with a mean of zero and a variance of 0.2, as well as salt and pepper
noise with a density of 0.01.

Figures 8(b), 9(b), and 10(b) present the edge-detected images obtained using the highly regarded and widely used
Canny algorithm [7]. The edge-detected images obtained through the fuzzy-based technique (F!-transform method) as
described in [19] are displayed in Figures 8(c), 9(c), and 10(c). We have visually depicted the edge-detected images in
Figures 8(d), 9(d), and 10(d) using a fractional-based technique described in [10]. Additionally, Figures 8(e), 9(e), and
10(f) present the results obtained by applying an alternative fractional-based technique as described in [14] to detect
edges in the images. Our implementation of the HFIS edge detection method involves the integration of three layers.
We utilize optimized gradient matrices, namely E3, E5, Fg, and F1, to support the detection process. Lastly, the
output from the HFIS edge detection method can be seen in Figures 8(f), 9(f), and ??.  The visual evidence presented
in Figures 8, 9, and 10 unequivocally demonstrates that the effectiveness of the HFIS method in distinguishing edges
a0
o0



CMDE Vol. *, No. *, * pp. 1-13 15

(a) (b) (©) (d) (e) ()

FIGURE 9. (a) Test image Butterfly of size 256 x 256 corrupted by Gaussian noise with zero mean,
0.2 variance (b) Canny algorithm (c¢) Fuzzy-based method [19] (d) Fractional-based method [14] (e)
Fractional-based method [10] (f) The HFIS edge detection method.

(d) (e) €]

FIGURE 10. (a) Test image Peppers of size 512 x 512 corrupted by mixed noise containing Gaussian
noise with zero mean, 0.2 variance and salt and pepper noise of density 0.01 (b) Canny algorithm (c)
Fuzzy-based method [19] (d) Fractional-based method [14] (e) Fractional-based method [10] (f) The
HFIS edge detection method.

from noise surpasses that of the other mentioned methods. In order to critically evaluate the performance of the HFIS
edge detection method and methods mentioned in [7, 10, 14, 19], we have employed two key evaluation metrics: PSNR
and SSIM. The results presented in Table 4 clearly demonstrate that the HFIS edge detection method outperforms
other approaches such as Canny [7], fuzzy-based technique [19], and fractional-based techniques [10, 14] in terms of
these evaluation metrics.

An especially notable benefit of the suggested approach is its extraordinary capability to precisely identify edge
locations, all the while efficiently mitigating the impact of noise. This advantage is achieved through the implementa-
tion of a hierarchical structure with adaptable rules and diverse membership functions in our fuzzy inference system.
In addition, our method utilizes the F'-transform with different strides to construct optimized gradient matrices,
increasing our methods tolerance to noise and enhancing its robustness.

(=l
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(a) Original image. (b) Ground truth.

(d) Original image. (e) Ground truth. (f) FOM= 0.9158.

FIGURE 11. Results of the HFIS edge detection method for two images from BSDS500.

3.3. FOM measure and experimental results. Pratt’s Figure of Merit (FOM) is a metric used to evaluate the
performance of edge detection algorithms. It measures the accuracy and quality of the detected edges by comparing
them with ground truth edges. The FOM is calculated using the following formula:

Ndetected
1 1
FOM =

maX(MdealaNdetected) -1 1+ %3 ’

where Niqeal represents the number of edge pixels in the ground truth image, Ngetected represents the number of edge
pixels in the edge detected image, and d; denotes the distance between an edge pixel in the edge detected image and
its nearest edge pixel in the ground truth image.

The FOM ranges from 0 to 1, with lindicating a perfect match between the detected edges and ground truth edges.
Higher values of FOM imply better performance in edge detection.

Initially, we evaluate the effectiveness of the HFIS method by employing the FOM criterion to analyze two test
images depicted in Figures 11(a) and 11(d). The ground truths for these images are illustrated in Figures 11(b) and
11(e). The output from the HFIS edge detection method, as well as the corresponding FOM values, are demonstrated
in Figures 11(c) and 11(f). The high values obtained for the FOM, along with the overall visual appearance of the
images, indicate the success of the HFIS method. At this point, we present an examination of the FOM trends
comparing the HFIS edge detection method to the fuzzy-based edge detection methods introduced in [19, 23]. We
utilize a dataset consisting of 50 images sourced from the BSDS500 dataset along with their ground truth images
created by skilled human professionals. The results of this comparison are presented in Figure 12. The findings from
this analysis highlight the remarkable superiority and effectiveness of the HFIS edge detection method compared to
existing techniques. In this stage, our focus is on assessing the robustness of our method in the presence of noise,
which we measure using FOM criterion. To obtain a comprehensive analysis, we compare the average FOM values
of the HFIS edge detection method with those of fuzzy-based techniques suggested in [16, 19]. To thoroughly assess
the algorithm’s capacity to handle noise, we employ four specific test images, namely Lena, Peppers, Car, and House.
All of these images have dimensions of 256 x 256 pixels, as depicted in Figure 13. Moreover, these images have also
been intentionally corrupted by the presence of Gaussian noise. The noise has a mean of zero and is characterized
by distinct variances, namely 0.001 and 0.002. The results of this comparison are presented in Table 5. This analysis
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FIGURE 12. Performance comparison of HFIS edge detection method with fuzzy-based methods [19,
23] for BSDS500 images: HFIS method (Solid Line), method [23] (Dash Dot), method [19] (Dot).

TABLE 5. Comparison of the mean values of FOM of the methods in [16, 19] and the HFIS method.

method [19] method [16] HFIS method
Noise Levels 0.001 0.002 0.001 0.002 0.001 0.002
FOM 0.5089 0.4945 0.9382 0.9283 0.9803 0.9726

highlights the effectiveness and reliability of the HFIS edge detection method as a robust solution for edge detection
in noisy images.

(a) (b) (c) (d)
FIGURE 13. Test images Lena, Peppers, Car, and House of 256 x 256 Dimensions.

Finally, we present a performance comparison between the HFIS edge detection method and fractional-based tech-
niques, as described in [10, 14, 26]. To evaluate the effectiveness of these methods, a test image of Lena is used, which
has been corrupted with Gaussian noise at different noise levels. The results of this comparison are presented in Figure
14. This conclusion serves as quantitative evidence, supporting the superiority of the HFIS edge detection method in
effectively mitigating the impact of noise on edge detection performance.

4. CONCLUSION

In this paper, we propose a novel technique for image edge detection using the F''-transform and HFIS. By utilizing
the Fl-transform with varying strides, we generate convolution masks of different sizes to smooth the image and
calculate directional derivatives. The optimized gradient matrix is then evaluated by combining the four directional
derivatives matrices. By adjusting the strides of fuzzy transforms, we able to control the level of smoothness in the
image and obtain diverse optimized gradient matrices. We enhance the MISO fuzzy inference system by breaking
it down into multiple two-input single-output fuzzy inference systems, each operating within the layers of the HFIS.
This approach effectively reduces the computational cost by minimizing the number of rules and eliminating the need
for fuzzifier and defuzzifier within the fuzzy inference systems located in the middle layers. We present the complete
evaluation results of ACC, SEN, and SPC measures for both the CVG-UGR and BSDS500 datasets. The results
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FIGURE 14. A comparative analysis of FOM trends in HFIS method and fractional-based techniques
[10, 14, 26] for Lena’s test image

show that our method achieves the high accuracy of 0.9018 for the BSDS500 dataset and 0.9226 for the CVG-UGR
dataset. The ACC, SEN, and SPC values obtained from our technique for several images demonstrate that the HFIS
edge detection method outperforms the fuzzy-based and fractional-based methods introduced in [10, 14, 19], as it
consistently achieves better continuous edges. The performance evaluation of the HFIS edge detection method in
terms of PSNR and SSIM criteria has been conducted on images corrupted by noise. The results have been compared
with fuzzy-based and fractional-based techniques [10, 14, 16, 19, 26]. These criteria values demonstrate that the HFIS
is significantly more robust against noise compared to other methods. Furthermore, we assess the performance of
the HFIS edge detection method by comparing it to a fuzzy-based methods [16, 19, 23] and fractional-based methods
[10, 14, 26], using the FOM criterion. The obtained results demonstrate that the HFIS edge detection method
effectively and accurately estimates the precise location of image edges. The method’s efficiency is crucial from two
perspectives: utilizing the F!-transform and employing HFIS. The utilization of F!-transform with various strides
in the method offers several benefits. These include the ability to control the smoothness of the image, obtaining
continuous edges, minimizing the impact of noise, and acquiring different edge images. Moreover, the integration of
HFIS in the method brings additional advantages; such as reducing computational costs and accurately detecting edge
locations without being affected by noise interference.

Future Work: While the HFIS method performs well, several future directions exist. These include: 1) computational
optimization via GPU parallelization for real-time video analysis; 2) automating parameter selection for specific image
types using metaheuristic algorithms; 3) applying the method to domain-specific challenges like medical ultrasound or
crack detection; and 4) exploring theoretical extensions such as higher-degree fuzzy transforms or combining it with
deep learning to help the system learn and improve on its own (see [15]).
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