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Abstract r 1

Inverse problems for partial differential equations play an important role in a wide range of scientific disciplines

and enable us to recover crucial information about underlying physical processes. In this paper, we present a
machine-learning algorithm for solving inverse source problems of time fractional wave equations using support
vector regression with polynomial kernels. This innovative approach leverages the power of machine-learning to
estimate elusive source parameters, providing a highly accurate and efficient solution. By combining the princi-
ples of support vector regression and polynomial kernels, our method offers a promising alternative to traditional
numerical techniques, achieving remarkable results while maintaining computational efficiency. Through compre-
hensive experiments and comparisons, we demonstrate the superior performance and potential of our approach in
addressing inverse source problems of time fractional wave equations in linear and nonlinear cases.
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1. INTRODUCTION

Partial differential equations (PDEs) serve as a fundamental framework for modeling a wide range of physical
phenomena in various scientific and engineering disciplines. Among the many challenges posed by PDEs, inverse source
problems stand out as critical puzzles, offering profound insights into our ability to uncover hidden parameters that
underlie complex systems. These problems entail the task of estimating source terms within PDEs, often representing
physical quantities that cannot be directly measured. The accurate determination of these source terms is essential
in numerous real-world applications, making inverse source problems an area of paramount importance in scientific
research and engineering.

Inverse problems within the context of PDEs have become a significant focal point of research due to their direct
relevance to understanding and controlling physical systems. They arise in a multitude of fields, such as photo-acoustic
imaging [8], geophysics and light propagation in optical tomography [10], environmental modeling and material science
[6], image reconstruction [7] and seismic inverse problem [14] where the challenge lies in uncovering the sources of
phenomena that manifest as observed data. By solving these inverse problems, researchers can gain invaluable insights
into the underlying mechanisms governing these systems.

As an important case of inverse problems in PDEs, the time fractional wave equations with unknown source
concerns the challenges to systems that exhibit complex evolution behavior [1, 15, 22, 24]. Time fractional wave
equations capture phenomena with memory and long-range dependencies, which are prevalent in wave propagation,
acoustics, and optics. Solving inverse source problems in such contexts is vital for reconstructing source distributions
in both time and space, thus enabling a deeper understanding of wave phenomena.
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Over the years, classic numerical methods have been developed to solve inverse source problems in PDEs. These
approaches often involve discretization schemes and regularization techniques. While they have made significant
contributions in this field, they also have limitations such as sensitivity to noise, overfitting, and computational costs.

In recent years, the advent of machine-learning has motivated scholars to address the solution of differential equations
and PDEs by developing some learning techniques with appropriate kernels [20, 28, 29]. These methods can bypass
some of the limitations of classical approaches, offering a fresh perspective on solving functional problems including
PDEs and integral equations.

Despite the limitations of classical numerical methods for solving PDEs, such as difficulties in handling complex
geometries, high-dimensional domains, and nonlinearities, machine-learning techniques offer flexible algorithms capable
of addressing a broader class of problems with arbitrary domain shapes and increased complexity.

In this paper, we aim to introduce a novel machine-learning algorithm designed to address the numerical simulation
of inverse source problems in time fractional wave equations by developing and support vector regression with a
polynomial kernel.

Fractional wave equations are used to model wave propagation in complex media with non-local and memory-
dependent properties. In some materials, the response to a wave at a given point depends not only on the current
state but also on the history of the wave. Fractional derivatives allow for the incorporation of memory effects into
wave equations, leading to more accurate models [16].

The inverse problems given as time-fractional wave equations have interesting applications such as reconstructing
the source functions, [1, 11, 16, 22, 24]. Let A C R? be a bounded Lipschitz domain, I be the time interval up to
the final time Ty, I = [0,Tf], @ = A x I and OA =T be the boundary. We consider the inverse time-fractional wave
equation as

O2v+ §(0fv) =V - (aVv) +cv+ Kxv=f+3 V(zt)eQ, (1.1)

where the convolution * is defined by

(K xv)(t) = /0 K(t — s)v(s)ds,

with unknown source f. Here, 9?v represents the second derivative with respect to time and d%v indicates the
fractional derivative in terms of Caputo definition. The variables v, a, ¢, and 5§ depend on space and time and
K = K(t), f = f(z). The function § may represent a nonlinear behaviour [27]. Following the reference, we consider
the linear and nonlinear cases §(v) = v or v2.

The initial and boundary conditions are given as

v(x,0) = ho(z), forz e A (1.2)
ve(x,0) = hy(z), for €A,
vlp =0, fortel.

Since f is an unknown source, an additional condition is assumed as
o(w, Ty) = dr, (@), (L5)

So we need to recover the source f = f(x) € L?(A), and the wave solution v € H* ().

Our aim is to develop a numerical simulation with a supervised least squares algorithm with the orthogonal poly-
nomial kernel for the time-fractional inverse source problem (1.1)-(1.5) with fast convergence. In the training process,
the parameters of the numerical model are trained by a complete residual function corresponding to the problem in a
finite-dimensional polynomial space.

The structure of the paper is as follows. Section 2 gives the basic definitions and relations in fractional calculus,
supervised learning algorithms, and orthogonal kernels. In section 3, we present a machine-learning numerical method
for recovering source and wave functions in the time-fractional inverse source wave equation. Finally, some examples
demonstrate the efficacy of the proposed method in 4.
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2. PRELIMINARIES

In this section, we cover the essential concepts needed for upcoming sections. These include basic definitions of
fractional calculus machine-learning and kernel methods for classification and regression.

2.1. Fractional derivatives. Fractional derivatives offer a versatile approach for modeling scientific and engineering
phenomena, offering better compatibility with experimental results compared to classical derivatives. Fractional
diffusion and wave equations have been found to yield more realistic results and have diverse applications, from
population dynamics to mathematical finance (e.g., Black—Scholes equations). Limitations of the analytical methods for
fractional PDEs motivate ongoing research focusing on developing numerical techniques for addressing the challenges
concerning the solution profile, computational complexity, stability, and convergence.

The Caputo and Riemann—Liouville fractional derivative of order «, denoted by ZD)E&) f and BE Dt(a) f, respectively
are defined as [3, 9, 19, 21]

t
cotu(z, t) = r(11— 5 /O 81‘(;7’ 7 0 ilTT)a, (2.1)
1 o [ u(w,T)
Pl—a)dt Jy (t—71)™
where 0 < o < 1. The two definitions are related by
u(z,0)
I'(1—a)te

Fotu(x,t) = dr, (2.2)

g)%Latau(xat) = (c) tau(x’t) +

2.2. LS-SVR and polynomial kernels. Machine-learning techniques, including Support Vector Machines (SVM)
and Support Vector Regression (SVR), have garnered widespread acclaim in the research community and industry
for their capacity to classify data and predict patterns in extensive datasets. SVM is designed for classification tasks,
while SVR is tailored for regression problems. Both algorithms formulate an optimization problem with inequality
constraints to achieve their objectives. Similarly, the least squares variants, LS-SVM and LS-SVR, transform these
inequalities into equalities, simplifying quadratic programming into a system of linear equations. This adaptation
streamlines training and computation processes, ensuring efficiency. Further details can be found in references [2, 4].

For a given data set (z;,v;), ¢ = 1, ..., N, where the real numbers y;’s represent the target value for the independent
features x; € R"¢, LS-SVR determines the wights w;’s and the bias b € R in y(z) = w? ¢(z) + b using known functions
¢;, by solving the following quadratic programming:

min ~w” w + <e e, (2.3)
st. yi=wlo(x;) +b+e, i=1,...,N,

in which v € R* denotes the tuning parameter, w = [w1, ..., war]T, ¢ = [b1, ..., par]T.

By using the Lagrangian to combine the objective function and a linear combination of the constraints with the dual
variables «;, the quadratic programming problem is reformulated into a dual problem, which is equivalent to a linear
system. The following theorem establishes the equivalence between the primal problem, expressed as the quadratic
programming formula (2.3), and a linear system [17, 18].

Theorem 2.1. The problem (2.3) is equivalent to

W+ lIN 1y o Yy
'Y =
[ 1% 0 b 0| (2.4)
Here, W is a positive definite matriz W; ; = ¢* (z;)¢(x;), In is the identity matriz, 1L =[1,.,1] e RN, y =
(Y1, ..o yn]T and a = [on,...,an]T. Then with the kernel K (x,x;) = ¢ (z)¢(x;), we have

N
y(x) = ZajK(x,xj) +b. (2.5)
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Kernels are integral in machine-learning, particularly in SVR, as they enable the transformation of data into
higher-dimensional feature spaces, facilitating more accurate predictions and improved separability of data points.
This transformation is essential for handling complex and nonlinear relationships within datasets, allowing for more
robust and effective modeling in various regression tasks [13].

In the context of the machine-learning framework, when utilizing orthogonal polynomials as kernels in SVR, the
kernel function can be defined as follows: K (z,2’) = ¢ (z)- ¢(2') where ¢(z) represents the feature map transforming
the input space into the orthogonal polynomial space. Jacobi polynomials Pfla’ﬁ )(ac), with «, 5 > —1 are orthogonal
on the interval [—1, 1] with respect to the weight function x(*#)(x) = (1 — x)*(1 4+ x)? [5, 26]. The set of polynomials
with degree less than or equal to M on the unit interval [0, 1] denoted by Pjs has a basis given by shifted Jacobi
polynomials P,(La’ﬁ)(Qx —1). These functions lead to reduced computations due to the sparse nature of the matrices
involved in the variational formulation of the method. The end-point values for handling boundary conditions by these
functions are provided by [25]

P ) = 0 (") peo = (M), (2:6)

n n
Let a = —%, 8= —%, as a special case, Chebyshev polynomials are computed by the recursive formula
Toy1(z) = 22T, () — Tpoa(z), m>1, (2.7)

starting with To(x) = 1,T1(z) = z. By (2.6), they have the boundary values T),(=1) = (—1)",T,,(1) = 1. The shifted
Chebyshev polynomials that are orthogonal on the desired domain I ={0, 7| are given by

~ 2t
Tu(t) =Tl = s n =012 (2.8)

with

T (1) Ty (1)

—————dt = h,0 2.9
/“/Tft—t2 e (2.9)
where h,, = b"{, bop=2,b;=1, j>1

3. A POLYNOMIAL-KERNEL LEARNING METHOD FOR THE FRACTIONAL INVERSE WAVE PROBLEM (1.1)-(1.5)

Here, we first review the Sobolev spaces and specific spaces necessary for our formulation, along with their inner
products and associated norms [12, 23, 26]. Then, we introduce the variational formulation, an ansatz in the form of
a polynomial in two dimensions, and a machine-learning approach for the training of the parameters of the ansatz.

3.1. Universal approximation theorem and approximation in function spaces. The universal approximation
theorem states that a feedforward neural network with a single hidden layer containing a finite number of neurons
can approximate continuous functions on compact subsets of Euclidean space, under mild assumptions on the acti-
vation function. This theorem provides theoretical support for the expressive power of neural networks in function
approximation tasks.

The function space LP(A), p > 1 on A C R?, includes the functions u with pth power Lebesgue integrable on
A. For p = 2, it is a Hilbert space with the inner product (u,v) = [, uvdA and the associated norm is given by
lull2 = (u,u)*/2. Also, the Sobolev space W*P?(A) contains the functions u with the weak derivatives D*u € LP(A) for
|s] < k. The standard norm of the functions in this space denoted by ||u||x,p, is given by |lullx, = (Zf:() [ulD|B)/P.
When p = 2, it is denoted by H*(A) which is a Hilbert space. The function space C§°(A) is the set of smooth functions
on I with compact support with the closure in terms of || - |2, Hg(A).

The initial conditions in (1.1)-(1.5) are not homogeneous. Let

v(x,t) = u(z,t) + ho(z) + thy (z),
then, the new problem takes the form
OPu+ g(0fu) —V - (aVu)+Bu+ K xu=f+s, Y(xt)eQ, (3.1)

(=)=
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with the homogeneous initial conditions on A

u(z,0) = 0,u(x,0) =0, VoeA, (3.2)
and the BCs

ulp = B(t), Vtel, (3.3)
with the final condition at ¢ = T} as

u(x, Ty) = ¢, (x) := Pz, (x) — ho(x) — Trha (). (3.4)

In our numerical experiments, we assume that B(t) = 0, as given in [27].
Here, we present the variational form of (3.1)-(3.4), and an algorithm based on the SVR with an orthogonal kernel
for simulating the problem numerically.

3.2. SVR for the inverse time-fractional wave Equation (3.1)-(3.4). First, let Lu = f, where £ is a linear
differential operator on one-dimensional space with suitable homogeneous boundary conditions. The approximate
solution using a kernel function written by dual variables is assumed as up = ijvio a; K (z,x;), with a kernel K(-,-)
and the weights are determined by the following quadratic programming with equality constraints:

min %wTw + %eTe, (3.5)

s.t. (W Lo(x),v:) — (f(x), i) = es,i =0, ..., M,

Since the basis functions ¢;’s satisfy the BCs (3.3), these conditions are held for uy; as well. The following result
gives a simple linear system to obtain the dual variables.

Theorem 3.1. The parameters o = [ag, -+ ,anr|T as the weights of the kernels in the approzimate solution are given
by

(W + %IM)a — b, (3.6)
with Wi = Y000 (Lég, 0n) (L, 1), bi = (f,0), ki =0,..., M.

Proof. First, let

1 M
L=gu"w+ geTe - ;ai«w%, i) = (f,:) — ed),

then, by the KKT conditions, we get

M

wi =Y oLy, Pr), (3.7)
i=0

ver +ag =0, (3.8)

(’U)T,Cd), 11[}k) - (f7 1/’k) — €k = Oa (39)

for k=0,..., M. By (3.8) and (3.9), we have
M

1
> wi (Lo, x) + Sk = (f, ¥r).

=0

Now, by (3.7), we get
S (L5, (L65, ) + iakam = (f, ).

M
> o
i=0  j=0

This is (3.6). O

M
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Here, we introduce an algorithm to numerically simulate the fractional inverse source problem in least squares
SVR. The algorithm utilizes orthogonal Chebyshev polynomials as the kernel. We employ combinations of ¢,,(z) =
T (2x —1) and 9, (t) = T,,(2t/T — 1) for spatial and temporal approximation in space [0, 7], and time interval [0, T].
These combinations satisfy the specified boundary conditions.

For any function space X, e.g., X = L?(A), we define the following space-time spaces for s > 0:

H (LX) = {v: (- D) x € H* (D)},
H3 (I X) = {v: (- D)l x € H5(D)},
B*(Q) = H*(I; L*(A)) N L*(I; Hy (A))

with 2 = A x I. So, the weak formulation of (3.1)-(3.4), becomes as
(02u,v)q + (g(0%u),v)q — (V - (aVu),v)q + c(u,v)q + (K *u,v)q = (f,v)a + (s,v)q, (3.10)
for v € B*/?(Q). The corresponding norm is given by
vl Bs() = [Vl ars(r;22(a)) + ||U||L2(1;H5(A))~
For f € L?*(Q), we aim to find v € B*/?(Q) such that
A(u,v) = F(v), Yve BY?(Q). (3.11)
Here, A is a computationally simple form of (3.10) and the the functional F are given by

A(u,v) = —=(0pu, Opv)a + (9(05u), v)a + ((aVu), Vo) + c(u,v)o + (K * u,v)q,
F(v) = (f,v)a + (s,v)e- (3.12)
Subsequently, we introduce flexibility to the margin in LS-SVR by incorporating an error tolerance for the constraints
(3.11). The bilinear map in the weak form captures the interactions between the unknown function and derivatives
using appropriate test functions. The variational formulation, based on this bilinear form, results in an algebraic
system of equations that can be solved using numerical methods. The Lax-Milgram lemma guarantees the existence

and uniqueness of the solution, along with the continuous dependence of the solution on the provided data. This holds
true when the bilinear form A in (3.12) is a continuous, bounded, and weakly coercive function, i.e.,

supy, =1 [A(u, v)| > cllull, Vu,
SUP|jy (=1 [A (1, v)| >0, Yv # 0.

The term (§(0¢u),v)q may be written in an efficient form by the left- and right-sided fractional Riemann-Liouville
derivatives. The right derivative in terms of Riemann-Liouville definition, /¥ D%a) f, is defined as

o -1 0 Ty u(T)
RLY2 w(t) = 7“1_&)&[ Ca e (3.13)

Following the work of [12], we obtain the following results.
Lemma 3.2. Let s € (0,1),u(t) € H5(I),v(t) € C§°(I). Then,
("F0fu, v)r = (u,r, O 0)r. (3.14)

(=)=
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Proof. By (2.2), and using integration by parts, we get

Ty
(RLaf‘um)]:/ v L or dt
0

:F(im—ti) /Ot t(—’T)) dr | l—a /Tf/ t—T dT&tvdt

Ty
= 1 — a / / t — dTatU dt
Ty Tf atv
= T —a) / / i—e ———dtu(x,T)dr
- ( an at U) :
O
We use (3.14) to get the following result.
Lemma 3.3. Let 0 < a <1, u € oH'(I),v € oH*?(I). Then,
(0w, v)r = (07 Pu, 03%0);. (3.15)

Proof. First, let v,, € C§°(I) converging to v € ¢ H*/?(I) with respect to H*/?(I)-norm, i.e.,

[vn = vl gas2y = 0, 1 — oo
By (3.14), we change the order of derivatives from left to right, i.e., 9% to ¢ 8;;2 as (0fu, vy)1 = (a?/Qu,t 8%{2%)1
Now by the Cauchy-Schwartz inequality, we get

[(0Fu, v )1 — (07w, v)1| < [|0Ful|lv — vn.
As n — oo, we get
(O u, ) = (07 Pu, 03%0);.
So the proof is completed. |

Now, let a € R, then, the problem (3.1)-(3.4) is written by the weak formulation as follows. Find u € B*/2(2) such
that

— (Oyu, Opv)q + (0 2, 6’1/21})9 + a(0zu, 0z0)q + c(u,v)q + (K xu,v)q = (f,v)a + (s,v)q, (3.16)

for all v € B/? (©). Now, we present a polynomial-kernel algorithm for learning the weights in the ansatz in finite
dimensional spaces. To discretize the problem (3.1)-(3.4) in the space-time domain, let PY,(A), be the space of
polynomials on A with degree less than or equal to M on A and P%(I) be the approximate space in time including
the functions v € Py with v(¢ = 0) = 0. Now, we consider the z — ¢ trial space in which the approximate solution is
sought in

Sy, = P (A) @ PE(I). (3.17)
By letting a tolerance in the bilinear form, the LS-SVR approximation uy € Sy, is as follows:
. 1 T 1 T Y T
- - J 1
m1n2w w+2d d+2ee (3.18)

st. A(up,vp)—F(vp)=e¢;, i=0,---,M, Yo, € S,
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M N
up(@,8) = Y > Wi G (@)n (1), (3.19)

m=0n=0
M
fr(@) =" dmom(x), (3.20)
m=0
Here, w = [wpmn;m = 0,...,M,n = 0,..,N|T and d = [dy,...,dn] as vectors of unknown coefficients. We set

v = v;,; = ¢i(x),(t) € Si, to make use of the orthogonality in (3.18) and getting a sparse system for the constraints
(3.18). We call this approach with u;, € Sy, as (3.19), fr € PY(A) as (3.20), the Galerkin LS-SVR algorithm with
Chebyshev polynomials for the inverse problem (3.1)-(3.4) by Chebyshev polynomials. The constraints in (3.18) are
written as follows

—(Oyur, Ovr)a + (3?/ZUL¢ 5‘%{21&)0 + a(Ozur,0zvr)a + c(ur,vr)o + (K xur,vr)o = (fr,ve)a + (s,vr)a +e. (3.21)

The orthogonal system in inner products (3.21), facilitate the computations and the relation (3.21) takes the matrix
form

— POOUQLL 4 PO Qa/el2 4 pOOQelzal2 o pliy Qo0 4 pOOQ00 L PMOUQY0 = F,
where P,Q,U and F are given by

PP = (00,030)a.

Q" = (0;4,039)1

Q0" = (050, K * 03)r

U=lwnn:0<mn< M|,

F = (dp + 3, ¢i(x)1h;(1)) s

The orthogonality of Chebyshev kernels enhances numerical stability in LS-SVR, contributing to robust and reliable
computations.

4. NUMERICAL EXPERIMENTS

In this section, we examine various linear and nonlinear test problems to demonstrate the convergence of the
proposed space-time Galerkin LS-SVR algorithm with Chebyshev polynomials for inverse source problems. The
objective is to investigate the convergence patterns of numerical solutions as the degrees of polynomials M and N,
along with certain fractional derivatives o, increase. We represent errors using three measures L>, L?, and H'-
errors—plotted in semi-log scale to showcase exponential convergence.

The plots depict convergence behavior separately for spatial and temporal dimensions while keeping M and N
fixed, respectively. The confirmation of exponential convergence arises from the linear behavior of log-plots of errors
against polynomial degrees. Calculations for L>°, L?, and H'-errors are carried out using the following measures

L>®(ur) ~ o Jax, \U(2i,t;) — ur(zi, )], (4.1)
1 M
L (ug) ~ (W > Uiy ty) = up (i, t5)*)?, (4.2)
ij=1
H'(ur) ~ (L*(ug) + L*(9pur))?, (4.3)

with z; = 5, i =0,..., M.
The errors are calculated across an equally spaced grid within the x-t domain for all numerical illustrations, where

the number of test points on each space and time direction is set to M = 100. Similar measures are employed for

(=)=
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TABLE 1. L*,I? and H' errors and spatial convergence rates of the wave function versus M with
N =16 and o = 1 for Example 4.1.

M L> EOC L? EOC H! EOC

2 5.22e-02 2.36e-02 7.81e-02

4 1.72e-03 4.9236 7.73e-04  4.9322 3.80e-03  4.3613
6 2.09e-05 10.8772 9.37e-06  10.8832 9.07e-05 9.2121
8 2.07e-07 16.0413 8.02e-08  16.5486 1.78e-06 13.6642
10 1.65e-09 21.6540 5.93e-10  21.9907 1.99e-08 20.1379
12 1.85e-11 24.6310 7.65e-12  23.8616 2.00e-10  25.2310

TABLE 2. L°°,L? and H' errors and spatial convergence rates for the source function versus M with
N =16 and o = 1 for Example 4.1.

M ||f - fyllee EOC If — fnlla EOC If = fnllz, EOC

2 5.04e-01 2.02e-01 5.55e-01

4 5.78e-02 3.1243 1.96e-02 3.3654 1.06e-01 2.3884
6 2.64e-03 7.6115 8.54e-04 7.7278 7.07e-03 6.6777
8 6.95e-05 12.6431 2.21e-05 12.7028 2.37e-04 11.8032
10 1.06e-06 18.7460 3.35e-07 18.7736 4.29e-06 17.9784
12 1.08e-08 25.1560 3.45e-09 25.0972 3.25e-08 26.7813

assessing the errors of the source function f, focusing solely on spatial characteristics. To verify the convergence in
time, we set

ln(6i+1/61‘)
FOC;, = ———F—,
* In(Ni/Niy1)
as the experimental order of convergence of the proposed algorithm as the number of training points N increases.
Here, e; is the error associated with N;, ¢ = 1,2,.... For the numerical tables related to temporal convergence,

a constant number of spatial basis functions, denoted as M, is assumed. The EOC formula, used as a measure of
convergence in space, employs M; instead of V; and a fixed N.

Example 4.1. First, let g(u) = u, and

ho = 0,hy = sin(z),ulr=0,a=1,c =2, K = —1,
r = sin(x), s = 2sin(z) cos(t) + 2sin(t) cos(x),

on the space-time domain (z,t) € [0,7] x [0,7/2]. Let the exact solutions be u = sin(¢) sin(x), f = —sin(z) for the
inverse source problem (3.1)-(3.4). The numerical errors and the experimental convergence rates of the LS-SVR are
reported in terms of different measures, L>, L2, and H' as M increases with fixed N = 16 or N increases with fixed
M = 15 to demonstrate the convergence of the proposed method in space and time, respectively.

To show the spectral convergence, we illustrate the errors in the logarithmic scale in Figures 1-6. The linear semi-log
plots establish the exponential convergence. This fast convergence in both space and time as shown in the figures
occurs for the wave and source functions, simultaneously.

The authors in [27] have used a Landweber-type algorithm and report the errors with 7 iterations for a = 1 as

|z (2, T) — p(2)]| <1074
lfr — fIl <1.8x 1072,
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FIGURE 2. L>,L? and H' errors for
the source function versus M with
N =16 and @ =1 for Example 4.1.

FIGURE 1. L>™ L? and H' errors
for the wave function versus M with
N =16 and o = 1 for Example 4.1.
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On the other hand, using the proposed space-time LS-SVR with Chebyshev polynomials, the errors for the wave and

FIGURE 3.-L>, L? and H' errors
for the wave function versus M with
N = 16 and a = 0.1 for Example
4.1.

source functions, after 7 iterations are given by
lur(z, T) — r(x)]| < 1.31 x 1077,
I fr — fIl <2.27 x 1073,

The authors in [27] have only discussed the problem in integer order derivatives and there are no data for fractional

cases.

Figures 3, 4, and 5 show the spectral convergence of the method in which a linear semi-log plot verifies the

FIGURE 4. L>°,L? and H' errors
for the wave function versus M with
N = 16 and a = 0.5 for Example
4.1.

exponential convergence for the wave function for fractional orders o« = 0.1,0.5,0.9.
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FIGURE 5. L>®,L? and H' errors FIGURE 6. L°,L? and H' errors
for the wave function versus M with for the wave function versus N with
N = 16 and a = 0.9 for Example M = 15 and a = 0.5 for Example
4.1. 4.1.

TABLE 3. L>,I? and H' errors and spatial convergence rates of the wave function versus M with
N =16 and o = 1 for Example 4.2.

M L> EOC L? EOC HT EOC
2 6.86e-02 3.04e-02 7.88e-02

4 1.81e-03 5.2441 7.93e-04  5.2606 3.71e-03  4.4087
6 7.13e-05 7.9765 3.42e-05 7.7531 1.25e-04  8.3619
8 4.37e-07 17.7095 1.72e-07 18.3970 1.77e-06 14.7987
10 2.40e-09 23.3234 9.62e-10 23.2417 2.00e-08  20.0902
12 2.8le-11 24.3935 1.09e-11  24.5734 1.88e-10  25.5979

The temporal convergence of the LS-SVR, scheme for the wave function, versus N with M = 15 is illustrated in
Figure 6.

The following example demonstrates the convergence of the proposed method with the Chebyshev polynomial kernel
in both space and time for the wave and source functions in the presence of nonlinearity.

Example 4.2. We consider the nonlinear case g(u) = u? for the inverse source problem with

s = sin®(z) cos?(t) + 2sin(t) sin(x) + cos(t) sin(z),
on the same domain [0, 7] x [0, 7/2] as for Example 4.1 with the exact solution u = sin(¢) sin(z), f = —sin(z). L=, L?,
and H! norms are used to measure the accuracy of the numerical results of the proposed algorithm and to see the

convergence as M increases while N is set to N = 16 and o = 1. This is to verify the spatial convergence for the
unknown wave and source in Tables 3 and 4, respectively.

Figure 8 and 7 represent a linear model of the logarithmic scale error for the wave and source, respectively. The
semi-log plot approves the exponential convergence in both cases.
The authors in [27] implemented the Landweber-type algorithm with 13 iterations to the same problem to get

lurs(x, T) — b (x)|| < 0.001,
| fiz — fIl < 0.02.
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TABLE 4. L>=,L? and H' errors and spatial convergence rates of the source function versus M with
N =16 and o = 1 for Example 4.2.

M ||f = fvllee EOC If = fxllz EOC IIf = fyllg, EOC
2 4.76e-01 1.93e-01 4.64e-01

4 5.48e-02 3.1187 1.83e-02 3.3987 9.71e-02 2.2566
6 2.63e-03 7.4894 8.99¢e-04 7.4319 7.62e-03 6.2767
8 6.95e-05 12.6300 2.23e-05 12.8499 2.49¢e-04 11.8919
10 1.06e-06 18.7460 3.35e-07 18.8139 4.30e-06 18.1894
12 1.08e-08 25.1560 3.45e-09 25.0972 3.58e-08 26.2636

10° 10° ; . . : . .
L - —=— Lo -NORM| {
107 —e— L2 -NORM
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F b |
] 104 4
104 F L 4
g E g 10° | 1
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E 1 F -
10-10 1 1 1 1 1 1 10-12 1 1 1 1 1 1
2 4 6 8 10 12 2 4 6 8 10 12
polynomial degree M polynomial degree M
FIGURE 7. L, L? and H' errors for FIGURE 8. L>®,L? and H' errors
the source function versus M with for the wave function versus M with
N =16 and a = 1 for Example 4.2. N =16 and o = 1 for Example 4.2.

However, the Galerkin LS-SVR, with Chebyshev polynomials provide high accurate results, e.g., we see
|uis(z, T) — r(z)]| < 1.90e =11,
| fiz — £l < 8.66e = 09.

As seen in Figure 9, the linear logarithmic scale plot shows the exponential convergence in time for the wave
function.

The outcomes reveal that the proposed LS-SVR based on Chebyshev kernels achieves highly accurate approximations
in linear and nonlinear cases of fractional inverse wave problems and it demonstrates robust convergence behavior which
is seen in the figures.

5. CONCLUSION

This study focused on an inverse source problem related to the time-fractional wave equation. We introduced a
space-time Galerkin LS-SVR with Chebyshev kernels for numerically simulating the problem, utilizing an orthogonal
polynomial kernel in both space and time variables. We formulated the method as a quadratic programming problem
and then converted it into a system of linear algebraic equations through the introduction of dual variables. The
resulting system’s structure was also examined, and several numerical test problems were provided to illustrate the
effectiveness of the proposed method. The results show a good exponential convergence of the proposed method for

(=)=
E)NE
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FIGURE 9. L™, L% and H' errors for the wave function versus N with M = 15 and o = 0.5 for
Example 4.2.

different fractional orders and in both the linear and nonlinear cases, temporally and spatially. A further study requires
the investigation of the method in the presence of noise and non-smooth data for the inverse source problems of time
and space fractional wave equations.
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