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Abstract -

This study explores the numerical method for 1 — D singularly perturbed parabolic problems, influenced by
two distinct parameters affecting diffusion and convection. With discontinuous convection and source terms, the
solutions exhibit boundary and interior layers due to the perturbations and discontinuities. The time variable is
first discretized using the implicit Euler method on a uniform mesh, followed by spatial discretization of the semi-
discrete problems with a non-polynomial cubic spline incorporating an exponential fitting factor. The method is
shown to be first-order accurate and uniformly convergent. Its efficiency is demonstrated through four test cases,
yielding more accurate results than those reported in existing methods.
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1. INTRODUCTION

In many real mathematical models, the goal is to focus on key variables while ignoring those with minor effects
from a small parameter. A model influenced by small parameter is termed regularly or singularly perturbed. In sin-
gularly perturbed problems (SPPs), small parameters affect higher-order derivatives, reducing the order of differential
equations when set to zero. The reduced solution fails to meet boundary conditions, reflecting the multi-scale nature
of the solution. These regions, where the solution changes rapidly, are called layer regions. The existence and position
of boundary layers in reaction-convection-diffusion problems are dictated by the values of the parameters [2, 3, 21].
These layers develop at boundaries where substantial variations take place. Additionally, interior layers arise when
the coefficients, source term, or boundary conditions lack sufficient smoothness [6, 7, 10, 12].

Here, we consider parabolic reaction-convection-diffusion problems, incorporating two perturbation parameters that

are associated with discontinuous coefficients and source terms.
2

)= O (0,1) + e, 1) 2 1) — b, (e 1)~
c(z, ) (f&t) =w(z,1),(z,t) € Q- UQT,
w0,8) =9() in 9, u(l,t)=£&0t) i Q,
u(z,0) = ¢(x) n Qy, (1.1)
la] ()l < C, @] () <C,
a(z,t) < —a; <0, (x,t)eq,
(z,t) > az >0, (x,t)€QT,
b(x,t) > >0, c(z,t)>c>0.
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Here, 0<e < 1,0 < p < 1 are perturbation parameters. The domains are specified in Figure 1 as follows: = Q x
(0,7,Q- = Q= x(0,T],Q" =QF x (0,7],9 = Q\ Q, where 2 = (0,1),Q~ = (0,9),2" = (¢, 1) and the boundaries
are defined as Q; = {(0,#): 0 <t < T}, Q. = {(1,t) : 0< ¢t <T},Qp = Q, U, where, Q, = [0,¢] x {t =0} and
QF = [p,1] x {t =0}. We also denote M = Qp U U, and M* = {(p,t) : 0 <t < T}. The terms a(z,t), w(z,t)

(0,T) (@, T) (1,7)

(0,0) Q, (g0 Q; (1,0)

Ly

FIGURE 1. Domain Q = [0,1] x (0,T].

are smooth enough in (Q~ U Q") U and b(z,t),c(z,t) are continuous in Q. Both terms a(z,t) and w(z,t) have a
discontinuity at ¢ € §, symbolized by [¢](p,t) = [¢](p+,t) —[¢](¢—, t). If a(z,t) changes sign across the discontinuity,
a solution exists for convection-diffusion problems with discontinuous first derivative coefficient. The discontinuities in
convection and source terms generate interior layers on either side of the discontinuity at £ = ¢. The small diffusion
parameter causes two boundary layers in the outcome of Eq. (1.1) and the sign of a(x,t) and the ratio between diffusion
and the square of convection parameter determine the behavior of layers. Specifically, interior layers form on either
side of the discontinuity, and boundary layer widths are continuously influenced by these ratios.

Numerous numerical techniques have been developed for two-parameter singularly perturbed problems (TP-SPPs)
with smooth data [1, 5, 7, 8, 11, 14-18, 20, 22, 23]; however, in the case of non-smooth data, the numerical study
is restricted, and the methods for TP-SPPs with discontinuous data are still in the early stages of development.
Daba and Duressa [9] consider a computational technique for a class of SPPs with discontinuous coefficients involving
negative shifts. A first-order convergent scheme with a discontinuity in the source term was developed by Clavero et
al. [6] for TP-SPPs. In the case of Eq. (1.1), Chandru et al. [2] proposed the scheme that consists of an upwind
schemes in spatial and the backward Euler scheme in the temporal direction. Chandru [3] developed a parameter-
uniform numerical scheme for Eq. (1.1) on adaptive mesh. Kumar and Kumari [13] developed a nearly first-order
uniformly convergent scheme, combining the Crank-Nicolson scheme on a uniform temporal grid with an upwind
difference scheme applied to a specified Shishkin mesh. For a class of TP-SPPs with discontinuous convection and
source terms, Singh et al. [21] developed a spline-based numerical technique. The authors discretized the problem
using the Crank-Nicolson scheme for the time dimension and the trigonometric B-spline basis for the spatial dimension.

In this work, we examine a TP-SPPs reaction-convection-diffusion problem in 1 — D with discontinuous convection
coefficient and source terms. Only a few researchers, specifically [2, 3, 13, 21], have investigated the problem at hand.
In the context of TP-SPPs with discontinuous convection coefficients and source terms, a prominent gap exists in
the literature regarding the application of spline methods. Although spline methods have shown success in treating
TP-SPPs with smooth data (see [8, 15]), more research is needed to address discontinuous data types. In the context
of spline-based methods, this gap offers a chance to create an accurate numerical treatment to address the difficulties
caused by two perturbation parameters and discontinuous source terms. Inspired by the previously mentioned research,
we will examine TP-SPPs that contain non-smooth data in the source term and convection coefficient.

an
BE
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This study emphasizes a parameter-uniform numerical approach for TP-SPPs, where discontinuities in the source
term and convection coefficient within the domain lead to the formation of an interior layer, separate from the
boundary layers. The proposed method combines a non-polynomial cubic spline technique for spatial discretization
with the implicit Euler method for temporal discretization. To the best of our knowledge, there is limited research on
exponentially fitted methods for singularly perturbed parabolic problems with discontinuous convection coeflicients
and source terms. While many studies focus on smooth or piecewise continuous cases, the challenges posed by strong
singular perturbations and discontinuities remain largely unexplored. Unlike previous studies using piecewise uniform
Shishkin meshes, our novel approach employs a uniform mesh, achieving higher accuracy.

2. ANALYTICAL PROPERTIES OF CONTINUOUS PROBLEM
Here, we investigate the relevance of the bounds on derivatives, which are based on Eq. (1.1).
Lemma 2.1. Eq. (1.1) has a solution u(z,t) € C° (Q)NC* (Q)NC?*(Q~UQ™").
Proof. The proof is by construction (see [10]). Consider the function w;(x,t) and us(z,t), which satisfy, respectively,
the following SPDEs:
(eUize + parur, — buy — cuyy) (z,t) = w(x,t), (z,t) € Q~, and
(EUggs + pagua, — bug — cugy) (z,t) = w(z,t), (z,t) € QF,
where a1 (x,t),az(z,t) € C? (Q) are structured in a way that these extended functions fulfill:
ay(z,t) = a(z,t), (z,t) €Q7, ensuring aq(z,t)<0,(x,t) € Q,
as(z,t) = a(z,t), (z,t) € QT, ensuring ay(x,t) >0, (x,t) € Q.
Examine the functions

w(ot) = {m(m,t) + (u(0,t) — u1(0,1)) Zq (2, 8) + A1Za(z, 1), (2,t) € Q-

—
—

—
—

’U,Q(I‘,t) + AQEl(xvt) + (’U,(l,t) - u2(07 1)) Q(Iat)v (I7t) € QJr’

where E;(z,t), E2(x,t) are solutions of resulting TP-SPPs:

(EElaj:p + pa1E1, — b= — CElt) (.’E,t) = 0751(0,t) =1, El(l,t) =0, (37, 0) =0,

(6521-9; + ‘UCLQEQx - bEg - CEgt) (.T,t) = 0752(0,t) = 0, Eg(l,t) = 1, Eg(x, 0) =0.
Observe that u(x,t) satisfies Eq. (1.1) in Q= U Q" with two well-chosen constants Aj, Ag, so that u(x,t) € C1(Q).
On (0,1),0 < Eij(z,t) < 1,4 = 1,2 on Q [4, 10]. Thus, E;(x,t),Ea(x,t) are unable to reach extremum at interior
points of the domain, and as a result, =) (z,t) < 0,Z5(z,t) > 0, (x,t) € Q. Next, we apply u(p—,t) = u(p+,t) and
u (p—,t) = ul(<p—|—, t). Now, we require a relation for existence of Ay, As,
2(%07 t) _El(@a t)

—_
—
]
—_
—
—

O

The operator @, ,, of Eq. (1.1) satisfies the maximum principle on Q.

Lemma 2.2. (Comparison Principle) If § € CO(Q)n CcM(Q)n CP(Q~ u Q') such that F(0,t) > 0,F(z,0) >
0,§(1,) > 0, [3] (p,1) = [3] (ot t)— M (0, 1) > 0, and ., F(x,t) > 0,¥(z,t) € Q, then §(x,t) < 0,¥(z,t) € Q.

Proof. Suppose the function v defined on 9 is such that
F(x,t) =exp (—ap|z — ¢| /2¢) v(z,t), a=min{ag,as}.

We presume that v attains its peak value at (s,7) € Q and v(s,7) > 0. According to the maximum principle
assumption, (¢, 7) is either in (Q~ U Q™) or it is (¢,7) = (¢, 7). Thus, we have three scenarios to consider:
an
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(1) If (s, 7) € Q7, then

0%v ov o fa ov
_(—aap(e—s)/2¢) [ & 7Y ov 14”0 _ -
Pe (s, 7) =e <5 92 plar +a) 9z ( 9e ( + a) b> v C@t) (s,7) <0,

(2) If (¢,7) € QF, then

0%v ov asl? [ ov
—p(—azn(s—¢)/2¢) [ OV o LT e R _
D . 5(s,7) =e (581‘2 + ula a2)6x+ ( 5e ( 5 a) b> v C@t) (s,7) <0,

From step (1) and (2), we have a contradiction to the hypothesis that &, ,§(z,t) > 0, (z,t) € (Q~ UQT).
(3) If (¢,7) = (g, T), then we have

8‘3’ o aV (o5} + Qo
|:81‘:| (9077—) - |:6.T:| (Soa 7_) - < 2% ) I/(QD,T),
(¢, 7) < 0, which is also a

. o : . 0
and since, we assume that v attains its maximum at (¢, 7), it shows that [

Ox
contradiction.
O
Thus, we arrive at the following lemma, showing that the solution is stable.

Lemma 2.3. (Stability Result). The bounds for u(x,t) of Eq. (1.1) are as follows:

lullg < Cmax {[[0]lg, . [€llq,  I9llq, } + H% ntillg-ua+y (2.1)
where R = mm{ . }

@

Proof. See [2, 19] for the proof. O

Lemma 2.4. Let a = min{aj,as} and B = ming- o+ {%} For 1 < k4 2¢ < 3, then the solution u(z,t) of

Eq. (1.1) and its derivatives satisfy:
(1) If au® < Be, then

2

Ity C PR — i a9 di¢
< max{ flullg, Vo)’ , | ,
xRt || g— Lo+ — (VE) { 2 H%::O( dzioti z; dat || o, dtt ||, dtt |y,
(2) ap?® > Be, then
oty e 2\’ 2 g gt || N[\ ||dig v di¢
< = — a5 — || == — - - -
OxrIt || o— o+ ¢ (5) ( € ) max | [lullg ’H_;_:O pit2i+2 || 0xioed ||’ ; (u) dz' {5, il P a dti g, | |
where C' depends only on the coefficients and their derivatives.
Proof. See [2] for the proof. O

Corollary 2.5. Assuming initial data of Eq. (1.1) is sufficiently smooth, the solution’s second time derivative meets
the following bound [3]:

C, if ap? < Be,
HuttH(D*UQ*) = Cu*e™2, if au? > Be.
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3. DISCRETE PROBLEM AND NUMERICAL SCHEME
3.1. Temporal Discretization. This section presents a numerical scheme using the implicit Euler method to solve
Eq. (1.1). A uniform mesh QM = {t; = jk,j = 0(1)M,k = T/M} is created by dividing time interval into M equal
parts for a fixed T. Now, on Q¥ = (2~ U Q") x M Eq. (1.1) is semi-discretized as:

) ) ) ) j+1 ) ) j )
E(wa)J-Fl (33) 4 /LCLJ+1(£E) (Ux)]+l (.T) _ (bj+1($) + L]{(l‘)) UJ+1(;[) — wH'l(a:) _ #U](I),] — O(l)M _ 17
U 0) = O(tj41), U7 (1) = €(tj41),0 < j < M,
U°(x) = ¢(),z € Q, (3.1)
where U771 (z) is the approximation of u(z,t;41). Rewrite Eq. (3.1) as:
M U () = 2(z,tj41), 2 € Q¥, 0<j<M-—1,
UI1(0) = 9(t1),  UIH(1) = E(tjn), 0<j <M, (3.2)
U%(z) = ¢(x), T €Q,

where @2, (2) = 2 (Uaa) ™ (a0 ) (©) " (0 (6 0) + S ) 09910, a2 t2) = 94 (0)
c(z)
k
Lemma 3.1. (Mazimum principle in a semi-discrete form) Let §(z,t;11) be a smooth function that satisfies §(x,tj41) >
0 forx =0,1, [S'} (g tjp1) = S’I(Ler,tj_,_l) — S'(gaf,tﬂ_l) >0, and @?ﬁt&’(x,tj_‘_l) >0,Vz € (0,1), then §(z,tj41) <

0,Vz € [0,1].

UJ(z). The operator @é\ffu complies with semi-discrete maximum rule outlined below:

Proof. See [9] for the proof of this lemma. O

Lemma 3.2. Let ¢; 1 = U/ (x) — u(z,tj41) be the local truncation error( LTE) at (j + 1)th time step. Then
€41l < C(k?) for constant C. Moreover, if £ = u(x,t;) — U(x,t;) denotes the global error in the time direction.
Consequently, it can be concluded that

J
e
k=1
Lemma 3.3. Let U/t (z) be the solution of Eq. (3.2). Then

1€541ll e = =€l + -+ 1€l < CK).

. w
‘UJJrl(l‘)’ < max{|U(O,tj+1)| AU, t41) ,”ﬁn} , Vzelo,1]. (3.3)
Proof. Defining the barrier function as
E5(x,tj41) =W U (z), where W = max {|U(O,tj+1)| AU, t41)], ”Z”} .

Then, we have Z*(0,¢;41) > 0 and Z*(1,%;,1) > 0. Now, consider the two cases:
(1) For x € Q7 , i.e., z € [0, p], we have:
()

2,24 tg0) = - (V@) +

) Wt oM Uz, tj41) <0,

) J+1
since, (bJH(x) +Z k(x)) > 0.
(2) For z € QF, ie., x € [p, 1], we have:
_ . At (x
2,54 e ty0) = - (P90 + S
B8O
BE

) W+ oM Uz, tj41) <0,
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k

As a result of the preceding lemma, the desired conclusion is obtained O

) J+1
since, <b3+1(m) + CW)) > 0.

3.2. Spatial semi-discretization and non-polynomial cubic spline approach. We use a non-polynomial cubic
spline in the computational method outlined below to approximate Eq. (3.2). Let z9 = 0,zx = 1,x; = ih, where h is
the mesh length and N is the number of subintervals in the spatial domain. In (z;, z;41), the function A9+ (x,0) €
C?[0,1] interpolates U/t (z;) = U(x;,t;41) at the mesh points z;,7 = 0(1)N and depends on a parameter § > 0.
As 6 — 0, this function reduces to a cubic spline on [0,1], and is known as a parametric cubic spline function. In
(i, 2ig1), AT (z,0) = AT (z) satisfies the following differential equation:

dzAj+1($i) j+1 o Ti+1 — T d2Aj+1(.’L'Z‘)
£ g - (275) [E47

—x; d2_Aj+1 ; )
() e

+ 9Aj+1(xi)}
(3.4)

where A7 (z;) = U/t (x;) and § > 0 is called a compressed cubic spline. Solving Eq. (3.4) and finding the arbitrary
constants using interpolation conditions At (z,41) = UI+ (244), AT (2;) = UIH(2;) and after writing A = h0z:

; h? . Nz —x) . Mwip1 — )
J+1 - _ ) I\ . ATl )
AT (x) = SERTY {szﬂ sin < W ) + 9, sin ( 5 )}

h? T — T; A2 Tit1 — T A2 (3:5)
#3 |(5) (e oA o )+ (5577 (0 fo ).
Differentating Eq. (3.5) and letting  — x;, we have
Aj—H(.Ti—i—) Uj—H(J?H_l) - Uj—H(J?i) h T A |
= —|({1- M1 — (1 — Aecot \)M; |, 3.6
dz h e ( sin)\) 1= (L= Acot )| (3:6)
By analyzing the interval (z;_1, ;) and following the same steps, we obtain:
.Aj+1($i_) Uj+1($i) — Uj+1($i_1) h I A ]
= —la- —(1- - .
in 5 + 2 ( Acot \)I; ( sin)\> m; 1_ , (3.7)
By setting Eq. (3.6) equal to Eq. (3.7) at x;, we get
Uj+1($i) — Uj+1(xi_1) h A
2= Aeot N, — (1 .
W + 2 {( Acot A\ ( sin)\> Mm 1] .
Uj+1($i+1) — Uj+1(l‘i) h A ’
- (1= 2= (1 — .
W + 2 [( sin)\> M1 — (1 — Acot )\)Eml} ,
Next, Eq. (3.8) results in a tridiagonal system
h2 (MO + 220090, + MMy = U — 2077 + U7, (3.9)
1 1 d? ATt (x5 1
where A\ = 2 (ﬁ - 1) ,Ag = ﬁ(l — Acot A), M, = AdT(x) and A\; + Ay = 572’ = 1(1)N — 1. The continuity

condition provided by Eq. (3.9) guarantees the smoothness of the first-order derivatives of spline A’*!(z,0) at the
interior nodes. Eq. (3.2) at x = z4,¢ =4 — 1,4,7+ 1 can be expressed as:

CjJrl(fq)

eMy = —pa? T (2g) (Ua(g) ' + (bj“@q) L

) U )+ R, (3.10)

(&)
ENE
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where Rt (z,) = @it (z,) — %Uj(mq). Now, Eq. (3.10) at ¢ = 4,7 £ 1, becomes:

M, = —pa ) (U () +

P () + S ) U ) + R (),

x
My = el @) (Uali)) T+ (5 (i) + S ) U ) + R
. . C'+1 zi
EMipr = —pat (wign) (Ualwis)) ™ + (B9 (i) + S U (1) + RIF (3
Now, we apply finite difference approximation to approximate W in Eq. (3.11):
deJrl(m—l) ~ _Uzjill + 4Uij+1 - 3U1,Jj11
dx ) ) 2h ’
AUt (z) Uz]—tl Uzj+1
T o
de+1($71+1) 3U1]+1 — 4U] + U]
dz 2h
Now, using Eq. (3.12), Eq. (3.11) reduced to:
M, = ]+1UJ+1+ bj+1+ 1 U]+1_ QF;L ]+1Uljj-11_~_Rg+1’
3
593’(2’71 = |:2Z z+11 (b-7+ ):| U]+1 ZiagjllUi]—i_l + & J+1U7,]J:_11 +Rz+11,
3
Flrpa+l 2oLl oK i+l i 41 i+1
eMi1 = —Frai Uy + Faiq Uf { 57, G+l + (bj+1 + H)} ULy + R
By replacing Eq. (3.13) into Eq. (3.9), we obtain
_ .
e 3\ +1 A2 A g i+1 e i1
g g e el Gl T S )OI
2¢e 2)\1 j+1 2)\ J+1 2)\ b‘j+l C‘z+1 Uj+1
E—Tﬂaiq*‘T#zH*' Pt i
j+1
€ Ao A2 g 3M g Cf-s: j+1
+ ﬁ‘*‘ﬁ ai’y ﬁuag o Ha aiyy + M bj+1 + L Ui

_ c ¢!
= [l 4 20! a0 = 1U5 L 2Dt M

Upon multiplying the terms in Eq. (3.14) that contain € §(p), we obtain

[ams e

J+1 AQ J+1

i1
= R W T =a s
h2 2h ,ua + h - Ha 7 2huaz+1 + 1 1—1 + = k‘ i—1
26 2N 21 : At
+ [ f(g)g — =palty + S hpall 42X (bg“ el K
_dlpe | M 1 A2 g1 3M g CZLl +1
+ 2 + apH? al Fuaf oo M pally + M +1 L+ Ul

‘ J .
— -ttt - Sphot,

o [w{*} -Gy

1
)\ [ gil - k i+1
(=)=

—1)s
+1)-

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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It is necessary to evaluate the fitting factor d(p) so that the solution of Eq. (3.15) converges uniformly to Eq. (1.1).
At the moment, the three-term recurrence relation for Eq. (3.15) is written as:

PNMUItt = U + Uit + UL =
U 0) = 99tH0), UT1) =gt (1), 0<j< M, (3.16)
Uzo = ¢(‘rl)a HAS [07 1}’

i=1(1)N —1,j = 1(1)M — 1, where

5 3\ A M b1
y =20 D+ el - St e (0 4 5
26 2 2) TR
9 = ]gg’)s - el + Sl tl +2x (b7 + S ), )
d(pe A\ 1 Az i1 3A ki '
2j+ = - h2 + %‘U; ] ﬁ a‘z - 2h Iu’ 'Z—f—l + )\1 bj.l,-l + + )
= - [l = GRUL] - [wl - 0] - [l - o).

The points on the line (zx/2,t;41) are found in the region MNE = M* N QY as shown in Figure 1. To tackle the
discontinuity point (a: N/25 tj_H) = (¢, tj+1), we used a second order hybrid difference operator as:
R UL, U —sugt g, o Ul ; _
on T F 2h 2h ' '
Tri-diagonal systems, when combined with exponential fitting factors, have been shown to provide uniform convergence,
which is critical for accurately capturing sharp gradients and discontinuities.

3.3. Determining the fitting factor. To ensure that Eq. (3.16) uniformly converges to the solution of Eq. (1.1), it
is essential to determine the fitting factor d(p). Given that the fitting factor is time-independent, Eq. (3.15) can be
reformulated to solve for §(p) in Eq. (3.16).

5 : ; 3 A A ot
_ (hpQ)E [Uijj_ll _2Ul_j+1 _i_Ul]_:-ll} 2hl ]-‘rl + h2'u z-‘rl QhMagi-ll N (bz-_i—ll + ]; Uzj+11
2\ 1 2M1 1, at j+1
+ _T“ ol ')+ S pally + 22 0]+ || U (3.19)
A Ao 3\ i ;
+ | gpuaitt - rualtt - Jrualli + M (bjﬂ + = || UL =
By multiplying both sides of Eq. (3.19) by h and considering }llin%) , we obtain:
—
5 , .
—(pp) (U =207+ UJET | + pao O + 20 U1 = U] =0, (3.20)

where p = h/e. When the boundary layer is on the left side of the domain, from the theory of singular perturbation
[23], the solution of Eq. (3.2) is of the form:

Ut (z) = U3 () + @ "1(0) (193'+1(0) - U3+1(0)> e<_ fs <_ MTM)“)

() (3.21)

)

where Ug +1(m) is a solution of the reduced problem of Eq. (3.2). By truncating the Taylor series expansion of a/1(x)
to its first term around xz = 0 and then taking the limit as h — 0, we end up with:

lim U/ (ih) = U1 (0) + (w'“(O) - Ug+1(o)) (=" On(2=ir)) 4 O(e). (3.22)

h—0
an
(o] < |
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Substituting Eq. (3.22) into Eq. (3.20) and simplifying provides the fitting factor as:

) Jj+1
8o(p) = pu(M1 + Ag)a? ™1 (0) coth (M) . (3.23)
When a boundary layer develops along the right boundary of the region, the outcome is:
] uzj+1(:c)
i+1.\ _ i+l @t (1) (i j+1 S e L
U @) = U @)+ S (gﬂ (1) - U (1)) e( ( ) ) (3.24)

By applying Taylor series expansion to a’*!(x) and limiting it to the first term about # = 1 in Eq. (3.24), while also
considering the limit as h — 0, we arrive at :

lim U9H1(iR) = U371 (1) + (6741(1) - U (1)) e 0u2=0) 4 0(e), (3.25)
—
After making adjustments and substituting Eq. (3.25) into Eq (3.20), we obtain
) JtL(N
81(p) = pp(Mi + Ag)a? (V) coth ("’““2(>> . (3.26)

Consequently, a variable fitting factor with discontinuous convection coefficient a(z,t) is obtained from the data in
Egs. (3.26), (3.23) and is given as

pu(A1 + A2)al T (i) coth M , if0<i<N/2
O0(p) = 1 pradt (@Y , (3.27)
pi(A1 + A2)ad ™ (i) coth (f) , ifN/2<i<N.

4. CONVERGENCE ANALYSIS

Before presenting the main results regarding the convergence of the suggested scheme, we outline some essential
properties satisfied by @Q’ LM .

Lemma 4.1. (Discrete Comparison Principle) Let W{H be a comparison function such that if Ug+1 < Wg“ and
UL < Wi, then o MUTH < 9N MWIH! § = 1(1)N — 1 implies that U™ < Wit i = 0(1)N.

Proof. The matrix @ghMUgH has a size of (N+1) x (N+1) with its entries for ¢ = 1(1) N —1 which are 9~ < 0,9 > 0,
and 9T < 0. As a result, the coefficient matrix meets the M-matrix criteria, ensuring the existence of a positive inverse
matrix. This confirms both the existence and uniqueness of the discrete solution. O

Lemma 4.2. At (j+1)th time level, the solution U™ of Eq. (1.1) fulfills the estimate provided below and is bounded.

‘ N,M _j+1H
. £,1L %
o] = e ma {1001 € )} (4.1)
where K = min{%, fi—iﬂ}
Jozitoi|
€, 7
Proof. Let D = ! A + max {|9(¢;+1)], [€(¢j+1)|} and define barrier function as
(o) =p Uit (4.2)
The discrete function (QH:){Jr1 on the boundaries:
. 22w
U0, tj41) =D+ I(tj41) = A +max {|[0(t;41)], [€(ti+1)[} £ I(Eja) >0,
4.3
‘ @N,MUJ‘HH (43)
€,1L i
TH(Ltj) =D E(tjn) = T Tmax {0l €)1} £ () 20,

(=)=
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and on the discretized domain, we have

&1 1+1
=+ +VT)D+H] (4.4)
=28(M\ 4+ A) D+ >0,

PN M (mi)zﬂ D+ Uij—&-l — 9 (D 4 Ug:l) + e (]D) + Uij+1) + 9t (IDH: Uj+1)

. j+1
where § = max (b{ gy c{k ) for [ = 4,4+ 1. Lemma 4.1 provides an immediate proof. Consequently, the method

maintains uniform stability in the maximum norm. O

Consistent convergence of the discrete scheme in Eq. (3.16) with respect to the parameter can be evaluated by
examining the LTE.

Lemma 4.3. The discrete solution adheres to the subsequent error bound:
HUjH(xi) - Ug+1H < Ch2. (4.5)

Proof. The LTE in space discretization is given as:

Uit —ouitt + UL 4 : —3U* +aui Tt — Uit} .
LTE =8(p)e | ———— 57— = (Uaa)]™' | +alN — - (U
. Uit _pitl , , Uit _agitt 4ogyitt , (4.6)
+20] g | TS - (U] el | - (U |
Using Taylor’s expansion of the terms Uﬁ_rll and Uijfll, we have:
1 _ il 1 2 1, M 41, bt i+
With Eq. (4.7) substituted into Eq. (4.6), we now have
- 96«;—1213%{11‘+1 12 vrewli mi—lrélggmi+1 3 i ' ’
Using J = pu(A1 + A2)a?T1(4) coth (%ﬂ(’)) in Eq. (4.8) where p = h/e, we have:
- Aoal 1 h2 4
S P S
Tel < max [IR02|Unre) || 4 max | T | (U]
Agad TLR2 . (4.9)
< max | P |(U)] T | 4O O, i =11)N - 1.
Ti—153TXTq41

As a result, the stability estimate of the scheme is implied, and the boundedness of the L7 € in the spatial discretization
is guaranteed. Now, Eq. (3.16) can be written as:

{5(}?5 +1D1] Ut ¢ [25(;2)6 +ﬁ:| Uit 4 {5(hp2)5 Jréi] Ui];:rll X+ LTE =0, (4.10)
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where
_ 3)\1 41 Az i1 AL g i+1 ot
W; = —— 2h ] +W z 2h z+1 +>\ bj; + kl 5
- 2\ 21 ; Rasl
fi=-"2 3+1+— altl +2X (b?+1+ G )
)\1 h +1 )\2 h'+1 3)\ i+1 (411)
= j j J i+ ;
Ci = gpitioy T G HaT T g Hai T (b 41 +1> ’
X=X\ [wg_} - CiklUg_l] + 2% [wl] - SUf] + 0 {w{j} - Ug;l} .
By imposing boundary conditions on Eq. (4.10), we can write in matrix form as:
S+NU+K+LTE =0, (4.12)
) ] ) _
where S = trid |— (hp2)€72 (hPZ)E,— (hpQ)E I = trid [w;, f;,&] are (N — 1) x (N — 1) tridiagonal matrices, K =
5(p)e , 5(p 4 . AT
[361 + [— (hpQ) +w1} Ot XKoo XN o, N1+ [ (hQ) +en_ }sgﬁ], and U = |UJT . UL, |, are compo-
nent vectors of Eq. (4.12). Let U= {U{H,ﬁgﬂ, ...,ﬁjl\;rjl} = U satisfy the following expression:
[S+IU+ K =0. (4.13)
Subtracting Eq. (4.12) from Eq. (4.13), we obtain:
S+ E=LTE;, (4.14)

where E = U—U = [¢1, &2, ...,enx—1]" is the discretization error. Let ’ag+1| < (i, |bg+1‘ < Cy and |c§+1’ <Cs,5=1,i+l,
where Cq,Ca,Cs are positive constants. Multiplying Eq. (4.10) by h and let #;; be the (i, j)th element of the matrix I,
then for i = 1(1)NV — 1:

C: ,
Liit1] = 6] < —pC1 (A1 4+ A1) + Ay <Cg + l;) , i=1(1)N -2,
o (4.15)
|Liji—1| = ;] < pCy (A + A1) + hA <cg + k?’) i=2(1)N —1.
Thus, for adequately small h, i.e., as h — 0, we obtain:
5(p)

+ Lisa #0, i=1(1)N -2,
5(/;)) (4.16)
_7+|Hi,i—1| #0, i=2(1)N-1, p=h/e.

Let the matrix (S + I) has £; as the sum of its i—th row elements, we get:

3n DY .
Z R, = el = dopadt + Sualll b (2287 + M8 i =1,
= Z Rij = h (Alﬂﬁﬂ + 2008 4 MBI ) + O = T+ O(?), i = 21)N ~ 2, (4.17)
m=2
— i(p) M 1 1, 3M 1 1 1
LN = ZRNA,J‘ = P 5 M al T 4 Aopal T 4 5 Ha 511 —l—h()\lﬁj+ + 2287 ),i:N—l,
m=1

where /1! = (bg“ + ot /k). The matrix (S +I) is irreducible if the matrix satisfies Eq. (4.16) [9, 22, 23]. The
matrix (S + I) is monotone for sufficiently small h. Hence, (S + 1)~ " exist and (S +1)~" > 0. We obtain from Eq. (4.14)

(=)=
E)NE
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that:
E=[S+1 " LTE,. (4.18)
Eq. (4.18) can be expressed as follows by using the matrix norm
IE) < |s+17"| c7e. (4.19)
Assume that the (m,n)th elements of (S+1)"" are #,,,, and we define ‘ (f');nln = maxi<m<nN-1 Zf;f (f);nln .
Given that (7),, , > 0, we can derive:
N-1 N-1 1 1
P = 1 = P < — < 57—, =1(1)N - 1. 4.20
> i St S e ST o & (4.20)
Thus, from Egs. (4.10), (4.19), (4.20), and (4.9), we obtain:
N-1
O(h?
Ei= > tmalTE < M m=1(1)N — 1. (4.21)
n=1 ﬁg—i_l
For this reason, |E|| < O(h?), indicating that the method exhibits second-order convergence in the spatial direction
during the semi-discretization process. (|

Theorem 4.4. Let u(x,t) and UZ-H'1 be solution of Eq. (1.1) and the approzimate solution Eq. (3.16), respectively.
Next, we have the fully discrete scheme error estimate which is given by

itisn) — ?“H <O (k+h?). 422

N CR R BE Gy (122)

Proof. The desired estimate, possessing first-order accuracy in time and second-order accuracy in space, is obtained
by combining Lemma 3.2 with Lemma 4.3. ]

5. EXAMPLE PROBLEMS AND NUMERICAL FINDINGS

We perform several tests using the recommended numerical method to solve various examples, thereby supporting
the proposed theory. We determine the maximum pointwise error and convergence rate using the double mesh method
[23]. The maximum error (EY ;LM ) is given as:

[ N,M 2N,2M
ENM = max UMM —UZTHM. (5.1)
hu‘ 0§l,]§N7M 7.7 7.7

Here, Ui]j]j’M represents the numerical solution obtained employing the suggested method on a uniform mesh. To
[2N.2M
0,J
defined intervals in both spatial and temporal directions [8, 15]. Rate of convergence (
log (BN /E22 )

N.M _
R ) . (5.2)

We examine four distinct cases to demonstrate the characteristics of layer phenomena for all possible signs variation
between a(z,t) and w(z,t).

compute , additionl intervals are introduced by doubling N and M and selecting the midpoints of all previously

mN,M

o) s given as:

Example 5.1. In this problem, we take = (0,1) and ¢ = 0.5 [3, 21].

2
28 a2 — (14 eryu— L = (), (n,1) € - LAY,
0x? ox ot
u(0,)=0 on £;, u(l,t)=0 on Q, (5.3)

w(z,0)=0 on £y,

(&)
ENE
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%1073

Numerical solution

Numerical solution

0.5

0.5 :
Time 11 Space Time 1 1 Space

(a)e=2"%pu=1. (b) e =2712 p=2712,

FIGURE 2. The numerical solution profile for Example 5.1.

—@+x—xﬂ,(%wen—,Zﬂz):{—%u+xﬂ,(%weﬂi

h =
e a(x’t) {(1+1'—$2)7 (Ivt) 6977 2t (1—|—$2), (Ib,t) €qQ.

Example 5.2. Consider the second test problem with non-smooth data [2].
2
O e, )0 (1 e~ O = (1), (a,0) € 2 LAY,
w(0,t) =0 on Q;, wu(l,t)=0 on £9Q,
u(z,0) =0 on Qp,

(x+2), 0<z<0.5, (1) = t2x+1), 0<z<0.5,
—(2z+3), 05<z<1, ' —t(3z+4), 05<z<I1.

where a(x,t) = {

Example 5.3. Let us take Eq. (1.1) and its coefficients to be [2]

—(14et), 0<z <05, (" =1)(1+at), 0<a<05,
a(z,t) = w(z,t) =

2+z+t), 05<a<l, —t2(2+2), 05 <z <1,
b(x,t) =2+ at,c(,t) =1, «(0,t) =0=wu(l,t), and u(x,0) = 0.

Example 5.4. Let us take Eq. (1.1) and its coefficients to be [2]
1+a—a° - t_1)(1 -
a(x,t): ( +$ €T +t)7 (x)f")e}3 I w(m,t): (6 )( +J?), (x7t)€D )
7(1#‘31‘15), (.T,t)€53+7 t(I*2), (x,t)€Q+,
bz, t) =14+x+t,c(x,t) =1, u(0,t) =0=u(l,t), and u(z,0) = 0.

The EEI\Z;M and 9%?’ hM for Examples 5.1-5.4 are displayed in Tables 1-4 using various values of €, u. Notably, in
every example, there is an abrupt change in the neighborhood of x = 0.5 due to discontinuities in the convection
coefficients and source terms. In Tables 1 and 4, we analyze a constant p while adjusting e, demonstrating results
that exhibit nearly first-order uniform convergence. We take a fixed value of ¢ and vary u to present almost first-order
uniformly convergent results in Tables 2 and 3. The numerical results in these four tables support our theoretical
assertions that the suggested scheme yields uniform outcomes in both scenarios. The tables show that, in both cases,
for fixed N, M, the maximum point-wise error is constant at a given small € or . This demonstrates that the approach
is independent of € and p. Table 5 compares numerical results to those given in [2, 3], by fixing or varying € or p.

(=)=
E)NE
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TABLE 1. Computed Eé\’[ﬁM and %QLM when p = 27% for Example 5.1.

Mesh points count: N equals M

el 16 32 64 128 256 512

20 1.9460e — 02 1.4727¢ — 02 9.8114e — 03 5.7649¢ — 03 3.1369¢ — 03 1.6573e — 03
4.0205e — 01 5.8593e — 01 7.6716e — 01 8.7796e — 01 9.2050e — 01 —

272 3.7203e — 02 2.2243e — 02 1.2298e¢ — 02 6.5594e — 03 3.4347e — 03 1.7763e — 03
7.4207e — 01 8.5493e — 01 9.0679¢ — 01 9.3338¢ — 01 9.5131e — 01 -

274 4.4987e — 02 2.5013e — 02 1.3410e — 02 7.0215e — 03 3.6197e — 03 1.8487e — 03
8.4683e — 01 8.9937e — 01 9.3346e — 01 9.5591e — 01 9.6936e — 01 —

276 4.8237¢ — 02 2.6584e — 02 1.4097e¢ — 02 7.2966e — 03 3.7278e — 03 1.8907e — 03
8.5958e — 01 9.1517e — 01 9.5009e — 01 9.6890e — 01  9.7940e — 01 —

278 4.9256e — 02 2.7424e — 02 1.4433e — 02 7.4428e¢ — 03 3.7896e — 03 1.9143e — 03
8.4486e — 01 9.2607e — 01 9.5545e — 01 9.7380e — 01 9.8523e — 01 —

2710 4.9365e — 02 2.7629e — 02 1.4632e — 02 7.5114e — 03 3.8199e¢ — 03 1.9262e — 03
8.3731le — 01 9.1706e — 01 9.6197e — 01 9.7555e¢ — 01 9.8778e — 01 —

2712 4.9368e — 02 2.7644e — 02 1.4667e — 02 7.5563e — 03 3.8304e — 03 1.9329e — 03
8.3661le — 01 9.1439e — 01 9.5682e — 01 9.8018e — 01 9.8673e — 01 —

P 4.9368e — 02 2.7644e — 02 1.4668e — 02 7.5606e — 03 3.8387e — 03 1.9341e — 03
8.3661e — 01 9.1439e — 01 9.5682e — 01 9.8018e — 01 9.8896e — 01 —

2716 4.9368e — 02 2.7644e — 02 1.4668e — 02 7.5606e — 03 3.8390e — 03 1.9344e — 03
8.3661le — 01 9.1439e — 01 9.5682e — 01 9.8018e — 01 9.8884e — 01 —

2730 4.9368e — 02 2.7644e — 02 1.4668e — 02 7.5606e — 03 3.8390e — 03 1.9344e — 03
8.3661le — 01 9.1439e — 01 9.5682e¢ — 01 9.8018e — 01 9.8884e — 01 —

EQ’;LM 4.9368e — 02 2.7644e — 02 1.4668e — 02 7.5606e — 03 3.8390e — 03 1.9344e — 03

%Q;LM 8.3661le — 01 9.1439¢ — 01 9.5682e¢ — 01 9.8018e — 01 9.8884e — 01 -

Numerical solution

0.5

Space

o 1

a)e=2"% u=2"2
(a) JZ

Time

Numerical solution Ufxt)

Space

0.5

Time

(b) e =2712 p =2718,

FI1GURE 3. The numerical solution profile for Example 5.2.

1903

This comparison reveals that, when evaluated against existing studies in the literature, the proposed approach yields
a more accurate solution. Every result shown in the tables was obtained by setting N = M.

The solution profiles in the form of surface-contour plots are provided in Figures 2-5 for Examples 5.1-5.4 respec-
tively to illustrate how the gradient of solution steepens at the point of discontinuity when € or pu decreases. Due to

(&)
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TABLE 2. Computed EN’é\;’LMand SQQLM for e = 2712 for Example 5.2.

For equal values of mesh points:N = M

wl 16 32 64 128 256 512

20 8.1573e — 02 4.8402¢ — 02 2.5717e — 02 1.3251e — 02 6.7289¢ — 03  3.3910e — 03
7.5303e — 01 9.1234e — 01 9.5662e — 01 9.7766e — 01  9.8866¢ — 01 -

272 9.2766e — 02 5.0196e — 02 2.617le — 02 1.3372¢ — 02 6.760le — 03 3.3988¢ — 03
8.8602¢ — 01 9.3960e — 01 9.6875e — 01 9.8410e — 01  9.9202e — 01 -

24 9.4033¢ — 02 5.0576e — 02 2.6278¢ — 02 1.3400e — 02 6.7563¢ — 03  3.3970e — 03
8.9471e — 01 9.4460e — 01 9.7162¢ — 01 9.8793e¢ — 01 9.9197e — 01 -

276 0.4376e — 02 5.0684e — 02 2.6295e — 02 1.3365e — 02 6.7555e — 03  3.3952e — 03
8.9689¢ — 01 9.4674e — 01 9.7633e — 01 9.8433e — 01  9.9257e¢ — 01 -

28 9.4453¢ — 02  5.0624e — 02 2.6150e — 02 1.3364e — 02 6.7506e — 03  3.3949¢ — 03
8.9978¢ — 01 9.5301e — 01 9.6846e — 01 9.8526e — 01 9.9165e — 01 -

2710 9.4309e — 02 5.0443e — 02 2.6151e — 02 1.3363e¢ — 02 6.7486e — 03  3.3948¢ — 03
9.0274e — 01 9.4779¢ — 01 9.6862¢ — 01 9.8558¢ — 01  9.9126e — 01 -

2712 9.4194e — 02 5.0368¢ — 02 2.615le — 02 1.3363e¢ — 02 6.7480e — 03 3.3947e¢ — 03
9.0313¢ — 01 9.4564e — 01 9.6862¢ — 01 9.857le — 01 9.9118e¢ — 01 -

2714 9.4158¢ — 02 5.0347¢ — 02 2.6151e — 02 1.3362e — 02 6.7478¢ — 03  3.3947e¢ — 03
9.0318¢ — 01 9.4504e — 01 9.6873e — 01 9.8565e¢ — 01 9.9113e — 01 -

2716 9.4148¢ — 02 5.0342¢ — 02 2.615le — 02 1.3362e — 02 6.7478¢ — 03 3.3947e¢ — 03
9.0317¢ — 01 9.4490e — 01 9.6873¢ — 01 9.8565¢ — 01 9.9113e — 01 -

2718 9.4145¢ — 02 5.0340e — 02 2.615le — 02 1.3362e — 02 6.7478¢ — 03  3.3947e¢ — 03
9.0319¢ — 01 9.4484e — 01 9.6873¢ — 01 9.8565¢ — 01 9.9113e — 01 -

2724 9.4145¢ — 02 5.0340e — 02 2.6151e — 02 1.3362e — 02 6.7478¢ — 03 3.3947e¢ — 03
9.0318¢ — 01 9.4484e — 01 9.6873e — 01 9.8565e — 01 9.9113e — 01 -

EN:M9.4453¢ — 02 5.0684e — 02 2.6295¢ — 02 1.3400e — 02 6.7601e — 03  3.3988e — 03

RYM 8.9807e — 01  9.4674e — 01  9.7256e — 01  9.8712e — 01  9.9202¢ — 01 -

Numerical Solution U(x,t)

FIGURE 4. Surface-contour plots for Example 5.3.
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TABLE 3. Computed EN M and ERN M with ¢ = 278 for Example 5.3.

N=M

Wl 16 32 64 128 256 512

20 3.7484e — 02  2.0606e — 02 1.0889¢ — 02 5.6228¢ — 03 2.8631e — 03 1.4459¢ — 03
8.6321e —01 9.2019¢ — 01 9.535le — 01 9.737le — 01 9.8561le — 01 —

272 4.0906e — 02  2.1744e — 02 1.1240e — 02 5.7237¢ — 03 2.8898¢ — 03  1.4522¢ — 03
9.1170e — 01  9.5198¢ — 01 9.7362e — 01 9.8598¢ — 01 9.9273e — 01 -

24 4.2102¢ — 02 2.2153¢ — 02 1.1342e — 02 5.7474e — 03 2.8948¢ — 03  1.4535e — 03
9.2639¢ — 01  9.6583e — 01 9.8069¢ — 01 9.8945¢ — 01 9.9393¢ — 01 -

276 4.2736e — 02 2.2209¢ — 02 1.1373¢ — 02 5.7531e — 03 2.8960e — 03 1.4537e — 03
9.4431e — 01  9.6553¢ — 01 9.8320e — 01 9.9028¢ — 01  9.9433e — 01 —

28 4.2794e — 02 2.2266e — 02 1.1378¢ — 02 5.7547¢ — 03  2.8962¢ — 03 1.4538¢ — 03
9.4257e — 01  9.6860e — 01 9.8343e — 01 9.9058¢ — 01  9.9433e — 01 -

2710 42802e — 02 2.2277e — 02 1.1380e — 02 5.7550e — 03 2.8963¢ — 03 1.4538¢ — 03
9.4212¢ — 011  9.6905¢ — 01 9.8361le — 01 9.9060e — 01 9.9438¢ — 01 -

212 4.2804e — 02  2.2280e — 02 1.1380e — 02 5.755le — 03 2.8963e — 03 1.4538e — 03
9.4200e — 01  9.6925¢ — 01 9.8359¢ — 01 9.9063e — 01  9.9438e — 01 —

2714 42804e — 02 2.2281e — 02 1.1380e — 02 5.7551e — 03 2.8963e¢ — 03 1.4538¢ — 03
0.4193¢ — 01  9.6931le — 01 9.8359¢ — 01 9.9063e — 01 9.9438e — 01 -

27 42804e — 02 2.2281e — 02 1.1380e — 02 5.755le — 03 2.8963¢ — 03 1.4538¢ — 03
0.4193¢ —01  9.6931le — 01 9.8359¢ — 01 9.9063e — 01 9.9438¢ — 01 -

ENM 4.2804e — 02 2.2281e — 02 1.1380e — 02 5.755le — 03  2.8963¢ — 03 1.4538¢ — 03

9%5;}” 9.4193e — 01  9.6931le — 01 9.8359¢ — 01 9.9063e¢ — 01 9.9438¢ — 01 -

%1073

Numerical Solution

0.6 0.4

Time

(a) e=1,u=275.

X

2

(=]
o

Numerical Solution

Space

(b) e = 2716, = 2716,

FIGURE 5. Surface plots for Example 5.4.
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the occurrence of ¢, and discontinuous data in the convection and source terms, the surface plots of the numerical

solution show the presence of layers(both boundary and interior).
decrease 1 or € (see Figures 2(a), 3(a),

4(a), and 5(a)).

We notice a decrement in the layer width as we
The line plots for Examples 5.1-5.4 at various time steps

while maintaining N = 128 = M are represented in Figures 7-10, which show that the maximum error occurs near
the boundary and interior layer regions. The observation of a sharper layer as we decrease the values of € and p is

(&)
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TABLE 4. Computed E’g;LM and ERQILM for 1 = 2719 and various values of ¢ for Example 5.4.
For equal mesh points in both directions
el 16 32 64 128 256 512
20 1.1487e — 02 1.0042e — 02 6.8505¢ — 03 3.9935¢ — 03 2.1448e — 03 1.1189e — 03
1.9396e — 01 5.5177e¢ — 01 7.7856e — 01 8.9681le — 01 9.3876e — 01 -
272 2.5450e — 02 1.5559e — 02 8.4794e — 03 4.4495e — 03 2.3003e — 03 1.1781e — 03
7.0992e — 01 8.7572e — 01 9.3032e — 01 9.5182e — 01 9.6536e — 01 -
24 3.2209¢ — 02 1.7363e — 02 9.0907¢ — 03 4.6828e¢ — 03 2.3901le — 03 1.2124e — 03
8.9145e — 01 9.3355e — 01 9.5702¢ — 01 9.7030e — 01 9.7921e — 01 -
26 3.4363¢ — 02 1.8239¢ — 02 9.4273e¢ — 03 4.8172e¢ — 03 2.4416e — 03 1.2317e — 03
9.1383e — 01 9.5211e — 01 9.6865¢ — 01 9.8037e — 01 9.8718e¢ — 01 -
278 3.5276e — 02 1.8709e — 02 9.6213e — 03 4.8915e — 03 2.4692e¢ — 03 1.2425e — 03
9.1495¢ — 01  9.5943e — 01 9.7595e¢ — 01  9.8623e — 01 9.9080e¢ — 01 —
210 3.5937¢ — 02 1.8866e — 02 9.7252¢ — 03 4.9261le — 03 2.4834e — 03 1.2481e — 03
9.2968¢ — 01  9.5599e — 01 9.8128¢ — 01 9.8813e — 01 9.9258e — 01 -
912 3.6573¢ — 02 1.9011e — 02 9.7482¢ — 03 4.9507e — 03 2.4904e — 03 1.2512e — 03
9.4394e — 01 9.6363e — 01 9.7750e — 01 9.9126e — 01 9.9307¢ — 01 -
271 3.672le — 02 1.9177e — 02 9.7742e — 03 4.9538¢ — 03  2.4966e — 03  1.2526e — 03
9.3723¢ — 01 9.7233e — 01 9.8044e¢ — 01 9.8857e — 01 9.9504¢ — 01 —
216 3.6735¢ — 02 1.9207e — 02 9.8141le — 03 4.9548e — 03 2.4970e — 03 1.2534e — 03
9.3552e — 01  9.6870e — 01 9.8603e — 01 9.8863e — 01 9.9435¢ — 01 -
918 3.6735¢ — 02 1.9208e — 02 9.8180e — 03 4.9627e — 03 2.4969¢ — 03 1.2535e — 03
9.3545¢ — 01  9.6821e — 01 9.8430e — 01 9.9099¢ — 01 9.9418¢ — 01 -
2-24 3.6735e — 02 1.9208¢ — 02 9.8180e — 03 4.9629e¢ — 03 2.4969e — 03 1.2535e — 03
9.3545¢ — 01  9.6821e — 01 9.8425e¢ — 01 9.9105e — 01 9.9418e — 01 -
é\,’;‘M 3.6735¢ — 02 1.9208e — 02 9.8180e — 03 4.9629¢ — 03 2.4969¢ — 03 1.2535e — 03
RYM9.3545¢ — 01 9.6821e — 01 9.8425¢ — 01  9.9105¢ — 01  9.9418¢ — 01 -
x107
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g Z
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(a) Source term is w(z,t) = (e! — 1) (1 + ). (b) Source term is w(z,t) = t(xz — 2).
FIGURE 6. Numerical solution for Example 5.4 with e = 2716 and p =271 .
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F1GURE 9. Line plots for Example 5.3 at different time-levels.
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F1GURE 10. Line plots for Example 5.4 at different time-levels.
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F1GURE 11. The Loglog plot of maximum absolute error.
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Numerical Error
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TABLE 5. Comparison of Eé\’[ﬁM and %QLM for Example 5.1-5.4.

(N=M)— 64 128 256 512
Present Method for Example 5.1

ENM 1.4668¢ — 02 7.5606e — 03  3.8390e — 03  1.9344e — 03
RrNM 9.5682¢ — 01 9.8018¢ — 01  9.8884e — 01 —
Result in [3]( Upwind scheme on piecewise uniform mesh)

ENM 8.2743e —2  5.273le—2  3.0348¢ —2  1.647e —2
RNM 6.4997¢ — 01 7.9705¢ — 01  8.8105¢ — 01 -
Present Method for Example 5.2

ENM 2.6295¢ — 02  1.3400e — 02  6.7601le — 03  3.3988¢ — 03
RrNM 9.7256e — 01  9.8712e — 01 9.9202e — 01 -
Result in [2]( Upwind scheme on piecewise uniform mesh)

ENM 2.3788¢ — 02 1.8358¢ — 02 1.2613e — 02 8.0788¢ — 03
RNM 3.738le — 01 5.415le — 01  6.4270e — 01 -
Present Method for Example 5.3

ENM 1.1380e — 02 5.755le —03  2.8963e — 03  1.4538e — 03
RrYM 9.8359¢ — 01  9.9063e — 01  9.9438¢ — 01 -
Result in [2]( Upwind scheme on piecewise uniform mesh)

ENM 1.3387¢ — 02 1.1631e — 02 8.6796e — 03  5.8905¢ — 03
RrNM 2.0280e — 01  4.2236e — 01 5.5922e — 01 -
Present Method for Example 5.4

ENM 9.8180e — 03  4.9629¢ — 03  2.4969¢ — 03  1.2535¢ — 03
RYM 9.8425¢ — 01 9.9105e — 01  9.9418¢ — 01 -
Result in [2]( Upwind scheme on piecewise uniform mesh)

ENM 2.1843¢ — 02 1.7869¢ — 02 1.2829¢ — 02  7.8367¢ — 03
RNM 2.8973¢ — 01 4.7804e — 01  7.1108e — 01 —

(a) N=M =128,e =218 =278,
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F1GURE 13. Numerical error corresponding to Examples 5.2 and 5.4, respectively.

confirmed, which helps us understand the influence of parameter values and how they affect the formation of layers.
All line plots and surface plots were created for fixed values of N = M = 128.

Based on the research conducted by O’Riordan and Shishkin [19], it was found that the solution may contain an
interior layer solely when the discontinuity is present in the convection coeflicient (co(z,t)) is discontinuous. This
numerical insight is crucial in understanding the behavior of solutions in the presence of discontinuities. It is evident

(&)
ENE
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FIGURE 14. Numerical error for Examples 5.2 and 5.4, respectively.

from Figure 6 that the solution might only contain the boundary layers if the discontinuity is in the convection
coefficient alone (w(z,t) is smooth. The discontinuous source functions in Example 5.4 are replaced with smooth
functions w(x,t) = (e — 1) (1 + x) and w(z,t) = t(x — 2), respectively, to obtain Figures 6(a) and 6(b). For the
modified examples, the solution surface plot in Figure 6 shows only the right and left boundary layers. In this
context, the discontinuity in convection coefficient may only cause a shift in the layer within the solution. Despite the
discontinuities in the convection coefficient, the interior layer phenomena might not manifest if the source functions are
considered smooth. Surface plots of the error provide a clear depiction of the solution’s behavior across the spatial and
temporal domains, particularly in regions where sharp gradients or boundary layers occur. Figures 13(a) and 13(b)
show the surface error plots for Examples 5.2 and 5.4, illustrating that the highest errors occur near the boundary
and interior regions, as indicated by the prominent spikes. Similarly, Figures 14(a) and 14(b) present the line error
plots for the same examples, confirming that the maximum errors are concentrated in these regions. Furthermore, to
illustrate the practical validity of the expected rate of convergence, we have presented the error plots on a log-log scale
in Figures 11 and 12, corresponding to Examples 5.1-5.4, respectively.

6. CONCLUSION

A computational approach is formulated to address a class of parabolic TP-SPPs characterized by jump disconti-
nuities in the source and convection terms. The solution to this problem displays a unique layer behavior, influenced
by the discontinuities and the presence of two small perturbation parameters. We propose a numerical scheme on a
uniform mesh, using implicit Euler for time discretization and non-polynomial cubic splines in the spatial direction.
Rigorous testing and convergence analysis confirm its robustness, achieving first-order accuracy in time and second-
order accuracy in space. Surface plots of four test problems reveal parabolic boundary layers along the lateral surfaces
and interior layers near the discontinuity for small perturbation parameters. The proposed scheme’s performance,
both theoretically and numerically, is consistent with the accuracy of existing difference schemes. Future research
could extend this framework to higher dimensions, addressing challenges like managing boundary and initial layers
and developing efficient schemes that ensure uniform convergence. Additionally, exploring adaptive mesh refinement
to optimize grid resolution in critical regions will enhance both efficiency and accuracy.
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