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Abstract ’ 3

This paper presents a numerical collocation method based on Cubic Unified Extended Trigonometric Tension B-
Spline (CUETTB-spline) functions for solving the Time Fractional Telegraph (TFT) equation. The time-fractional
derivative in the TFT equation is discretized using Caputo’s definition, followed by the construction of a CUETTB-
spline-based collocation method to approximate the solution. The precision and efficiency of the proposed method
are demonstrated through three numerical examples, where the results are compared against existing methods for
the error norms Lo, Lo, and the RMS. The findings reveal that the proposed method achieves higher accuracy
than previously reported approaches. Furthermore, a detailed stability analysis confirms that the method is
unconditionally stable, while the rate of convergence (ROC) analysis establishes an order of O(h?,72=%). The
results validate the robustness and effectiveness of the proposed method for solving the time-fractional telegraph
equation.
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1. INTRODUCTION

Fractional calculus is implemented efficiently to show various physical phenomena in engineering sciences [18, 25].
Numerous applications are reported that are usually conveyed by fractional partial differential equations (PDEs).
For example, Sabermahani [31] proposed a new set of fractional functions based on the Lagrange polynomials to
approximate a class of fractional differential equations (FDEs). The authors of [32] presented a numerical method
based on two-dimensional Miintz—Legendre hybrid functions to solve FPDEs. Rahimkhani et al. [26] used Bernoulli
wavelets and the least squares support vector regression to develop a new hybrid method to approximate systems of
FDEs. In addition, several phenomena such as propagation of analog and digital signals across media [17], random
walk [6], and neutron diffusive transport in nuclear reactors [36] are portrayed by a class of hyperbolic PDEs, so-called
fractional telegraph equations [10]. This model is a hyperbolic type, which means the speed of the wave and the
propagation are finite. It requires two initial conditions for uniqueness, even if the order of the model is any number.
The suspension flows are best modeled by the time fractional telegraph equation. The rise of such an important model
gives it importance, and researchers have been investigating possible solutions for such an equation. However, it is noted
that few analytical and numerical methods exist in the literature to solve the TFT equation. For example, the natural
transform decomposition method is applied by the authors of [1, 9] to approximate TFT equations, while the authors
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of [8] applied the homotopy analysis method to approximate it. Momani [20] used the ADM to approximate the space-
time fractional telegraph (STFT) equations. Wei et al. [37] developed a fully discrete local discontinuous Galerkin
finite element method (GFEM), while Tasbozan and Esen [34] applied the Galerkin method based on Quadratic B-
Spline (QBS) functions. The authors of [4, 28, 29, 41] employed collocation methods based on the cubic trigonometric
B-spline (CTBS) function, Sinc-Legendre, Sinc-Chebyshev polynomials, and redefined extended uniform cubic B-spline
(CBS) functions, respectively, to approximate it numerically. Tasbozan and Esen [35] applied the FEM based on CBS
functions. Mishra et al. [7, 21] used a collocation method based on Legendre functions and a meshless method
by amalgamation of Chebyshev polynomials and cubic RBF to approximate STFT equations. Hosseini et al. [11]
implemented a technique by coupling radial basis functions with FDM for the numerical approximation of the TFT
equation, while the authors of [12, 40] presented Legendre wavelet methods. Hariharan et al. [13] introduced a capable
operational matrix approach based on Haar wavelets to approximate space-and-time-fractional telegraph equations.
In [22, 30], the authors proposed operational matrix approaches using block pulse functions with a combination of
Legendre polynomials and Fibonacci wavelets to approximate TFT equations, respectively.

Additionally, Abdollahy et al. [2] proposed the Haar wavelets approach to investigate the time fractional Riesz space
telegraph equation. For the stable density, Fourier transform solutions, for any «, are investigated by Orsingher
and Beghin [23], while Orsingher and Zhao [24] investigated the Fourier transform of the space-fractional telegraph
equation’s elementary solution. Hashmi et al. [14] suggested a DQM based on CBS functions for the TFT equation.
An amalgamation of geometric procedure and method of line is presented by Hashemi and Baleanu [15], while Asgari et
al. [3] proposed a new technique using Bernstein polynomials. In [16, 19], the authors employed FDM with generalized
fractional derivative terms and a Neural Network method to approximate the TFT equation, respectively. Wang et al.
[39] introduced a piecewise approach with the reproducing kernel space for a class of aforesaid equations. For more
information, the reader may refer to [4, 7] and references therein.

Since B-spline functions have abundant striking properties and are the vector space’s basis generated by the splines
with the least support for an assured degree of smoothness and subdivisions of the domain. The present spline
functions, such as B-splines, hyperbolic and usual polynomial B-spline functions, etc., are all remarkable situations of
unified and extended splines (UE-splines). In recent times, [38] introduced hyperbolic, polynomial, and trigonometric
UE-splines. The authors of [5] reported a scheme based on trigonometric tension B-spline functions.

This work is presented to adapt the CUETTB-spline collocation method for solving the fractional-order telegraph-
type equations. Since most real-world physical problems can be excellently demonstrated with the fractional telegraph
equation, the approximation approaches and their stability and consistency are essential. The proposed CUETTB-
spline collocation method offers several important advantages that enhance its practical applicability and robustness
compared to other methods, such as the spectral and pseudo-spectral methods. The method is based on basis functions
with local support and tunable tension parameters, which allow for greater flexibility in capturing sharp gradients and
localized features in the solution, scenarios where global spectral methods often struggle. Additionally, the structure
of the collocation scheme leads to sparse linear systems, resulting in lower computational complexity and memory
requirements compared to the dense matrices typical of spectral approaches. This advantage is demonstrated in the
comparative CPU time performance across multiple test cases. Moreover, the method is unconditionally stable, as
confirmed through von Neumann stability analysis, and achieves second-order convergence in space and fractional-order
convergence in time. The use of CUETTB-spline functions also enables straightforward implementation on non-uniform
meshes and complex domains, unlike spectral methods, which often require transformations into orthogonal function
spaces. Finally, the numerical results presented in this study, including very low error norms and strong agreement with
exact solutions, validate the accuracy, efficiency, and reliability of the proposed method as a competitive alternative
for solving time-fractional telegraph equations.

Motivated by the above points, we aim to utilize the CUETTB-spline approach to approximate the TF'T equation.
The novelty of our paper lies within the following points:

(1) We introduce a novel collocation scheme based on CUETTB-spline functions to approximate the solutions for
the TFT equation.
(2) The proposed method innovatively integrates Caputo’s definition to discretize the time-fractional derivative,
enabling the accurate handling of fractional-order problems.
an
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(3) A detailed stability analysis is presented to confirm that the proposed method is unconditionally stable.

(4) The efficiency and accuracy of the method are demonstrated through three diverse numerical examples, show-
casing its versatility in solving TFT equations.

(5) The method’s results highlight its potential for practical applications in fields requiring accurate solutions to
fractional-order telegraph equations.

The rest of the article is organized as follows. Section 2 illustrates the formulation of the model, followed by Section 3,
which highlights the CUETTB-spline basis functions and the collocation technique. Section 4 gives a full discretization
of the problem, while Section 5 analyzes the stability of the discretized system of the TFT equation. The results
obtained and discussion are presented in Section 6. Finally, Section 7 completes the study.

2. PROBLEM FORMULATION

This section illustrates the main problem formulation of the model under study. The main goal of this work is to
demonstrate an efficient, accurate, and stable approach for the following TFT equation [4, 21, 41]. The main problem
is of the following form:

0%v 0Ly 62

({970‘—"_)\187‘0‘ 1+)\2U a£2+f(€, ), 1 <a<?2, (2.1)
associated with the following initial and boundary conditions

U(gao):(rbl (6)7 UT(€7O):¢2(§)7 nggla (22)

v(0,7) =1 (1), v(L,7) =12 (1), 0 <7< 1, (2.3)

where A1, A2, A3, a, ¢1(§), &2 (§), ¥1 (1), and 15 (1) are given constants and functions. The fractional derivatives
considered in the problem are in the Caputo sense and are given by [11]

o [ fy Su(r -y hds, ifj-1<a<j, -
ore g—J if o =j. '

3. CUETTB-SPLINE BASIS FUNCTIONS

In this section, the authors illustrate the cubic unified extended trigonometric tension B-spline basis functions that
are used for the proposed collocation technique. First, the domain £ €[0, 1] is partitioned uniformly into a mesh of
length h = M, by the knots £ = ih i = 0,1,..., M, so that we possess 0 = &) < & < & < ... <&y = 1. Now, in
the span of {cos &, singé, 1, &, €2,..€, ...}Where l is a positive integer, we define the UE-spline functions of second
order (r = 2) as [38]

sin(¢(§ —&i—2)), [&i—2,&-1),
sin (¢(& —£)) [i—1.&i) (3.1)

0, Otherwise,

Ti2(§) = sin(sh)

Here ¢ = /55 and &; € R are the frequency sequence and the tension parameter, respectively. The tension parameter
¢ bears a value as a zero, real nonzero, or pure imaginary number based on ¢; = 0, §; > 0, ¢; < 0. To ensure the

non-negativity, we proceed with ¢; < ming—; j41 (7/(&py1 — fk))z. The recurrence formula for r» > 3 is given as:

. 3 . .
T;r(z) = / (51',7”71111',7“71(3) — 5i+1,r71Ti+1,r71(5)) ds, (3.2)

1 R
where 8;, = ( =T, )ds) ;i = 0,+1,.... Additionally, T} ,.(€) = 0, then we take

5 [ 1, €&
/ 0irTir(s)ds = , E>&ivr_a,
—00 0, g < £i+7~_2,
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If 0 < ¢ < 7, the aforementioned spline functions are trigonometric. Using (3.2) for » = 3 with 0 < ¢ <
(

ming=; ;11 (7/(Ep41 — £))?, the quadratic unified extended trigonometric tension B-spline functions of order 3 can be
obtained as follows:

1 —cos (s(€ —&-2)), [€i—2,8i-1),

. - 1 —1+4cos (s(§ — &) —cos(sh) +cos(c(§ —&i-1)),  [§i—1,&)s

Tis(8) = 1 —cos(ch) |1 —cos(s(&s1 —&)), (€6, &), o
0, FElse.

Now, utilizing the recursive formula (3.2) for » = 4 and taking 0 < ¢ < 7, the 4th order CEUTTB-spline functions
can be found as [5]:

(€ —&i- 2)*Ma _ ‘ € [€i—2,8i-1),
|| (€ =6+ (26 — € cos(sh) - ZmEER—SHEEED e e g, g),
T 6) = 23 (6~ &) — (2101 — €) cos(eh) + B66tiniCnz) g g,0), (3.4)
(fz+2 —&) - M» f € [§iv1,Eit2),
0, Otherwise.

where, ¥ = 2h(1—cos(¢h)). The CUETTB-spline functions {TOA, ’_ZA’174, e TM,4, TAM+1,4} form a basis over the problem

domain. The CUETTB-spline functions and their derivatives values at knots are given in Table 1, where o1 =

TABLE 1. Values of Tj 4(€), T{A(f), and Ti’,'4(§) at knots &;.

Si—2 [ &§i—1 | & | Sit1 | Sit2
Tia(§) | O o1 | o2 | 01 0
17,8 | 0 o3 | 0| —o3| O
T/, (&) | 0O o4 | 05| 04 0

We define the approximated solution as

M+1
v(&, ) = > Tl (3.5)
1=—1
where C;(t;) are unknown time-dependent quantities. The variation of the v (§,7;) is asserted as
i+1
§,T] Z Tk4 Ck TJ) (3.6)
k=i—1

Using (3.6), we approximated v vg, and vge as

U 10 1+O'QC +0’101J+1, (37)
(?]g)z = —0’301 1 + 0'30 i+1) (38)
( )Z = 0'401;1 + 0'501- + O’4OZJ+1 (39)

Next, we demonstrate the discretization of the main model to be solved by the proposed technique.
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4. DISCRETIZATION OF THE PROBLEM

In this section, we highlight the discretization procedure to solve the main problem. According to the considered

problem (2.1), the fractional derivatives can be written as [11]

b—a JO 0s2
a 02 .
or 577> if =2,

9% {1 TRy (r— ) s, fl<a<?2,

and

9oty {lﬁ Tou(r—s)T%ds, fl<a<?2,
oro—1

2 .
%, if @ =2.

[ a—1 .
The discretization of % and % for 1 < <2at1=r7/"!1is given as [11]

6a1}j+1 ! j—k+1 j—k j—k—1 i+1
N Y (R e ) RN N
k=0
and
aaflvj+1 J . - -
W_ﬁzaomzpk(vi -] )+7“% ,j=0,1,...,N,

k=0

(4.4)

where ag = %, P, = (k+ 1)2_a — k27, Vk = 0,1,2....5, while r{+1 and r%“ are truncation errors at 7 = 7It1,

g

Now, 7 = 771, using Equations (4.3) and (4.4) for time-fractional derivatives and the Crank-Nicolson scheme for

spatial derivatives, we get

J J
ag Z Py (v§7k+1 — 2l 4 vffk*l) + AagAT Z Py (v§7k+1 - vffk) + A2
k=0 k=0

(vf“ + Uf)
2
((Ugf)g'“ - (vg)?) (f%m + f%j)

= ,=0,1,....M,57=0,1,..., N.
3 2 + 2 ) ? 5 Ly eeey ) 9 Ly ey

Rearranging the terms in (4.5), we get

) ot -2 (vee)] ™!

A
(ao +AagAT + 22 ; 5 ;

2

A A ; i—
= <2a0 + MagAT — ;) vl 73 (vee)] — aov] 1

J
—ap E Py (vffkﬂ — 21)57’C + vffk*l)
k=1

i o ()
— /\1GOA7’Z P, (vf_k'H — vf._k) + BT S
k=1

For j = 0, using the initial condition v, (£,0) = ¢2 (£), i.e.

1 1

% =¢o (&) = v =v] —2A7¢2 (&),
80
200

i=0,1,...,M, j=0,1,..N.

(4.6)
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we obtain the following

A A A A3
(20,0 + AagAT + ;) 11 23 (’Ugg) <2a0 + AagAT — ;) ’U? + — 5 (’Ugg) + 2a0 AT o (&)
(77 + 1)
+f’ 1=0,1,..., M. (4.7)
Let 2ag + A1agAT + 72 A and 2ag + M\agAT — Q = B, then the above equation becomes
)\ )\ 1 0
Av} — 73 (v&-) =B + 22 5 (v gg) (f f ) +2a0ATd2 (&), 1 =0,1,..., M. (4.8)

Now, using approximated values of spatial derivatives by the CEUTTB-spline collocation technique, we get

</101 _ A;‘”) o+ <AUQ _ )\3205> ot (Aal - A3"4) cl, = (Bal + A;‘”) o
: . 1 f0
4 ( 305> CZQ + (Bal + 3;4> C?+1 + 2a0AT s (&) + u

2
Using Aoy — % = A", Aoy — % = B*, Boy + ’\3—2"4 = D*and Boy + )‘32# = E*, the above equation, becomes
(fi+1) .
2 i=1,2,..
2 b Z ) ) )

Equation (4.10) forms a linear system with M + 1 equations and M + 3 unknowns. To make it uniquely solvable, we
use the boundary conditions v (0,7) = ¢1 (7) , and v (1,7) = 2 (1) as

. i=1,2.,M—1. (4.9)

A*Cl_, + B*C} + A*C},, = D*C}_; + E*C) + D*C}, | +2a0A1¢s (&) + M —1. (4.10)

0107 | + 02C) + 01CY = ¢ (1), (4.11)
and

01Cd, | + 020, + UlCi/H_l =) (7). (4.12)
Then, by solving Egs. (4.11) and (4.12), we get

, 1 , ‘ . 1 .
= ——CJ O+ —i(r)and €, | = =209, — Cl, | + — (7). (4.13)
o1 o1 01
For i =0 and i = M, using the Eq. (4.13) in the Eq. (4.10), we get
D* 0 A* 1 + 0
(-“2,4* + B*) = <—02D* - E) Y+ w_A + 2a0ATs (&) + (/o fO), (4.14)
01 o1 o1 o1 2
and
D*9 A*ld 1 + 0
<”2A* + B*> cl, = <”2D* + E> o9, + 20 AW o Ay (6ar) + s+ 1) (4.15)
01 01 01 01 2
Now, for j =1,2,...,N, the Eq. (4.6) can be written as
. , .1 , _ J _
(A - ao) A /\3 (vee)] ™ = Bo] + 373 (vee)i — agv] "' — (ag + aph A7) Y P! TF
k=1
k k—1 (fj+1 + flj)
+ (2@0 + a())\lAT Z Pk’UJ — ag Z Pk’UJ aOP ’U + 2a0P AT (fz) f’ (416)

k=1 k=1



1582 M. TAMSIR, N. DHIMAN, D. NIGAM, A. CHAUHAN, AND W. ADEL

Now, using approximated values of v and v¢e by the CEUTTB-spline collocation technique, we get

AV CE 4 BT 4 AT G = DY CL, + BV O]+ D CL = ao (O + 028 4+ oy O
J . J

PSR (O s s G B R (O onl s i)
— k=1

— Qg ZP]C (U1Cg:f_1 + O'QCZ-j_k + 0'1Cj b= 1) — GQPj (0’101»1_1 + 0’202»1 + O'1Cil+1) + 2aonAT¢2 (fz)

(7771 + 1)

+ B ;

i=1,2,.M—-1, j=1,2,...,N, (4.17)
where A** = (fl — ao) o1 — %)\304, B = (/i — ao) o9 — %)\305, D** = Boy + %/\304, E** = Boy + %)\305, and

o= ao + aoAlAT.

For i = 0 and i = M, implementing the Eq. (4.13) in the above equation, we get

, o D ‘ J .
(_:_jA** +B**> C(j)+1 — (—:_?D** +E**) Cé ,(/)] _ 7,(/).7“‘1 Ow{—l _ FH Zpkw{—k'i‘l
k=1
~ J . J—1 .
+BY Pl —a0 Y Pl M = ao Py
k=1 k=1
( ]+1+f0> .
+2a0PjAT¢2 (50)4»#’ ] = 1,2,...,N, (418)
and
o2 i1 o2 DT AT i -1 d —k+1
<_O_1A** +B**> C?\/—[‘r — (_UlD** +E**) 0_17\4 w2 - w%+ _aow%— _ Fr¥ ZPkd}%_ +
k=1
~ J .
+BZP1@¢§_ —aoZPkW M ag Pyl
k=1
+1 ]
(fj +f)
+2a0PjAT¢2 (fM)‘f’f, J = 1,27...7N. (419)

At the time 7; j = 0,1,..., N, Egs. (4.10), (4.14), and (4.15), as well as Equations (4.17)-(4.19), form a system of
linear equations of (M + 1) x (M + 1) order. To solve these systems, we need to resolve (C’g, cy, .., C% 4, C’R/I) from
the initial condition, which provides M + 1 equation in N + 3 unknowns. To wipe out C°,,CY, 41> we use the initial
condition v (§,0) = ¢ () and its first derivative at the boundaries as follows:

01071 + 0207 + 0102y = 61 (&) (4.20)

Now, for the derivative of the initial condition with respect to £, we get
8

—0'30 1 + 0'30 ¢gé_£l)

At the boundaries, we get
1 9¢1 (&) 1 9¢1 (EM)
Y =00 - Y =CY 1+ — 4.21
1 1 o3 85 M+1 — YM-1 o3 8{ ( )

(=)=
E)NE
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For i =0 and i = M, using Eq. (4.21) in Eq. (4.20), we get

1o}
02C8 +201CY = ¢y (&) + Ulq%é&) (4.22)
and
o1 0
2010y + 02Chy = 61 (Emr) — *IM (4.23)
o3 0
Eqgs. (4.20), (4.22), and (4.23) form a linear system as:
[ 02 201 0 17 ¢y 7 [ ¢+ Z—;%ﬁ;o)
or 02 01 cy o1 (&)
0 o1 o2 o1 c9 ¢1(&2)
T L = : . (4.24)
op o2 o1 O CV s b1 (Enr—2)
o1 02 01 CY 1 b1 (Enr—1)
i 0 201 o0 | | CY | dr (Enr) — %8%6%1\4)

In the next section, we illustrate the stability analysis of the proposed method.

5. STABILITY ANALYSIS

This section establishes the stability of the discretized system of the TFT equation using the von Neumann scheme
[27, 34]. According to Duhamel’s principle [33], it is supposed that the stability of an inhomogeneous problem is an
instantaneous outcome for the stability of the equivalent homogeneous one. Therefore, it is suitable to analyze the
stability of the discretized system for the TF'T equation with the force function f = 0. With some manipulation, Eq.
(4.6) can be written as

(A B a0> AN ;A?’ (Uii)fl = (ap + apM1 AT) (Pov - ZP ( j—k+1 _ ik)>
—ag (—PO (vf — Ui ) ipk ( f ko _»_;.;—1)) 7 (5.1)

k=1

which can be written as

. . 1 . Il _ J _
(A — ao) vgﬂ — 5/\3 (U&)ZH = (ag + ap 1 AT) (Povf — ZPkva*k + Z kafk>

k=0
- (—PO (v —v! ) ZPkJrlUj k= +ZP1}J k= 1),
. 1 , R s ,
= (A — a0> Uzjv+1 — 5)\3 ('U,Eg)ngl = ((Lo + a0>\1A7) ((1 — Pl)Ug + Z (Pk — Pk+1)’l)z?7k + Pj'l}0>
k=1

j—1
((1 — PO T Y (Pe— P vl T Pjuf) +apv].  (5.2)
k=1

(&)
ENE
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Eq. (5.2) can be written as

J—1

~ . 1 . . .
(A — ao) ’Ug+1 — 5)\3 (Ugg)g—i_l = (ao + ao)\lAT) ((1 — Pl) ’Ug + Z (Pk — Pk+1) ’Uf- k + Pjv()) (53)
k=1

7j—1
((1 — P D (P = Prey) vl T+ Pyt — 2A7P¢, (@)) + agv!.
k=1

Next, without loss of generality and for convenience, we suppose that ¢, = 0. Using approximated values of v and v¢¢
by the CEUTTB-spline collocation technique, we get

((1[1 - ao) o1 — ;/\304) ngf + ((121 - ao) 02 — ;A?)US) Cij+1 + ((A - ao) 01 — ;)\304> Cfff

j—1

= ((l() + CL0>\1AT) (1 — Pl) (Ulcl-j_l + 0’203 + 0'1054_1) + Z(Pk — Pk+1) (Ulcj 1+ UQCJ + 0'103_,:1 )
k=1

+ Py (01C) 4+ 0207 +01C}y ) | —ao|(1— Py) (010 L+ o0l Ulczj+11>
j71 . . .
+) (P — Prs1) (U1C’f:1k71 +oC T 4 Ulcﬁlkil) + Py (1€ + 0207 + 01 Ciyy) ]
k=1
+ Qg (olc’f;l + 0'205 + UlcijJrl) . (54)

Now, we define the growth factor of a typical Fourier mode as C’ij = §JeFmh where k = /—1 and 0 is a factor dependent
on time. Using in the Eq. (5.4), we get

(24%* cos(ph) + B**) 50+ = F**{(l — P)& (201 cos(uh) + o2)

j—1
+ ) (Ph = Prs1)8" % (201 cos(ph) + o2) + P;6° (201 cos(ph) + ag)}
k=1

— ao{(l — P1)5j71 (20’1 COS([IJh) + 0'2)

J—1
+ Z(Pk — Poy1)8 71 (20 cos(uh) + 02) + P! (20 cos(puh) + 02)}
k=1

+ ag (20 cos(ph) + a2) 7, (5.5)

where A** = (A - ao) o1 — %)\304, B** = (A - ao) o9 — %)\305, and F** = ag + apA1 A7. Hence, we get the following

j—1
(2A** cos(uh) + B**) 67+ = F* {(1 — P8+ Z(Pk — Ppp)di k4 Pjéo} (201 cos(uh) + o2)
k=1

k=1
+ ag (207 cos(ph) + a4) &7. (5.6)

j—1
—ag {(1 - Pl)éj_l + Z(Pk — Pk;Jrl)(sj_k_l + Pjél} (20’1 COS(,U,h) + 0'2)
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Now, we define

6 = max |0']. (5.7)

T o<isy
then by using (5.7) in (5.6), we get

j—1

F** ((1 —P)+ Z(Pk — Pey1) + Pj) 61{[13,;(

k=1

(2A** cos(uh) + B**) 61t =

j—1
—ag {(1 - P+ Z(Pk — Piyq) + Pj} 6 aodﬁ;ﬂax] (207 cos(uh) + o2)
k=1

= (2A** cos(ph) + B**) 67T = (F** Py — ag Py + ao) 02, (201 cos(uh) + 02)
ag + apA1AT) (2071 cos(ph) + o2) 5

= ¢t = ( )
2A** cos(uh) + B** max

(5.8)
Since

2A™* cos (uh) + B*™ = ((2a0 + 2a0A1AT) 01 — A304) cos (ph) + (ap + ag M AT) 09 — %)\305,

= 2A™ cos (uh) + B** = 2ag (1 + A1 A1) 01 cos (uh) — Ago4 cos (uh) + ag (1 + A\ AT) 09 — %)\305,

= 2A"" cos (uh) + B** = ag (1 + M AT) (201 cos (ph) + 02) — <)\304 cos (puh) + ;/\305) ,
Finally, by using o5 = —20y4, we get

2A** cos (uh) + B*™ = ag (1 + A\ AT) (207 cos (uh) + 02) + N304 (2 sin? ('u2h>> .

Substituting in Equation (5.8), we get
(ap + agA1AT) (207 cos (uh) + o2) ;
Y 0) o = 0] < 1.
ag (1 + M AT) (201 cos (uh) + 02) + A304 (2 sin (%))

§it1 —

Hence, the discretized system of the TFT equation is unconditionally stable.

6. COMPUTATIONAL RESULTS

In this section, we illustrate the performance of our proposed technique by testing for three examples. The following
error norms are used for numerical analysis:

n
Ly= |h Z |u;;xact _ u;}umcrical'Q’ Linax = max u;xact _ u‘rjlumericall7
Jj=1
n exact numerical
L us — ul 1 en €n+1
Global Relative Error (GRE) = 2= e | ;and ROC = Mrm)'
Dot ugeet log (%)

We begin with the following example.
Example 6.1. First, we consider the TFT Equation (2.1) with \; = Ay =1 and A3 = 7 together with the exact

solution v(&,7) = 73 sin? €. The analogous source function is specified by
673 674

f(&m) = (F(4 o) " TG-a)

We select the tension parameter ¢ =1.25 for this example. Table 2 demonstrates the difference between the projected

and existing methods in a period of RMS errors together with convergence order with ¢ =1.25, A7 =0.001 at 7 =1 for

(&)
ENE

— (27 — 1)T3> sin? ¢ — 2773 cos® € (6.1)
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0.8 ‘ '

+ Exact at 7 =0.6

Numerical at 7 = 0.6

06 . Exact at 7 = 0.8

Numerical at 7 = 0.8
» Exactat =1

04 Numerical at 7 =1

0 0.2 0.4 0.6 0.8 1
§

FIGURE 1. The exact and numerical v(&, 7) values with ¢ =1.25, « =1.5, M =30, A7 =0.01 atT =0.6,
0.8, and 1 for Example 6.1.

fractional orders a =1.75 and 1.95. Remarkably, the obtained results are better than those accomplished by CTBS
and Sinc-Legender (degree 3) collocation methods [28, 41]. Tables 3 and 4 compare the projected and existing methods
in terms of the Lo, Lo error norms with o =1.5, M =30 at 7 =1 for various A7, and with o =1.5, A7 =0.001 at 7 =1
for various M. It is very clear from these tables that the projected method results are better than those exhibited by
the QBS Galerkin method as well as the CTBS collocation method [34, 41]. It is also followed that the convergence
rate of the projected method is quadratic in the space variable and 2 — a order in the time variable. Figure 1 displays
the comparison of the exact and numerical v(, 7) with ¢ =1.25, @ =1.5, M =30, A7 =0.01 at 7 =0.6, 0.8, and 1. A
remarkable accord is recovered between exact and numerical solutions. Figure 2 shows the RMS error norms vs. space
and fixed A7 = 0.001, as well as time grid sizes and fixed M =30 with « =1.2 and « =1.8. This figure shows that
the RMS error norms are decreasing with increasing grid sizes. Figures 3 and 4 display the 3D exact and numerical
v(&,7), and absolute errors profile with ¢ =1.25, o =1.5, M =10, A7 =0.02, and ¢ =1.25, a =1.5, M =30, A7 =0.1
for 7 € [0,1].

TABLE 2. The RMS error and ROC of the projected and existing methods for various M values with
¢ =125, A7 =0.001 at 7 = 1, for Example 6.1.

M a=1.75 a=1.95
Projected CTBS Sinc-L. ROC CPU | Projected CTBS Sinc-. ROC CPU
method [41] (28] time | method [41] [28] time
) 2.05e-4  2.86e-4 9.94e-4 - 3.29 1.98e-4  2.8le-4 9.58e-4 - 3.30

10 | 3.50e-5  7.85e-5 1.60e-4 2.55 5.67 3.64e-5  7.50e-5 1.54e-4 244 5.56
15 | 1.06e-5  3.66e-5 3.7le-5 2.96 8.08 1.26e-5  3.55e-b 3.57e-5 2.62 8.09
20 | 3.82e-6 2.17e-5 1.05e-5 3.54 10.6 5.50e-6  2.15e-5 1.0le-5 2.84 104

Example 6.2. Next, we study the TFT Eq. (2.1) with Ay = A2 = A3 =1 in [0,1] together with the exact solution
v(&,T) = (§2 — f) 7. The analogous source function is specified by

16n) = (rgmmg 7)€ -9 -2

We fix the tension parameter ¢ =0.015 for this example. Table 5 demonstrates the assessment of projected and existing
methods in a period of absolute errors with o =1.95, A7 =0.01 at 7 =1 for M =10. This table shows that the obtained
an
BE
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TABLE 3. The comparison of methods with ¢ = 1.25, « = 1.5, M = 30 at 7 = 1 at various Ar, for

Example 6.1.

AT Lo Error ROC Lo Error ROC | CPU

Projected QBS [34] CTBS [41] Projected QBS [34] CTBS [41] time
0.1 1.900e-3  8.338e-3 2.830e-3 - 2.700e-3 1.297e-2 4.078e-3 - 0.18
0.05 | 1.000e-3  4.188e-3  1.369e-3 0.93 | 1.500e-3  6.501le-3  1.969e-3 | 0.85 | 0.27
0.01 | 2.159e-4 7.816e-4  2.63le-4 | 0.95 | 3.112e-4  1.216e-3  3.767e-4 | 0.98 | 0.97
0.005 | 1.035e-4  3.479e-4 1.332e-4 1.06 1.514e-4  5.454e-4 1.899e-4 1.04 | 2.03
0.001 | 1.186e-5  2.003e-5 3.271e-5 1.37 2.053e-5  3.397e-5 4.544e-5 1.24 | 155

TABLE 4. The comparison of the projected and existing methods with ¢ = 1.25, a = 1.5, A7 = 0.001

at 7 = 1 at various grid sizes, for Example 6.1.

Lo Error Lo Error .
M Projected QBS [34] CTBS [41] ROC Projected QBS [34] CTBS [41] ROC | CPU time
5 | 5.754e-04 3.798¢-03  3.280e-04 - 8.393e-04 4.929e-03  5.238e-04 - 3.29
10 | 1.275e-04 8.222¢-04 1.101e-04 2.17 | 1.886e-04 1.096e-03 1.151e-04 | 2.15 5.90
15 | 4.547e-05 3.043e-04 5.840e-05 | 2.54 | 7.179e-05 4.080e-04  8.326e-05 | 2.38 8.11
20 | 1.855e-05 1.302e-04 4.331e-05 3.11 | 3.101e-05 1.717e-04  6.58e-05 291 10.49
25 | 1.619e-05 5.307e-05 3.641e-05 | 2.46 | 1.619e-05 7.052e-05 5.063e-05 | 2.91 13.54
-4
25 x10 4 x10™
1 croa=12 e a=12 R
2% “¢-a=18 —+-a=18 -
n \ n 3 p
915 S /
o) )
2 -
2 ) e
E 1 \ E 7 JEESEL |
x \ x o //,,//"
0.5 e ! "'/:/”’/’/
0 B ‘77:7 il P Ny - 0 v"&/ L L L L
5 10 15 20 25 30 0 0.02 004 006 0.08 0.1
Space grid sizes AT

FIGURE 2. The RMS error norms vs. space grid size (a) and time grid size (b) for Example 6.1.

(a)

(b)
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results are better than those attained by CTBS and Sinc-Legender (degree 3) collocation methods [28, 41]. Table 6
illustrates RMS and L, errors with M =30, for A7 = 0.05, 0.025, 0.02, 0.0125, and 0.01, and fractional orders o =1.4
and 1.95 at 7 =1. This table confirms that error norms are very small and decrease with increasing temporal size.
The 2D graph of exact and numerical v(¢,7) with @ =1.95, M =15, A7 =0.001 at 7 =0.5, 0.75, and 1 are shown in
Figure 5. Figure 6(a) indicates the 2D profile of the absolute errors with M =30, A7 =0.001 at 7 =1 for fractional
order @« =1.5, 1.75, and 1.95, while Figure 6(b) illustrates RMS, Lo, and L., errors with @ =1.95 and A7 =0.005
for various grid sizes at 7 =1. It can be viewed from Figures 6(a) and 6(b) that these errors are in order (~ 107%).
Figure 7(a) exhibits the 3D profile of exact and numerical v(&, 7), together with absolute errors of o =1.95, M =10,
and A7 =0.025 for 7 € [0, 1], while Figure 7(b) describes it with @ =1.95, M =40, and A7 =0.01 for 7 € [0,1]. A
remarkable accord is recovered between exact and numerical solutions.

(&)
ENE
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Numerical solution Error graph

Exact solution

[le]
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o~

FIGURE 3. The 3D exact and numerical v(&,7), and absolute error profile with ¢ = 1.25, o = 1.5,

10, A7 = 0.02, and 7 € [0, 1] for Example 6.1.
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FIGURE 4. The 3D exact numerical v(£,7) and absolute error profile with ¢

30, A7 = 0.1, and 7 € [0, 1] for Example 6.1.
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TABLE 5. The assessment of projected and existing methods in the period of absolute error with

= 1 for Example 6.2.
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1] together with the exact solution

)

0

= )\2 = )\3 =1in [
& 1)=a(l+7)tan I'(«

7*tan . The analogous source function is specified by f

Example 6.3. Now, we consider the TFT Eq. (2.1)

v(&,7)

) —27%tan3 ¢ — 7% tan €.

(=)=
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TABLE 6. The error norms of the projected method with ¢ = 0.015, M = 30, and various A7 at 7 = 1
for Example 6.2.

AT b L21'4 1 CPU ) s Lj% 1 CPU(s)
005 | 1.190-00 6.726:01 9.460.01 | 0383 | 1.550-00 877601 1.200.03 | 0.400
0.025 | 520005 2.950.04 414004 | 0.639 | 7.090.05 40104 5.650.04 | 0.603
002 [ 3.960.05 2.2d0.04 3.15c.04 | 0.707 | 5.220.05 2.950.04 4.160.04 | 0.721
0.0125 | 2.18e-05 1.23e-04 1.73e-04 1.115 2.24e-05 1.27e-04 1.80e-04 1.044

0.01 | 1.62e-05 9.17e-05 1.29e-04 1.343 1.19e-05 6.72e-05 9.64e-05 1.291

0 ¢ Exactat 7=05
Numerical at 7 = 0.5
L * Exact at 7=0.75
-0.05 Numerical at 7 = 0.75
® [DxactatT=1
Numerical at 7 =1
© 01
o
-
®.0.15
-0.2
-0.25 . : - : .
0 0.2 0.4 0.6 0.8 1

£

FIGURE 5. The exact and numerical v(¢, 7) with o =1.95, M =15, A7 =0.001 at 7 =0.5, 0.75, and 1
for Example 6.2.
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(] Ll . - . S ——
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2 oot e, $-
g '1.‘\ “e
“.\ - B -—— ¢ ——— & +
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(a) (b)

FIGURE 6. The 2D errors graph with (a) M =30, A7 =0, and « =1.5, 1.75, and 1.95 (b) o =1.95
and AT =0.005 at 7 =1 for Example 6.2.

We fix the tension parameter ¢ =0.15 for this example. Table 7 compares the projected and the CTBS method [41] in
terms of RMS and Ly errors with tension parameter ¢ =0.15 and fractional order o =1.5 for A7 =0.01 and various M
at 7=1, while Table 8 exhibits it for M = 40 with various values of A7. These tables show that the obtained results

(&)
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%107

r
w

Exact
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FIGURE 7. The 3D profile of exact numerical v(x,t) and absolute error for a = 1.95, 7 € [0, 1], with
(a) M =10, AT =0.025 and (b) M = 40, AT = 0.01 for Example 6.2.

are much better than ref. [41]. Table 9 demonstrates the RMS, Lo, and Ly, errors of the projected method with
¢ =0.15, A7 =0.001 at 7 =1 for fractional orders o =1.6 and 1.8, and various grid sizes. One can see that error norms
are decreasing on increasing grid sizes increase. Figure 8 displays the absolute error with ¢ =0.15, a =1.5, M =40 at
7=1 for A7=0.01, 0.005, 0.0025, and 0.00125, whereas Figure 9 exhibits the 3D appearance of exact and numerical
v(&,7), and abs. errors for fractional orders aw =1.5, 1.75, and 1.95 with ¢ =0.15, M =20, A7 =0.002, and 7 € [0, 1].
It can be viewed from Figures 8 and 9 that the abs. errors are in order (a~ 1073).

TABLE 7. Comparison of the projected and CTBS methods with ¢ = 0.15, a = 1.5, A7 = 0.01 for
various M at 7 = 1 for Example 6.3.

M RMS Lo CPU

Projected Method CTBS [41] | Projected Method CTBS [41] | time
20 2.9695e-04 2.0100e-03 1.4000e-03 2.0593e-03 | 1.026
40 1.6599e-04 1.6212e-03 1.1000e-03 1.6414e-03 | 1.813
80 1.1017e-04 1.5285e-03 9.9771e-04 1.5381e-03 | 3.330
160 7.6854e-05 1.5076e-03 9.7821e-04 1.5123e-03 | 7.241
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TABLE 8. Comparison of the projected and CTBS methods with ¢ = 0.15, a = 1.5 for M = 40 and

M. TAMSIR, N. DHIMAN, D. NIGAM, A. CHAUHAN, AND W. ADEL

various A7 at 7 = 1 for Example 6.3.

At RMS Lo CPU time
Projected method CTBS [41] | Projected method CTBS [41]
0.0125 2.0391e-04 1.8119e-03 1.3000e-03 1.8344e-03 1.414
0.0100 1.6599e-04 1.6212e-03 1.1000e-03 1.6414e-03 1.783
0.00125 3.4666e-05 6.4542e-04 2.24'72e-04 6.5344e-04 20.538
0.0010 3.1001e-05 1.5285e-03 2.0102e-04 1.5285¢-03 28.635

TABLE 9. The error norms of the projected method with ¢ = 0.15, At = 0.001 at 7 = 1 for Example 6.3.

a=1.6 a=138
M RMS Ly Ly RMS Lo Lo CPU time
10 | 6.272e-04 | 2.200e-03 | 3.200e-03 | 5.356e-04 | 1.900e-03 | 2.800e-03 8.009
15 | 2.631e-04 | 1.100e-03 | 1.600e-03 | 2.102e-04 | 8.682e-04 | 1.300e-03 11.609
20 | 1.514e-04 | 7.110e-04 | 1.000e-03 | 1.121e-04 | 5.266e-04 | 7.975e-04 14.690
25 | 1.036e-04 | 5.386e-04 | 7.726e-04 | 7.111e-05 | 3.698e-04 | 5.571e-04 18.248
30 | 7.871e-05 | 4.455e-04 | 6.364e-04 | 5.036e-05 | 2.850e-04 | 4.290e-04 21.685
35 | 6.402e-05 | 3.896e-04 | 5.547e-04 | 3.846e-05 | 2.340e-04 | 3.518e-04 25.179
40 | 5.451e-05 | 3.534e-04 | 5.020e-04 | 3.101e-05 | 2.010e-04 | 3.019e-04 31.320

7. CONCLUSION

This work proposes a new collocation structure based on CUETTB-spline functions to approximate the Caputo TFT
equation. This scheme is used for discretizing spatial derivatives, while the time-fractional derivative is discretized by
Caputo’s definition. The three examples have been considered to justify the accuracy and competence of the established
method. It has been stated that the projected method provides superior results than those in [20, 34, 37, 41]. The
graphical outcomes are also displayed, which validate the accuracy of the proposed scheme. As we can see, Figures
1 and 5 are clear representations of the smoothness between numerical and exact solutions, while Figures 2, 3, 6-9
show that absolute and RMS errors are very low (=~ 1072 to 107%). It is established that the projected method is
unconditionally stable for the discretized system of the TFT equation. It is also found that the convergence of the
projected method is of O(h?,727%). The numerical analysis proves that the projected method is straightforward and
yields very accurate results.
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