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Abstract - N

An application of the generalized tanh—coth method to search for exact solutions of nonlinear partial differential
equations is analyzed. This method is used for the combined and the double combined sinh-cosh-Gordon equations.
The generalized tanh—coth method was used to construct periodic wave and solitary wave solutions of nonlinear
evolution equations. This method is developed for searching for exact travelling wave solutions of nonlinear partial
differential equations. It is shown that the generalized tanh—coth method, with the help of symbolic computation,
provides a straightforward and powerful mathematical tool for solving nonlinear problems.
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1. INTRODUCTION

In the recent decade, the study of nonlinear partial differential equations in modelling physical phenomena have
become an important tool. Nonlinear phenomena play a fundamental role in applied mathematics and physics.
Also, the investigation of travelling-wave solutions plays an important role in nonlinear science. A variety of powerful
methods have been presented, such as the inverse scattering transform [1], Hirota’s bilinear method [22], the sine-cosine
method [47], the homotopy perturbation method [10], the homotopy analysis method [11, 12], variational iteration
method [13, 21], tanh-function method [16], Béacklund transformation [35], Exp-function method [14, 15, 26, 27, 30,
31], tanh-coth method [8, 29, 40], (%)—expansion method [5, 7, 17], Laplace Adomian decomposition method [28],
Differential transform method [6] and so on. Although mathematically challenging, fluid dynamics is a fascinating topic
with numerous unresolved issues that can be addressed through numerical simulations and experimental methods such
as computational fluid dynamics and particle image velocimetry [18, 20, 32, 33, 42]. So the study of NLPDEs, especially
the study of the exact solution of NLPDESs, shows very important theoretical and application value [3, 9, 34, 38, 39, 44].
Here, we use an effective method to construct a range of exact solutions for the following nonlinear partial differential
equations, for which we also developed solutions in this article. The standard tanh method is well-known analytical
method, which was first presented by Malfliet’s [23] and developed in [23, 24]. In this article, we explain a method called
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the generalized tanh—coth method is presented to look for travelling wave solutions of nonlinear evolution equations.
The sinh-Gordon equation

Ut — Ugy + sinhu = 0, (1.1)

appears in integrable quantum field theory, kink dynamics, and fluid dynamics [19, 37, 41, 48-50]. The sinh-Gordon
equation is completely integrable because it possesses similarity reductions to the third Painlevé equation [48]. The
sine-Gordon and the double sine-Gordon, the sinh—Gordon, and the double sinh—Gordon equations given by

Uyt — Kuygy + 2asinu = 0,
Uty — Kuygy + 2asinu 4 28 sin 2u = 0,

Ut — Kuygy + 2asinhu = 0,
and
Uty — Kuxy + 2aesinh u + 23 sinh 2u = 0, (1.5)

respectively, were investigated by using the standard tanh method [23-25, 45, 46]. The (241)-dimensional Date-Jimbo-
Kashiwara-Miwa (DJKM) equation was investigated using the unified method, the modified Kudryashov scheme and
the extended modified auxiliary equation mapping technique [43]. A mixed problem with a time derivative in the
boundary conditions for the second-order inhomogeneous parabolic equation with complex coefficients was considered
[2]. Authors of [36] presented the analytical and numerical solutions to the nonlinear fractional biological population
equation with the fractional derivative Atangana Baleanu using the Kamal Adomian decomposition method. The
principles of optimal design of mechanical drives of lifting units were investigated in a significant impact on the
optimization criterion [4]. In this article, we used the generalized tanh—coth method to investigate the combined
sinh—cosh-Gordon equation and the double combined sinh—cosh-Gordon equation ([48]) given by

Uty — Kuygyx + asinhu + Scoshu =0 (1.6)
and
Utt — Kuygy + asinhu + acoshu + S sinh 2u + 8 cosh 2u = 0, (1.7)

respectively. The aim of this article is to obtain analytical solutions of the nonlinear combined and the double combined
sinh-cosh-Gordon equations, and to determine the accuracy of the generalized tanh-coth method in solving this kind
of problems. The article is organized as follows: In section 2, first, we briefly give the steps of the method and apply
the method to solve the nonlinear partial differential equations. In sections 3 and 4, we examine the combined and
the double combined sinh-cosh-Gordon equations, respectively. Also, a conclusion is given in section 5. Finally, some
references are given at the end of this article.

2. BASIC IDEA OF GENERALIZED TANH—COTH METHOD

We now describe the generalized tanh—coth method for the given partial differential equations. We give a detailed
description of the method to use this method, we take the following steps:
Step 1. For a given NLPDE with independent variables X = (x,y,z,t) and dependent variable u, we consider a
general form of nonlinear equation:

P(U, Ut, Ux, uya Uz, Uxx, uyya Uyz, uxya Utt, Utx, utya utz-") = Oa (21)
which can be converted to an ODE

Q(u, —cu’, ', u’,u',u”,...) =0, (2.2)
which transformation £ = x + y — ct is wave variable. Also, ¢ is a constant to be determined later.
Step 2. We introduce the Riccati equation as following

' =1+ pd + qd?, P = 9(¢), E=x+y—ct, (2.3)
an
BE
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leads to the change of derivatives

d d
i (r+p® +qP*) — T (2.4)
42 9 d 9 d2
d? _ 2 252 2 d,
df{g_(r—i—p@—l—q@) (64°®* + 6pg® + 2rq +p*) —=
24,3 2 2 d? 22 &
+ (6¢°®° + 9pq®? + 3(p* + 2rq)® + 3rp) prsl +(r+p®+q® ) 153 (26)

which admits the use of a finite series of functions of the form:

= zm: a®* + zm:bkq)_k, (2.7)
k=0 k=1

where ax(k =0,2,...,m),bk(k = 1,2,...,m), p,r and q are constants to be determined later. But, the positive integer m
can be determined by considering the homogeneous balance between the highest order derivatives and nonlinear terms
appearing in Eq. (2.2). If m is not an integer, then a transformation formula should be used to overcome this diffi-
culty. For the aforementioned method, expansion (2.7) reduces to the standard tanh method [23] for by = 0,1 < k < m.

Step 3. Substituting Eqgs. (2.3)-(2.6) into Eq. (2.2) with the value of m obtained in Step 2. Collecting the coefficients
of ®¥(k = 0, 1,2, ...), then setting each coefficient to zero, we can get a set of over-determined partial differential equa-
tions for ag,a;(i=1,2,...,m),b;(i=1,2,...,m) p,q and r with the aid of symbolic computation Maple 13.

Step 4. Solving the algebraic equations in Step 3, then substituting ag, a1, by, ..., am, bm, ¢ in Eq. (2.7).

We will consider the following special solutions of the Riccati equation (2.3):

Case 1: For each p,r and q # 0, Eq. (2.3) has the following solutions

o(¢) = ;(I; tan ( 2A§ ) A = p? — 4qr, E=x+y—ct, (2.8)
or
- A A
@(5)2(11)\;;‘021 h<2€+C>, A =p* —4qr E=x+y—ct (2.9)
or
- V-A Vv—=A
@(5):2—57 % cot( 5 gJrC), A=p?—dqr, E=x+y—ct, (2.10)
or
- A A
@(5)225—?; 1;h<\/2>f >, A=p?—dqr, E=x+y—ct, (2.11)

where C is constant.
Case 2: For p=r=1 and q =0 Eq. (2.3) has the following solution

P(€) =e* — 1, E=x+y—ct. (2.12)
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Case 3: For r = %,p =0and q= f% Eq. (2.3) has the following solutions

d(&) = —itan <£21) , or ®(f) =tanh (g) , &=x+y—ct, (2.13)

9(&) = icot (5 —coth (8), e=xty-

=icot 5 ) or ®(&) = coth 5 ) E=x+y—ct, (2.14)

O(¢) = —itan(i€) £ isec(i€), or ®(&) =tanh(&) tisech(§), &=x+y —ct, (2.15)
but, we know

tanh <§) = coth(€) — csch(§), coth (g) = coth(&) + csch(§). (2.16)
Case 4: For r=1,p=1 and q = —1 Eq. (2.3) has the following solutions

o(&) = % + ? tanh (?5) , or ®(&) = % - ?itan (?i{) ) (2.17)

o(&) = % + ? coth (?{) , or &(&) = % + ?icot <\23i£> . (2.18)

3. THE COMBINED SINH-COSH-GORDON EQUATION

In this section, we employ the combined sine—cosine-Gordon equation as follows

Uty — Kuygy + asinhu + S coshu = 0. (3.1)
Using the wave variable as follow £ = x — ct, is carried to an ODE
(¢ —k)u” + asinhu + B coshu = 0. (3.2)
We use the Painlevé property
v =c¢e", (3.3)
or equivalently
u=Inv, (3.4)
where we have
Vl
u=—, (3.5)
v

(Y
v vz )7

The transformation (3.3) also gives

-1 —1
sinhu=~ " , coshu:V—'_V , (3.6)
2 2
that also gives
—1

u = arccosh [V +2V } . (3.7)
Substituting these transformations namely (3.5) and (3.6) into Eq. (3.2) we obtain

2(c? —k)(vw' — (vV)?) + (a + B)v? — (e — B)v = 0. (3.8)

(=)=
E)NE
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In order to determine value of m, we balance vv” with v? in Eq. (3.8), and by using Eq. (2.7) we obtain m = 2. We

can suppose that the solution of Eq. (3.1) is of the form

by by
= ) o2 4 — 4 —=.
v(§) =ap+a1® + ax®* + > 32

(3.9)

Substituting Eq. (3.9) into Eq. (3.8) and by using the well-known Maple software, we obtain the system of the

following results

4(c® —k)qgr 4(c® — k)gp 4(c® — k)q?
aQQ=—"""">, , =" -, Q=" ,
a+p a+p a+p
b1:07 b2:07 a:ﬁ7
or
4(c? — k)qr 4(c? — k)pr 4(c? — k)r?
ag , b1 = ; 2 = )
a+p a—+p a+p
a1_07 a2_07 0‘267
or
(c? — k)p? 4(c? — k)qp 4(c? — k)q?
ag = — , a1 = , ag = — )
a+p a+p a+p
B2 _ a2
1 ) 2 ) C + A )
or
(c? — k)p? 4(c? — k)pr 4(c? — k)r?
ag=———>-—, by=————"—, by=- )
a+p a+f a+p

/ B2 — o2
= = = k e —
a; =0, ag =0, C + A ,

(3.10)

(3.11)

(3.12)

(3.13)

where p, q,r, and ¢ are arbitrary constants. Substituting Eqs. (3.10)—(3.13) into expression Eq. (3.9) along with using

Eq. (3.7) and using before section we obtain

2(c? — k)q 9 a+p 1
= hf——— 0] o“) —
u(§) = arccos { oz (r+p +q ) S — K £ pd + 2
1+ 16(c2fk)22q2 P2
= arccosh |— (;H_ﬁ ) ,
8(c2-k)q Y
a+p

u(€) = arccosh [_Q(CQ_k)r <r+p‘1’+q<1>2>_ a+p ( 32 )}

o2 8(c2 —k)r \r+p® + qP?

16(c®—k)%r? £ /9 4
a+ A

8(c?2 —k)r O’ P2 ’

= arccosh [—

a+p 1
2(c®> = k) (p+2q0)

2 _k)?2 4
[_ a+p 1‘*‘% (p+2q®)

u(§) = arccosh |— (p + 2q®) —

= arccosh
2(c? — k) (p +2q®)*

(3.14)

(3.15)

(3.16)
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and

B (2 —k) (2r+p® 2 a+ B ) 2
(&) = axccosh [‘Qmm (*5") s (o)
_a+p O G (e p)’

2(c? — k) (2r® + pd2)*

= arccosh

By the manipulation as explained in the previous section, we have
(I) The first set for Eq. (3.14)

By using Case 1 we have

1+ (C(ngzajfg sec’ [VgA (x —ct) + C}

72(C;;E)A sec? [—V EA (x —ct) + C}

u;(x,t) = arccosh

1+ (C(a_}:ﬂ)zAg sech? [ QA (x —ct) + C}
uz(x,t) = arccosh X ,
% sech? [@(x —ct) + C}

D)
72(C2;km csc? [—V gA (x —ct) + C}

1+ (82_52)2& csct [ Vo2 (x — ct) 4 C}
us(x,t) = arccosh

1+ % csch? [@(X —ct) + C}

% csch? [@(x —ct) + C}

uy(x,t) = arccosh

By using Case 3 and ® = coth(§) £ csch(§), before section we have

14 % esch?(x — ct)[coth(x — ct) + esch(x — ct)]?

8(c2—k)q
a+p

us(x,t) = arccosh
csch(x — ct)[coth(x — ct) £ csch(x — ct)]

By using Case 3 and ® = tanh(&) £ isech(§), we get

16(c?—k)2q>
(a+B)?

8(c2—k)q
at+p

1+ sech?(x — ct)[sech(x — ct) £ itanh(x — ct)]?

ug(x,t) = arccosh

sech(x — ct)[sech(x — ct) & itanh(x — ct)]

By using Case 3 and & = tanh(%) or ® = coth(%)7 we obtain
r 2 182 2 x—ct)1 ]
1+ 74(&1 +1;3))2q sech#[&=<t) 5 9]

- 4(c2—k x—c
(a-l-B)q sech2[( - t)]

ur7(x,t) = arccosh

2 2 2 T
L+ HEE s[5

4(c2—k x—ct
(a+ﬁ)q CSChQ[( . )]

ug(x,t) = arccosh

(=)=
E)NE

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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By using Case 3 and & = fitan(%) or & = icoth(%), we have

1+ T sect(52 ]
ug(x,t) = arccosh @10 e , (3.26)
arr - sec? [T |
[ @R iG]
ujg(x,t) = arccosh | — (G0, 2 (3.27)
2(c2—k)q ori(x—ct)
ats . ose’ ] ]
By using Case 4 we have
1+ 25((2?;7;;))22(12 sech*[3 (x — ct)]
uy1(x, t) = arccosh | ————— , (3.28)
7(2![3 Ja sech2[§(x —ct)]
1+ % sec4[§i(x — ct)]
w2(x, t) = arccosh | ————— , (3.29)
(;%ﬂ)q SGCQ[\égl(X — ct)]
(14 B e[ (x - ct)]
u3(x,t) = arccosh T0(e 1) 7 , (3.30)
“at5 - osch?[*3 (x — ct)]
1+ % cscA[YBi(x — ct)]
w4(x, t) = arccosh | ———-—— (3.31)
(;f_ﬁ)q csc?| 251(X — ct)]
(IT) The second set for Eq. (3.15)
By using case 1 we have
2_1)2,2A2 — _ — — 4
(a+6) il sec (V =5 C) + [2—}; + Y52 tan (—V 88 4 C)]
uy5(x,t) = arccosh {2 " TA 5 ,  (3.32)
(¢? = Ir sec? (7V AL 4 C) {g—p + Y2 tan (7V AL 4 C)}
q q
_1)212A2
(a+p)  “wresme st (B4 C) + |4+ 5 b (V5 + ﬂ
uy6(x, t) = arccosh {2 A , (3.33)
(e —K)r sech? (Q + C) [QL + % tanh (‘F }
q q
c2—k)%r2A2 V—=A V=A 4
(o +B) (qz(a+ﬁ)2 csc4( 5 3 +C) + {% + Y5q €0 ( C)}
uy7(x,t) = arccosh 572 A 5 , (3.34)
G csc? <7V_2A£+C> {QL—&- e cot(V_QAE—i-C)]
q a
(1A VAE VA VAE !
ﬁcsch +C + Y2 coth (Y5> +C
ug(x,t) = arccosh {— (a+5) (0+9) ( ) [Qq 2 ( : )} (3.35)

2(c2 — k)rA esch2 (% + C) {2% + \é—qx coth (@ + C)} 2
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By using Case 2 and ® = ¢ — 1, before section we have

u19(x,t) = arccosh

i 16(c>—k)? X—C X—C
a+8 (E!_H;)z) e2(xet) 4 (gx—et _1)4

8(02 _ k) ex—ct(ex—ct _ 1)2

By using Case 3 and ® = coth(§) £ csch(§), before section we have

ug0(x,t) = arccosh

a+ B %csch%x — ct) + [coth(x — ct) % csch(x — ct)]?

8(c2 —k)r csch(x — ct)[coth(x — ct) £ csch(x — ct)]

By using Case 3 and ® = tanh(§) =+ isech(£), we obtain

ug1 (x,t) = arccosh

a+ B %sech%x — ct) + [sech(x — ct) £ itanh(x — ct)]?

8(c? —k)r sech(x — ct)[sech(x — ct) £ itanh(x — ct)]3

By using Case 3 and ¢ = tanh(%) or & = coth(%)7 we get

U2 (x,t) = arccosh

us3(x,t) = arccosh

a+f 74(02;?%2 sech®[X5E4] + tanh4["2ct]]

I 4(c?2 = k)r sechQ[X_T“]tanhQ[x_TCt]
[ a+p M esch! 55 + coth![X5]
4(c? —k)r csch?[ X5 coth?[ X5 ] '

By using Case 4 before Section we have

ug4 (%, t) = arccosh

ug5(x,t) = arccosh

ug6(x,t) = arccosh

ug7(x,t) = arccosh [

4
a+B 725(((5;/;)?2 sech? [TS(X — ct)} + (% + % tanh [%(x — ct)D

| 10(c2 — K)r sech? [é(x _ Ct)} (% + 5 tanh [@(x - ct)} )2

)

4
a+f 7252‘;2;5))?2 csch? [%(X - ct)} + (% + % coth [%(X - ct)D

110(c? — k)r csch? [%(x — ct)} (% + % coth [%(X - Ct)} )2 |
ars Eeset [ o] + (- o tan [P e])
T 10(@ — ko see? [ - et)] (3 — 3 tan [0 (x - ct)D2 7

nrp B [P ] + (14 F o [Fix-e])’
10(c? — K)r csc? {@(x - Ct)} (% + Y cot [Q(X - Ct)} )2

(ITI) The third set for Eq. (3.16)

By using Case 1 we have

usg(x,t) = arccosh

(@4 5) 1+ 572 tan? [V;A <x— k + V“2A+B2t> +C}
2 _ 2 a2+ 32 ’
f-a tan? [V;A <x k4 Ve t> +C}

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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@+ 1HE tanh‘*{ f( k+ Y 2+ﬁ2t)+c}
ugg(x,t) = arccosh | — — ) (3.46)
_ 021 32
pe-a tanh? {\/23 (x ko YO re t) + C}
Clagg LT ERacot! VoA (x k + V“2+52t)+0]
uzo(x,t) = arccosh — ) (3.47)
_ /02132
p—a cot? { ( k + +6 t) + }
@+ 5 1+ 522 coth? [VE <x k+ Y 2+52t>+c
us1 (x,t) = arccosh | — — (3.48)
— /a2 2
| 2VB—a coth? [ <X k+ +B t> + C]
(IV) The fourth set for Eq. (3.17)
By using Case 1 we have
4 2
_ V=A V—A, f—a —A V=A V=A
(Oé—‘rﬂ)A (T§+ 2q tan(TE—i-C)) +W(ﬁ+p2q tan( 2E+C))
use(€) = arccosh 7 § 5 = 5 , (3.49)
— -A |, p/—A V=~Aa —p | V/-A A
@ (X-&-p% tan( 25+C>) (Té’—kwtan(%—i—(]))
- VA VA ! —a_ (A, pVA VA 2
(a+B)A (Q%-i-ftanh(—g—i—(j)) +(oﬁw(%+%tanh(%+0))
us3(€) = arccosh | — Wiz = = = s = 5 ,  (3.50)
- A
L B o (2q+p tanh( E—I-C)) (%—&-Tﬁtanh(%—k(]))
4 2
- NET J=A o (A, p/ A J=R
(a+B)A (2%+ 2q COt( 2 §+C)) +(aiﬁ)A2 <T+p2q COt( 2 E"'C))
us4 (&) = arccosh : : 5 5 , (3.51)
B -a (£ + 258 cot (YEE+C)) (£ + Y52 cot (Y5E 4+ C))
A VA * o (A, pVA VA ?
(a4 B)A (2%“1‘%0011}1(754-())) +(aiW(27q+pWCOth<T§+C)>
ugs(£) = arccosh | — = = = = 5 = 5 ,  (3.52)
- A A A A A
B -a (2fq+%coth(T§+C>) (%—F%coth(%—k(]))

which are the exact solutions of the combined sinh—cosh-Gordon equation. We obtain solitary wave and periodic wave
solution for the combined sinh—cosh-Gordon equation. Can be seen that the solutions developed by aforementioned
method and also, results are the same, with comparing results [48].

4. THE DOUBLE COMBINED SINH-COSH-GORDON EQUATION

In this section we study the double combined sinh—cosh—Gordon equation with the generalized tanh—coth method
as the following

Uty — Kuygy + asinhu + acoshu + B sinh 2u + 8 cosh 2u = 0. (4.1)
Using the wave variable as follow ¢ = x — ct, is carried to an ODE

(¢ —k)u” + asinhu + a coshu + Bsinh 2u 4 3 cosh 2u = 0. (4.2)
We use the Painlevé property

v=e" (4.3)

(&)
ENE
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or equivalently

u=lInv, (4.4)
where we have
’ v/

u = ;, (45)

by V// (V/)Q
u =—- .
v v2

The transformation (4.3) also gives

v—v! V—|-V_1

sinhu = 5 coshu = 5 (4.6)
that also gives
-1
u = arccosh [V +2V } . (4.7)

Substituting these transformations namely (4.5) and (4.6) into Eq. (4.2) we obtain
2(c? — k) (v — (v')?) + 2Bv* + 2av® = 0. (4.8)
Balancing vv” with v* in Eq. (4.8), and by using Eq. (2.7) we obtain m = 1. The solutions of Eq. (4.1) is of the form

v(§) =ao +a1® + %1. (4.9)

Substituting Eq. (4.9) into Eq. (4.8) and by using the well-known software Maple, we obtain the system of the
following results

« 2qr q

(07
g = &2 ap = +2 L by =0, 4.10
"B Atp/A RV ! (410
2 _
% 2(p? quipf)’ A=y dar,
B A(WVA £p)
or
a 2qr a T
=—- - =0, by =+— —, 4.11
YT B AtpVA . T B VA )
2 _
_ & 2(p 2qri p\/>)7 A — p2 _ 4qr’
B AWA<£p)
or
@ agq ar a?
a, = ——, a1 = —_—— b = —_ = CcC = k—77 4.12
T8 YT RS Ap? “12)

where p, q,r, and c are arbitrary constants. Substituting Eqs. (4.10)—(4.12) into expression Eq. (4.9) along with using
Eq. (4.7) and using before section we obtain

1 3 +o
u(¢) = arccosh 22; 5 6 5 [\/;i; } ; (4.13)
L \/Eip
and
B [BVA (VA £p)°0% + [29® £ (VA £ p))?
u(¢) = arccosh 2ar (VA + p)32g@ £ (VA £ )] ) (4.14)

(=)=
E)NE
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and

2
O + @2 ® p?®? 4 570
W(€) = arccosh [_a (+P+Q) s (P)]: arceosh [_j pie? + 50

273 20

By the manipulation as explained in the previous section, we have
(I) The first set for Eq. (4.13)
By using Case 1 we obtain

[GyR 1+ %5 {\/—ipq:m:tmtan(@JrC)]
i‘/itan(‘/jg—&-C) 7

p® r+ p® + qd2 ap ool

u;(€) = arccosh S

L fﬂ:szQ‘l

B\F 1+52A [\Fip:FQq:F‘é;tanh(\Fg—i-C)}

T e e (500

us(€) = arccosh

[5VA 1+ %5 [fi $2q$\§;coth(@+0)}
us(&) = arccosh P

_2ozr fip$2qq:£00th(ff+c)
X VA o (VEAE
uy(€) = arccosh f 1+ 5 ,62A {fip + gq F Y54 cot ( Al 4 C)}
2 VAT NN ;
L ar \/7:|:p + 2q + 2q cot (TE + C)

_ a? 2(p2—2qr+pVA)
\zvhere:§—><—\/l<—ﬁ AG/Ain) t.

By using Case 2 and ® = ¢ — 1, before section we have

2

4V 1}

BVA 1+3 62A [\Fi
2ar 2 e Jk— 222
\/Zﬂ:pie -1

us(x,t) = arccosh

By using Case 3 and & = coth(§) £ csch(€), before section we have

[aVA 1+ 5 |2 +ooth (x— k= 2t) asch (x =y /k— %)
L 20r \Fi :I:coth( —/k— Oé%):l:csch(x—,/k—o‘%c)

By using Case 3 and ® = tanh(&) =+ isech(), we get

5\ﬁ1+ﬁ2A [\/31 :I:tanh( Wk — F)ilsech( k — )}
2or fi :ttanh( —/k— ";;t) + bech< k — 7‘5)

By using Case 3 and ¢ = tanh(%) or & = coth(%), we have

BYA 1+ 55 [ AL tanh |3 (x— k- 5t)]]

o g refi(ekegg] ]

ug(x,t) = arccosh

ur7(x,t) = arccosh

ug(x,t) = arccosh
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(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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1+ %5 + coth k — 2t
ug(x,t) = arccosh 2\/; B 3 [\/»i [ ( - J )H (4.24)
\Fi :l:coth{ (x— k— t)}
By using Case 3 and & = —itan(%) or d = icoth(%)7 we obtain
2|29 i i (e _a?
uio(x,t) = arccosh Q\F Tt BZA [\/Zip i {2 <X - t>”] ) (4.25)
ar : i a?
L \/Zip:Fltan [5 (X— k—?t)}
14+ % +icot |1 k — 2t
uy1(x,t) = arccosh QXF B 5 [\Fi [2 ( i )”] (4.26)
ar i a?
O )
By using Case 4 we have
syE 1t 8 o [\Fip + (§+25tanh [ 5 (x— k — (fothe? t)])}
u2(x,t) = arccosh 5 , (4.27)
| “ar \/Eqip + (é + 2 tanh {25 x—1/k— (\fﬂ)a?t)}) ]
B\/» 1+ 4 52A [\/%qip + <§ %tan { 25i<x k — (fﬂ) t)])}
uy3(x,t) = arccosh o — , (4.28)
T i . 1) a2
L \/%(itp:t(%_ 25 tan{fl(x—\/k (Yotl)a? +) t)]) |
VA 1+ 5 62A |:\/Zj:p + <§ + ¥ coth {25 (X— k — (‘[“)az ﬂ)]
u4(x,t) = arccosh 5 , (4.29)
ar 2 f+1 a2
L \/Z(itp (é—i—fcoth{;’ x — [k — (votbe? t)}) ]
oot 1+ ) )
uy5(x,t) = arccosh 5 (4.30)
ar i . V5+1)a?
L \/%Z:pi(é-i-;(lot[\égl(x—\/k (Yot1)o? +) t)}) |
(ITI) The second set for Eq. (4.14)
By using Case 1 we have
2
© A (VA £p)? (55 + 58 wn (F)) +[(-p+v=Btan (55)) & (VA4 p)] (431)
U1ig = arccos .
2or (VA £p) (Tp-l-“/?tan(‘/jg)) [( p++v—Atan (?g))i(\/zzl:p)]
2
© . |:,3\F (VA £ p)? (2q —&-‘é—qztanh (%)) [( p —VAtanh (@ ) i(\/Zip)] (432)
ui7 — arccos .
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2 2
© h{ﬁf (VA £ p)? (2q+§coth (%)) + [( — v/Acoth (@)) (\/Zip)] (433)
uis — arccos .
2ar (VA +p) ;—;’—Tchoth (A)> [( p — VA coth (@))i(\/&ip)}

(=)
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u19(§) = arccosh {

q

where C = 0 and £ is given above by

BVA (VA £p)? (%—&- ‘/fcot (\/?5
o (Vaew (2

2q

5:X_\/ a2 20? —2ar £ pVA),
AWVA£p)

(ITI) The third set for Eq. (4.15)

B

By using Case 1 we have

_ 2 (=
298 P (7§+

V;A tan
q

5

+
e (F)) [0 VB () £ /B 5)

i 2}
2q

2q

2
+ v7A1;am[vfA (x

- 2 VA VA a

(2 + 42 tanh 42 (x -

2

uso(x,t) = arccosh | apA
uz1 (x, t) = arccosh | apA
u22(x,t) = arccosh jgi p? (
u23(x, t) = arccosh :— jgi ?

k — %t)}) csch? [@ (x k — %t)]
k — 5"—21;)])2 + 4B2q2(:sc4 [‘/? (xf k

By using Case 2 we have
ug4(x,t) = arccosh
By using Case 4 we have

u2s(x,t) = arccosh [—

uz6(x,t) = arccosh [—

u27(x,t) = arccosh [

() gl
20 ez<x— k-‘%t) —€<X_ k—‘%t) .

8 (% + 5 tanh [% (x— k — %zt)]f + 2227 sech [75 (X_ k — “Tft)]

Sar (% + % tanh [75 (X — 4/ k— %t)]) sech? [% (x - - %Qt)]

3 (% — Y2 tan | i (x— k — %zt)}f + ?ggz sec? [%1 (x— k- %zt)}
Via (% — T5tanh [751 (x —\/k— %Qt) )5602 [751 x—4/k— O‘Tft)] 7
S e T 0 e T e )

@ (% + écoth [75 (x — 4 /k = %t)}) csch? [‘ég (X k %t)} 7
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(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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ENE
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2
8 (% + @ico‘c [@1 (X —4/k— %ft)D + ?Zg; csc? [%1 (x —4/k— %t)]

Vha (%—F%icot [%i(x— k — "‘—zt)])csc2 [%1 (X— k—o‘it)] ’

u2s(x,t) = arccosh [— (4.44)

B B

which are the exact solutions of the double combined sinh—cosh-Gordon equation. We obtain solitary wave and
periodic wave solutions for the double combined sinh—cosh-Gordon equation. It can be seen that solutions formally
developed for the aforementioned method also yield the same results, as compared to the results [48].

5. CONCLUSION

In this article, we obtained exact solutions for the combined and the double combined sinh-cosh-Gordon equations
by using the generalized tanh-coth method. The generalized tanh-coth method is a useful method for finding traveling
wave solutions of nonlinear evolution equations. This method has been successfully applied to obtain some new
solitary wave and periodic wave solutions to the combined and the double combined sinh-cosh-Gordon equations. The
generalized tanh-coth method is more powerful in searching for exact solutions of NLPDEs. Some of these results are
in agreement with the results reported in the literature. Comparing our results and Wazwaz’s [48] results, then it can
be seen that the results are the same. Also, new results are formally developed in this article considerably. It can
be concluded that this method is a very powerful and efficient technique in finding exact solutions for wide classes of
problems.
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