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Abstract
This study introduces novel generalized fractional derivatives known as (ψ, φ)-fractional derivatives of the Riemann-
Liouville and Caputo types, each incorporating exponential function kernels. These new operators offer distinct

advantages, including a semi-group property and a seamless extension of the Riemann-Liouville (RL-FD) and

Caputo fractional derivatives (C-FD), as well as integrals (RL-FI). We explore the Laplace transform of these
(ψ, φ)-fractional derivatives and (ψ, φ)-integral, leveraging them to address linear (ψ, φ)-fractional differential

equations. Moreover, these fractional operators are general to classical fractional operators, cotangent fractional

operators, and generalized proportional operators.
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1. Introduction

Fractional calculus (FC) [26, 28–32] stands as a comprehensive extension of conventional differentiation and in-
tegration, encompassing non-integer orders. Over the past few decades, it has emerged as a highly potent tool for
characterizing long-memory processes. Its applications span across various domains including chemistry, physics, elec-
tricity, and mechanics, as extensively covered in references such as [9, 11, 22, 25]. The literature on FC is vast, with
numerous works discussing its applications and theories. For further exploration, you may refer to publications like
[4, 10, 12, 15–17]. Local fractional derivatives (FDs), allowing differentiation with arbitrary orders beyond traditional
FDs, play a pivotal role in advancing classical FC. In [20], the conformable derivative (CD) was introduced; however,
its limitation lies in the failure to converge to the original function at κ = 1. Addressing this, [1] explored alternative
CD concepts and posed an open challenge to harness CD for generating more generalized FDs.

To address these concerns, generalized FDs and fractional integrals (FI) were proposed and analyzed in [18, 19],
offering partial solutions to this problem. Additionally, Anderson in [5, 6] introduced a novel local FD that converges
to the original function at κ = 1, thus enhancing the CD. Subsequently, various authors developed new FD types
accommodating exponential functions [2, 3, 8, 14, 24, 27] or the Mittag-Leffler function [7] in their operator kernels.
However, these novel nonsingular kernel-type FDs suffer a drawback: their corresponding integral operators lack a
semi-group property, posing challenges in solving complex fractional systems within their frameworks. Nevertheless,
considerable efforts have been invested in defining general FDs and integrals involving the general Mittag-Leffler
functions in their representations, as evident in papers see [13, 21, 23]. Motivated by these advancements, we introduce
a novel generalized FC based on a specific case of proportional derivatives (PD) as discussed in [5].

Our novel (ψ, φ)-fractional operators exhibit three distinct features that set them apart:

(1) The fractional operator’s kernel incorporates the exponential function.
(2) The resulting fractional integral demonstrate a semi-group property.
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(3) At order κ = 1, these operators revert to the Riemann-Liouville fractional derivative (RL-FD), Caputo
fractional derivative (C-FD), and Riemann-Liouville fractional integral (RL-FI).

This paper encompasses various sections detailing distinct aspects of the subject: Section 2 presents essential defini-
tions for FD and FI, crucial for subsequent comparisons. In section 3, a discussion on PD and their corresponding
integrals, accompanied by their Laplace transforms, forms the basis of the primary results. This section defines
the (ψ, φ)-fractional derivatives and integrals while exploring their inherent properties. Section 4 delves into the
Laplace transforms about Riemann-Liouville (ψ, φ)-fractional derivatives. The final section focuses on the exploration
of Caputo (ψ, φ)-fractional derivatives, examining their linear (ψ, φ)-fractional equations. Additionally, this section
elucidates the relationship linking RL-FD and C-FD.

2. Review of FC

In this section, we present several foundational definitions related to FD and FI, which are instrumental for the
analysis and comparisons carried out in this work. Let ϑ ∈ C be such that Re(ϑ) > 0, and denote nϑ = [ϑ] + 1. We
begin by defining the left-sided RL-FI of a function x of order ϑ as follows:(

aJ
ϑx
)

(Θ) =
1

Γ(ϑ)

∫ Θ

a

(Θ− s)ϑ−1x(s)ds. (2.1)

The right-sided RL-FI of a function x, of order ϑ, is given by the expression:(
Jϑb x

)
(Θ) =

1

Γ(ϑ)

∫ b

Θ

(s−Θ)ϑ−1x(s)ds. (2.2)

The left-sided RL-FD of a function x, of order ϑ, is given by the expression:(
aD

ϑx
)

(Θ) =

(
d

dΘ

)nϑ (
aJ

nϑ−ϑx
)

(Θ). (2.3)

The right-sided RL-FD of a function x, of order ϑ, is given by the expression:(
Dϑ
b x
)

(Θ) =

(
− d

dΘ

)nϑ (
Jnϑ−ϑb x

)
(Θ). (2.4)

The left-sided C-FD of a function x, of order ϑ, is given by the expression:(
C
aD

ϑx
)

(Θ) =
(
aJ

nϑ−ϑx(nϑ)
)

(Θ). (2.5)

The right-sided C-FD of a function x, of order ϑ, is given by the expression:(
CDϑ

b x
)

(Θ) =
(
Jnϑ−ϑb (−1)nϑx(nϑ)

)
(Θ). (2.6)

The left and right generalized proportional integral (GPI) [14] are defined respectively as(
ϑ
aJϑ,κx

)
(Θ) =

1

κϑΓ(ϑ)

∫ Θ

a

e
κ−1
κ (Θ−s) (Θ− s)ϑ−1

x(s)ds, (2.7)

and (
Jϑ,κb x

)
(Θ) =

1

κϑΓ(ϑ)

∫ b

Θ

e
κ−1
κ (s−Θ) (s−Θ)

ϑ−1
x(s)ds. (2.8)

Consider κ ∈ (0, 1]. The left- and right-sided generalized proportional derivatives of Riemann–Liouville (GPD-RL)
type, as introduced in [14], are defined respectively by:(

aD
ϑ,κx

)
(Θ) =

Dnϑ,κ
Θ

κnϑ−ϑΓ(nϑ − ϑ)

∫ Θ

a

e
κ−1
κ (Θ−s)(Θ− s)nϑ−ϑ−1x(s)ds, (2.9)

and (
Dϑ,κ
b x

)
(Θ) =

Dnϑ,κ
Θ

κnϑ−ϑΓ(nϑ − ϑ)

∫ b

Θ

e
κ−1
κ (s−Θ)(s−Θ)nϑ−ϑ−1x(s)ds, (2.10)
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where

D1,κ
Θ x(Θ) = (1− κ)x(Θ) + κx′(Θ), and Dnϑ,κ

Θ = D1,κDnϑ−1,κ
Θ .

The left and right generalized proportional derivatives of Caputo type (GPD-C) [14] are defined respectively as

(
C
a Dϑ,κx

)
(Θ) =

1

κnϑ−ϑΓ(nϑ − ϑ)

∫ Θ

a

e
κ−1
κ (Θ−s)(Θ− s)nϑ−ϑ−1Dnϑ,κ

s x(s)ds, (2.11)

and (
CDϑ,κ

b x
)

(Θ) =
1

κnϑ−ϑΓ(nϑ − ϑ)

∫ b

Θ

e
κ−1
κ (s−Θ)(s−Θ)nϑ−ϑ−1Dnϑ,κ

s x(s)ds. (2.12)

The left and right cotangent fractional integral (CFI) [27] are defined respectively as

(
ϑ
aJϑ,κx

)
(Θ) =

1

sin(κ π
2 )ϑΓ(ϑ)

∫ Θ

a

e− cot(κ π
2 )(Θ−s) (Θ− s)ϑ−1

x(s)ds, (2.13)

and (
Jϑ,κb x

)
(Θ) =

1

sin(κ π
2 )ϑΓ(ϑ)

∫ b

Θ

e− cot(κ π
2 )(s−Θ) (s−Θ)

ϑ−1
x(s)ds. (2.14)

Let κ ∈]0, 1]. The left and right cotangent fractional derivatives of RL type (CFD-RL) [27] are defined respectively
as (

aD
ϑ,κx

)
(Θ) =

Dnϑ,κ
Θ

sin(κ π
2 )nϑ−ϑΓ(nϑ − ϑ)

∫ Θ

a

e− cot(κ π
2 )(Θ−s)(Θ− s)nϑ−ϑ−1x(s)ds, (2.15)

and (
Dϑ,κ
b x

)
(Θ) =

Dnϑ,κ
Θ

sin(κ π
2 )nϑ−ϑΓ(nϑ − ϑ)

∫ b

Θ

e− cot(κ π
2 )(s−Θ)(s−Θ)nϑ−ϑ−1x(s)ds, (2.16)

where D1,κ
Θ x(Θ) = cos(κ π

2 )x(Θ) + sin(κ π
2 )x′(Θ). The left and right cotangent fractional derivatives of Caputo type

(CFD-C) [27] are defined respectively as

(
C
a Dϑ,κx

)
(Θ) =

∫ Θ

a

e− cot(κ π
2 )(Θ−s)(Θ− s)nϑ−ϑ−1

sin(κ π
2 )nϑ−ϑΓ(nϑ − ϑ)

Dnϑ,κ
s x(s)ds, (2.17)

and (
CDϑ,κ

b x
)

(Θ) =

∫ b

Θ

e− cot(κ π
2 )(s−Θ)(s−Θ)nϑ−ϑ−1

sin(κ π
2 )nϑ−ϑΓ(nϑ − ϑ)

Dnϑ,κ
s x(s)ds. (2.18)

It’s notable to mention that when κ = 1:

• the GPI (2.7) and (2.8) reduce to RL-FI (2.1) and (2.2)
• the GPD-RL (2.9) and (2.10) become the RL-FD (2.3) and (2.4)
• the GPD-C (2.11) and (2.12) have the forms of the C-FD (2.5) and (2.6).
• the CFI (2.13) and (2.14) reduce to RL-FI (2.1) and (2.2)
• the CFD-RL (2.15) and (2.16) become the RL-FD (2.3) and (2.4)
• the CFD-C (2.17) and (2.18) have the forms of the C-FD(2.5) and (2.6).
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3. The Riemann-Liouville (ψ, φ)-fractional derivative

In this section, we give the first part of the main results by defining the (ψ, φ)-fractional derivatives and (ψ, φ)-
fractional integrals and studying their properties. From [5, 6] we have the following definition.

Definition 3.1. Let κ ∈ [0, 1] and ψ, φ : [0, 1]→ [0,+∞[ be continuous where

lim
κ→0+

φ(κ) = 1, lim
κ→0+

ψ(κ) = 0, lim
κ→1−

φ(κ) = 0, lim
κ→1−

ψ(κ) = 1,

and

φ(κ) 6= 0, ψ(κ) 6= 0, κ ∈]0, 1].

The FD of x of order κ is defined by

Dκx(Θ) = φ(κ)x(Θ) + ψ(κ)x′(Θ). (3.1)

We aim to find the integral related to the FD in (3.1). Consider the following equation:

Dκy(Θ) = φ(κ)y(Θ) + ψ(κ)y′(Θ) = x(Θ), Θ ≥ a. (3.2)

the solution of (3.2) is:

y(Θ) =
1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x(s)ds.

The fractional integral ((ψ, φ)-fractional integral) of FD Eq. (3.1) is defined by:

aJ
1,κx(Θ) =

1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x(s)ds, (3.3)

where we accept that aJ
0,κx(Θ) = x(Θ).

Remark 3.2. Let κ ∈]0, 1[. Then the x(Θ) = e−
φ(κ)
ψ(κ)

Θ is a nonconstant function. However, (Dκx) (Θ) = 0.

(Dκx) (Θ) = φ(κ)e−
φ(κ)
ψ(κ)

Θ + ψ(κ)(e−
φ(κ)
ψ(κ)

Θ)′

= φ(κ)e−
φ(κ)
ψ(κ)

Θ + ψ(κ)(−φ(κ)

ψ(κ)
e−

φ(κ)
ψ(κ)

Θ)

= φ(κ)e−
φ(κ)
ψ(κ)

Θ − φ(κ)e−
φ(κ)
ψ(κ)

Θ)

= 0.

Proposition 3.3. Let x differentiable on ]a,+∞[ and κ ∈]0, 1]. We get

aJ
1,κDκx(Θ) = x(Θ)− e−

φ(κ)
ψ(κ)

(Θ−a)x(a).

Proof. We have

aJ
1,κDκx(Θ) =

1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)Dκx(s)ds

=
1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)
(
φ(κ)x(s) + ψ(κ)x′(s)

)
ds

=
1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)φ(κ)x(s)ds+

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x′(s)ds

=
φ(κ)

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x(s)ds+

[
e−

φ(κ)
ψ(κ)

(Θ−s)x(s)

]s=Θ

s=a

−φ(κ)

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x(s)ds
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=

[
e−

φ(κ)
ψ(κ)

(Θ−s)x(s)

]s=Θ

s=a

= x(Θ)− e−
φ(κ)
ψ(κ)

(Θ−a)x(a).

�

New let (aJ
n,κx) (Θ) =

(
aJ

1,κ (
aJ

n−1,κx
)

(Θ)
)
.

Theorem 3.4. Let n ∈ N∗, we have

(aJ
n,κx) (Θ) =

1

ψ(κ)nΓ(n)

∫ Θ

a

e−
φ(γ)
ψ(γ)

(Θ−s)(Θ− s)n−1x(s)ds. (3.4)

Proof. By changing the order of integrals we have

(aJ
n,κx) (Θ) =

1

ψ(κ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−τ1)dτ1
1

ψ(κ)

∫ τ1

a

e−
φ(κ)
ψ(κ)

(τ1−τ2)dτ2 × . . .

· · · × 1

ψ(κ)

∫ τn−1

a

e−
φ(κ)
ψ(κ)

(τn−1−τn)x(τn)dτn

=
1

ψ(κ)nΓ(n)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)n−1x(s)ds.

(3.5)

�

From equation (3.4), we can express the subsequent generalized form of FI.

Definition 3.5. Let κ ∈]0, 1] and ϑ ∈ C, Re(ϑ) > 0, the left and right Riemann-Liouville (ψ, φ)-fractional integrals
of x are respectively defined as

(aJ
ϑ,κx)(Θ) =

1

ψ(κ)ϑΓ(ϑ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−1x(s)ds, (3.6)

and

(Jϑ,κb x)(Θ) =
1

ψ(κ)ϑΓ(ϑ)

∫ b

Θ

e−
φ(κ)
ψ(κ)

(s−Θ)(s−Θ)ϑ−1x(s)ds. (3.7)

Remark 3.6. We have

• If κ = 1, then we get the left and right RL-FI (2.1) and (2.2), respectively.
• If ψ(κ) = κ and φ(κ) = 1− κ, then we get the left and right GPI (2.7) and (2.8), respectively.
• If ψ(κ) = sin(π2κ) and φ(κ) = cos(π2κ), then we get the left and right CFI (2.13) and (2.14), respectively.

Let n ∈ N, we use the notation
(Dn,κ

Θ x) (Θ) = (Dκ
Θ Dκ

Θ · · ·Dκ
Θ︸ ︷︷ ︸

n times

x)(Θ).

Definition 3.7. Let κ ∈]0, 1] and ϑ ∈ C, Re(ϑ) ≥ 0. The left and right RL (ψ, φ)-fractional derivatives of x are
respectively presented as follows:

(aD
ϑ,κx)(Θ) = Dnϑ,κ

Θ aJ
nϑ−ϑ,κx(Θ)

= Dnϑ,κ
Θ

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)nϑ−ϑ−1

ψ(κ)nϑ−ϑΓ(nϑ − ϑ)
x(s)ds, (3.8)

and

(Dϑ,κ
b x)(Θ) = Dnϑ,κ

Θ Jnϑ−ϑ,κb x(Θ)

= Dnϑ,κ
Θ

∫ b

Θ

e−
φ(κ)
ψ(κ)

(s−Θ)(s−Θ)nϑ−ϑ−1

ψ(κ)nϑ−ϑΓ(nϑ − ϑ)
x(s)ds, (3.9)
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with nϑ = [Re(ϑ)] + 1.

Remark 3.8. We have

• If κ = 1, then we get the left and right RL-FD (2.3) and (2.4), respectively.
• If ψ(κ) = κ and φ(κ) = 1− κ, then we get the left and right GPD (2.9) and (2.10), respectively.
• If ψ(κ) = sin(π2κ) and φ(κ) = cos(π2κ), then we get the left and right CFD (2.15) and (2.16), respectively.

Lemma 3.9. Let function y(Θ), we have

Dκ
(
y(Θ)e−

φ(κ)
ψ(κ)

Θ

)
= ψ(κ)y′(Θ)e−

φ(κ)
ψ(κ)

Θ.

Proposition 3.10. Let κ ∈]0, 1] and ϑ1, ϑ2 ∈ C be such that Re(ϑ1) ≥ 0 and Re(ϑ2) > 0. We have

(1) aJ
ϑ1,κ

(
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ2−1

)
= Γ(ϑ2)e

− φ(κ)
ψ(κ)

(Θ−a)
(Θ−a)ϑ1+ϑ2−1

ψ(κ)ϑ1Γ(ϑ1+ϑ2)
.

(2) Jϑ1,κ
b

(
e−

φ(κ)
ψ(κ)

(b−Θ)(b−Θ)ϑ2−1

)
= Γ(ϑ2)e

− φ(κ)
ψ(κ)

(b−Θ)
(b−Θ)ϑ1+ϑ2−1

ψ(κ)ϑ1Γ(ϑ1+ϑ2)
.

(3) aD
ϑ1,κ

(
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ2−1

)
= ψ(κ)ϑ1Γ(ϑ2)e

− φ(κ)
ψ(κ)

(Θ−a)
(Θ−a)ϑ2−1−ϑ1

Γ(ϑ2−ϑ1) .

(4) Dϑ1,κ
b

(
e−

φ(κ)
ψ(κ)

(b−Θ)(b−Θ)ϑ2−1

)
= ψ(κ)ϑ1Γ(ϑ2)e

− φ(κ)
ψ(κ)

(b−Θ)
(b−Θ)ϑ2−1−ϑ1

Γ(ϑ2−ϑ1) .

Proof. (1) We have

aJ
ϑ1,κ

(
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1

)
=

1

ψ(κ)ϑ1Γ(ϑ1)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ1−1e−
φ(κ)
ψ(κ)

s(s− a)ϑ2−1ds

=
1

ψ(κ)ϑ1Γ(ϑ1)

∫ Θ

a

e−
φ(κ)
ψ(κ)

Θ(Θ− s)ϑ1−1(s− a)ϑ2−1ds

=
e−

φ(κ)
ψ(κ)

Θ

ψ(κ)ϑ1Γ(ϑ1)

∫ Θ

a

(Θ− s)ϑ1−1(s− a)ϑ2−1ds,

making the change of variable y = Θ−s
Θ−a , we get

aJ
ϑ1,κ

(
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1

)
=

e−
φ(κ)
ψ(κ)

Θ

ψ(κ)ϑ1Γ(ϑ1)

∫ Θ

a

(Θ− s)ϑ1−1(s− a)ϑ2−1ds

=
e−

φ(κ)
ψ(κ)

Θ

ψ(κ)ϑ1Γ(ϑ1)
(Θ− a)ϑ1+ϑ2−1

∫ 1

0

yϑ1−1(1− y)ϑ2−1dy.

Utilizing the Beta function defined as B(ϑ1, ϑ2) =

∫ 1

0

uϑ1−1(1 − u)ϑ2−1du, and considering the identity

B(ϑ1, ϑ2) = Γ(ϑ1)Γ(ϑ2)
Γ(ϑ1+ϑ2) , thus:

aJ
ϑ1,κ

(
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1

)
=

e−
φ(κ)
ψ(κ)

Θ

ψ(κ)ϑ1Γ(ϑ1)
(Θ− a)ϑ1+ϑ2−1 Γ(ϑ1)Γ(ϑ2)

Γ(ϑ1 + ϑ2)

=
Γ(ϑ2)e−

φ(γ)
ψ(κ)

Θ

ψ(κ)ϑ1Γ(ϑ1 + ϑ2)
(Θ− a)ϑ1+ϑ2−1.

(2) Similar of 1.
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(3) Let x(Θ) = e−
φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1, using Lemma 3.9 and we have

aD
ϑ1,κ

(
x(Θ)

)
= D

nϑ1
,κ

Θ aJ
nϑ1
−ϑ1,κ

(
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1

)
= D

nϑ1
,κ

Θ

(
Γ(ϑ2)e−

φ(κ)
ψ(κ)

Θ

ψ(κ)nϑ1
−ϑ1Γ(nϑ1 − ϑ1 + ϑ2)

(Θ− a)nϑ1
−ϑ1+ϑ2−1

)
=

ψ(κ)nϑ1 Γ(ϑ2)(nϑ1
− ϑ1 + ϑ2 − 1)(nϑ1

− ϑ1 + ϑ2 − 1) · · · (ϑ2 − ϑ1)

ψ(κ)nϑ1
−ϑ1Γ(nϑ1

− ϑ1 + ϑ2)
× e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1−ϑ1

=
ψ(κ)ϑ1Γ(ϑ2)

Γ(ϑ2 − ϑ1)
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1−ϑ1 .

(4) The proof follows a similar pattern to that of relation 3.
�

Lemma 3.11. Let λ ∈ R. Then

aD
ϑ1,κe−

φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2(λ(Θ− a)ϑ1) = λψ(κ)ϑ1e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2(λ(Θ− a)ϑ1),

where Eϑ1,ϑ2 is the Mittag-Lefler function [22].

Proof. Let h(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2(λ(Θ− a)ϑ1). We have

aD
ϑ1,κh(Θ) = aD

ϑ1,κ
(
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2
(λ(Θ− a)ϑ1)

)
= aD

ϑ1,κ
( +∞∑
k=0

λk

Γ(ϑ1k + 1)
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)kϑ1

)

=
+∞∑
k=0

λk

Γ(ϑ1k + 1)
aD

ϑ1,κ
(
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)kϑ1

)

=
+∞∑
k=1

λk

Γ(ϑ1k + 1)

ψ(κ)ϑ1Γ(ϑ1k + 1)

Γ(ϑ1k + 1− ϑ1)
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ1k−ϑ1

= ψ(κ)ϑ1e−
φ(κ)
ψ(κ)

(Θ−a)
+∞∑
k=1

λk

Γ(ϑ1(k − 1) + 1)
(Θ− a)ϑ1(k−1)

= λψ(κ)ϑ1e−
φ(κ)
ψ(κ)

(Θ−a)
+∞∑
k=1

λk−1

Γ(ϑ1(k − 1) + 1)
(Θ− a)ϑ1(k−1)

= λψ(κ)ϑ1e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ1,1(λ(Θ− a)ϑ1).

�

It’s evident that the (ψ, φ)-integral operators don’t exhibit the semigroup property in κ. Nevertheless, the semigroup
property of (ψ, φ)-integrals in ϑ remains valid.

Theorem 3.12 presents the semigroup property (ψ, φ)-integral Riemann-Liouville type.

Theorem 3.12. . Let x be continuous and κ ∈]0, 1], Re(ϑ1) > 0, and Re(ϑ2) > 0. We have

Jϑ1,κ
(
aJ

ϑ2,κx
)

(Θ) = Jϑ2,κ
(
aJ

ϑ1,κx
)

(Θ) =
(
aJ

ϑ1+ϑ2,κx
)

(Θ), Θ ≥ a. (3.10)
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Proof. We have

Jϑ1,κ
(
aJ

ϑ2,κx
)

(Θ) =
1

ψ(κ)ϑ1+ϑ2Γ(ϑ1)Γ(ϑ2)

×
∫ Θ

a

∫ u

a

e−
φ(κ)
ψ(κ)

(Θ−u)e−
φ(κ)
ψ(κ)

(u−s)(Θ− u)ϑ1−1(u− s)ϑ2−1x(s)dsdu

=
1

ψ(κ)ϑ1+ϑ2Γ(ϑ1)Γ(ϑ2)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)x(s)

∫ Θ

s

(Θ− u)ϑ1−1(u− s)ϑ2−1duds,

making the change of variable y = u−s
Θ−s , we get

Jϑ1,κ
(
aJ

ϑ2,κx
)

(Θ) =
1

ψ(κ)ϑ1+ϑ2Γ(ϑ1)Γ(ϑ2)

×
∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ1+ϑ2−1x(s)ds

∫ 1

0

(1− y)ϑ1−1yϑ2−1dy

=
1

ψ(κ)ϑ1+βΓ(ϑ1 + ϑ2)

∫ Θ

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ1+ϑ2−1x(s)ds

=
(
aJ

ϑ1+ϑ2,κx
)

(Θ).

�

Theorem 3.13. Let x be integrable in each interval [a,Θ],Θ > a and 0 ≤ l < [Re(ϑ)] + 1. Then

Dl,κ (
aJ

ϑ,κx
)

(Θ) =
(
aJ

ϑ−l,κx
)

(Θ). (3.11)

Proof. Using the definition and by noting that D1,κ
Θ e−

φ(κ)
ψ(κ)

(Θ−s) = 0, we have

Dl,κ (
aJ

ϑ,κx
)

(Θ) = Dl−1,κ (D1,κ
aJ

ϑ,κx
)

(Θ)

= Dl−1,κ 1

ψ(κ)ϑ−1Γ(ϑ− 1)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−2x(s)ds.

If we continue l-times in this way we reach (3.11). �

Corollary 3.14. Let 0 < Re(ϑ2) < Re(ϑ1) and l − 1 < Re(ϑ2) ≤ l. Then, we have

aD
ϑ2,κ

aJ
ϑ1,κx(Θ) = aJ

ϑ1−ϑ2,κx(Θ).

Proof. Leveraging Theorems 3.12 and 3.13, we obtain:

aD
ϑ2,κ

aJ
ϑ1,κx(Θ) = Dl,κ

a I l−ϑ2,κ
a Jϑ1,κx(Θ) = Dl,κ

a J l−ϑ2+ϑ1,κx(Θ) = aJ
ϑ1−ϑ2,κx(Θ).

�

Theorem 3.15. Let x be integrable on Θ ≥ a and Re[ϑ] > 0,κ ∈]0, 1], nϑ = [Re(ϑ)] + 1. We get

aD
ϑ,κ

aJ
ϑ,κx(Θ) = x(Θ).

Proof. By combining the definition and Theorem 3.12, we derive:

aD
ϑ,κ

aJ
ϑ,κx(Θ) = Dnϑ,κ

aJ
nϑ−ϑ,κ

aJ
ϑ,κx(Θ) = Dnϑ,κ

aJ
nϑ,κx(Θ) = x(Θ).

�

Lemma 3.16. For ϑ > 0,κ ∈]0, 1] and l is positive integer we have

(
aJ

ϑ,κDl,κx
)

(Θ) =
(
Dl,κ

aJ
ϑ,κx

)
(Θ)−

l−1∑
k=0

(Θ− a)ϑ−l+ke−
φ(κ)
ψ(κ)

(Θ−a)

Γ(ϑ+ k − l + 1)ψ(κ)ϑ−l+k
(
Dk,κx

)
(a). (3.12)
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If l = 1, we have

(
aJ

ϑ,κDκx
)

(Θ) =
(
Dκ

aJ
ϑ,κx

)
(Θ)− (Θ− a)ϑ−1e−

φ(κ)
ψ(κ)

(Θ−a)

ψ(κ)ϑ−1Γ(ϑ)
x(a). (3.13)

Proof. Observing that (Dκxy) (Θ) = x(Θ) (Dκy) (Θ) + y(Θ) (Dκx) (Θ)− φ(κ)x(Θ)y(Θ) (see also Lemma 1.7 in [5]),
we get

Dκ
[
(Θ− a)nϑ−ϑ−1e−

φ(κ)
ψ(κ)

(Θ−a)x(a)
]

= ψ(κ)(nϑ − ϑ− 1)(Θ− a)nϑ−ϑ−2e−
φ(κ)
ψ(κ)

(Θ−a)x(a). (3.14)

We establish the proof for (3.13) first. The relationship (3.12) follows from applying (3.13) inductively, utilizing (3.14).
The demonstration of (3.13) relies on the observation of (3.14) and the Laplace transform. Specifically, employing
(4.1) from Theorem 4.1 in the subsequent section and incorporating the identity:

La {Dκx(Θ)} (p) = (φ(κ) + ψ(κ)p)Xa(p)− ψ(κ)x(a),

where

La{x(Θ)}(p) =

∫ ∞
a

e−p(s−a)x(s)ds,

we obtain

La
{
aJ

ϑ,κDκx(Θ)
}

(p) =
La {Dκx(Θ)} (p)

(φ(κ) + ψ(κ)p)ϑ
=

(φ(κ) + ψ(κ)p)Xa(p)− ψ(κ)x(a)

(φ(κ) + ψ(κ)p)ϑ
,

La
{
Dκ

aJ
ϑ,κx(Θ)

}
(p) = (φ(κ) + ψ(κ)p)

Xa(p)

(φ(κ) + ψ(κ)p)ϑ
,

and

La

{
(Θ− a)ϑ−1e−

φ(κ)
ψ(κ)

(Θ−a)

ψ(κ)ϑ−1Γ(ϑ)
x(a)

}
(p) =

x(a)ψ(κ)

(φ(κ) + ψ(κ)p)
.

Alternatively, relation (3.13) can be proved by integration by parts and by noting that

Dκ
aJ

ϑ,κx(Θ) =
(ϑ− 1)ψ(κ)

ψ(κ)ϑΓ(ϑ)

∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−2x(s)ds.

�

Remark 3.17. We have

•
(
aD

ϑ,κx
)

(Θ) =
(
aJ
−ϑ,κx

)
(Θ).

• Using Lemma 3.16 we get(
Dκ

aD
ϑ,κx

)
(Θ) = Dnϑ,κDκ

aJ
nϑ−ϑ,κx(Θ)

= Dnϑ,κ

[
aJ

nϑ−ϑ,κDκ − (Θ− a)nϑ−ϑ−1e−
φ(κ)
ψ(κ)

(Θ−a)

Γ(nϑ − ϑ)ψ(κ)nϑ−ϑ−1
x(a)

]

= aJ
−ϑ,κDκx(Θ)− (Θ− a)−ϑ−1e−

φ(κ)
ψ(κ)

(Θ−a)

ψ(κ)−ϑ−1Γ(−ϑ)
x(a).

• Lemma 3.16 is valid for any real ϑ.

Theorem 3.18. Let Re(ϑ) > 0, nϑ = −[−Re(ϑ)], x ∈ L1]a, b[ and
(
aJ

ϑ,κx
)

(Θ) ∈ ACnϑ [a, b]. Then

(
aJ

ϑ,κ
aD

ϑ,κx
)

(Θ) = x(Θ)− e−
φ(κ)
ψ(κ)

(Θ−a)
nϑ∑
m=1

(
aJ

m−ϑ,κx
) (
a+
) (Θ− a)ϑ−m

ψ(κ)ϑ−mΓ(ϑ+ 1−m)
. (3.15)
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Proof. From applying (3.12) in Lemma 3.16 and using the semi-group property for Riemann-Liouville (ψ, φ)-integrals,
we have (

ϑ,κ
a aD

ϑ,κx(Θ) =ϑ,κ
a Jnϑ,κaJ

nϑ−ϑ,κx(Θ)

=Dnϑ,κϑ,κ
a aJ

nϑ−ϑ,κx(Θ)

−
nϑ−1∑
k=0

(Θ− a)ϑ−nϑ+ke−
φ(κ)
ψ(κ)

(Θ−a)

Γ(ϑ+ k − nϑ + 1)ψ(κ)ϑ−nϑ+k

(
Dk,κ

aJ
nϑ−ϑ,κx

)
(a)

=x(Θ)−
nϑ−1∑
k=0

(Θ− a)ϑ−nϑ+ke−
φ(κ)
ψ(κ)

(Θ−a)

Γ(ϑ+ k − nϑ + 1)ψ(κ)ϑ−nϑ+k

(
aJ

nϑ−ϑ−k,κx
) (
a+
)

=x(Θ)− e−
φ(κ)
ψ(κ)

(Θ−a)
nϑ∑
m=1

(
aJ

m−ϑ,κx
) (
a+
) (Θ− a)ϑ−m

ψ(κ)ϑ−mΓ(ϑ+ 1−m)
.

�

4. The Laplace transform for (ψ, φ)-RL-FI and RL-FD

In this section, we present the Laplace transform for (ψ, φ)-fractional integral and the Riemann-Liouville (ψ, φ)-
fractional derivative. We give exacte solution of linear (ψ, φ)-fractional differential equations of Riemann-Liouville
type.

Theorem 4.1. Let x to be exponential order, κ ∈]0, 1] and ϑ ∈ C where Re(ϑ) > 0. Then

La
{(
aJ

ϑ,κx
)

(Θ)
}

(p) =
1

(φ(κ) + ψ(κ)p)ϑ
La{x(Θ)}(p). (4.1)

Proof. We have

La
{(
aJ

ϑ,κx
)

(Θ)
}

(p) =
1

ψ(κ)ϑΓ(ϑ)
La
{
e−

φ(κ)
ψ(κ)

ΘΘϑ−1 ∗ x(Θ)
}

(p)

=
1

ψ(κ)ϑΓ(ϑ)

Γ(ϑ)(
p− φ(κ)

ψ(κ)

)ϑLa{x(Θ)}(p)

=
1

(φ(κ) + ψ(κ)p)ϑ
La{x(Θ)}(p).

�

Theorem 4.2. Let x ∈ Cnϑ−1([a,+∞[) be such that x(k) are of exponential order on each subinterval [a, b], k =
1, 2, . . . , nϑ − 1. Then,

La {(Dnϑ,κx) (Θ)} (p) = (φ(κ) + ψ(κ)p)nϑLa{x(Θ)}(p)

− ψ(κ)

nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)nϑ−1−k (Dk·κx
)

(a),
(4.2)

where ϑ sash that nϑ = [Re(ϑ)] + 1.

Proof. Since La {x′(Θ)} (p) = pLa{x(Θ)}(p)− x(a), we get for nϑ = 1

La
{(
D1,κx

)
(Θ)
}

(p) = La {φ(κ)x(Θ) + ψ(κ)x′(Θ)} (p)

= (φ(κ) + ψ(κ)p)La{x(Θ)}(p)− ψ(κ)x(a).
(4.3)

Applying (4.3) leads us to derive the relation (4.2). �
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Theorem 4.3. Let κ ∈]0, 1], ϑ ∈ C where Re(ϑ) > 0 and nϑ = [Re(ϑ)] + 1, we have

La
{(
aD

ϑ,κx
)

(Θ)
}

(p) = (φ(κ) + ψ(κ)p)ϑXa(p)− ψ(κ)

nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)nϑ−k−1
(
Jnϑ−ϑ−k,κx

) (
a+
)
,

with Xa(p) = L{x(Θ)}(p). If x is continuous at a then

La
{(
aD

ϑ,κx
)

(Θ)
}

(p) = (φ(κ) + ψ(κ)s)ϑXa(p).

Proof. Through the application of Theorems 4.1 and 4.2, we obtain

La
{(
aD

ϑ,κx
)

(Θ)
}

(p) = La
{
aD

nϑ,κ
a Jnϑ−ϑ,κx

)
(Θ)
}

(p)

= (φ(κ) + ψ(κ)p)nϑLa
{
aJ

nϑ−ϑ,κx
)

(Θ)
}

(p)

− ψ(κ)

nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)nϑ−1−k (Dk,κ
a Jnϑ−ϑ,κx

) (
a+
)

= (φ(κ) + ψ(κ)p)nϑ(φ(κ) + ψ(κ)p)ϑ−nϑXa(p)

− ψ(κ)

nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)nϑ−1−k (
aJ

nϑ−ϑ−k,κx
) (
a+
)
.

�

Theorem 4.4. The solution of{
aD

ϑ,κx(Θ) = λx(Θ) + y(Θ), 0 < ϑ,κ ≤ 1,(
aJ

1−ϑ,κx
)

(a+) = xa.
(4.4)

is:

x(Θ) =e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− s)ϑ

)
y(s)ds.

(4.5)

Proof. Applying the operator La to Equation (4.4) and utilizing Theorem 4.3 with nϑ = 1, we obtain:

(φ(κ) + ψ(κ)p)ϑLa{x(Θ)}(p)− ψ(κ)
(
aJ

1−ϑ,κx
) (
a+
)

= λLa{x(Θ)}(p) + La{y(Θ)}(p).

Which is equivalent to [
(φ(κ) + ψ(κ)p)ϑ − λ

]
La{x(Θ)}(p) = ψ(κ)xa + La{y(Θ)}(p).

Thus,

La{x(Θ)}(p) =
[
(φ(κ) + ψ(κ)p)ϑ − λ

]−1
ψ(κ)xa +

[
(φ(κ) + ψ(κ)p)ϑ − λ

]−1 La{y(Θ)}(p). (4.6)

Equation (4.6) can be written as:

La{x(Θ)}(p) =

[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

ψ(κ)1−ϑxa

+ ψ(κ)−ϑ

[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

La{y(Θ)}(p),

(4.7)

using

La{e−c(Θ−a)x(Θ)}(p) = La{x(Θ)}(p+ c),
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as follows:

La

{
(Θ− a)ϑ−1Eϑ,ϑ

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e
− φ(κ)
ψ(κ)

(Θ−a)
(Θ− a)ϑ−1Eϑ,ϑ

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p), (4.8)

and

La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p). (4.9)

In our case, using the facts that (see 1.9.13 in [22])

La
{

(Θ− a)ϑ−1Eϑ,ϑ
(
λ(Θ− a)ϑ

)}
(p) =

1

pϑ − λ
, (4.10)

and

La
{
Eϑ
(
λ(Θ− a)ϑ

)}
(p) =

pϑ−1

pϑ − λ
, (4.11)

as follows:

La{ (Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
=

[
(p+

φ(κ)

ψ(κ)
)ϑ − ψ(κ)−ϑλ

]−1

.

(4.12)

And,

La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
=

(
p+

φ(κ)

ψ(κ)

)ϑ−1
[(

p+
φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

. (4.13)

Hence, by using Equations (4.9) and (4.13), we have:(
p +

φ(κ)

ψ(κ)

)ϑ−1
[(

p+
φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

= La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p).

(4.14)

Further, by using Eqs. (4.8) and (4.12), we get[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

= La
{

(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p).

(4.15)

We may get the following result by combining Eqs. (4.14) and (4.15) in Eq. (4.7), we get

La[x(Θ)](p) = La
{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)xa

+ ψ(κ)−ϑLa
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)La[y(Θ)](p).

(4.16)

Hence, by using convolution formula in Eq. (4.16), we have

La[x(Θ)](p) = La
{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)xa

+ ψ(κ)−ϑLa
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
∗ y(Θ)

}
(p).

(4.17)
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Applying the Laplace inverse of Eq. (4.17), we get:

x(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
∗ y(Θ)

}
.

Therefore,

x(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− s)ϑ

)
y(s)ds.

(4.18)

�

5. The Caputo (ψ, φ)-fractional derivative

In this section, we present the Caputo (ψ, φ)-fractional derivatives, Caputo (ψ, φ)-fractional derivatives of some
special functions, the Laplace transform for Caputo (ψ, φ)-fractional derivatives and relation that links the Caputo
and Riemann-Liouville (ψ, φ)-fractional derivatives. Finly we give exacte solution of linear (ψ, φ)-fractional differential
equations of Caputo type.

Definition 5.1. Let κ ∈]0, 1] and ϑ ∈ C, Re(ϑ) ≥ 0, define the left Caputo (ψ, φ)-fractional derivative starting at a
by:

(CaD
ϑ,κx)(Θ) = aJ

nϑ−ϑ,κ(Dnϑ,κ
Θ x(Θ))

=

∫ Θ

a

e−
φ(γ)
ψ(κ)

(Θ−s)(Θ− s)nϑ−ϑ−1

ψ(κ)nϑ−ϑΓ(nϑ − ϑ)
Dn,κ
s x(s)ds, (5.1)

and the right Caputo (ψ, φ)-fractional derivative ending at b is defined by:

(CDϑ,κ
b x)(Θ) = Jnϑ−ϑ,κb (Dnϑ,κ

Θ x(Θ))

=

∫ b

Θ

e−
φ(κ)
ψ(κ)

(s−Θ)(s−Θ)nϑ−ϑ−1

ψ(κ)nϑ−ϑΓ(nϑ − ϑ)
Dnϑ,κ
s x(s)ds, (5.2)

where nϑ = [Re(ϑ)] + 1.

Remark 5.2.

• If κ = 1, then we get the left and right RL-FD (2.5) and (2.6), respectively.
• If ψ(κ) = κ and φ(κ) = 1− κ, then we get the left and right GPD (2.11) and (2.12), respectively.
• If ψ(κ) = sin(κ π

2 ) and φ(κ) = cos(κ π
2 ), then we get the left and right CFD-C (2.17) and (2.18), respectively.

Proposition 5.3. Let κ ∈]0, 1], ϑ1, ϑ2 ∈ C be such that Re(ϑ1) ≥ 0 and Re(ϑ2) > 0. We get

(1) C
aD

ϑ1,κ
(
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ2−1

)
= ψ(κ)ϑ1Γ(ϑ2)

Γ(ϑ2−ϑ1) e−
φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ2−1−ϑ1 .

(2) CDϑ1,κ
b

(
e−

φ(κ)
ψ(κ)

(b−Θ)(b−Θ)ϑ2−1

)
= ψ(κ)ϑ1Γ(ϑ2)

Γ(β−ϑ1) e−
φ(κ)
ψ(κ)

(b−Θ)(b−Θ)ϑ2−1−ϑ1 .

Let nϑ1
= [Re(ϑ1)] + 1, for k = 0, 1, . . . , nϑ1

− 1, we have

C
aD

ϑ1,κe−
φ(κ)
ψ(κ)

Θ(Θ− a)k = 0 and CDϑ1,κ
b e−

φ(κ)
ψ(κ)

(b−Θ)(b−Θ)k = 0.

In particular, CaD
ϑ1,κe−

φ(κ)
ψ(κ)

Θ = 0 and CDϑ1,κ
b e−

φ(κ)
ψ(κ)

(b−Θ) = 0.
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Proof. Let nϑ1
= [Re(ϑ1)] + 1, from Proposition 3.10, we get

C
aD

ϑ1,κe−
φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1 =aJ
nϑ1
−ϑ1,κDnϑ1

,κ
[
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1
]

=aJ
nϑ1
−ϑ1,κ

×
[
ψ(κ)nϑ1 (ϑ2 − 1)(ϑ2 − 2) . . . (ϑ2 − 1− nϑ1

)(Θ− a)ϑ2−nϑ1
−1e−

φ(κ)
ψ(κ)

Θ
]

=
ψ(κ)nϑ1 (ϑ2 − 1)(ϑ2 − 2) . . . (ϑ2 − 1− nϑ1)Γ(ϑ2 − n)

Γ(ϑ2 − ϑ1)ψ(κ)n−ϑ1

×(Θ− a)ϑ2−ϑ1−1e−
φ(κ)
ψ(κ)

Θ

=
ψ(κ)ϑ1Γ(ϑ2)

Γ(ϑ2 − ϑ1)
e−

φ(κ)
ψ(κ)

Θ(Θ− a)ϑ2−1−ϑ1 .

The proof of the second relationship follows a similar approach. �

Lemma 5.4. Let λ ∈ R. We have

C
aD

ϑ,κe−
φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2
(λ(Θ− a)ϑ1) = λψ(κ)ϑ1e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2
(λ(Θ− a)ϑ1).

Proof. Let h(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2
(λ(Θ− a)ϑ1), we have

C
aD

ϑ,κh(Θ) = C
aD

ϑ,κ
(
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ1,ϑ2(λ(Θ− a)ϑ1)

)
= C

aD
ϑ,κ
( +∞∑
k=0

λk

Γ(ϑk + 1)
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)kϑ
)

=
+∞∑
k=0

λk

Γ(ϑk + 1)
C
aD

ϑ,κ
(
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)kϑ
)

=
+∞∑
k=1

λk

Γ(ϑk + 1)

ψ(κ)ϑΓ(ϑk + 1)

Γ(ϑk + 1− ϑ)
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑk−ϑ

= ψ(κ)ϑe−
φ(κ)
ψ(κ)

(Θ−a)
+∞∑
k=1

λk

Γ(ϑ(k − 1) + 1)
(Θ− a)ϑ(k−1)

= λψ(κ)ϑe−
φ(κ)
ψ(κ)

(Θ−a)
+∞∑
k=1

λk−1

Γ(ϑ(k − 1) + 1)
(Θ− a)ϑ(k−1)

= λψ(κ)ϑe−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1(λ(Θ− a)ϑ).

�

Theorem 5.5. Let κ ∈]0, 1] and nϑ = [Re(ϑ)] + 1, then

aJ
ϑ,κ (C

aD
ϑ,κx

)
(Θ) = x(Θ)−

n−1∑
k=0

(
Dk,κx

)
(a)

ψ(κ)kk!
(Θ− a)ke−

φ(κ)
ψ(κ)

(Θ−a). (5.3)
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Proof. From the Theorem 3.18 where ϑ = nϑ, we get

aJ
ϑ,κ (C

aD
ϑ,κx

)
(Θ) = aJ

ϑ,κ (
aJ

nϑ−ϑ,κDnϑ,κx
)

(Θ) = (aJ
nϑ,κDnϑ,κx) (Θ)

= x(Θ)− e−
φ(κ)
ψ(κ)

(Θ−a)
nϑ∑
j=1

(
aJ

j−nϑ,κx
)

(a+) (Θ− a)nϑ−j

ψ(κ)nϑ−jΓ(nϑ − j + 1)

= x(Θ)−
nϑ−1∑
k=0

(
Dk,κx

)
(a)

ψ(κ)kk!
(Θ− a)ke−

φ(κ)
ψ(κ)

(Θ−a).

�

Theorem 5.6. Let κ ∈]0, 1] and ϑ ∈ C with Re(ϑ) > 0 nϑ = [Re(ϑ)] + 1. If Xa(p) = L{x(Θ)}(p), then

La
{(
C
aD

ϑ,κx
)

(Θ)
}

(p) = (φ(κ) + ψ(κ)p)ϑXa(p)− ψ(κ)

nϑ−1∑
k=0

(φ(κ)

+ ψ(κ)p)ϑ−1−k (Dk,κx
)

(a).

(5.4)

Proof. From the Theorems 4.1 and 4.2, we get

La
{(
C
aD

ϑ,κx
)

(Θ)
}

(p) = La
{(
aJ

nϑ−ϑ,κDnϑ,κx
)

(Θ)
}

(p)

= (φ(κ) + ψ(κ)p)ϑ−nϑLa
{(
Dϑ,κx

)
(Θ)
}

(p)

= (φ(κ) + ψ(κ)p)ϑ−nϑ

×
[
(φ(κ) + ψ(κ)p)nϑXa(p)− ψ(κ)

nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)nϑ−1−k (Dk,κx
)

(a)

]
= (φ(κ) + ψ(κ)p)ϑXa(p)− ψ(κ)

×
nϑ−1∑
k=0

(φ(κ) + ψ(κ)p)ϑ−1−k (Dk,κx
)

(a).

�

Utilizing Theorems 4.3 and 5.6, we establish the following relationship between the Caputo and Riemann-Liouville
(ψ, φ)-fractional derivatives.

Proposition 5.7. Let κ ∈]0, 1], ϑ ∈ C where Re(ϑ) > 0 and nϑ = [Re(ϑ)] + 1, then

(
C
aD

ϑ,κx
)

(Θ) =
(
aD

ϑ,κx
)

(Θ)−
nϑ−1∑
k=0

ψ(κ)ϑ−k(Θ− a)k−ϑe−
φ(κ)
ψ(κ)

(Θ−a)

Γ(k + 1− ϑ)

(
Dk,κx

)
(a), (5.5)

and (
CDϑ,κ

b x
)

(Θ) =
(
Dϑ,κ
b x

)
(Θ)−

nϑ−1∑
k=0

ψ(κ)ϑ−k(b−Θ)k−ϑe−
φ(κ)
ψ(κ)

(b−Θ)

Γ(k + 1− ϑ)

(
Dk,κx

)
(b). (5.6)

Remark 5.8. We have

•
(
C
aD

ϑ,κc
)

(Θ) 6= 0, ∀κ ∈]0, 1[.

• Let nϑ = [Re(ϑ)] + 1 then La
{(
C
aD

ϑ,κ1
)

(Θ)
}

(p) = ψ(κ)nϑ−ϑ(φ(κ))nϑ

(φ(κ)+ψ(κ)p)nϑ
1
p , ∀κ ∈]0, 1[.

• Dκe−
φ(κ)
ψ(κ)

Θ = 0 implies that CaD
ϑ,κe−

φ(κ)
ψ(κ)

(Θ−a) = 0.
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Theorem 5.9. Consider the linear Caputo (ψ, φ)-fractional differential equation:{
C
aD

ϑ,κx(Θ) = λx(Θ) + y(Θ), 0 < ϑ,κ ≤ 1,
x(a+) = xa.

(5.7)

Then the solution of (5.7) is:

x(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− s)ϑ

)
y(s)ds.

(5.8)

Proof. Applying the operator La to equation (5.7) and employing Theorem 5.6 with nϑ = 1, we obtain:

(φ(κ) + ψ(κ)p)ϑLa{x(Θ)}(p)− ψ(κ)(φ(κ) + ψ(κ)p)ϑ−1xa = λLa{x(Θ)}(p) + La{y(Θ)}(p).
Which is equivalent to[

(φ(κ) + ψ(κ)p)ϑ − λ
]
La{x(Θ)}(p) = ψ(κ)(ψ(κ)p+ φ(κ))ϑ−1xa + La{y(Θ)}(p).

Thus,

La{x(Θ)}(p) =
[
(φ(κ) + ψ(κ)p)ϑ − λ

]−1
ψ(κ)(ψ(κ)p+ φ(κ))ϑ−1xa +

[
(φ(κ)− ψ(κ)p)ϑλ

]−1 La{y(Θ)}(p). (5.9)

Equation (5.9) can be written as:

La{x(Θ)}(p) =

[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1(
p+

φ(κ)

ψ(κ)

)ϑ−1

xa

+ ψ(κ)−ϑ

[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

La{y(Θ)}(p),

(5.10)

using

La{e−c(Θ−a)x(Θ)}(p) = La{x(Θ)}(p+ c),

as follows:

La
{

(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)

(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p).

(5.11)

And

La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p). (5.12)

Using Eqs. (4.10) and (4.10) as follows:

La{ (Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
=

[
(p+

φ(κ)

ψ(κ)
)ϑ − ψ(κ)−ϑλ

]−1

. (5.13)

And,

La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
=

(
p+

φ(κ)

ψ(κ)

)ϑ−1
[(

p+
φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

. (5.14)

Hence, by using Equations (5.12) and (5.14), we have:(
p +

φ(κ)

ψ(κ)

)ϑ−1
[(

p+
φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑ

]−1

= La
{
Eϑ,1

(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p).

(5.15)
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Further, by using Eqs. (5.11) and (5.13), we get[(
p+

φ(κ)

ψ(κ)

)ϑ
− ψ(κ)−ϑλ

]−1

= La
{

(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}(
p+

φ(κ)

ψ(κ)

)
= La

{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p).

(5.16)

We may get the following result by combining Eqs. (5.15) and (5.16) in Eq. (5.10), we get

La[x(Θ)](p) = La
{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)xa

+ ψ(κ)−ϑLa
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)La[y(Θ)](p).

(5.17)

From Eq.(5.17), we get

La[x(Θ)](p) = La
{
e−

φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)}
(p)xa

+ ψ(κ)−ϑLa
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
∗ y(Θ)

}
(p).

(5.18)

We use the Laplace inverse of Eq.(5.18), we get

x(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
{
e−

φ(κ)
ψ(κ)

(Θ−a)(Θ− a)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
∗ y(Θ)

}
.

Therefore,

x(Θ) = e−
φ(κ)
ψ(κ)

(Θ−a)Eϑ,1
(
ψ(κ)−ϑλ(Θ− a)ϑ

)
xa

+ ψ(κ)−ϑ
∫ Θ

a

e−
φ(κ)
ψ(κ)

(Θ−s)(Θ− s)ϑ−1Eϑ,ϑ
(
ψ(κ)−ϑλ(Θ− s)ϑ

)
y(s)ds.

(5.19)

�

6. Conclusions

We’ve introduced (ψ, φ)-fractional derivatives of Riemann-Liouville and Caputo types that rely on parameters ϑ,
κ, and functions ψ, φ derived from proportional derivatives. When κ = 1, these yield Riemann-Liouville and Caputo
fractional derivatives. We’ve explored the interplay between the integrals and derivatives proposed. The (ψ, φ)-
integrals exhibit semigroup properties and, in conjunction with their respective derivatives, encompass exponential

functions within their kernels. Notably, the function x(Θ) = e−
φ(κ)
ψ(κ)

Θ stands as a non-constant function, having a
proportional derivative that renders its left Caputo fractional derivative as zero. Utilizing the Laplace transform of
(ψ, φ)-fractional derivatives and integrals, we’ve formulated linear (ψ, φ)-fractional differential equations. Moreover,
these fractional operators are general to classical fractional operators, cotangent fractional operators, and generalized
proportional operators.
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