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Abstract r )

In this paper, we introduce a novel fixed-rate mortgage (FRM) pricing model that overcomes the limitations
of existing approaches. Unlike traditional models, which rely on deterministic interest rate volatility and thus
produce inaccurate valuations in volatile markets, our model incorporates stochastic volatility to more accurately
reflect the dynamic nature of interest rate risk. This yields a pricing formula derived from a stochastic volatility
framework, providing a strong theoretical basis for understanding volatility’s impact on FRM prices. We use the
efficient and accurate Radial Basis Function (RBF) method to solve the resulting partial differential equation
(PDE), effectively handling complex boundary conditions. Our numerical experiments demonstrate the model’s
practical application and illustrate how FRM prices react to varying volatility across different market conditions.
Our findings underscore the critical need for stochastic volatility in FRM valuation and offer valuable insights for
improved hedging strategies, ultimately contributing to more realistic and accurate mortgage pricing and enhanced
risk management for financial institutions and investors.
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1. INTRODUCTION

This paper addresses the pricing of fixed-rate mortgages (FRMs). A mortgage is a financial contract in which a borrower
receives funds, typically from a bank or financial institution, using a risky asset, such as a house, as collateral. FRMs
are characterized by fixed interest rates and predetermined payment schedules throughout the loan’s term. This paper
develops a pricing model for FRMs that considers the dependence of interest rates and house prices on the contract
amount. Specifically, we incorporate stochastic volatility to model the fluctuations of house prices and interest rates,
which are crucial underlying factors for accurate FRM valuation.

The Black-Scholes model, while widely used for option pricing due to its simplicity, assumes constant volatility
[2, 6]. This assumption, however, often fails to accurately reflect real-world market conditions, where volatility exhibits
significant fluctuations. Consequently, stochastic volatility models, which treat volatility as a stochastic process, have
emerged as valuable alternatives. Pioneering work in this area includes the models developed by Hull and White
[10] and Heston [8]. These models offer a more realistic representation of market dynamics and improved accuracy
in option pricing. Among stochastic volatility models, the Heston model [8] is widely favored due to its closed-form
solution. Several models have also been proposed in the literature for stochastic interest rates, including those by Cox,
Ingersoll, Ross, and Vasicek [19]. This paper focuses on the well-established Heston model for stochastic volatility and
the Vasicek model for stochastic interest rates [8, 19].

The numerical solution of partial differential equations (PDEs) is crucial due to its relevance in various fields of
applied analysis [4]. For instance, Azevedo-Pereira et al. [1] utilized an explicit finite-difference scheme to address this
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challenge. Additionally, Safaei et al. [16] introduced a new splitting scheme for solving three-dimensional PDEs. In
this context, we employ Radial Basis Functions (RBFs), a well-known meshless technique, to compute the necessary
contract values related to the PDE.

In 1990, Euan Kansa introduced a novel method for solving partial differential equations (PDEs) using radial ba-
sis functions (RBFs) [13]. This innovative approach represented a significant advancement in numerical methods,
leveraging the flexibility and effectiveness of RBFs to tackle complex PDEs that arise in various scientific and engi-
neering disciplines. Kansa’s method has since been applied to a wide range of engineering problems, demonstrating
its versatility and practical utility in real-world applications.

Given the numerous advantages of RBFs—such as their ability to handle irregularly spaced data and their spectral
convergence properties—the Kansa collocation method has gained popularity, particularly in the financial sector. For
instance, it has been employed for solving various option pricing problems, as discussed in the prestigious Wilmott
magazine [15]. This highlights the growing interest in RBFs as a tool for addressing financial modeling challenges.

Building on this foundation, Hon and Mao extended the application of RBFs to option pricing in 1999 [9]. Their
research provided concrete examples that showcased the effectiveness of RBFs in this domain, further validating
Kansa’s initial findings. Additionally, Franke’s review paper [5] offers a critical examination of Hardy’s multi-quadratic
(MQ) interpolation method, evaluating it against established criteria such as accuracy, computational speed, and ease
of implementation. This review is particularly relevant as it establishes a benchmark for the performance of RBF
methods.

In this study, we aim to utilize the RBF form based on the MQ method in our numerical approach, which allows for
improved accuracy and efficiency when solving PDEs. Specifically, our focus will be on demonstrating the application
of RBFs for pricing financial contracts. We emphasize the capacity of this method to solve the PDE without reliance
on the locations of the approximation nodes, thereby enhancing its applicability in scenarios where node placement
may be challenging.

To address these PDEs, the solution is initiated from an established initial condition, ensuring a robust framework
for the numerical method. By applying the RBF approximation, we derive a system of linear constant-coefficient
ordinary differential equations (ODEs), which can be efficiently solved using established numerical techniques. In this
context, we will employ the fourth-order Runge-Kutta Method (RK4) as a preferred numerical technique for option
pricing, owing to its high order of accuracy and stability.

The organization of this paper is as follows: In section 2, we will describe the stochastic variables involved in option
pricing and derive the pricing model for estimating the financial risk management (FRM) associated with various
contracts. Section 3 will delve deeper into the RBF method, elaborating on its theoretical foundation and explaining
how it can be effectively utilized to tackle the underlying PDEs governing option pricing. Following that, we will
concentrate on the solution of the associated ordinary differential equations in section 4. To validate our proposed
approach, we will present a numerical example demonstrating the applicability and effectiveness of the method. Finally,
we will conclude with a summary of our findings and remarks on potential future work.

2. FIXED-RATE MORTGAGE PRICING

To estimate the pricing of the FRM model, we derive the pricing framework in which the underlying stochastic
factors are the house price H; and the interest rate r;. We now consider the following stochastic differential equation
(SDE), which describes the evolution of the house price H,

dH; = (p — ) Hydt + oy HydZ [

The instantaneous rate and the dividend yield are denoted as u and &, respectively. Moreover, Z represents a
standardized Wiener process for the house price, and oy, the volatility of the underlying asset, is assumed to satisfy
v(t) = o%. This indicates that the volatility o is the square root of the variance v. The focus of this section is on
continuous-time stochastic volatility models, particularly the derivation of a partial differential equation (PDE) from
the Heston stochastic volatility model [8]. In what follows, we will present the equation that denotes the stochastic
process of the variance as follows:

dUt = OZ(Ht,'Ut,t)dt + fB(Ht,’Uht)UvdZtv, (21)
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where ¢ is defined as the volatility and « and 8 will be specified next. Our focus herein is on incorporating another
source of uncertainty into stochastic volatility models. To this end, it is assumed that the interest rate r; at time ¢
follows the Vasicek process [19]. So, we have

d’l"t = a(b — Tt)dt + Urdzfv

that the parameters a, b, o,, and Z] are the speed of reversion, long-term means level, the volatility of interest
rate, and a standardized Wiener process, respectively. The correlation between three Wiener processes Z, ZI', and
Z? is indicated by dZfdZI = dZH, dZ? = dZ}, dZ7 = pdt where p is the correlation coefficient to incorporate
possible correlation between interest rate and house price and volatility, respectively. The valuation of any asset
F = F(t, Hy, v, ;) whose value is a function only of house price Hy, volatility vy, interest rate 7, and time ¢, is usually
identified by a partial differential equation and is a stochastic process. Henceforth, the dependence on ¢ is suppressed
to simplify notation. The PDE is derived by applying standard techniques based on Ito formulas [11] for our stochastic
volatility model. For this case, let F' is a twice differentiable function H, v, r and differentiable in ¢. Therefore, we
get

1 1

dF = O, Fdt + 0y FdH + 0,Fdv + 0, Fdr + 5aHHF(dH)2 + 5c’)wF(dv)2
(2.2)

1

+ 5aTTF(dr)2 + 0o F(dHdv) + O, F(dHdr) + 0y, F(dvdr),

where partial derivatives are specified by sub-indices in the symbol 9. In Eq. (2.2), the values of Oy, F(dHdv),
OprF(dHdr), and 0,,F(dvdr) are obtained by computing the covariance of two stochastic processes. By substituting
the obtained values, Eq. (2.2) simplifies to

1 1 1
dF = (F + oH*Fp + & 8*0" Fou + S0Fy + 0" S HEBpary Fir,
+ vHpyy Fr + 0" 26Bpyy Fyp)dt + FydH + F,dv + F,dr.

At this point, suppose II be the portfolio containing any asset’s valuation F' = F(¢, H,v,r) and the quantity —A of
the underlying asset house and —A! and —A? of the asset F!' = F'(t,H,v,r) and F? = F2(t, H,v,r), respectively.
Afterward, the following equality indicates the value of such a portfolio

II=F—-AH-A'F' — A’F2, (2.3)

Note that the proper variation in the value of this portfolio yields
1 1 1
ANl = (F; + oH* Fyp + 56 6%0% Fou + SvFr + VIV HEBpro Fry + vHpry Fry

1 1 1
+ 02 TVEBpy Fyp)dt — AV[(F) + 5maﬂFl%,H + 55%%%1}” + 57@1,, + 0T HEBpio Fly,
1 1 1 2.4
+oHprFlyy + 02 €800 B )dt]) = A(((Ff + GoH Fjpyy + €820 F), + JuFY, (24)
+ 0 T HEBpw o Fip, + vHpuy Fipy + 03 6Bpu, FLL)dM) + (Fi — A — A'Fly — A*Fp)dH
+ (Fy — A'F} = A’F3)dv + (F,. — A'F} — A*F3)dr.
Since the portfolio is risk-free, we assign a coefficient of zero to each risky term. Consequently, the PDE in Eq. (2.4)

becomes risk-free by selecting A = Fyy — (%)F LAl = %, and A? = % To ensure that the portfolio in Equation
(2.3) is risk-free, its return must match the return from the risk-free rate r. Therefore, the change in the risk-free

portfolio is given by
dll = rlldt = r(F — AH — A'F* — A?F?)dt.

Now we substitute our appropriate choices of A and A'. The achieved quantity can only be valid if both sides are
equal to a function of the form —(a — ®0) for some function ®, where 8 # 0 [18].

(&)
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The function ® , which depends on the variables H, v, r, t, represents the expected return of F' explained by the
asset pricing risk. Reordering the terms in Eq. (2.4) gives the following equation:

1 1 1
Ft + §UH2FHH + §€2ﬁ27}2’vav + §IUF’I"’I’ + U%+7H€BpHvFHU + /UHpH’I"FHT + Uégﬁpv’r‘er
—rF —rHFy = —(a— ®p)F,.

(2.5)

Now we consider the Heston model [8], replacing the values of « = —A(v —7), 8 =1, and 7 = % in Eq. (2.1). Thus,
we have

dv = —\(v —0)dt + £&/vdZy

where T is the long-term price variance, A is the rate at which v reverts to 7, and £ is defined as the volatility of
volatility.

Practically, we will now use the Heston model with the new values of o and 8 and reorder the terms in Eq. (2.5).
The following transformation yields

1 1 1
Fy + §'UH2FHH + §€2ﬂvavv + ivFrr + 'UHgﬁpHvFHv +vHpg, Fgr + vgﬁpervr
—rF+rHFg — ANv—-71)F, =0.

(2.6)

Eq. (2.6) represents the valuation of any asset, where the value is a function solely of the house price H, volatility v,
interest rate r, and time ¢, particularly for FRM with appropriate initial and boundary conditions.

Moreover, let T,, denote the total time in one month and t,, the time that has elapsed in the month; thus,
Tm = Ty — tp, defines the time remaining until the month’s payment date m. This time variable definition transforms
Eq. (2.6) into an initial value problem, which is explained starting from the initial condition.

Therefore, the valuation PDE for F(7,,, H,v,r) must be solved for 0 < 7,,, < T,,,, 0 < H < 00, 0 < v < 0o and
0 < r < co. Similarly, the functions representing the mortgage values V(7,,, H,v,r) for the lender during the month
m also satisfy this PDE.

Details of the remaining mortgage contract, including formulas for the monthly payment (MP), the outstanding
balance following each payment P(m—1), the usual monthly payment-date conditions, and other relevant information,
can be found in the works of Azevedo-Pereira et al. [1] and Sharp et al. [17].

The mortgage pricing model begins with the amount of the mortgage at maturity ¢ = T);, where the last payment
is the minimum of MP and the value of the house, expressed as V(7y; = 0, H,v,r) = min(M P, H). At other payment
dates, the value is given by

V(tm =0,H,v,7) = min(v(rmy1 = Ty, H,v,7) + MP,H), 1 <m <M —1.

The boundary conditions are as follows:

. OF(r,H,v,7)
ngnoo T - 07 (T,U,T) € [O’T] X [O’+OO) X [07+OO)3
lim F(r,H,v,r) =1, (r,v,7) €[0,T] x [0,+00) x [0, +00),
H——o00
F(r,H,0,r) =0, (r,H,r) €10,T] x [0,400) x [0,400),
F(r, H
lim OF(r, H,v.7) =0, (r,H,r) €10,T] x [0,400) X [0, +00),
V00 v
F(r,H,v,0) = min(MP, H), (r,H,v) € 10,T] x [0,400) x [0,400),
. OF (r,H,v,7) _
Jm ————— =0, (7, H,v) € [0,T] x [0, +00) x [0, +00).

By converting the coefficients to constants and applying a variable transformation, the PDE can be solved. We employ a

logarithmic transformation: x = Ln(H). The transformed house price variable, z, is bounded by x € [0, Ln(H)], where
(H) represents the upper bound of the house price [3]. For volatility (v) and the interest rate (r), the natural boundaries
are 0 and oo, respectively. The transformation of the original function is given by: F(t,H,v,r) = u(7,z,v,r). For

simplicity, the details of the variable transformation and coefficient conversion are omitted here; we simply note that &

(=)=
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is equivalent to o,. Consequently, the valuation PDE must now be solved for the transformed variables: 7, € [0,T},]
and z,v,r € T.

_Ou 10w L, 0w 1O Qe O
oty 2 Ox2 279802 T 9 2 TvPHY G B0 PHr 5 vor
(2.7)
+ ﬂJr(fl)@Jr)\( )@, -0
YTvPor Goar T\ Ox T V% TS

where Y is [0, Ln(H)] x [0,00) x [0,00). Similarly, the other boundary conditions are also transformed. This section
provides a basic overview of FRM pricing models. In the next section, we will highlight a popular numerical method
and explain how we plan to use it to solve pricing problems.

3. AprprLYING RBF

We will now demonstrate how Radial Basis Functions (RBFs), a well-established meshless technique, can be used
both for reconstructing an unknown function from scattered data and for pricing financial contracts by solving the
governing PDE. Utilizing an RBF interpolant, we approximate the unknown function v = u(r, z,v,7) to determine
suitable interpolation points for the initial value. Given the wide variety of available RBF types, readers are encouraged
to consult reference [14] for a comprehensive overview. Having selected the interpolation points, we then interpolate
the unknown function u using a radial basis function (;5(’ };E — T,V — VLT T | |), where ¢ represents the basis function.

M L N

u(r, z,v,7) ZZZWU ‘x—xk,v—vl,r—r]H (3.1)

k=11=1 j=1

where 95;; € R is estimated by the interpolation condition w(zy,v;,r;) = u(zk,vi,7;), and Lyy kg = o(||lxy —
Tk, Uy — UL Ty — rj||),k,k/ =1,.,M,1,l' =1,...,Land j,j =1,..., N. We use the Euclidean norm, with MLN = A.
Substituting the right-hand side of Eq. (3.1) into Eq. (2.7) yields a system of linear equations. This system can be
expressed in matrix form as L1 = @, where ¢ = [t)1, ..., 5] is the vector of unknown coefficients. This paper utilizes
the multiquadric (MQ) interpolation method, as described by Hardy:

Oz = wayvr =i ry =5l 6) = \flaw — @ vy — vy =152 + 2

It is used in Eq. (3.1) as a spatial approximation for the unknown function @. Here, ¢ is a positive parameter, and
in the case of MQ), it is referred to as the shape parameter. While theoretical research on selecting the optimal shape
parameter is still ongoing, we follow Hardy’s suggestion [7] by choosing ¢ = 4d,,,;n, where d,,;, represents the minimum
distance.

Since the RBF does not depend on time, the time derivative of % is simply the time derivative of the coefficients.

M L N

8u7':17/,v/ 7‘/ d
( k L ZZZ wkl] Ol — 2, v — v, r— 1)

Therefore, we need to find the partial derivatives of u with respect to the underlying assets. Additionally, we must
compute the first and second partial derivatives of ¢ for the MQ radial basis function concerning the underlying assets
x, v, and 7, respectively. By substituting the expansions for the partial derivatives of % into the FRM pricing model
and applying the collocation method, we obtain the following relation.

N 2
dwkl] 1 0 ¢(ka’ = Tk, Uy — UL, Ty =3l
ZZZ( Ll —an,vp = vy =il + S () o3
k=11=1 j=1
82¢ T, — T,V — U, T — T a2¢ T, — T,V —U,,T.0 —T;5
) ([, , 5 = 1ill) Vs (7) ([l ! =il
ov? 2 or?
2 2
d(llzy — 2k, vy — v ry —15) ¢z — i, vy — vy —14)
+ voupH YK (T) k : / AL VPH YK (T) b . 2 d

OxOv 0xor
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?¢(llxy — x,vp — v,y —14)) 1 O9(|lxy — wk, vy — vi, 1y — 1yl])
+ 0o Porri; (T). . (%lar I (- 5”)%13‘ (1) k ém i
0o(||z,r — xk, v — v, —14)
+ AT — )iy (7) k 811) J A Tt (T)(||2yy — T, vy — v, 7y — rj||)) =0. (3.2)
Eq. (3.2) can be expressed as following matrix form

| 1 1 1
Lw - §UL;E:D'(/} + iangvvw + ierrw + Uo”upHvavw + UpHerT'(/) + ’UO.’UpUTL’UT,(/J + (T - E’U)wa

+ AU —v)Lyyp — rLap,

(3.3)

where 1) denotes %. For notational simplicity, we use the following symbolizations.
I 06|z — xp, vy — UL, Ty — 7ill) I Po(x)y — wy, vy — U, Ty — 7il)
r — 837 ’ rr — 8.’1}'2 I
I (|2 — e, vy — i, 3 =75l I Pd(|lxy — wn, vy — i, 3§ =75l
v 8’]_} ) VU 81}2 b
I 06(||vy — @k, vy — vy — 1)) o Py —ap,vp — v,y —15]))
" or T or? ’
I Po(|xyy — xp, vy — Vi, Ty — rill) I Po(|xyy — wp, vy — U, Ty — rill)
e 0x0v P ozor ’
L Pollay — v = vy =)
vr Ovor '

These expressions represent the first and second partial derivatives of ¢ for the MQ radial basis function with respect
to the underlying assets x, v, and r, respectively. In paper [9], Hon and Mao noted that the matrix L is invertible in
the case of equally spaced RBFs. Consequently, Eq. (3.3) can be rewritten as follows:

. 1 1 1 1
P = (EvLm + iangUU + §ULW +v0upHY Lyw + VP Ly + 004 porLyr + (1 — iv)Lx + A@ —v)L, —rL)L™ 9.
In which
) =, (3.4)

where §2 can also be expressed as

1 1 1 1
Q0= (ivLm + 503ULUU + §ULM + v0ppHyLyy + VP Ly + V0 pyr Loy + (1 — iv)Lz + AT —v)L, — TL)L_I.

In Eq. (3.4), we can employ any backward time integration scheme, such as the fourth-order Runge-Kutta (RK4)
method, to calculate the unknown coefficients i at each time step T'— At. Let 4™ = L1™ represent the approximation
(T —nAt,x,, vy, rj/) at each time step T'—nAt. The explicit fourth-order backward time integration scheme is then
as follows:

Sy = —AI"L, Gy = —AIQ(P" +

Sy = —AQW" T 4+ 2Dy), Sy = A" + ), (3.5)

N | =

1
Pt ="+ 6(%1 + 282 + 233 + Sy).
For both explicit and implicit iterative approximations, we set At = % For n = 1,2,..., M, the coefficients ™ can
be calculated based on the previous results. At each time step n, we need to update 9™ to ensure that the boundary
condition is satisfied. The numerical computations for the FRM valuation problem are presented in the following
example, and all of our numerical simulations are conducted using MATLAB.

(=)=
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Interest rate (r) 0 1 099
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FiGURE 1. RBF approximation for the mortgage values at origination for the initial house price and
the interest rate.

4. IMPLEMENTATION

This section presents a numerical experiment to evaluate the prices of the FRM model under the Heston framework.
The experiment, which incorporates stochastic volatility and interest rate volatility, was conducted using the scheme
described in section 4 and implemented in MATLAB. Additionally, a set of parameters must be specified to obtain
the solution to the FRM valuation problem.

The following details present some of the contract parameters, which are fixed: o, = 10%, o, = 7%, oy = 10%,
0 =10%, k = 25%, § = 7.5%, p =0, rg = 8%, vo = 9%. The mortgage contract parameters include H;y,;t;0; = 100, 000
(the value of the house at origination), with a mortgage maturity of 7' = 300 months or 25 years, and ¢g = 10%.

Accordingly, the RBF method yields results for pricing FRM models. A basic set of parameters has been chosen
based on those reported in the literature (see Azevedo-Pereira et al. [1], Sharp et al. [17], and Kau et al. [12], for
example). Specifying these parameters is essential for finding the FRM valuation problem and illustrating all necessary
calculations.

Furthermore, some additional parameters and spatial discretization values are collected, which are necessary for
the numerical methods employed to solve the problem: H., = 200,000, ro, = 40%, Av = 0.1, Ar = 0.1. The number
of time steps per month is 30. In terms of meshless interpolation methods, we use the MQ (Multiquadric) function as
the basis.

In Figure 1, we display the contour of mortgage value at mortgage origination as a function of underlying house
value and interest rates. Computations are based on the fixed parameters of the mentioned model. The FRM
carries 100,000, and the initial value of the house with a 25-year mortgage term is considered. Moreover, we utilized
logarithmic scaling for the house value axis and labeled it with the actual house value.

Figure 2 displays the FRM price functions @ corresponding to a set of benchmark parameters for a loan term of 25
years, with various values of volatility v = 5% and interest rate r = 3%. Figure 3 presents the FRM price functions
associated with the same benchmark parameters in the domain (7, v) for a loan term of 25 years, for different values
of interest rate r = 3%.

The mortgage values @ under the Heston model at time 7 = T, (¢t = 0) are compared with the mortgage values @
under the Heston model at the time T, as indicated in Figures 4 and 5, respectively.

5. CONCLUSION

Given the numerous advantages of RBF, this method has been implemented for the valuation of the FRM under the
Heston model. We developed a pricing model for FRM, where the value of this contract depends on house price and
interest rate as underlying factors, with volatility treated as a stochastic process. We demonstrated that the pricing
model of FRM under the underlying assets is typically determined by PDEs.

(&)
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Mortgage values
Mortgage values

Time 02

095 )
0 o84 House price (in millions) 0.96
Volatility (v) 094 0

FiGURE 2. RBF approximation for
the mortgage values under the Hes-
ton model for benchmark parameters
and the various values of volatility
v = 5% and interest rate r = 3%.

FiGURE 3. RBF approximation for
the mortgage values under the He-
ston model for the parameters and
the various values and interest rate

r = 3%.
63
26 10 . . . . . 105
1.76 - . . . . . .
25F 1
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22+
172+
521t
‘5171
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17
191
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17} —
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16 ) ) ) ) )
0.94 0.95 0.96 0.97 0.98 0.99 1 1.66 A A A A A A A
X 2003.4 20035 2003.6 2003.7 2003.8 2003.9 2004 2004.1 2004.2

T

FIGURE 4. The mortgage values un-
der the Heston model at time 7 =
T, (t=0).

FIGURE 5. The mortgage values u
under the Heston model at time 7.

The PDEs derived from the FRM pricing model are effectively addressed using RBF due to the lack of closed-form
solutions. A linear combination of RBF has been defined as one potential method for solving problems related to
scattered data functions. We adopted RBF in greater detail for the pricing of financial contracts by solving initial and
boundary value problems.

Finally, based on the derived ODEs, we designed the RK4 method. A basic set of economic parameters, drawn
from the literature, was specified for the mortgage as an example to demonstrate the potential application of the
proposed approach. Furthermore, numerical results illustrate the expected behavior of mortgage values in relation to
the stochastic processes of house prices, volatility, and interest rates. Ultimately, we assessed the value of the contract
using the model and the proposed solution method.
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Given that information on financial market data is often incomplete, future work could involve using artificial neural

networks to estimate the parameters of the model. Since jumps can occur in the real world for unknown reasons, further

res

il

earch could extend the ideas presented in this paper to jump-diffusion models for house price evolution.
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