Research Paper C
Computational Methods for Differential Equations

http://cmde.tabrizu.ac.ir

Vol. 14, No. 3, 2026, pp. 1230-1249

DOI:10.22034/cmde.2025.63398.2828

Robust finite difference schemes for one-dimensional parabolic singularly perturbed problems
with regular layers

Kishun Kumar Sah* and Subramaniam Gowrisankar
Department of Mathematics, National Institute of Technology Patna, India.

Abstract ~ o

In this article, we study the midpoint finite difference scheme for the singularly perturbed parabolic convection
diffusion problem on non-uniform meshes, which are determined by a generating function with the boundary layer
on the right side of the domain. The non-uniform meshes considered in this work are the classical Shishkin meshes,
Shishkin-Bakhvalov meshes, and Shishkin-Bakhvalov modified meshes. Uniform convergence is established with
respect to the perturbation parameter on the non-uniform meshes. The backward Euler scheme is applied in
the time direction and midpoint finite schemes in the space. Uniform convergence of up to second order in the
space and first order in time is obtained. Two numerical examples are considered to validate the numerical and
theoretical results obtained.
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1. INTRODUCTION

A singular perturbation problem in the context of parabolic equations typically involves a parameter ¢ multiplying
the highest-order derivative term. This parameter ¢ is small, leading to two distinct time scales in the problem: a
fast scale governed by the e-affected terms and a slow scale where these terms are negligible. As a result, the solution
exhibits behaviour that rapidly adjusts on the fast scale and slowly evolves on the slow scale. Consider a simple
example, the one-dimensional heat equation with a small parameter

ou 0%u

ot~ “ox?
Subject to suitable boundary conditions and initial conditions, this equation describes the evolution of temperature
u(zx,t) in a one-dimensional rod. The parameter ¢ reflects the relative importance of the time derivative compared
to the spatial derivative. When ¢ is small, the solution undergoes rapid changes in the spatial direction and slower
changes in time. Analyzing such problems typically involves identifying the boundary and initial layers where the
solution transitions between the fast and slow scales. Techniques like matched asymptotic expansions or multiple
scales are often used to systematically analyze the behaviour of solutions in these regimes. Singularly perturbed
parabolic convection-diffusion problems frequently emerge across various engineering and applied mathematical do-
mains. Illustrative instances encompass the simulation of transient viscous flow issues with high Reynolds numbers,
and convective heat transfer predicaments with significant Peclet numbers. Such quandaries are delineated by partial
differential equations (PDEs), wherein the foremost spatial derivative is scaled by a diminutive parameter e.

Classical numerical methods, such as standard finite difference or finite element schemes, often yield inaccurate
results when applied to problems with boundary layers using uniform meshes. Through meticulous numerical exper-
iments, it has been observed that these classical methods typically fail to reduce the maximum point-wise error as

O<ax<l, t>0.
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the mesh is refined, unless both the mesh parameter and the perturbation parameter € are of comparable magnitude.
Consequently, achieving precise numerical solutions using classical methods necessitates an unacceptably large number
of mesh points, which depend on e. This limitation has prompted the development of e-uniform numerical methods,
where the convergence rate and error constant remain independent of the singular perturbation parameter e.

In recent decades, numerous researchers have devoted their efforts to developing e-uniform numerical methods
for both stationary and non-stationary problems. A wealth of literature, including books [7, 14, 20] and papers
[12, 22], documents these advancements. Notably, the fitted mesh method has emerged as a prominent solution.
This method employs a specialized piecewise-uniform mesh that is concentrated around boundary layers, offering
a recognized strategy to overcome the constraints inherent in classical methods. Several researchers have proposed
various computational approaches for solving the problem of singular perturbation subject to the problem described
in Equation (2.1), considering both initial and boundary conditions. These methodologies are detailed in [1-3, 5,
10, 19, 21, 24]. In [27], the author introduced two nonstandard finite difference schemes for approximating the
solution of a mathematical model of HIV infection. The technique of non-local approximation and renormalization
of the denominator of the discrete derivative was employed. In [15], the author investigates isotropic finite difference
discretizations of the two-dimensional (2D) and three-dimensional (3D) Laplacian operators.

In 2023, the author introduced a significant time delay two-parameter singularly perturbed one-dimensional par-
abolic problem within a rectangular domain, as documented in [26]. The utilization of the central finite difference
method, as discussed in [9], along with the application of the Crank-Nicolson method for discretizing the time deriva-
tive on a uniform mesh, is detailed in [6]. In 2024, the author introduced e-uniform convergence with various schemes
on different meshes to address both delay and non-delay singular perturbation parabolic problems. This development
is discussed in detail in reference [11, 17, 25] .

In this paper, we examine a convection-diffusion problem with time dependence in a single spatial dimension. We
develop a numerical approach that combines backward Euler discretization and a midpoint upwind finite difference
operator applied to classical Shishkin meshes, Shishkin-Bakhvalov meshes, and Shishkin-Bakhvalov modified meshes,
which is obtained by generating functions. The presented method demonstrates first-order accuracy in the time
dimension and nearly second-order accuracy in the spatial dimension. Through our analysis, we establish that the
numerical solution produced by this method uniformly converges to the solution of the continuous problem concerning
the singular perturbation parameter.

The paper’s contents are outlined as follows. Section 2 provides an overview of the continuous problem, its reduced
form, classical bounds on the solution, and its derivatives. Moving on to section 3, the discretization in the temporal
direction is detailed through the application of the Euler implicit method. The proposed method’s time direction is
scrutinized, yielding both local and global error estimates. In section 4, achieving e—uniform convergence involves
obtaining more precise bounds on the solution and its derivatives. This is accomplished by decomposing the solution
into distinct smooth and singular components. Section 5 introduces a numerical method featuring a discrete operator
on a classical Shishkin meshes, Shishkin-Bakhvalov meshes, and Shishkin-Bakhvalov modified meshes. Section 6
establishes the satisfaction of the discrete maximum principle by the discrete operator. Numerical result and conclusion
in sections 7 and 8. The numerical solution is further analysed by decomposing it into smooth and singular components,
with separate error estimates for each. Demonstrating e— uniform convergence of the numerical solution, generated
by the proposed method, to the continuous problem’s solution is presented. The concluding section encompasses
numerical experiments validating the theoretical predictions.

2. CONTINUOUS PROBLEM

Consider the singularly perturbed initial-boundary value problem

W +Ly=f(r0), (r0)eG=7,.x7Ty, where T,=(0,1) and YTy =(0,%],

y(r,0) =yo(r) for 0<r <1, (2.1)
y(0,0) =0 for 0<6<%,
y(1,6) =0 for 0<6<F,
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where,

d%y(r,0)

or?

with ¥(x) > XA > 0 and ® = ®(r,0) > 0 on Y. The diffusion coefficient ¢ is a small positive parameter with W(r), ®(r, §)
and f(r, ) are sufficiently smooth function.

Now, we enforce the conditions of compatibility: yo(0) = 0 and yo(1) = 0; therefore, we ensure that the data aligns
with the coordinates of both (0,0) and (1,0) in order to establish a match between the two corners. These conditions
ensure the existence of a constant C such that, for all (r,60) € T, x Ty where T, = [0,1] and Ty = [0, T] the specified
inequalities hold in [4]

Ay(r,0)

Ley(r,f) = —¢ \I/(’I“)T + O(r,0)y(r,0),

ly(r,0) — yo(r)] < €1 —r). (2.2)

The problem reduced in the form when we putting £ = 0 in the problem (2.1) and observation the boundary layer at
r =1 is given by

{W, 0) — yo(r)| < €,

yp + U(r)y) + @(r,0)y° = f(r,0), (r,0) €T, x Ty,

yo(r7 0) = yO(T)7 0 <r< 17 (23)

y°(0,0) =0, 0<0<%.
In Equation (2.3), we observed a hyperbolic equation of first order with an initial condition mentioned along both
sides § = 0 and r = 0 of T, where T = [0,1]. When epsilon takes on small values, the solution y(r,8) for Equation
(2.1) closely approximates y°(r,6). It is expected that the solution to the reduced problem (2.3) exhibits adequate
smoothness in order to determine error boundaries for the solution of the above scheme.

As we now consider bounds on the derivatives of the solution y(r, ) for Equation (2.1), it is acceptable to assume
that the initial condition is zero without losing generality, as shown in references [4].

Lemma 2.1. There exist a non-negative constant € such that
ly(r,)| <€, (r,0) €T, x Ty, where Y,=[0,1], and Tp=[0,%]. (2.4)

Proof. From the inequality |y(r,0) —y(r,0)| — |y(r,8) —yo(r)| < €O, we have |y(r,0)|— |yo(r)| < |y(r,8) —yo(r,0)| < CH.
That is we have, |y(r,0)] < €O + |yo(r)|. Since 6 € [0, %] and yo(r) is bounded, implies that |y(r,8)| < C. O

3. TIME DISCRETIZATION

Using the backward Euler approach, the continuous problem (2.1) is discretized in the temporal direction such that

B () 4 00) () (7) 900, B () 1) = £ Bhc), 0<7 <1, B >0,

Yo =1o(r), 0<r<1, (3.1)
Yr+1(0) =0 and yr1(1) =0,

where the term y; 1 is the solution of Equation (3.1) at the step (k + 1)** time level. and also computed result is

Yr, at the step k' time level, where Af is the time step in temporary direction. The step k" time level as follow
0, = kAG.
Now,solving the Equation (3.1) and rewrite in the form as

(@1 (1) + W) @s1)r (1) + (e + D O ) W1 (1) = T, O,

Af
F(r,00s1) = f(r,0001) + %, 0<r<1, O >0,
Yo =yo(r), 0<r<1,

Ye+1(0) =0 and yr+1(1) =0,

(3.2)
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The Equation (3.2) is also written in the operator term with the initial and boundary conditions we obtain as

Le(Wr1(r)) = f(r, k1), 0<r <1,
Yo =1o(r), 0<r <1, (3.3)
Yk+1(0) =0 and yri(1) =0, 62>0,

where
1

Le(Wrr1(r)) = —e(ni1)rr (r) + V() (res1)r (1) + (5 + (1, O42)) (Yr2) (r)-

Lemma 3.1. (Maximum principle) Assume that J;41(r) € C2(Y,), if 9k41(0) > 0,95 11(1) > 0 and L9k 11(r) >0
for allr € T, then Vp11(r) >0 for allr € T,.

Proof. We suppose that there exist a r* € T, such that ¥ (rT) = min J5,1(r) < 0, since r* € T,.. we apply the

T+6Tr
differential operator £, on the 9 at the spatial step point r™ then we get in the form as
1
Le(yrr1 (1)) = —eWrr1)rr (7F) + V() (Yrp)r (1) + (E +®(rt, k1)) (Y1) (). (3.4)

Therefore, if we have the inequality of the mesh function (ygi1)r+(r™) > 0 and (yrr1)-(rT) = 0, then apply the
Equation (3.4) and we get £.9%41(r) < 0, which is the contradiction as, £.9;4+1(r) > 0 for all » € T,, Hence, we
observed that the minimum of ¥y41(r) is non-negative. O

Now, we defined the local truncation error of the temporal semi-discretization direction scheme of Equation (3.2).
The error is exr1 = y(0k+1) — Grt+1, where gr41 is the approximate solution of the boundary value problem, and
following Equation (3.2) we have

—€(Grt1)rr (1) + V() (Gr41)r (1) + (ﬁ + (7, O41)) (1) () = F(r, 0p41),
F(r,0e41) = f(r,0041) + %7 0<r<l1, Op1>0, (3.5)
Je+1(0) =0, and  gry1(1) = 0.

The global error in temporal discretization, as defined at time step 6, arises from the local error estimates of each
individual time step. This global error is expressed as E = y(r,0) — g(r), where y(r, 8) represents the true value and
9(r) denotes the computed value at the specified spatial and temporal coordinates.

Lemma 3.2. (Local error estimates) If a positive constant C exists such that

(7",9) Sea (Tve)ETrXTe, O§p§2a

P
%y
then the local error estimates along time direction is given by

et o< €(A6)2. (3.6)

Proof. Since the function §*+! satisfies
(1+ A0L)P" T (r) — AOF(r, Ops1) = y(r, Ok,

and as the solution of (2.1) is smooth enough, it holds

0%y

Or41
M%FWWH0+A%wwH0—AWWHQ+L (0 =)

= (14+A0L)y(Or1) — AOf(Ors1) + O(AH?).
Then, the local error satisfy the following boundary value problem
(1+A0L)ers1 = O(AH?),
{ek+1(0) =ep+1(1) =0.
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An application of Lemma 3.1 on the operator (1 + AOL.) gives || exi1 [l < C(AH)2, which completes the proof. [

Theorem 3.3. (Global error estimates) If a positive constant C exists such that

T
| Ex o< CAl,  forall k< —. (3.8)

A6
Proof. We utilizing the local error estimates up to the k*" time step as provided by Lemma 3.2, we can derive the
subsequent global error estimate at the (k + 1)*" time step. This theorem proof detailed in [13] O

4. BOUNDS ON SEMI-DISCRETE PROBLEMS

For the finite difference scheme, we computed the local error bound and also obtained the error bound on the exact
solutions of the problem (3.1).

Theorem 4.1. yi1(r) is the exact solution of Equation (3.1) satisfies the bound as

dPyp41(r)

s <C(l+ePexp(—A(1—r)/e)), 0<p<d4. (4.1)

Proof. The maximum principle applied to the function £., along with the stipulated smoothness conditions for both f
and y, leads to the conclusion that the absolute value of || yr41 ||< (C) is bounded. The demonstration of the bounds
for its derivatives can be obtained through a similar approach as outlined in reference [18]. ([l

4.1. Decomposition of the Solution. Given that the existing constraints on the solution’s derivatives are insuffi-
ciently precise for establishing e—uniform convergence, it becomes necessary to establish more robust bounds. These
enhanced bounds are derived through a method initially proposed by Shishkin, involving the decomposition of the
solution into its smooth and singular components. Suppose that the solution y;,1(r) at the time level (k + 1)t is
divided into two part: a smooth component A 1(r) and a singular component By 1(r) at the (k + 1) time level.
We defined in the term and follows that

Yet1(r) = Ap1(r) + Brga(r), for 0<r <1,

since the smooth component adheres to the non-homogeneous problem and singular component homogeneous, where
its characteristics fulfil the specified conditions

i) (7) BN A1) (1) F (g + B0 00 i) () = T ),
?(Tv 9k+1) = f(’l’, 9k+1) + %7 0<r<1, (42)

Ary1(1) = ((Ags1)o + e(Apy1)1)(1),
Ak+1(0) = yx+1(0),

here the singular component adheres to the homogeneous problem and we drive in the form as

(B ) () U0 (B (1) + (35 + PO (Bra)(r) =0, 0<r <1,

Bry1(1) = yrs1(1) — By (1), (4.3)
Bk+1(0) - 0

Now, We proceed with additional decomposition within the smooth component, denoted as A.

Ar1(r) = (Brs1)o + e(Ars1)1 + €2 (Arg1)2)(r), 0<r <1,

where (Ag41)o is the solution of reduced problem

U (r) (Ag+1)1)r + (Aie + &7, 0k +1)) (Ar+1)1 = (Art1)0)rr, 07 <1,
(Ar+1)1(0) =0,



CMDE Vol. 14, No. 3, 2026, pp. 1230-1249 1235

—e((Ak+1)2)rr (r) + ¥ (1) (Ak+1)2)r (1) + (L + O(r,0p41))(Arg1)2(r) =0, 0<r <1,

Af
(Ak+1)2(0) = (Ag11)1(1) =0,

where (Ak11)1 and (Agy1)2 is the solution of the Equations (4.4) and (4.5) respectively.

Presently, we derive the bounds and derivatives for both the smooth component Aj; and the singular component
Br+1. The subsequent theorem is established for the smooth component Ay and the singular component By, as
outlined below.

(4.5)

Theorem 4.2. Suppose the the solution A1y of the Equation (4.2) , Axy1 and their derivatives hold for the bounds

[ Af €1 +e77), s=0,1,2. (4.6)
and in general term the bounds on the derivatives of Aiy1 and satisfy we get as
| A €€ 5=0,1,2,3. (4.7)

Proof. Given that (Agy1)o and (Ag41)1 represent the solutions to Equations (2.3) and (4.4), then it follows that the
bounds for the solution (Ags1)o and (Agy1)1 and also we apply the Theorem 3.3 for the solution (Ag41)2, where
(Ak+1)2 is the solution of the Equation (4.5) and we get the inequality of the bounds as below

[ (Aig)o <€, for 0<s<3, (4.8)
[ (Agyr <€, for 0<s<3, (4.9)
| (A2 IS C+ e M=1/e for 0<s<3, (4.10)

therefore, combining all three equation of estimates and we obtain the inequality in the form as
AR <1 AR Do 1 AR T+ 1 (Ajga)2 |l
<@+ eC+e%(C+ s 1/E)
< C+ 6627367)\(177‘)/6
< C(14%7%), since e M=n/e <1 @, for s=0,1,2,
and also hold for s = 3, see in [23]. This completes the proof. O

Now, we have driven the bounds on the singular component By, which satisfy the homogeneous problem of
Equation (4.3) , and the theorem follows as follows:

Theorem 4.3. Suppose that the solution Byi1(r) of the singular component which defined in Equation (4.3), the
bounds of Bry1 and its derivative verify the following estimate

| Bryq(r) [I< Ce e M=/E for 0<s<3, and 0<r<1. (4.11)
Proof. We will be prove the theorem for s = 0,1,2,3. Initially, we establish the result for s = 0. Delve into the
consideration of barrier functions
OE (r)=Ce X/ LBy (r), 0<r<L (4.12)
Now, we find the values of the Bj ,(r) at the boundary point 0 and 1 such that
EL(0) = ™00/ L B2 (),

k+1
VE1(0) = Ce™MeE >0,
and boundary point at 1 we have
O, (1) = e M7V LBy (1),
=ee’ £ B, (1),
hence,
19%4—1(1) =C+B5,,(1)=0.
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Hence, we employ the Lemma 3.1 of the maximum principle on the derivative operator £., leading to the obtained
result

1 _
LIE (1) = (=W ) + O () (95, )r + (A—e + ®(r, ekﬂ)ﬁfﬂ(r), forall reT,, (4.13)

differentiate with respect to r of barrier functions 19%+1(r) which defined in the Equation (4.12) and put all result in
the Equation (4.13) we get

1

(—E(ﬂal)” + \I’(T)(ﬁ;irﬂr + (E + ®(r, 9k+1)79§+1(74)
> Qe MA=n/e| A + \I/(r)é + (L + ®(r,0k+1) + 1|, forall reT
- € e A6 ’ ’ "
> e M/e >0, forall reT,,
hence,
| Bii(r) < Cefe A=/ for 0<s<3, and 0<r<I,
and also true for s = 1,2, 3 see in [7]. This completes the proof. |

5. SPATIAL DISCRETIZATION

In this section, to construct the numerical method, we utilized a non-uniform mesh, defined as classical Shishkin
meshes, Shishkin-Bakhvalov meshes, and Shishkin-Bakhvalov modified meshes, which are determined by the generating
function with the boundary layer at the right side of the domain. We also described the midpoint finite difference
scheme and applied it to the above meshes.

First, we divided the interval [0,1] into two parts: [0,1 — ﬂ and [1 -, 1], where 7 is the transition parameter
that depends on € and N, since ¢ is the perturbation parameter and N represents the number of grid points in space.
The transition parameter v = min{1/2, ke In N}, where £ is a non-negative constant that will be fixed later. If the
parameter ~y is set to 1/2, the mesh will exhibit uniformity, enabling a classical analysis approach. Throughout the
rest of the paper, we assume that v is equal to ke InN, representing the most practically significant scenario. Within
the interval [07 1-— 'y], we employ a uniform mesh with designated points 79 = 0 and ry/2 = 1 — 7. However, for the
interval [1 -, 1], the mesh adopts a graded structure, ensuring that the step sizes, denoted as hy = rp — rx_1, adhere
to the condition hy > hy + 1 for k =N/2+1,..., N — 1. We define the mesh by employing a continuous, monotonically
increasing, and piecewise continuously differentiable function ¢(s*). Since s* € [1/2,1] such that ¢(1/2) = —InN
and ¢(1/2) = 0. then, the mesh points are given by

20— k/N, k=0,...,N/2, 5.1)
|1+ kep(st), st=k/N, k=N/2+1,...,N. '

Therefore, according to the mesh explanation we have
hey =H =2(1—7)/N, k=1,2,3,...N/2 and N7 !<IH <2N7L

Again, suppose that new function g(s*) = exp(¢(s*)) and also increasing and verify g(1/2) = N~! and g(1) = 1. The
three different meshes function define as following

e Shishkin mesh
g(s*) = o—(2-25")2InN (5.2)
e Shishkin-Bakhvalov mesh
g(s*) =1—(2—-2N"1)(2 - 25%). (5.3)

e Shishkin-Bakhvalov modified mesh

1 1
—(1—s" —+——)—(1-s"
g(s) = e ( )/((2 QIDN) ( )). (5.4)
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Now, we initiate the presentation of certain properties associated with these meshes, which will be essential for
subsequent discussions.

Lemma 5.1. The mesh defined in Equation (5.1) for k =N/2+ 1,...,N, satisfies the following inequality

h < N—l /[ *
e SRENTD max |¢'(s%)

)

A
(hk/g)Ae—A(l—Tk)/ns < G(mN‘l max ’g/(s*) ) 7 (5.6)

s*€[1/2,1]
Again, the mesh defined by (5.2) and satisfy the bound

hy = 26N~ I N, (5.7)
For mesh defined in Equation (5.3),
hi <2ke/(k —N/2), for k=N/2+1,.. N, (5.8)
and the mesh given by (5.4) for k=N/2+1,...,N,
hp < CoeNT1In? N,  hayy < C3eN"L (5.9)

Proof. The bounds of mesh which is defined in Equations (5.5) and (5.6) brief proof in [8] for A = 1 and also holds
for A > 2. The bound in Equation (5.8) proof in [16] and also easily proof by definition of mesh for the bound in
Equation (5.9). O
5.1. finite difference scheme. Before, we defined some useful finite difference operators of first order and second
order, which are used in the proposed method.

Z(TiJrl? en) - Z(Tia en)

D z(r, 0,) = - ,
i+1
i;en - i— aa'n
Dy 2(r,0,) = 00 20 On) -
) * ) 5.10
DEZ(T,L', gn) _ Z(T1+17 an) hj Z(Tz—h en),
D 2(riy ) = 220 = 2lrinbuct),

respectively, and define the second order finite difference operator 62 in space by

2 D+ i79n _D_ i70’ﬂ
532’(7’“971): ( TZ(’I" )A TZ(T ))7
hi
where hy = hj + hiy1i=1,...,N —1land by =r; —r;_1,i=1,..N.
Now, we apply the midpoint finite difference scheme on the classical Shishkin meshes, Shishkin-Bakhvalov meshes,
and Shishkin-Bakhvalov modified meshes.

Yk?il(ri) - YkN(Ti) 2N N N
AJ —e0?YiN 1 (1) + U(rim1y2) D7V (1) + @(im1/2, Okr1) Vi (i) = f(rizay2, Okt1),

YON(H) =yo(ri), mi€ Tg\ry
Y,gj_l(ro) =0, and ijil('f’j\]‘) =0,

(5.11)

where the approximate solution Yf(\f+1(ri) of yx4+1(r;) at the points r;,7 =0,1,2,...,N.
Now, we applied the operator £ on the Equation (5.11) and we have new equation in the operator form as
YN(Ti)
Sg\[Y,ﬁl(m) = f(ri—1/2,60,1) + kAG , rieXY,
YON(Ti) = yO(Ti>7 T € ’rg\f’
YX.(0)=0, and Y2,(1)=0,
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where the operator Sg\r is given by

LY (5.13)

Y]
U(ri—1,0k+1) + ¥(r4), Okt
2 b

22\1‘ = —552 + @(Ti_1/2)®7 + ((I)(Tl—l/QvekJrl)
2 )

fet1(ri "
fk}+1(,rl'_1/2) = + ( 12)+fk+1( )'

U(ri_12) =

and (I)(Tifl/%ak-l-l) =

6. STABILITY AND CONVERGENCE ANALYSIS

Lemma 6.1. (Discrete Maximum Principle) The discrete operator Sg\f satisfies a discrete mazimum principle,
i.e. if {©;} and {U;} are the mesh function satisfies ©g < 9o and £N0; < £N9; fori =1,2,...,N — 1, then ©; < ¥;
for all .

Proof. The matrix linked with £ has dimensions (N 4 1) x (N 4 1) and fulfills the criteria of being an M-matrix.
Consequently, it is classified as an M-matrix. O

Lemma 6.2. Suppose that Qpy1 = 1+ 1; for 0 < i < N. then there exist a non-negative constant C such that
Eg\ka_H(’l”i) 2 (& fO?” 1 S ) S N-—-1.

Proof. This proof is very easy calculation. |
Lemma 6.3. The mesh function is defined for a fized value of k, with i ranging from 0 to N such that

Skv1(ri) = ﬁ <1 + )\ghp),

p=1
with usual convention that if i = 0, then Gg = 1. then fori=1,2,....N — 1, we have

2§9k+1 (Tz) > W9k+1 (Ti)a

for some constant C.

Proof. Now, we can write the inequality in the form as
Gka1(ri) = Gra1(ri—1) - ASk41(ri-1)

hi e ’
=26 ASGkt1(ri) = Gry1(riz1))
N N — + +
25 9k+1 ('f'z) h1 n hi+1 -
A§ Ti— 1
+ ‘1’171/2M +(P(ri—1/2,0k+1) + E)Skﬂ(ﬁ'),
A 2A\h; 1
= g9k+1(7"i71) <‘I’i—1/2 - }H}w) + ((I)(Tl—l/279k+1) + E)9k+1(ri)v
= hi9k+1(7’z‘)(‘1’i—1/2 Tt b H(R(r1-1/2,O041) + 1) ),
from which the result follows. O

Lemma 6.4. Suppose that Vi1(r) be any smooth function defined on the interval [0,1]. Fori=1,2,...,N =1, and
define the truncation error of £N to Viy1(r) at ri_1/2 to be £N(Viy1(ri)) — (£Viy1)(ri—1/2). Then there exist a
constant C such that
i1
< 65/
Ti—1

2?(\7;9+1(7~i)) - (Eavk+1)(ri—1/2)
Proof. The proof is similar of this Lemma to the proof of Lemma 3.3 in [14]. O
an
Ba

"

Ca(OldC +ehs [ 9L (0lac. (61)
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Lemma 6.5. For each i, we have

Proof. For each p, we have

e~Mhole  (¢=Mp/yL < (1 n Ah,,) _1.
Now, multiplying these inequality for p =7+ 1,2, ..., N and we get the desired result. O
Lemma 6.6. For the Shishkin mesh which is defined in Equation (5.2) and there exists a constant € such that

N \h -1

1T (1 + P) < @NTAAZYN) N 2 < <N
g

p=i+1

Proof. Suppose that N/2 < ¢ <N, through the Lemma 4.1(b) which described by Kellogg and Tsan in [14]

N -1
11 (1 n W) < M=) /(M)
p=i+1 <

_ 6—4(3\[—1‘)(7\[’1 InN)/(14+4N"1 In N)

_ N—4(N—i)N*1/(1+4N*1 In N))

)

hence,
N—4(1—i/N)N16(1—¢/N)(N*1 InN/(14+4N"1In N).

NL6(1—i/N)(N T InN/(1+4N"" In N)

Since is bounded for N > 2, therefore we obtained the required result. O

6.1. Decomposition of Numerical solution. We break down the numerical solution Y,ﬁl into its smooth AkNH(n-)

and singular @kNH(ri) components. This decomposition is described in the same manner as the semi-discrete process.
N AN SN
Yita(ri) = Apa (ri) + By (ro),
now, the smooth component fli\fﬂ(ri) satisfies the non-homogeneous equation
ENAN (1) = frizi)2, O41),
A1 (0) = Ag41(0), (6.2)
AR (1) = Arga (1),
and the singular component @kNH(ri) satisfies the homogeneous equation
%ygi\;ﬂri) =0,
B, (0) = By 0, (6.3)
B (1) = B (1),
The error in the numerical solution can now be broken down into components as well.
N AN AN
(Yt = wna1) (ri) = (Apr — Aw) (r3) + (Bryr — Biga) (1),
we separately estimate the error in both smooth and singular solutions.
Theorem 6.7. (Error in the smooth component) The smooth component error flkNH adheres to the subsequent

estimate at the (k + 1)th time step.

Arg1(rs) — Aiﬂ-l (1)

< eN! <s + N1>, ri € T, (6.4)

(&)
ENE



1240 K. KUMAR SAH AND S. GOWRISANKAR

Proof. We have proof the error in the smooth part such that

gl (Ak+1(7“z‘) - A?ﬂ(ﬁ)) (’Qg\fﬂk-&-l(ri)) - (Sg\fﬂk+1(Ti1/2)>

we utilised the Lemma 6.4. Now, we applied the barrier function @j11(r;) = CH(e + H)(1 +r;), where H = max;{h;}
and also applying the Lemmas 6.1 and 6.2 we get the result

< e:H<s + fH) =eN! (s + N1>,

< N(e+ hi) (hi + hit1),

Apg1(rs) — Ai\:»l (1)

Hence
’Akﬂ(ﬁ) — AR (i)

< CN_1<E+N_1>, r; € T
O

Theorem 6.8. (Error in the singular component) The singular component error @kNH adheres to the subsequent
estimate at the (k + 1)th time step.

CN=2, for 0<i<N/2,

. — > N .
‘Ek“(m Braa(r)] <4 g1 <s + N1/ 1“”), for N/2<i<N. (6.5)
Proof. We consider the barrier function ¥j41(r;) such that
N -1
Ah
Vpy1(ri) = (‘3[ H (1 + Ep> :|9k+1(7"i)a
p=i+1
again we utilise the Lemma 6.1 of the discrete maximum principle such that
R N A\
)] < tent=e| I[ (1+222) [sentr, (66)
p=i+1

Bry1(ri) — By, (ri)|, using Equations (4.11) and (6.6) also apply the Lemma 6.5

N -1
Ah
<e 1+ =2 .
< H ( + = )
p=i+1
Once more, we establish the inequality defined in Equation (6.5) for 0 < ¢ < N/2 and N/2 < ¢ < N as follows: for
0 <i < N/2, we used the Lemma 6.6 in the above inequality result and taking ¢ = N/2

Now, we calculate the estimate

obtained the result

Broy1(ri) — B (1)

< N2 (6.7)

Bry1(rng2) — 'BkN-i-l(rN/?)

Furthermore, ‘Bkﬂ(rg\f/g) - @i\fﬂ(ﬁ\f/z)’ =0.

Now, we rewrite the Lemma 6.4 for the range N/2 < i < N such that

Tit1
of |
Ti—1

For the range N/2 < ¢ < N, we calculated the error estimate of the singular component by using Equation (6.8) and
the Lemma 6.5 obtained the result.

. Al Ay \
sf(BkH(ri)—BQfﬂ(n))‘g(ea—w—llnN) 11 <1+ ”) :

€
p=i+1

1"

Vi (1) — (V1) (s 2) v,m(c)\ n

v};H(c)H dc. (6.8)

(=)=
E)NE
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Now, we build the barrier function ¥41(r;) such that

N

g1 (ri) < e(N2+ (NllnN){ 11 <1+ Af”)l} 9k+1(ri)>.

p=i+1

Again, we proof for the range N/2 < i <N, and apply the Lemma 6.1 also utilised the barrier function 91 (r;) which
is the above defined and obtained the result

Brg1 (ri) — By (r9)| < D (1),
and for ¢ = N/2,...,N apply the Lemma 6.6 we get the result
‘mﬂm) — BN, 1 (rs)| < Cmax{N72 NTIF4/NInNY, (6.9)
Now, we combined the Equations (6.7) and (6.9) and obtained the required results. O

Theorem 6.9. The error in the solution kail satisfies the following estimate

ENTL(e+ N7, for 0<i<N/2,

) 6.10
eN-! (&_ + N—4(1—i/N) 1nN)7 for N/2 <i<N. ( )

Yk (ri) — Yy (ri)] <

Proof. The combined result is derived by merging the error estimates provided by Theorem 6.7 for the smooth
component and those given by Theorem 6.8 for the singular component. (]

Theorem 6.10. Suppose that y(r,0) be the solution of the Equation (2.1) and yr11(r) be the solution of discrete
problem (3.1) also Y}, be the solution of the Equation (5.13), satisfying the following error estimate

CAG+CNTL(e+ N7, for 0<i<N/2,
i Oki1) — Y (s , 6.11
‘ Yr+1(T45 Oks1) 1 (73) ‘ = €A9+GN1<5+N4(1”N)IHN), for N/2<i<N. ( )
Proof. We have the error inequality from the Equation (6.11) such that
‘ Yrr1 (ri, Opgr) — Vil (o) ‘ = ‘ Yrt1 (76, O1) = Y1 (16) + Yrar (rs) = Y, (3) ||
< ‘ Yr+1 (75 Ok1) — Y1 (10) ‘ + ’ Y1 (re) — Vi (ra) ||,
Now, we used the Theorems 3.3 and 6.9 obtained the required result
CAO +CN"L(e+N71), for 0<i<N/2,
_ YN _(r) < )
‘ U1 (1, O1) = Vi (1) ‘ =) eas+en-t (5 4 N—41-i/N) lnN>, for N/2<i<N.
O

7. EXAMPLES AND THEIR NUMERICAL RESULTS

In this section, we will study two problems to validate the theoretical results established. The first problem
considered is with the exact solution whereas the second problem does not have closed-form of exact solution. The
double mesh principle is adopted for calculating order of convergence where the problem does not have exact solution.

an
BE
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Example 7.1. Consider the following parabolic initial-boundary value problem:

Yo — EYrr + (1 +7r(l-— r))yT = f(r,0), (r,6)€(0,1)x(0,1],

y(T‘, O) = yO(T)a 0<r<l,
y(0,0) =0, y(1,0)=0, 0<0<1.

We choose the initial data yo(r) and the source function f(r, ) to fit with the exact solution
y(r,0) = e 0 (Cy 4 Cor — e~ (1715,

where €; = e~1/% and €y = 1 — e~ /. As the exact solution of the Example 7.1 is known, for each ¢ , we calculate the
maximum point-wise error by
A : :
Eg\L = ma)iM. ~ |y(7a579k¢) - YN/AQ(T§7 0k)|a
(rF.06)€G."

where y (1%, ;) and YN29(rk 0,.) respectively, denote the exact and the numerical solution obtained on the mesh with
N mesh intervals in the spatial direction and M mesh intervals in the 6-direction such that Af = T/M is the uniform
time step. In addition, we determine the corresponding order of convergence by

Ap ENA
R0 = logy Ezfir,Ae/z :
13

Now, for each N and A, we define ENA% = max. ENA9 as the e-uniform maximum point-wise error and the
corresponding local e-uniform order of convergence is defined by

N,A0 EN-A0

N . 13

R =log, | Zanaesz |-
The calculated maximum point-wise errors Eg\[ A0/2 and the corresponding order of convergence Rg\r,Ae for Example

7.1 are presented in Tables 1, 3, and 5 for various values of € and N. From these results, one can observe the e-uniform
Second-order convergence of the numerical solution.

Example 7.2. Consider the following parabolic initial-boundary value problem:
sin(wr 1
o = o+ (177 2D Yy (10 4 Sain(at/2) = £10,6),

f(r,0) =131 —7r)30(1 — 0)sin(xd), for (r,0) € (0,1)x (0,1), (7.2)
y(r,0) =0, 0<r <1,
y(0,0) =y(1,0) =0, 0 <r < 1.

As the exact solution of problem 7.2 is not known, to obtain the accuracy of the numerical solution and also to
demonstrate the e-uniform convergence of the proposed scheme, we use the double mesh principle which is given in
the following. Let Y2N-A0/2 (r¥,01) be the numerical solution obtained on the proposed mesh with 2N mesh intervals
in spatial direction and 2M mesh intervals in the -direction. Then, for each € we calculate the maximum point-wise
error by

ENAY — max [y NAG (e g) — ?QN’AQ/Q(rf7 01,
(rk.0)ea) ™

and the corresponding order of convergence by

N,A0 EN-A0
R70 = logy Ezir,A@/z :

The calculated maximum point-wise errors EX4? and the corresponding order of convergence RYA? for Example

7.2 are given in Tables 2, 4, and 6, respectively. The numerical results given in these tables reveal the Second-order
convergence independent of the diffusion parameter e. The maximum point-wise errors are plotted in log-log scale in

(=)=
E)NE
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(a) N=32,M = 16, = 2712, (b) N=32,M = 16, = 2712,

FIGURE 1. Solution profile for Example 7.1 and Example 7.2 in Figure 1(a) and 1(b) of the mesh (5.2).

(a) N=32,M = 16,¢ = 2712, (b) N=32,M = 16, = 2712,

FIGURE 2. Solution profile for Examples 7.1 and 7.2 in Figures 2(a) and 2(b) of the mesh (5.3).

(a) N=32,M = 16,¢ = 2712, (b) N=32,M = 16, = 2712,

FIGURE 3. Solution profile for Examples 7.1 and 7.2 in Figures 3(a) and 3(b) of the mesh (5.4).

Figures 4, 5, and 6, for the solution. From these figures, one can easily observe the Second-order e-uniform convergence.
The numerical solution is plotted in Figures 1, 2, and 3 for e ~'2. These figures show the existence of the boundary
layer near r = 0.
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TABLE 1. Maximum point-wise errors EX'2? and order of convergence of the solution RY+2¢ for

Example 7.1 on Shishkin mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =284 N =168 N =336 N =672 N =1344
£ M=5 M =20 M =80 M = 320 M = 1280
2712 5.4953¢ — 02 1.6291e — 02 5.2358¢ — 03 1.6496e — 03 5.0544¢ — 04
1.7541 1.6376 1.6663 1.7065
2715 5.5048¢ — 02 1.6386e — 02 5.2450e — 03 1.6538¢ — 03 5.0654¢ — 04
1.7483 1.6434 1.6651 1.7071
218 5.5060e — 02 1.6397¢ — 02 5.2609¢ — 03 1.6542¢ — 03 5.0686¢ — 04
1.7475 1.6401 1.6691 1.7065
221 5.5061e — 02 1.6399¢ — 02 5.2629¢ — 03 1.6561e — 03 5.0690e — 04
1.7474 1.6397 1.6680 1.7080
224 5.5061e — 02 1.6399¢ — 02 5.2631e — 03 1.6565¢ — 03 5.0704e — 04
1.7474 1.6396 1.6678 1.7079
EN:A0 5.6061e — 02 1.7399¢ — 02 5.3631e — 03 1.7565¢ — 03 5.1704e — 04
RN.A0 1.7674 1.7396 1.8678 1.8079

TABLE 2. Maximum point-wise errors EX'2? and order of convergence of the solution RY+A% for
Example 7.2 on Shishkin mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =84 N =168 N =336 N =672 N = 1344
€ M=5 M =20 M =80 M = 320 M = 1280
212 1.2751e — 04 4.1774e — 05 1.1382¢ — 05 2.9000e — 06 7.2852¢ — 07
1.6100 1.8759 1.9726 1.9930
215 1.2757e — 04 4.1821e — 05 1.1394e — 05 2.9030e — 06 7.2920e — 07
1.6090 1.8759 1.9727 1.9932
218 1.2758¢ — 04 4.1827¢ — 05 1.1396e — 05 2.9034¢ — 06 7.2936¢ — 07
1.6089 1.8759 1.9727 1.9931
221 1.2758¢ — 04 4.1828¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2938¢ — 07
1.6089 1.8759 1.9727 1.9931
224 1.2758¢ — 04 4.1828¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2939¢ — 07
1.6089 1.8759 1.9727 1.9931
EN:A0 1.2758¢ — 04 4.1828¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2939¢ — 07
RN.A0 1.6089 1.8759 1.9727 1.9931
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TABLE 3. Maximum point-wise errors EXN'2? and order of convergence of the solution RY+2¢ for

Example 7.1 on Shishkin-Bakhvalov mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =284 N =168 N =336 N =672 N =1344
£ M=5 M =20 M =80 M = 320 M = 1280
2712 1.7670e — 02 4.9931e — 03 1.2944e — 03 3.2668¢ — 04 8.1865¢ — 05
1.8233 1.9476 1.9864 1.9965
2715 1.7696e — 02 5.0000e — 03 1.2962¢ — 03 3.2713¢ — 04 8.1979% — 05
1.8234 1.9476 1.9864 1.9965
218 1.7699¢ — 02 5.0009¢ — 03 1.2965¢ — 03 3.2719¢ — 04 8.1993¢ — 05
1.8234 1.9476 1.9864 1.9965
221 1.7700e — 02 5.0010e — 03 1.2965¢ — 03 3.2720e — 04 8.1995¢ — 05
1.8234 1.9476 1.9864 1.9965
224 1.7700e — 02 5.0010e — 03 1.2965¢ — 03 3.2720e — 04 8.1995¢ — 05
1.8234 1.9476 1.9864 1.9965
EN:A0 1.7500e — 02 5.1010e — 03 1.2965¢ — 03 3.3720e — 04 8.0995¢ — 05
RN.A0 1.7834 1.9576 1.9464 1.9965

TABLE 4. Maximum point-wise errors EXN'2? and order of convergence of the solution RY+A% for
Example 7.2 on Shishkin-Bakhvalov mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =84 N =168 N =336 N =672 N = 1344
€ M=5 M =20 M =80 M = 320 M = 1280
212 1.2751e — 04 4.1781e — 05 1.1382¢ — 05 2.8997¢ — 06 7.2835¢ — 07
1.6097 1.8761 1.9728 1.9932
215 1.2757e — 04 4.1827¢ — 05 1.1395¢ — 05 2.9030e — 06 7.2907¢ — 07
1.6088 1.8760 1.9728 1.9934
218 1.2758¢ — 04 4.1833¢ — 05 1.1397¢ — 05 2.9035¢ — 06 7.2922¢ — 07
1.6087 1.8760 1.9727 1.9934
221 1.2758¢ — 04 4.1834¢ — 05 1.1397e — 05 2.9036e — 06 7.2925¢ — 07
1.6087 1.8760 1.9727 1.9934
224 1.2758¢ — 04 4.1834e — 05 1.1397e — 05 2.9036e — 06 7.2925¢ — 07
1.6087 1.8760 1.9727 1.9934
EN:A0 1.3758¢ — 04 4.1534e — 05 1.2397e — 05 2.9136e — 06 7.2915¢ — 07
RN.A0 1.7087 1.8860 1.9727 1.9934
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N, A0
EE

and order of convergence of the solution RN2Y for

Example 7.1 on Shishkin-Bakhvalov modified mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =284 N =168 N =336 N =672 N =1344
£ M=5 M =20 M =80 M = 320 M = 1280
2712 1.7663e — 02 4.9935¢ — 03 1.2951e — 03 3.2697¢ — 04 8.1966e — 05
1.8226 1.9470 1.9859 1.9961
2715 1.7690e — 02 5.0007¢ — 03 1.2970e — 03 3.2743¢ — 04 8.2080e — 05
1.8227 1.9470 1.9859 1.9961
218 1.7693¢ — 02 5.0017¢ — 03 1.2972¢ — 03 3.2749¢ — 04 8.2094¢ — 05
1.8227 1.9470 1.9859 1.9961
221 1.7694e — 02 5.0018¢ — 03 1.2972¢ — 03 3.2750e — 04 8.2096¢ — 05
1.8227 1.9470 1.9859 1.9961
224 1.7694e — 02 5.0018¢ — 03 1.2972¢ — 03 3.2750e — 04 8.2096¢e — 05
1.8227 1.9470 1.9859 1.9961
EN:A0 1.7794e — 02 5.1018¢ — 03 1.3972¢ — 03 3.3750e — 04 8.3096¢ — 05
RN.A0 1.8327 1.9570 1.9759 1.9861

TABLE 6. Maximum point-wise errors EX'2? and order of convergence of the solution RY+A% for

Example 7.2 on Shishkin-Bakhvalov modified mesh using midpoint finite difference scheme.

Number of Intervals N, M

N =84 N =168 N =336 N =672 N = 1344
€ M=5 M =20 M =80 M = 320 M = 1280
212 1.2751e — 04 4.1775¢ — 05 1.1381e — 05 2.8997¢ — 06 7.2846¢ — 07
1.6099 1.8760 1.9727 1.9930
215 1.2757e — 04 4.1822¢ — 05 1.1394e — 05 2.9030e — 06 7.2918¢ — 07
1.6090 1.8760 1.9727 1.9932
218 1.2758¢ — 04 4.1828¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2936¢ — 07
1.6089 1.8759 1.9727 1.9931
221 1.2758¢ — 04 4.1828¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2938¢ — 07
1.6089 1.8759 1.9727 1.9931
224 1.2758¢ — 04 4.1829¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2938¢ — 07
1.6089 1.8759 1.9727 1.9931
EN:A0 1.2758¢ — 04 4.1829¢ — 05 1.1396e — 05 2.9035¢ — 06 7.2938¢ — 07
RN.A0 1.6089 1.8759 1.9727 1.9931
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Max Error
Max Error

10% N 10° 102 103

N

(a) N is doubled but M is quadrupled. (b) N is doubled but M is quadrupled.

FIGURE 4. Loglog plot for Examples 7.1 and 7.2 in Figures 4(a) and 4(b) of the mesh in Equation
(5.2) for values of N and M where grids point N is doubled but M is quadrupled and ¢ =
{2712 2715 2718 2721 2724}.

Max Error
Max Error

10% N 10° 102 103

N

(a) N is doubled but M is quadrupled. (b) N is doubled but M is quadrupled.

FIGURE 5. Loglog plot for Examples 7.1 and 7.2 in Figures 5(a) and 5(b) of the mesh in Equation
(5.3) for values of N and M where grids point N is doubled but M is quadrupled and ¢ =
{2712 2715 2718 2721 2724}.

102}

Max Error
Max Error

10% N 10° 102 103

N

(a) N is doubled but M is quadrupled. (b) N is doubled but M is quadrupled.

FIGURE 6. Loglog plot for Examples 7.1 and 7.2 in Figures 6(a) and 6(b) of the mesh in Equation
(5.4) for values of N and M where grids point N is doubled but M is quadrupled and ¢ =
{2712 2715 2718 2721 2724}.
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8. CONCLUSION

In this study, we introduces numerical approached for solving a singularly perturbed time-dependent convection-
diffusion problem featuring a boundary layer on the right side of the domain. The proposed method involves employing
Euler discretization in the time direction and midpoint-upwind discretization in the spatial direction with the mesh
type are classical Shishkin mesh, Shishkin-Bakhvalov mesh, and Shishkin-Bakhvalov modified mesh. We demonstrate
the method’s accuracy, showing it to be first-order accurate in the time and achieving the second-order accuracy in
space on a coarse part of the domain and upto the second order accuracy on fine part of the domain. Extensive analysis
has been conducted to derive uniform error estimates for both coarse and fine parts. In support of the predicted theory,
two test examples were examined using the proposed methods, resulting in numerical results. The performance of
the method is illustrated through maximum point-wise errors presented in Tables 1-6, while computed solutions are
visualized in Figures 1-3. These graphs and tables depict the physical behaviour of the computed solutions. Also the
errors in Tables 1-6, indicate that the proposed method achieves uniform convergence with respect to the perturbation
parameter, which confirms the theoretical results established.
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