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Abstract

In this study, we implicitly solve the generalized distributed-order time-fractional Black-Scholes equation. We
employ finite differences to approximate the time derivatives and cubic B-spline quasi-interpolation for the spatial
derivatives. The error analysis of the presented method is investigated. The algorithm of this method is also
presented, which shows the simplicity of implementing the method to solve the generalized distributed-order time-
fractional Black-Scholes equation. Numerical results demonstrate the method’s convergence rate and accuracy.
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1. INTRODUCTION

The Black-Scholes equation is a fundamental partial differential equation in financial mathematics, used to model
the dynamics of financial derivatives, particularly options. Developed by Fischer Black, Myron Scholes, and Robert
Merton in 1973, the equation provides a theoretical estimate of the price of European-style options [2, 9].

The Black-Scholes model assumes a frictionless market and uses the concept of risk-neutral pricing. The key insight
is that one can hedge an option by continuously buying and selling the underlying asset to eliminate risk, leading to
a unique price for the option [2]. The equation is given by

2
o + L2520V + o

a B 852 TS% 77"/:0, (11)

where V is the option price, S is the underlying asset price, ¢ is time, o is the volatility of the asset, and r is the
risk-free interest rate.

The Black-Scholes formula, derived from this equation, has become a cornerstone in the field of financial engineering
and is widely used for pricing options and other derivatives [6].

The time fractional Black-Scholes equation is an extension of the classical Black-Scholes model, incorporating
fractional calculus to better capture the complexities of financial markets. This model was first introduced by Wyss
in 2000, who applied the concept of fractals to financial modeling [13]. The time fractional Black-Scholes equation is
particularly useful for modeling markets with memory and hereditary properties, which are not adequately addressed
by the traditional Black-Scholes model [7].

The equation is given by

oV 1, ,0°V B
8ta+gO’Sw+TS% TV—O,

where 0 < a < 1 represents the order of the fractional derivative.
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This fractional model provides a more accurate representation of market behaviors, capturing both major jumps
over short periods and long-range dependencies [12]. It has been the subject of extensive research, leading to various
numerical methods for its solution [7].

The distributed-order time-fractional derivative is a generalization of the fractional derivative concept, where the
order of differentiation is distributed over a range of values rather than being fixed. This approach allows for a
more flexible and accurate modeling of complex systems that exhibit behaviors influenced by multiple time scales and
memory effects [5, 8].

Mathematically, the distributed-order time-fractional derivative is defined as

D10 = [ ute) I 4,

0 ate

where p(a) is a weight function that determines the contribution of each fractional order o within the interval [0, 1]
[11]. This derivative is particularly useful in fields such as viscoelasticity, anomalous diffusion, and control theory,
where systems exhibit a combination of local and nonlocal behaviors [3, 5].

The distributed-order time-fractional derivative has been applied to various types of differential equations, enhancing
their ability to model real-world phenomena more accurately. For instance, it has been used in the study of ultra-
slow diffusion processes and in the development of more robust numerical methods for solving fractional differential
equations [8, 11].

In this paper, we examine the nonlinear generalized distributed-order time-fractional Black-Scholes equation, which
models the price of the European double barrier option [14].

6u§;7 2 +pw8*g§m,t) — aaQES;’ 2 + bauéz, 2 +c= f(x,t), x € (x,2,), t € (0,7T], (1.2)
with the initial condition

u(z,0) =(z), z; <z < (1.3)
and homogeneous Dirichlet boundary conditions

u(zy, t) = u(x,,t) =0, 0 <t <T, (1.4)

where x = Ln(S), V(S,T —t) = u(x,t), the parameter p > 0 balances integer-order and distributed-order time
derivatives, a = %2, b=a—r, c=r. Here, r > 0 is the risk-free rate and o > 0 is the volatility. f € C|x;, z,] X
C[0,T) and v € C?[x;, z,] are considered as known functions. Here, “9* /0t denotes the generalized distributed-order

differential operator which is defined as follow

W :/ ' w(a, z, )0 u(x, t)da, (1.5)

1

where O u(x,t) = F(llfa) fg (tils)a Buéz,s) ds and w(a, z,t) is known density function.

The rest of the paper is organized as follow: In the second section, we present a temporal discrete scheme for Equa-
tion (1.2) using the finite difference method. Then we use cubic spline quasi-interpolation for spatial approximation.
The error analysis of the presented method is investigated in section 3. In the forth section,the numerical results are
shown. Some conclusions are given at the end of the paper in section 5.

2. NUMERICAL SCHEME

Let t, = nAt,n =0,1,...,N;, At = Nlt, tnro = (n+ 0)At = t, + 0AL, and o, = a; + kAa, k = 0,1,..., Ny,
Ao = %2t Also, assume that wj; = w(ag, z,t,) and u" = u(z,t,). Using the trapezoidal integration method, we

have

No—1
A - (0F\\
Yoru" = Ta (wgafou” +2 E wy O u" + w0, au”) +0((Ar)?). (2.1)
k=1

(&)
ENE
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For approximation the fractional derivatives we use following L1 method
Opu = (utt —u') J2, + O(AY), (2.2)

where Jp*, = fttvi“ (tn, — s)” “ds. By substituting (2.2) in (2.1) we obtain

Ao 22 )
wax, no__ 7+1 7 n 2
Oju" = 2Tt;(u —u')X] + O((Aa)® + (Aa)(At)), (2.3)
n 0 Nest n n wp (2) Ik . . :
where X' (x) = v]'y(z) + 2 kgl vin () + 'y, () and v () = T—ag - By putting £ = ;115 in (1.2) and using
Crank—Nicolson method we get
At alAt
wrtt = P2 (opumtt vy — B2 (a4 u,)
bAt n+1 n 2
+7 (ulf ™ +ul) + cAt + O((At)?) = Atf(z,t,, 1), (2.4)
Putting (2.3) in (2.4) gives the result
At bAt
QU — TR 4 SR = R4 O((80)* (A1) + (Ba) (A1)? + (A1)?), (2.5)
where
A
Q" =1+ %X:}“, (2.6)
" non o GAt . DAt . pAa — ny it i
R" = Q"u +Tum77uz fTZOVl(u —u') — cAt + Atf(z,t,, 1), (2.7)
Vin _ X;L-H _‘_in' (2.8)
Therefore we will have the following numerical scheme
At bAt
QnUn-i-l . CLQ U;;—l + TU:ZH_l = Rh™, (29)
where U™ and Rh"™ denoted the approximations of v and R™ in (z,t,), respectively. For spatial approximation, we
use cubic spline quasi-interpolation [1]. Let W = {xg, 21, ..., 2N, } be a uniform partition of interval [z, z,], where
To =2y, TN, = Zp a0d Tppp1 — Ty, = Az, m = 0,1,..., N,. Also, let S4(W) be the space of cubic splines on
W* ={2_3,2 9,2 1,20, %1, -, TN, , TN, +1, TN, +2, TN, +3

where z_3 = z_9 = 2_1 = 29 and =y, = TN, +1 = TN,4+2 = ZN,+3. Lhe corresponding set of cubic B-splines

{B_3,B_3...,BnN,_1}, where is a basis for S4(W), are defined using the recursive relation [4],
r— X Titp+1l — T
Bjp(r) = ————Bjp-1(z) + —————Bjs1,-1(2), (2.10)
Tjtp = Tj Tjtpt1 = Tjt1
where Bjo(z) = 0[zj,241), j = —1,0,..., N, — 1 and p = 3, and under the convention that fractions with zero

denominator have value zero. It is notably that a B-spline is right continuous, i.e., the value at a point x is obtained
by taking the limit from the right. The univariate cubic spline quasi-interpolants can be defined as operators of the
form [1]

Ng+1
(OU™) (@) = 37 i (U") By (), (211)
EE
(o] <)
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where ¢ = 0,1, 2 refer to (th derivative of functions and

1 1
p(U™) = TSGSUF —9U3 +2U3), ue(U™) = E(SU{L - Uy),
Hy(U") = G (<UJ s +8UF = Uf), 5= 3,4, No — L,
pn, (U™) = 6(_UNE—2 +8UN, 1), N, +1(U") = 18(2UN£—3 N, o+ 18Ux, 1),

where U, = U™(2,,). We know from [4] that ||(©U")(") — U")(L)HOo = O ((Az)1=Y)) for v = 0,1,2. By substituting
(2.11) as approximation in (2.9) we obtain the following system of linear equations

AU = R™ (2.12)

where U™ = (U{‘,UQ”,...,UIQE_l)T, R" = (Rh’f,Rhg,...,Rh"Nm_l)T, (A™)m,; = (H}’(xm)), jm=12,...,N; — 1,
and

I} () = A (2) + SAB() — AL (e),

M(2) = 5 A (2) — GAB(e) + SAT() — 2AT()

ng@):%m@_lm( )+ SA3(@) - AL (),
M}(x) = ~ S A7(x) + 6A;u1<> éﬁz() =45 N, 4

n 1 n n n n
Iy, _s(z) = *gAN,—?)(iE) + EANE—Q(‘I) - 5AN$—1($) + §ANI+1(SU),
1

Iy, _o(z) = _EANm—2(m) + éANm—l(x) - EANm( T) — SN, (@),

Iy, 4 (z) = _gAqu(x) + EANI (z) + Ay, 41 (2),

where RA”, is obtained by substituting U¢, instead of u!, in R™(x,,), and
bAt alAt
— Bli-a@) = = B"j—(x).

The values of Bj(-L) () for © = 0,1,2 can be obtained from (2.10) as follows

A (z) = Q"(2)Bj—3(x) +

12
3 7 2
2 4 2
1
B=— :
12 : ’
2 4 2
2 7 3
12
1212
3 1 2
2 0 2
1
B = — 3
4Nz : ’
-2 0 2
-2 -1 3

—-12 12
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12 -18 6

" o__ . . .
B" = saap Lo ,

where

(B)mt1,j44 = Bj(@m), (B )mt1,j4a =B j(@m), B")mi1,j44 = B j(xm),
m=0,1,...,Ny, and j = —3,-2,... N, — 1.

The algorithm for implementation of the presented method is given in Algorithm 1.

Algorithm 1 Numerical solution of problem (1.2)—(1.4) using presented method.

input f, w, x;, T, @, @, o, 7, Y, p, Ny, Ny No, T, and compute Az, Aa, At, a, b, ¢, Y', " and z, t, a as vectors
in their domains.
Initialize the first columns of U, U, and U,, matrices using ¢, ¥’ and " functions,
forn=0to N; —1do
form =1to N, —1do
Q(m) = Q" (zy,) from (2.6),
V(i,m) = V(zy,) from (2.8),
R(m,1) = R™(zy,) from (2.7),
forj=1to N, —1do
A(m, j) = I} (x,,) witch is computed using B, B’, B”, A”(z,,) and definitions of I} (x,,)s,
end for
end for
solve the linear system AUiemp = R,
Put Utemp as the (n + 2)th column of matrix U,
Calculate (n + 2)th columns of U, and U,, matrices using (2.11).
end for

3. ERROR ANALYSIS
Lemma 3.1. Let |w(z,t, )] < w* the for j =1,2,... . N, +1,i=0,1,...,n—1 and n=1,2,..., N; we have

15bAt  171aAt
4Dz 12(Ax)?

13 13
mn? < 24 ZZowt(A)EoNa)
1 (2)] < & + g (A1) +

Guw* (Ar)! )

Ve <
vir) < 2A
Proof. According to definition of B, B/, and B” we obtain

3bAt+ 9aAt
20z 2(Ax)*

AT < 1Q"| + (3.1)

(=)=
E)NE
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Therefore, according to the definition of II7 (z)s we can conclude that

O] < §1Qn| + HA8¢ + 4588 r1g) < 9 | + 32A¢ + st
n| < 16 |Qn| 4 48bAt | lddads
|H | <% |Q |+ 18Ax + 18(Az)2’
17| < §1Q" + 5238 + goa, J =45, Ny — 4, (3.2)
16 48bAt | 144aAt n 13 39bA¢t | 17laAt
‘H Nz— d| S5 |Qn| + T8ar T 18(Ax)2? HN:E72| <% |Qn| + Toar T 12(Az)%>
n A
|HNz 1| <"+ gbAAzt + 2?2352’
From (3.2), we get
13 pA« 15bAt  171aAt
I} 14+ —X . 3.3
| 6‘+ o | T aar T ) o
Since J. %, = (A?(ila:k and for 0 < At oy, < 1, (At)(1=oNa) > (At)(1=2%) and W < 2, we have
|X”+1(x)‘ _ Q(At)(lfazva) |wn+1 |+2 Z |wn+1 |+ ’wnJrl )|
" - 3
4( At (Q—ang), At (1 O‘Na)
< AaY) Wy, < HAH Tt (3.4)

- 3 o= 3Aa

From Equations (3.4) and (3.3), the desired result is confirmed. The second inequality in this lemma is confirmed
according to definition X" O

Theorem 3.2. Let E} =u} — U}, [|[E"|, . = (o max |E]”

)

e = (78(Ax)2 + 26pw* (A1) 17N (Az)? 4 135bAtAT + 513aAt> (N, +1),

£y = (Ax)? ‘O((Aa)Q(At) T (Aa)(A1)? + (A1) + Amx)) , €3 = 5dpw* (Az)2(At)1-ava),

and & = 22, & = 22, in this case if n&y and & tends to zeros then ||[E™||, . — 0.

Proof. By substituting (2.11) in (2.5) and (2.9), we obtain

Nz+1

A A
Z ,u_] n+1 (Qn(an)Bj—i%(an) + %B/j—3(x7n) - a2 tBH] 3(xm)>
Jj=
! bA A
Z 5 (w <Qn Tm)Bj—3(Tm) — TtB/j—?)( m) + LtB//J 3(:cm)>
j=1
n—1
pT Vi () (i — ) = et + ALf (2.t 1)
=0
O((Aa)*(At) + (Aa)(At)? + (At)* + AtAz), (3.5)
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and
N.+1
= bAL alt
> Ut <Q"($m)Bj3($m) + = Bl-s(em) - = B”ja(xm)>
=1
N.+1

= 3 w0 (@ @) Br-an) ~ 5B o) + Gl

A n—1 ) ]
=~ YV @n) UL Ul) = A+ Atf (@, b y). (3.6)

=0

The difference of (3.5) from (3.6) leads to the following result

=

N,+1 N,+1 Aa
Z Hn xm En+1 Z H/ﬂ 7.’ P Zvn E'Hrl E:n)
+O((Aa)X(Af) + (Aa)(At) + (A1) + AtAZ), (3.7)

where IT'} is similar to IT}, using A’} = Q" () Bj_3(xm) — LB _s(xm) + LB ;_5(2,,) instead of A} is obtained.

From Lemma 3.1, we know that

Ng+1 Ny+1
> @) B < D0 [0 ()| | B
i=1 =
< (Ne +1), _max [ (za)| [,
13 E . (1—an,) , 15bAt — 17laAt il
= (6 + 18 (&%) + 4Ax + 12(Ax)2 (N‘”—'_l)HE ||xoo (3-8)

Now, we assume that
13 3 l—an,)  19bAL 171aAt
= 4 Zpw (AN N, +1)|| B+

N.+1 A
Z H/n En p o Zvn Ez+1 E:n)

+ O((Aa)?(At) 4+ (Aa)(At)? + (At)? 4+ AtAz)|.

From (3.9) and carrying out a process similar to the proof of Lemma 3.1, we have

13 13 (l—ax,) . 15bAt  171aAt -
(6 + Tgpw (A1) + Ao 28] (No + DB

(13, 13 13 w(An e 4 L5bAL | 171aAt (
=16 T8 4Ax 12(Az)?

pAa (6w (At)oNa) | T2 ; ;
o () e s
i=0

+ |0((20)*(A8) + (Aa)(At)” + (A1) + AtAz)|. (3.10)



CMDE Vol. 14, No. 2, 2026, pp. 942-952 949
Hence,
n—1 ) )
1" e SUE e+ & 3 (1B e+ 1) + 0 (3.11)
=0
Since HEOHI + = 0, we have
1B, <60 1], <@ (@42, (B, . <& ((6)° +56+3).
1B, o < & ((€2)° +8(62)° + 1462 +4),
1], 0 < & ()" +11(&)° +34(82)° + 3082 +5) ...
In other words,
521, . <6 (ol 1), 312
k=1
Then, relation (3.12) concludes what we wanted to show.
]

4. NUMERICAL RESULTS

In this section, we study the numerical results of the implementation of the presented method on an example.
The versatility and the accuracy of the proposed method is measured using the Ly and L7, error norms for the test

problems. The error norms are defined as

Ly(t)

N
Az Z |Um(t) - Um(t)|27 LOO(t) =
m=0

max
0<m<N,

[t (t) — U (t)] -

Example 4.1. In this example, we consider p =1, 2; =0, z,. =7, oy = 0.2, o, = 0.8, r = 0.05, 0 = 0.5, ¥ (x) = sin(x)
and w(z,t,a) = 0.0l exp(a)zt. The exact solution is assumed to be u(z,t) = (t* — ¢ + 1)sin(z) and f(z,t) can be

obtained from exact solution.

The norm of errors and the order of convergence for different values of N, Ny, and N, are reported in Table 1.
Also, the numerical solution and its related absolute errors of Example 4.1 are shown in Figure 1.

TABLE 1. Error norms in Example 4.1 with N, = N; = N, = 50.

~

Ly(t)

Loo(t)

—
o

© 00O O Wi

1.887022e — 05
3.312101e — 05
6.725444e — 05
1.527224e — 04
3.260535e — 04
6.116438e — 04
1.028845e — 03
1.594779¢ — 03
2.325069e — 03
3.234265e — 03

1.757039¢ — 05
3.130544¢e — 05
6.533021e — 05
1.427221e — 04
2.866728e — 04
5.175115e — 04
8.517188e — 04
1.303750e — 03
1.885706e — 03
2.611468e — 03
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Ul(z,t)
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i il
s Gl
’ = 5 : T
O\ e N
x 0 0 t T 0 0 t

FIGURE 1. Numerical solution (left) and the absolute errors for all mesh points in Example 4.1 with
N; =50, Ny =50 and N, = 50.
Example 4.2. In this example, we consider p =1, 2; =0, 7, = 1, a; = 0.1, o, = 0.6, 7 = 0.02, 0 = 0.1, 9)(2) = v —2?
and w(z,t,a) = 0.10(1 — a)(z + 1)(t + 1). The exact solution is assumed to be u(x,t) = (1 + ?)(x — 22) and f(x,t)
can be obtained from exact solution.
The norm of errors and the order of convergence for different values of N,, N; and N, are reported in Table 2.
Also, the numerical solution and its related absolute errors of Example 4.2 are shown in Figure 2.

TABLE 2. Error norms in Example 4.2 with N, = N; = N, = 50.

| t La(t) Loo(t) \
1 6.572882e — 07 1.104885¢ — 06
2 1.272913e — 06  2.496485¢ — 06
3 4.732949¢ — 06 7.050678¢ — 06
4 1.304282¢ — 05 1.840373e — 05
5 2.784658¢ — 05  3.902088¢ — 05
6 5.112576e — 05 7.152497e — 05
7  8.510130c — 05 1.189414e — 04
8 1.322167e — 04 1.847418e — 04
9 1.951248¢ — 04 2.724979¢ — 04
10 2.766686¢ — 04 3.860744e — 04

5. CONCLUSION

In this work, we proposed a novel numerical scheme to solve the generalized distributed-order time-fractional Black-
Scholes equation implicitly. Our approach combines finite differences for approximating time derivatives and cubic
B-spline quasi-interpolation for spatial derivatives. Additionally, we investigated the error analysis of the presented
method, demonstrating its effectiveness and accuracy through numerical results.

While our numerical scheme presents a significant advancement in solving the generalized distributed-order time-
fractional Black-Scholes equation, several avenues for further research and unresolved challenges remain. One key
area for future work is exploring alternative types of derivatives. For instance, the local generalized derivative,

(=)=
E)NE
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FIGURE 2. Numerical solution (left) and the absolute errors for all mesh points in Example 4.2 with
N; =50, N, = 50 and N, = 50.

as discussed in the paper [10], offers a promising avenue for improving the flexibility and robustness of numerical
methods for fractional differential equations. Incorporating such derivatives could enhance the modeling of complex
systems with heterogeneous memory properties and anomalous diffusion processes. Moreover, further investigation is
warranted into the stability and convergence properties of the proposed scheme under various boundaries and initial
conditions. Extending the method to higher-dimensional problems and more complex financial derivatives would
provide a more comprehensive toolset for practical applications. Additionally, the development of adaptive mesh
refinement techniques could enhance the computational efficiency and accuracy of the numerical solutions, particularly
for problems exhibiting sharp gradients or localized phenomena. Another area of potential research is the integration
of machine learning techniques to optimize the parameters and performance of the numerical scheme. By leveraging
data-driven approaches, it may be possible to achieve more accurate and efficient solutions, particularly in cases where
analytical solutions are intractable or unknown. In summary, our work lays the groundwork for future advancements
in the numerical analysis of generalized distributed-order time-fractional differential equations. By addressing the
unresolved challenges and exploring new types of derivatives, such as those highlighted in [10] researchers can further
refine and expand the applicability of these methods to a broader range of complex, real-world problems.
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