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Abstract ( )
This paper examines the solutions of nonlinear higher-order singular Emden-Fowler type equations arising in
various physical models. Generally, it becomes difficult to obtain the solution near the point of singularity.
To overcome this problem, an iterative technique is introduced, that depends on the variational iteration method
(VIM) and the homotopy perturbation method (HPM). Such a technique generates the solution in terms of a series,
which is highly practical from computing perspective. An equivalent recursive integral representation (involving
Lagrange’s multiplier) for the higher-order nonlinear singular Emden-Fowler type (SEFT) equations with initial
conditions (ICs) is established with the support of the variational iteration method (VIM). Making use of the
concept of homotopy, a system of integral equations is established, which helps to deal with nonlinearity. Some
numerical examples are studied through the proposed iterative technique to show the applicability and efficiency
of the technique.

Keywords. Emden-Fowler equations, Variational iteration method, Convergence analysis, Lagrange’s multiplier, Homotopy perturbation method,
Initial value problems.
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1. INTRODUCTION

The second-order nonlinear singular differential equation identify below as the Lane-Emden-Fowler equation
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where g(z,u) and p are a real valued continuous function and shape factor (a real number), respectively. Various
physical phenomena emerging in the field of mathematical sciences, astrophysics, fluid mechanics and chemical physics
can be modelled by using the Lane-Emden-Fowler differential equation [3, 4, 7,9, 14, 15, 19, 21, 24, 41]. Astrophysicists
J. H. Lane [15] and R. Emden (8] studied this equation. J.H. Lane initially presented the Poisson’s equation as
a dimensionless form that characterising the equilibrium density distribution within a self-gravitating polytrophic
isothermal gas sphere and R. Emden later modified it to define polytropes in hydrostatic equilibrium (see [2] and
references there in). Earlier hypotheses about gaseous dynamics in astrophysics are the basis for the study of the
Lane-Emden-Fowler differential equation. Investigating the equilibrium structure of the mass of gaseous spherical
clouds was the central issue in the study of stellar structure, assuming that convective equilibrium exists in the
gaseous cloud.

The Lane-Emden-Fowler Equation (1.1) with suitable initial conditions is used to classify a wide range of physical
processes, e.g., in chemical reacting system, fluid mechanics, population evolution, relativistic mechanics and in pattern
formation [20, 42]. The form of such an equation for g(z,u) = u™ describes the way a spherical cloud of gas reacts
thermally (which is moving due to the molecules’ mutual attraction) and where n stands for polytropic index, is
popularly known as the Lane-Emden equation for n = 1.5 and n = 2.5. Moreover, it also appears in modeling of a
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cluster of galaxies, self-gravitating gas clouds, cases of radiatively cooling and in the treatment of a phase transition
in critical adsorption [5, 19]. Meanwhile, the Emden-Fowler equation for g(x,u) = e* describes the non-dimensional
density distribution in an isothermal gas sphere. There have been a number of physical models computed using the
Lane-Emden equations, such as stellar structure [3], thermionic currents [24], thermal explosions (in different shape
vessels) [4] and in the understanding of the thermal asymmetries of human heads [7].

The generalized form of the Lane-Emden-Fowler equation

. dm . dk
el Cl u+g(z,u) =0, (1.2)

where p > 0 is stated as the shape factor and the order of differential operators are defined by m and k. The
major challenge in solving the Lane-Emden-Fowler equation is the singularity that occurs at x = 0, which prevents
the convergence of direct implementation of analytical and numerical techniques. As a result, it always encourage
the researchers to find solutions for such type of problems (see [1, 27, 28, 33]). In order to find the exact and
approximate solutions to singular Emden-Fowler type (SEFT) Equations (1.2), a number of helpful techniques were
employed, like, the Adomian decomposition method (ADM) [40], homotopy perturbation methods [23, 27], the rational
Legendre pseudospectral technique [22], Haar wavelet collocation method [29, 30], variational iteration methods [35],
non-standard finite difference method [32] and Bernstein collocation method [26], ete.

The purpose of this paper is to obtain the approximate solutions for the third and fourth-order nonlinear SEFT
equations. Over the past few years, numerous analytical and numerical techniques have been developed for solving
higher-order nonlinear SEFT equations. For instance, the Adomian decomposition method [34, 37], cubic B-spline
method [13], reproducing kernel Hilbert space method [6], variational iteration method [38, 39], hybrid block techniques
[25], Haar wavelet resolution method [31], quintic B-spline [17] and artificial neural network technique [36]. This study
proposes a coupled iterative technique that is a combination of variational iteration method and homotopy perturbation
method (VIM and HPM). Making use of the variational iteration method (VIM), we establish an equivalent recursive
integral scheme involving Lagrange’s multiplier. In order to deal with nonlinearity, a set of Volterra integral equations
is built using the homotopy principle. Some numerical examples have been solved to show the proposed method’s
accuracy and ease for each kind of IVPs. The proposed coupled iterative technique provides the solution in series
form.

The rest work is framed as follows: In section 2, the formulation of higher-order singular Emden-Fowler type
equations is presented. A recursive scheme with the help of VIM for the nonlinear third and fourth-orders SEFT
equations is discussed in section 3. The section 4 provides the basic concept of homotopy, which helps us to deal with
the nonlinearity. The development of a coupled iterative technique using VIM and HPM for solving the higher-order
SEFT equation is given in section 5. The sufficient conditions for the convergence of the proposed iterative technique
are documented in section 6. In the section 7, numerical illustrations are presented to check the applicability and
reliability of the technique. Lastly, a conclusion is provided for the proposed work in the last section.

2. FORMULATION OF HIGHER-ORDER EQUATIONS: SEFT

In this section, the nonlinear SEFT equations of higher-order specifically third and fourth-order are formulated.
One can also derived the higher-order type equations in similar manner. The generalized Lane-Emden-Fowler equation
with appropriate initial conditions is read as

. Jm » dk
o \ T | u + g(z,u(x)) =0, (2.1)
subject to initial conditions (ICs)
u(0) = ug,  u'(0) =u"(0) =" (0) = umk=1(0) = 0, (2.2)

where ' = d%. The following subsections illustrate the derivation of different kinds of third and fourth-orders Emden-
Fowler type equations.
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2.1. Formulation of SEFT equation: Third-order. The nonlinear third-order SEFT equations for a variety of
shape factors are formulated in this subsection. On the basis of different choices of m and k such that m + k =
3, m,k > 1, we have the following two kinds of third-order SEFT equations:

(i) 1st kind third-order SEFT equation:

dBu 2p (dPu plp—1) (du
T (dx) T (dx) * oz, u) =0,

subject to ICs
u(0) = apg, u'(0) =u"(0) =0,

For m=2, k=1 (2.3)

where ag is a constant and the singular point z = 0 arise two times as = and z? with corresponding shape
factors 2p and p(p — 1).

(ii) 2nd kind third-order SEFT equation:
d3u  p (d*u
dz®  z \ daz?

subject to ICs
u(0) = ay, '(0) =u"(0) =0,

where « is a constant. In this case, the singular point present at £ = 0 with shape factor p and all remaining terms
are vanished.

) T gle,u) =0,
For m=1, k=2 (2.4)

2.2. Formulation of SEFT equation: Fourth-order. The nonlinear fourth-order SEFT equations for a variety
of shape factors are formulated in this subsection. On the basis of different choices of m and k such that m 4+ k =
4, m,k > 1, we have the following three kinds of fourth-order SEFT equations:

(i) 1st kind fourth-order SEFT equation:
du 3p (d3u\ 3plp—1) (d*u\ plp-1)(p=2) (du
it (dx3>+ 7 (m)* N~ (m)*g(w =0,
subject to ICs
u(0) = Bo, u'(0) =u"(0) = u"(0) =0,

For m=3, k=1, (2.5)

where By is a constant and the singular point z = 0 arise thrice as z, 2 and 2® with corresponding shape
factors 3p, 3p(p — 1) and p(p —1)(p—2).
(ii) 2nd kind fourth-order SEFT equation:

d*u  2p [ dPu p(p—1) [d*u
P (w) T (d:cQ) +9(z,u) =0,

subject to ICs
w(0) = 1, u'(0) =u"(0) =" (0) =0,

For m=2, k=2, (2.6)

where B; is a constant and the singular point = 0 arise two times as 2 and 2? with corresponding shape
factors 2p and p(p — 1).
(iii) 3rd kind fourth-order SEFT equation:

d*v  p [(dPu
P () + g(x,u) =0,

dz3
subject to ICs
uw(0) = B2, ' (0) =" (0) ="(0) =0,

where (5 is a constant. In this case, the singular point present at = 0 with shape factor p and all remaining terms
are vanished.

For m=1, k=3, (2.7)
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3. EQUIVALENT INTEGRAL TRANSFORMATION: SEFT

This section provides an equivalent integral recursive transformation for nonlinear third and fourth-order SEFT
equations with the help of variational iteration method (for more details, see [11, 38]).
We can rewrite the Emden-Fowler type equation as follow

L(u) + N(u) = h(z), (3.1)

defining L and N as linear and nonlinear differential operators, while h(x) is an inhomogeneous function. A correction
functional (as per VIM) for the aforementioned Equation (3.1) is constructed as

%H@rw4@+/3mww%m+Nmmfmma (3.2)

where 1 (z,t) is a Lagrange’s multiplier and 4, is a restricted variation, i.e., &, = 0 and making Eq. (3.2) stationary
allows us to find the optimal value of Lagrange’s multiplier.

3.1. Third-order SEFT equation: VIM. By using the similar analysis for Eq. (2.3), the recursive integral form
(referred as correction functional) is expressed as

1 (2) = () + /0 " () {ds;‘l‘t"g(t) L2 <d23;(t)) Iy = D <d“;t(t)> i, un(t))] dt. (3.3)

t

Using the approach of [11], we achieve the following stationary conditions

(@, )=y =0,
2
—v(a,t) + Fue )] =0,
t=x
2 2 -1 3.4
1+wn($,t)—pr/(x,t)‘i‘%w(l‘vt) =0, ( )
t=x
2p dp+plp—1) dp+2p(p—1)
—""(z,t) + 7¢/I(m’t) — T¢/(x’t) + t—gzp(x,t) _ =0.
The Lagrange’s multiplier is calculated using the aforementioned stationary conditions, which is as follows:
2 t
—xt+t* |1 =In— |, for p=1,
X
B, t
Yla,t)=q — 5 F{t+_ ), for p=2 (3.5)
2 x? (t)p a? (t)p“
- + -] ——= = , for p#1,2.
P-DEP-2) (@-2) \z (p—1) \z

From the above discussion, the recursive integral transformation for SEFT equation (2.3) using VIM is as follows

Pun(t) | 2p (dQun(t)) Lpe=1) (dun(t)

dt3 t U de2 2 dt

Uns1(z) = un(z) + /O ’ o(x,t) [ ) + g(t,un(t»] dt, (3.6)

where 9 (z,t) is given by Eq. (3.5).
Remark 3.1. (i): A similar integral transformation can be established for the 2nd kind third-order SEFT equation
(2.4).

(=)=
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(ii): Similarly, one can calculate the Lagrange’s multiplier for SEFT equation (2.4) as
9 t
—t“+axt|{1+In—|, for p=1,
x

Y(x,t) = { — ot + 2 (1 —In i) , for p=2, (3.7)

t? x?

t\” xt
-2 (@-Dp-2) (x) T -1y for p#1,2.

3.2. Fourth-order SEFT equation: VIM. For the 1st kind fourth-order SEFT (2.5), the recursive integral form
(referred as correction functional) is expressed as

Unt1 (2) = un(@) + fg ¥ [d;fi” + 22 (%) + 2eled) (%) + 2= (dua) +§(t,un)} dt.  (3.8)
Using the approach of [11], we achieve the following stationary conditions
w(%t”t:x =0,
/(e t) + (a1

:0’

t=x

3 3p?
W (@, t) — ?pz//(:r,t) + t%zp(x,t) -0, (3.9)
t=x '
1— w///(x’t) + 371)1/1”(17,25) _ 3p(1;2+ 1)¢ (x,t) + p(p;ltl(p—’_i)q/)(x,t) =0.
t=x
9 1) L,y BOED g,y PEELIED) 1y gy IO VOED 0 ),
t=x

The Lagrange’s multiplier is calculated using the aforementioned stationary conditions, which is as follows:

1 1 to 3
— Zl'zt + xt2 + §t3 (hl; — 2) 5 fO?“ p= ].,

1 1/t t
——at?’+ - (=)=t In=), for p=2,
2 2\ x T

Y(x,t) = BN Lt 3 (3.10)
—— 4= +-t°(ln—+-|, for p=3,
x 4 \a? 2 x 2

3 t\? 3 3 t p+1 3 ¢ p+2
o Y () s
2p=3)\z) (-D-2)p-3) (-2 \z 2(p—1) \=
From the above discussion, the recursive integral transformation for SEFT Equation (2.5) using VIM is as follows
d*u,, 3p Buy,
un-‘rl( - un / 1/} LE t |: dt4 t < dt3 >
3p(p — d*u, p(p—1)(p—2) (du,
t,uy,)| dt. A1
TR <dt2>+ 3 ) Tetun) (3.11)

where ¢(z,t) is given by Eq. (3.10).

Remark 3.2. (i): Similar integral transformations can be established for the 2nd and 3rd kinds of fourth-order SEFT
equation.
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(ii): The Lagrange’s multiplier for the 2nd kind fourth-order SEFT Equation (2.6) is calculated as

1 1. t
——2%t+ -t —a2t? (In=), for p=1,

2 2 x

t

— 213 4 22t 4 (wt? + %) (m x) . for p=2,
——ot*+ - (=)= (In=), for p=3,

2 2\ z x

_ 3 t p t3 3 t p+1 t2
> <) : | < <) M forp£1,2,3.
P=2)p-=3)\z) (p-2)p-3) @-DE-2)\z/ (P-2)(rp-1)
(iii): The Lagrange’s multiplier for the 3rd kind fourth-order SEFT Equation (2.7) is calculated as
3 1 1 t

o2 22 B34 222 (In 2 =1

rt +4J;t—|—4t+2xt<nx>, for p ,

1 1 t
— 530275 + §t3 — xt? (ln x) , for p=2,

Y(x,t) = 1 ) L (3.13)

_ Lo 2, 1,3 r 9 _

i t+xt +2t <lnx 2), for p=3,

t3 z3 <t)” z?t xt?

- + -] - + , for p#1,2,3.

2p=3) (-D-2)pP-3) \z 2p—=1)  (p—2)

4. HOMOTOPY PERTURBATION METHOD (HPM): SEFT EQUATION

This section deals with the basic concept of homotopy. A system of Volterra integral equations is constructed using
the homotopy notion to address the nonlinearity. Homotopy is an important part of differential topology, and using the
property of homotopy, any nonlinear problem can be transformed into a number of linear problems (see [10, 16, 18]).

We examine the following general differential equation as

L(u)+ N(u) —g(r) =0, reQ, (4.1)
B <u g‘Z) —0, ren, (4.2)

where, L and N stands for linear and nonlinear differential operators, respectively. The boundary operator is symbol-
ized by f and the analytical function is defined by g(r), while T represents the boundary of the domain €.

Now a homotopy has been constructed by using the homotopy concept for Eq. (4.1) (for more details, see [12]),
which gives,

o(w,r,q) = (1 — q)[L(w) — L(uo)] + q[L(w) + N(w) — g(r)] =0, reQ, (4.3)
or equivalently
d(w,r,q) = L(w) — L(ug) + gL(up) + q[N(w) — g(r)] =0, reqQ, (4.4)

where ug(z) is an initial estimate satisfying (4.2), while ¢ € [0,1] is called an embedding parameter. From Eq. (4.4),
we obtain

d)(wv r, O) = L(UJ) - L(UO) =0, (45)
¢(w,r,1) = L(w) + N(w) — g(r) = 0, (4.6)
whenever ¢ changes from 0 to 1. This process is referred as deformation and L(w) — L(ug) and L(w) + N(w) — g(r)

are stated to as homotopic. Now, the solution of Eq. (4.4) is constructed as a power series of ¢ (for ¢ as a small
parameter), i.e.,
w = wo + quwy + ¢wy + . ... (4.7

(=)=
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The approximate solution (in terms of series of w.s) of Eq. (4.1) at ¢ = 1 can be expressed as follows

w(r) =lmw=wy+w +wa+.... (4.8)
q—1

Additionally, by using He’s polynomials, the nonlinearity present in Eq. (4.1) can be expressed as below

N(w)=Y"q'H; = Ho+qH: + ¢*Hy + ..., (4.9)
=0

where He’s polynomials is denoted by H/ s and is given by

Lo -
Hy (wo, wi,wa, ..., wn) = EBT]"N (Zq wi)
' i=0

By combining the values from Equations (4.7) and (4.9) into Eq. (4.4) and equalized various power of ¢, we get
q° : L(wo) — L(ug) = 0,

q" : L(w1) + L(ug) + Ho — g(r) = 0,
¢* : L(ws) + Hy =0,

q3 . L(wg) + H2 = 07

, where n=0,1,2,.... (4.10)
q=0

(4.11)

qn-‘rl L(wn+1) + Hn -0

Now, by making use of the above system (4.11), the solution for the nonlinear differential equation (4.1) is obtained
in series form i.e. Y .o, w;.

Note: The above concept of homotopy is followed by the third and fourth-order nonlinear SEFT equations and a
equivalent system of equations is derived for each kind of differential equations discussed in Section 2.

5. COUPLED ITERATIVE SCHEME: SEFT EQUATION

A coupled iterative scheme for nonlinear third-order (or similar for fourth-order) SEFT Equation (2.3) is derived in
this section. We construct a homotopy for the recursive integral transformation of SEFT equation obtained in section
3 and generate a series solution for the problem.

From Eq. (3.6), we have the following iterative scheme for SEFT Equation (2.3)

x 34, 20, B w,
o) = o)+ [ty [T 2 () D (R o) @ )

where N (u,,) is the nonlinear term present in the differential equation. We construct a homotopy (making use of the
same steps as we did in the previous section) for Eq. (5.1) as

o) = (1= o —ul +a [ wGen) [T 4 2 (Coo) KD (Do) sy, (52

t2

where ¢ is an embedding parameter, while ug(x) is an initial estimate that meets the ICs for Eq. (2.3). From Eq. (5.2),
we get

d(w,z,0) =w —ug =0,

d3w, 2p d>w,, p(p—1) (dw,
o(w,z,1) /th [dt?’ . (dt2)+ 2 <dt>+N(wn)}dtO.

5.3)

(
(5-4)

Bo
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Now, we represent the w(x,q) in terms of embedding parameter (g) as power series, i.e.,
o0
= Z qw;. (5.5)
i=0
Also, decompose the nonlinear term using He’s polynomials as
o0
=> ¢'H;. (5.6)
i=0

By merging the values from Equations (5.5) and (5.6) into Eq. (5.2) and equalizing the coefficient of similar power of
q, we get

g :wo = U,

“ d*w d*w (p—1) (dw
L. = o — 0o 4P 0 p\p awo
q :wip = wy uo+/0 P(x,t) [ B + ; ( 72 > + 2 ( i ) +H0:| dt,
v d3w -1) {dw
2. — 1 p(p 1
q° :wy = wy +/ P(x,t) [ 73 ( ) e (d) + Hl] dt,

q3:w3—w2+/ P(x,t) {d?)uf > 2_1) (dd >+H2} dt, (5.7)

T 3 2 2 -1
q"“:wnﬂzwn—i—/ (1) [d W, +p<d wn>+P(p )(dwn> +Hn} dt.
0

L2
t

2p
t

dt3 t dt? 2 dt

Lastly, we solve the above system of Equation (5.7) to obtain the series solution of Emden-Fowler type Equation (2.3)
as u = lim,_yoo Uy, = Zz:O w;.

Remark 5.1. A similar finding can be established for each kind of fourth-order SEFT equations as well as for 2nd
kind of third-order SEFT equations.

6. CONVERGENCE ANALYSIS

This section includes the convergence analysis of the proposed technique. We prove the existence and uniqueness
of the solution of nonlinear third-order SEFT Equation (2.3) and demonstrates the efficiency and reliability of the
proposed method. Additionally, we demonstrate that the sequence u,, (z) converges to the solution of SEFT problem
(2.3).

Theorem 6.1. The nonlinear SEFT problem (2.3) subject to initial conditions has a unique solution, under the
following assumptions

(a) the norm

= ; €X;
Jull = mas [u@).

(b) 3 a Lipschitz constant 0 < ko < 3p? + 9p + 6, such that ¥V g(z,v1), g(x,v2) € D,
lg(z,v1) = g(z,v2)| < kolvi — val; (6.1)
where X = C[0, 1] is a Banach space and D = {(z,v) € [0,1] x R}.

(=)=
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Proof. Suppose that u; and ug such that u; # ug are two solutions of a nonlinear SEFT equation (2.3), so both
of them will follow the Eq. (5.4

é(ur, 1) / b, t) (d;ti)l - (d;t?) + p(pt; D (‘Z‘;) + gt ua(t ))) dt = 0. (6.2)
Making use of integration by parts three times and using the stationary conditions, we get
wn (z) = wo — /0 " (@ gt )t (6.3)
Similarly,
uz(x) = wy — /Ox P(z,t)g(t, uz)dt. (6.4)

From Equations (6.3)-(6.4), we have

/Ox (a1 (g(t,ur) — g(t, UQ))dt' 7

lup —ug| =

max |u; — ug| = max
z€[0,1] z€[0,1]

/O "t (gt ) — gty uz)) |

/1/1xtdt

= max |g(t,u1) — g(t,us)| max
t€(0,1] z€]0,1]

_u ||<L
=32 1 9p+ 6

Thus, we have

[y llur —uzf .

Jur —uz| < aflur —uz,

where a = < 1. This proves the theorem.

3 2+9p+6

Theorem 6.2. The nonlinear SEFT Equation (2.4) subject to ICs has a unique solution, under the following assump-
tions

(i) the norm

= ma eX;
Jull = max o)l
(ii) 3 a Lipschitz constant 0 < kg < 6p + 6, such that V g(z,v1), g(z,v2) € D
lg(z,v1) — g(x,v2)| < holvr — val; (6.5)

where X = C[0, 1] is a Banach space and D = {(z,v) € [0,1] x R}.
Proof. The proof follows the same procedure as in Theorem 6.1.

6.1. Convergence analysis: SEFT equation. In this subsection, we show the convergence of the proposed tech-
nique for nonlinear SEFT Equation (2.3). Using Eq. (3.6) and stationary conditions (3.4), we determine

tng1 () = un(2) + /Ox [(—w’(x,t) + 2pw(x’t)) d;“; Ll (“ZZL) +g(t, un)} dt. (6.6)

t t2

Consequently, we could compose

wn(2) = Up_1(2) + /0 K'zp’(x,t) + 27”/’(5””5)) Puny Pl —1) (d““) +g(t,un_1)} dt. (6.7)

t dt? 2 dt
Bo
BB
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Furthermore,
xT
gt — ] = / B )9t ) — (b))t (6.8)
0
or
1
max i1 — ] = max / O, 1) (gt ) — gt 1))l (6.9)
z€]0,1] z€(0,1] | Jo

< tun) — g(t
Jnas, lg(t, un) — g(t, un—1 |£1%;§]

/ (1) dt‘ (6.10)

Given that g(z,u) meets the Lipschitz condition, we obtain

1
| wnt1 — un || < ko max [ty, — Up—1] max / Y(x, t)dt|, (6.11)
te(o, z€(0,1] | /g
3 || [ (612)
= Uy — Uy — 5 .
3p2+9p+6 " "t
Sollun —un_y ||, (6.13)
where oo = 3132‘&% < 1.
Hence, we obtain
| Unt1 = tn [|< o || tn —tn—1 | - (6.14)
O

Remark 6.3. The similar analysis is followed for the 2nd kind of third-order nonlinear singular Emden-Fowler
Equation (2.4).

Theorem 6.4. Suppose wy,(x),u(z) € X. Additionally, we assume that || wo ||< oo, then there holds || wpt1 ||< o ||
wy ||, @« <1, where n = 0,1,2,..., and the sequence u,(= Z?:o w;) approaches to the solution of nonlinear singular
Emden-Fowler type problem.

Proof. The sequence {u,} can be expressed into partial sum as follows

U = wo + w1,

Uz = wo + w1 + Wa,

(6.15)
Up = Wo + W1 + W2 + ...+ Wy,

From Eq. (6.15), we can write
Wptl = Upt1 —Un, N =123, ....
By use of Eq. (6.14), we get
[ wnpr [|=]] tnsr —un < o[l un —un—y [|=a [l wn |-
Hence, we have
| tunt1 = un [|=] wosr € awn € @2 | way < - <@ g ||
Now, we use Cauchy criterion to show the convergence of sequence {u,} as
|t =t || = (= upn—1) + (-1 = tn—2) + -+ + (Umy1 — tm) |
<I(un = 1) | 41 (un—1 = un—2) [+ 4 || (ums1 —um) |

(=)=
E)NE
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<a” wo || +a™ 7 [fwo |+ 4+ @™ [ wg ||
<™t [1+a+a2+---+a”‘(m+”] | wo ||

am+1 (1 _ an—m)

- 11—«

| wo || -

Since 0 < o < 1 and || wy ||< oo, which gives
m—+1

«
It =t 1< F— Nl | (6.16)

-«
Taking the limit as m — oo, we have || u, — U, ||[= 0. Therefore, {u,} is a Cauchy sequence in the Banach space X
and as a result the series >\, w; is convergent. O

Similarly, we can establish the convergence analysis for fourth-order SEFT equation.

7. NUMERICAL ILLUSTRATIONS

This section documents the accuracy and applicability of the proposed coupled iterative technique. We tested the
proposed technique on some numerical examples of third and fourth-order nonlinear SEFT equations of each kind
with suitable initial conditions (ICs).

Example 7.1. Consider the following 1st kind nonlinear third-order SEFT equation with shape factor p = 3 as
du 6 [(d*u 6 (du
- I e == _ 1 9 3 6\ ,—3u _
dx3+x<dx2)+m2 (dx) 610+ 22" +a7)e 0
subject to ICs
u(0) =0, «'(0)=u"(0)=0,

(7.1)

where g(z,u) = —6(10 + 223 + 2%)e3*. The Lagrange’s multiplier for the problem (7.1) is calculated by (3.5),

which is defined as
-2 1/t 3

2 T

Choosing an initial approximation as ug(z) = 0 that meets the initial conditions. Applying the system of Equations
(5.7), we obtain the values of wy,wq,ws, ..., as

wOZO,
w —x3+$—6+£9~
te 28 ' 165’

1526 39 523x12 13215

Y27 7738 T 70 56056 61600
C572% 9212 40206925 1523741 (7.3)
3= 154 T 106 T 34652800 ' 26626600
2295017 1407511°  1956162512'°  23440386933¢%"
=

8008 2932160 14484870400  22446117293600

Thus, the series solution is calculated by using u = Z?:o w;

Z‘ﬁ 1‘9 JJ12 .1315

3
S BT T T 4
u(z) =z 5 + 3 1 + 5 +..., (7.4)

and the closed form solution of the aforementioned equation for n — oo is u(x) = In(1 + 2?), which also meets with
the exact solution.
T
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Example 7.2. Consider the following 2nd kind nonlinear third-order SEFT equation with shape factor p =1 as

P

subject to ICs

d? 1 [(d?
“ (dxg) + 4x(9 + 222* + 2¥)e 3" = 0,
(7.5)

where g(z,u) = 4z(9 + 222* + 2%)e~3%. The Lagrange’s multiplier for problem (7.5) is calculated by Eq. (3.7),
which is defined as

Y(x,t) = —t2 +at <1 +In i) : (7.6)

Choosing an initial approximation as up(xz) = 0 that meets the initial conditions. Applying the system of equations
(5.7), we obtain the values of wy,wa,ws, ..., as

woy = 0,
I 1128 212
e 49 363
2728 107z'2 5893x16 461220

W2 = TToeT T Th39 206450 072805 |
783212 43216 477024132220 37841334122 (7.7)
3= T 5929 975 13100760125 126092056475 |
. 4373126 14186276122°  64955862940322% - 2496846903909956:28
= _

© 592900 1191796375 13870126212250  334649280166133625 toen

Thus, the series solution is calculated by using u = >

1=0 Wy

——————— —+..., (7.8)

and the closed form solution of the aforementioned equation for n — oo is u(x) = In(1 — z#), which also meets with
the exact solution.

Example 7.3. Consider the following 1st kind nonlinear third-order SEFT equation with shape factor p =1 as
d? 2 (d?
7”4_ ( u) —2(8+x6)u75207

de3 " x \da?) 8

subject to ICs (7.9)

where g(z,u) = —3(8 + 2%)u~". The Lagrange’s multiplier for problem (7.9) is calculated by Eq. (3.5), which is
defined as

Y(x,t) = —at + <1 —In i) t2. (7.10)

(=)=
E)NE
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Choosing an initial approximation as up(xz) = 1 that meets the initial conditions. Applying the system of equations
(5.7), we obtain the values of wy,wq,ws, ..., as

wo = 1,

1173 x9
1=t g

28 185x12 518
W2 =78 T 101376 2820096

3520 1180125  11043122" 305227 (7.11)
ws = + + + :

576 ' 7096320 24320507904 ' 95025954816

37Te'? 198727121 342737592 538534192:30

W4 = TU01376 868580568 | 4474973454336 4097510171665920 |

Thus, the series solution is calculated by using u = Z?:o w;

3 28 20 512

=l+—=———=+—=———==+... 12
e L T TS (7.12)
and the closed form solution of the aforementioned equation for n — oo is w(z) = V1 + x3, which also meets with the
exact solution.

Example 7.4. Consider the following 2nd kind linear third-order SEFT equation with shape factor p = 2 as

dBu 2 (d*u 252
ﬁ E (M) — 7(16 + 527)2 + 7&710)’11,7 = 07

8
subject to ICs
u(0) =1, '(0)=1u"(0) =0,

(7.13)

where g(z,u) = —%(16 + 5222 + 721%)u7. The Lagrange’s multiplier for problem (7.13) is calculated by (3.7) as

P(z,t) = —wt + (1 —In i) t2. (7.14)

Choosing an initial approximation as wg(z) = 1 that meets the initial conditions. Applying the system of equations
(5.7), we obtain the values of wy, wa, ws;.. ., as

Wo = 1,
21300 ot
2 72 144’
w0y — 710 N 6510 N 91220 N 91220 L
36 324 ' 2432 ' 38400 ’
o = 172t 455 8223110% | 36275330% (7.15)
37 162 2592 ' 11810520 & 321343200 @’
oy — 5957220 N 10765322 N 551358157230 N 696248239723 L
98496 777600 6169789440 ' 271927756800 ’

Thus, the series solution is calculated by using u =Y., w;

25 3210 5glh 35220
=1+ 1
W) =145 =gt T s T (7.16)




14 JYOTI AND M. SINGH

and the closed form solution of the aforementioned equation for n — oo is u(z) = \/1177, which also meets with the

exact solution.

Example 7.5. Consider the following 1st kind nonlinear fourth-order SEFT equation with shape factor p = 4 as
dv 12 (dPu 36 [ d’u 24 (du
— == )+5 (=5 | += () +60(7— 182" +32%)u® =0
it T (dx3>+m2 (dx2>+x3 (dx)+ ( @+ 32 u ’
subject to ICs
w(0) =1, 4 (0)=u"(0)=u"(0) =0,

(7.17)

where g(z,u) = 60(7 — 182* + 32%)u”. The Lagrange’s multiplier for problem (7.17) is calculated by Eq. (3.10),

which is defined as
1, 1/t 1/t 1/t
h=—tB+-(—)-z(=5)+=(=). 1
Vo t) = -5+ 5 <x) 2 <x2>+6 (333 (7.18)

Choosing an initial approximation as ug(xz) = 1 that meets the initial conditions. Applying the system of equations
(5.7), we obtain the values of wy,wq,ws, ..., as

Wo = 1a
zt " 328 x
W =———+—=——=
! 2 " 22 182’
2128 657212 8565516

88 4004 360512
o 32702 116955510 277268148220 (7.19)
ST 008 739024 6298655363 1

w 543935216 _ 309316185220 n 68670616726122 n
47 75912192 2214911776 11229602704320 7

12

Wy =

Thus, the series solution is calculated by using v = Z?:o w;

t* 38 512 3516
u(ac)z —54—?—?4‘?84—...7 (720)

and the closed form solution of the aforementioned equation for n — oo is u(z) = ﬁ, which also meets with the

exact solution.

Example 7.6. Consider the following 2nd kind nonlinear fourth-order SEFT equation with shape factor p =5 as
d*v 10 [ dPu 20 [ d*u
— + (= )+ (= )+216Gz* =6’ =0
it T (dx3>+x2 (da:2>+ (5 Ju ’
subject to ICs
w(0) =1, 4/ (0)=u"(0)=u"(0) =0,

(7.21)

where g(z,u) = 21(5z* — 6)u~1'5. The Lagrange’s multiplier for problem (7.21) is calculated by Eq. (3.12), which

is defined as
1 5 1, 1/ 1 [/t
ty=——at’ + 2~ (= )+ == ]. 22
Plat) =~ 45 6<x2>+12 (xS (7.22)

(=)=
E)NE
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Choosing an initial approximation as ug(z) = 1 that meets the initial conditions. Applying the system of Equations
(5.7), we obtain the values of wy,wq,ws, ..., as
woy = ].,
T 3z8
wy = — — —=
T4 176
2728 119z12 35216

V2= 350 T 7iad 107008
60922 4587120 | 16079049220 54617522 (7.23)
"3~ 75188 3531264 | 22633048064 50630700928
. 342065010 24804120307 15421426858250%!  145446588293¢%
)=

14125056 * 22633048064  1461732776165376 * 3940323135750144 T

Thus, the series solution is calculated by using u =Y . jw;

(5) =1+ zt 328 N Txt? 7726 N

u(r) = -t =+ ...
432 128 2048 ’

and the closed form solution of the aforementioned equation for n — oo is u(x) =(1 + ac4)i, which also meets with

the exact solution.

(7.24)

Example 7.7. Consider the following 3rd kind nonlinear fourth-order SEET equation with shape factor p = 4 as

du 4 (d
S8 2 (20 432015 — 1202% + 4928 £ 212)e = 0,
dzt =z

dx3
subject to ICs
u(0) =0, '(0) =u"(0) =u"(0) =0,

(7.25)

where g(z,u) = 32(15 — 1292 + 4928 + x'2?)e*. The Lagrange’s multiplier for problem (7.25) is calculated
by Eq. (3.13), which is defined as

1, 1., 1,4 1(/t
)= zat? — —at— 3+~ (= ). 2
Y@, t) = Jot’ — gzt - 5 +6<x (7.26)

Choosing an initial approximation as ug(z) = 0 that meets the initial conditions. Applying the system of Equations
(5.7), we obtain the values of wy,wa,ws, ..., as

wo = 07
wy = Azt 8628 Q 196212 _ x16
63 2145 1785

4028 45064212 1121518216 228712252220
W2 63T T T4p045 | 5360355 13749310575

2176212 103888z'0  82279938128420  9246133311442:24 (7.27)
W3=TT0000 153153 288735522075 | 17392877877375
s — 403842'° 2549540588822 N 1111935165057282%!  652644392637855401622° L

357357 57747104415 365250435424875 67665492115854407775 ’

Thus, the series solution is calculated by using u =Y. w;

4.’El2 16 4.’E2O

u(x):—4:c4+2xsf—+fr -+ ..., (7.28)
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and the closed form solution of the aforementioned equation for n — oo is u(x) = —4log (1 + z#), which also meets
with the exact solution.

8. CONCLUSION

This work deals with the solutions of the higher-order nonlinear SEF'T equations with suitable initial conditions. The
proposed coupled iterative scheme is developed by combining the concepts of VIM and HPM. With the assistance of the
variational iteration method, an analogous recursive integral transform including Lagrange’s multipliers is constructed
for the nonlinear higher-order singular differential equation with suitable initial conditions. Some numerical examples
are used to show the accuracy and easiness for the proposed method. To handle the nonlinearity, and the singularity
(at point = 0) the notion of homotopy is taken into account. On the basis of the proposed study, we have drawn
the following conclusions:

e A coupled iterative technique is established in terms of Lagrange’s multipliers for a class of nonlinear higher
order Lane-Emden initial value problems.

e In contrast to standard Emden-Fowler equations having unique shape factors, we discussed the cases with
different shape factors and found the proposed study yields effective results for all shape factors p > 0.

e The proposed iterative technique adequately tackles the numerical problems containing the singular point at
more than one place.

e The findings show that the proposed study produces an effective and reliable approach that can be used to
obtain exact series solutions to the nonlinear higher-order SEFT equations.

e The proposed iterative technique is found to be easy and fast and it can be applied to other types of nonlinear
singular differential equations.
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