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Abstract

In this paper, a nonlinear eigenvalue problem consisting of a nonlinear Sturm-Liouville equation −y′′ − q(x)y =
λq−1(x)yr with Dirichlet boundary conditions on the interval (−1/2, 1/2) is investigated, where λ > 0 is the

eigenparameter. We provide a simple scheme to obtain the asymptotic behavior of Lℓ−bifurcation curve λ = λℓ(γ)

as γ −→ 0, where γ = ||yλ||ℓ, ℓ ≥ 1, and yλ is the solution of Dirichlet problem associated with λ.
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1. Introduction

Linear eigenvalue problems and their associated inverse problems have been investigated by many authors, and
many results have been established concerning the asymptotic distribution of eigenvalues, eigenfunctions, norming
constants, nodal points, etc (see, for instance, [7, 15, 23, 26–28, 38, 39]).

Nonlinear eigenvalue problems have been one of the main topics in mathematical biology, mathematical physics,
engineering, etc. For example, the nonlinear differential equaion

−(p(x)y′)′ + s(x)y′ + q(x)y = λf(x, y). (1.1)

describes the logistic equation of population dynamics (see [6, 8, 10, 11, 14, 19, 20, 33]). The Equation (1.1) also
appears in the propagation of electromagnetic waves in nonlinear media (we refer the reader to [32, 35, 36] and the
references therein).

Boundary value problems consisting of nonlinear differential equation −y′′ + f(x, y) = λy with various conditions
have been investigated by many authors. There is extensive literature that deals with many results for these problems
(see, for example, [2, 3, 12, 14, 18, 25, 31, 34, 37]).

There are multiple studies about nonlinear elliptic bifurcation problems consisting of nonlinear Sturm-Liouville
Equation (1.1). For the case p(x) ≡ 1, s(x) ≡ q(x) ≡ 0 and f(x, y) = f(y) > 0 for all y > 0, Laetsch [24] studied
necessary conditions for which (1.1) has positive solutions, and he investigated the behavior of the solutions as λ varies
(see also [16]). Later, Bonanno [4] considered (1.1) with Dirichlet conditions y(0) = y(1) = 0 for the case p(x) ≡ 1,
s(x) ≡ q(x) ≡ 0 and f : R → R is continuous. He established the existence of the solutions by using variational
methods and critical points. Moreover, he and D’Agul [5] investigated the existence of infinitely many solutions to
a Neumann boundary value problem for (1.1) with s ≡ 0 and regular functions p, q, f , by multiple critical points
theorems. For the case s ≡ 0, p ∈ C1[0, 1], q ∈ C[0, 1], p(x) > 0, q(x) ≥ 0, f ∈ C([0, 1]×R+, (0,+∞)), Cheng et al. [9]
obtained the global existence results of positive solutions for (1.1) with boundary conditions ay(0) − bp(0)y′(0) = 0,
cy(1) + dp(1)y′(1) = 0, where a, b, c, d ≥ 0 and (a + b)(c + d) > 0. They used the fixed point index theory in cones
for this aim. Recently, Kato et al. [21] considered two Dirichlet boundary value problems consisting of (1.1) with
p(x) ≡ 1, s(x) ≡ q(x) ≡ 0, λ > 0, f(x, y) = f1(y) = y3 + sin(y3)/y and f(x, y) = f2(y) = y + yr sin(yℓ) (y ≥ 0,
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0 ≤ r < 1, 1 < ℓ ≤ r + 2). They used the stationary phase method and obtained the asymptotic formulas for the
bofurcation parameter λ = λ(γ) as γ −→ 0 and γ −→ ∞, where γ = ||yλ||∞ is the maximum norm of yλ, and yλ is
the solution of the problem associated with λ.

In the present paper, we consider the following nonlinear boundary value problem

−y′′ − q(x)y = λq−1(x)yr, x ∈ J := (−1/2, 1/2), (1.2)

y(−1/2) = 0 = y(1/2), (1.3)

y(x) > 0, x ∈ J, (1.4)

where r is a positive even integer and λ > 0 is the spectral parameter. We assume that q(x) ∈ C2(J) satisfies the
following conditions:

q(x) > 0, q(x) = q(−x), x ∈ J, (1.5)

q′(x) ≥ 0, 0 ≤ x ≤ 1/2. (1.6)

Although, such nonlinear problems can be studied by using classical methods such as variational method, stationary
phase method and bifurcation theory (see also [1, 17, 22, 30, 31] and the references therein), but generally, these and
other classical methods cannot applicable to analyze the spectral properties of nonlinear problem (1.2)-(1.4). In this
paper, we present a simple scheme which does not depend on the asymptotic expansion of the solution yλ, to investigate
the behavior of λ = λℓ(γ) in L

ℓ−framework, as γ −→ 0, where γ = ||yλ||ℓ, ℓ ≥ 1, and yλ is the solution of (1.2)-(1.4)
associated with λ. First, we consider the case q(x) ≡ 1. Then, we will consider the general case when (1.5)-(1.6) hold.

2. The case q(x) ≡ 1

In this section, we consider the following nonlinear boundary value problem

−y′′(x)− y(x) = λyr(x), y(x) > 0, x ∈ J := (−1/2, 1/2), (2.1)

y(−1/2) = 0 = y(1/2), (2.2)

where λ > 0 and r is a positive even integer. Let yλ be the solution of (2.1)-(2.2) associated with λ. In the
following proposition, by the standard methods (see [13]), we prove that there exists ∆1 > 0 such that ϕ(x) :=
(λ−∆1)

1/(1−r) sin(π(x+ 1/2)) is the supersolution of (2.1)-(2.2).

Proposition 2.1. There exists a constant ∆1 such that for λ > ∆1 and x ∈ J ,

yλ(x) ≤ (λ−∆1)
1/(1−r) sin(π(x+ 1/2)).

Proof. Choose ∆1 >
π2−1
π2−2 . We show that ϕ(x) satisfies{

−ϕ′′(x)− ϕ(x) ≥ λϕr(x), x ∈ J,

ϕ(−1/2) ≥ 0, ϕ(1/2) ≥ 0.

Since r > 1, sin(π(x+ 1/2)) ≥ sinr(π(x+ 1/2)) for 0 ≤ x ≤ 1/2. Thus, we have for λ > ∆1,

(λ−∆1)(π
2 − 1)

λ
sin(π(x+ 1/2)) ≥ sinr(π(x+ 1/2)).

Therefore,

−ϕ′′(x)− ϕ(x) = π2(λ−∆1)
1/(1−r) sin(π(x+ 1/2))− (λ−∆1)

1/(1−r) sin(π(x+ 1/2))

≥ λ(λ−∆1)
r/(1−r) sinr(π(x+ 1/2))

= λϕr(x).

From ϕ(−1/2) = ϕ(1/2) = 0, the proof is complete. □
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Similarly, one can prove that there exists ∆2 > 0 such that for each λ > ∆2, ψ(x) = −(λ − ∆2)
1/(1−r) is the

subsolution of (2.1)-(2.2). This together with Proposition 2.1 yields that for x ∈ J ,

(λ−∆2)
1/(1−r) − o(1) ≤ yλ(x) ≤ (λ−∆1)

1/(1−r), λ −→ ∞. (2.3)

Moreover, for x ∈ [0, 1/2] and sufficiently large λ, yλ(x) = yλ(−x), and hence, ||yλ||∞ = yλ(0).
Multiplying (2.1) by y′λ(x) and then integrating from 0 to x, we obtain(

y′λ(x)
)2

= ∥yλ∥2∞ − y2λ(x)−
2λ

r + 1

(
∥yλ∥r+1

∞ − yr+1
λ (x)

)
.

Hence, we get for r > 1,

|y′λ(x)| =
√
∥yλ∥2∞ − y2λ(x)−

2λ

r + 1
(∥yλ∥r+1

∞ − yr+1
λ (x)).

Since y′λ(x) ≥ 0 for x ∈ (−1/2, 0), we can write

T := ∥yλ∥ℓ∞ − ∥yλ∥ℓℓ

= 2

∫ 0

−1/2

(
∥yλ∥ℓ∞ − yℓλ(x)

) y′λ(x)√
(∥yλ∥2∞ − y2λ)−

2λ
r+1 (∥yλ∥

r+1
∞ − yr+1

λ )
dx

= 2
∥yλ∥ℓ−(r+1)/2

∞√
λ

∫ 0

−1/2

(
1− yℓ

λ(x)
∥yλ∥ℓ

∞

)
y′λ(x)√

1− y2
λ(x)

∥yλ∥2
∞

− 2
r+1

(
1− yr+1

λ (x)

∥yλ∥r+1
∞

)dx.
Put yλ(x)

∥yλ∥∞
= t. So, we get

T = 2
∥yλ∥ℓ+1−(r+1)/2

∞√
λ

∫ 1

0

1− tℓ√
1− t2 − 2

r+1 (1− tr+1)
dt. (2.4)

Let

F (t) := (1− t2)− 2

r + 1
(1− tr+1),

Tλ(t) := ∥yλ∥r−1
∞

(
1− t2 − 2

r + 1
(1− tr+1)

)
= ∥yλ∥r−1

∞ F (t).

As a result, from (2.4) we obtain

T =
∥yλ∥ℓ∞√

λ
(D∗

r,ℓ + Y ∗
λ ),

where

D∗
r,ℓ = 2

∫ 1

0

(1− tℓ)√
F (t)

dt,

Y ∗
λ =

2(1− ∥yλ∥(r−1)/2
∞ )

∥yλ∥(r−1)/2
∞

∫ 1

0

1− tℓ√
F (t)

dt.

This yields that for a sufficiently small δ > 0,

∥yλ∥ℓ∞√
λ

(
D∗

r,ℓ + (
√
λ− 1)C∗

1

)
≤ ∥yλ∥ℓ∞ − ∥yλ∥ℓℓ ≤

∥yλ∥ℓ∞√
λ

(
D∗

r,ℓ + (
√
λ− 1)C∗

2

)
,
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where

C∗
1 = 2

∫ 1

0

(1− tℓ)√
1− t2

dt,

C∗
2 = 2

∫ 1

0

(1− tℓ)√
1− t2 − 2δ

r+1 (1− tr+1)
dt.

Consequently,

∥yλ∥ℓ∞C∗
1

(
1 +

D∗
r,ℓ − C∗

1

C∗
1

√
λ

)
≤ ∥yλ∥ℓ∞ − ∥yλ∥ℓℓ ≤ ∥yλ∥ℓ∞C∗

2

(
1 +

D∗
r,ℓ − C∗

2

C∗
2

√
λ

)
. (2.5)

We know from [29] that ||yλ||∞ −→ 0 as λ −→ ∞. Now, we obtain the asymptotic behavior of λ = λℓ(γ), ℓ ≥ 1. In
the following theorems, we prove the main results of this section.

Theorem 2.2. As γ −→ 0, the following inequality holds:

λℓ(γ) ≥ d1γ
1−r +

d2√
C
γ(1−r)/2 +

d3
C

+O(γ(r−1)/2), (2.6)

where C is a positive constant, and

d1 = 1− C1C
∗
2 +

C2C
∗2
2

2!
− C3C

∗3
2

3!
+ · · · ,

d2 = (D∗
r,ℓ − C∗

2 )
(
− C1 +

C2C
∗
2

1!
− C3C

∗2
2

2!
+ · · ·

)
,

d3 = (D∗
r,ℓ − C∗

2 )
2
(C2

2!
− C3

2!
+ · · ·

)
,

and

C1 =
r − 1

ℓ
,

C2 = (
r − 1

ℓ
)(
r − 1

ℓ
− 1),

C3 = (
r − 1

ℓ
)(
r − 1

ℓ
− 1)(

r − 1

ℓ
− 2),

...

Proof. According to (2.5) we have

∥yλ∥ℓ∞ − ∥yλ∥ℓℓ ≤ ∥yλ∥ℓ∞C∗
2

(
1 +

D∗
r,ℓ − C∗

2

C∗
2

√
λ

)
.

Hence,

∥yλ∥ℓ∞
(
1− C∗

2 (1 +
D∗

r,ℓ − C∗
2

C∗
2

√
λ

)
)
≤ γℓ.

Therefore,

λℓ(γ) ≥ γ1−r
(
1− C∗

2 (1 +
D∗

r,ℓ − C∗
2

C∗
2

√
λ

)
)(r−1)/ℓ

. (2.7)

By the Taylor expansion for the function f(t) = (1− t)(r−1)/ℓ, we get

f(t) = 1− (
r − 1

ℓ
)t+ (

r − 1

ℓ
)(
r − 1

ℓ
− 1)

t2

2!
− (

r − 1

ℓ
)(
r − 1

ℓ
− 1)(

r − 1

ℓ
− 2)

t3

3!
+ · · · . (2.8)
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For convenience in calculations, set

C1 = (
r − 1

ℓ
), (2.9)

C2 = (
r − 1

ℓ
)(
r − 1

ℓ
− 1),

C3 = (
r − 1

ℓ
)(
r − 1

ℓ
− 1)(

r − 1

ℓ
− 2),

...

Put t = C∗
2 (1 +

D∗
r,ℓ−C∗

2

C∗
2

√
λ

). Thus, we have

f(t) = d1 +
1√
λ
d2 +

1

λ
d3 +O

( 1

λ
√
λ

)
,

where the coefficients d1, d2 and d3 were defined in the theorem. Since there exists a positive constant C such that

λ ∼ Cγ1−r as γ −→ 0, for t = C∗
2 (1 +

D∗
r,ℓ−C∗

2

C∗
2

√
λ

) we obtain

f(t) = d1 +
d2√

Cγ(1−r)/2
+

d3
Cγ1−r

+O
( 1

γ3(1−r)/2

)
. (2.10)

Substituting (2.10) into (2.7), we arrive at (2.6). The proof is complete. □

Theorem 2.3. As γ → 0, the following inequality holds:

λℓ(γ) ≤ d∗1γ
1−r +

d∗2√
C
γ(1−r)/2 +

d∗3
C

+O(γ(r−1)/2), (2.11)

where

d∗1 = 1− C1C
∗
1 +

C2C
∗2
1

2!
− C3C

∗3
1

3!
+ · · · ,

d∗2 = (D∗
r,ℓ − C∗

1 )
(
− C1 +

C2C
∗
1

1!
− C3C

∗2
1

2!
+ · · ·

)
,

d∗3 = (D∗
r,ℓ − C∗

1 )
2
(C2

2!
− C3

2!
+ · · ·

)
.

Proof. From (2.5) we have

∥yλ∥ℓ∞ − ∥yλ∥ℓℓ ≥ ∥yλ∥ℓ∞C∗
1

(
1 +

D∗
r,ℓ − C∗

2

C∗
1

√
λ

)
.

This yields

∥yλ∥ℓ∞
(
1− C∗

1 (1 +
D∗

r,ℓ − C∗
1

C∗
1

√
λ

)
)
≥ γℓ.

Hence, we get

λ ≤ γ1−r
(
1− C∗

1 (1 +
D∗

r,ℓ − C∗
1

C∗
1

√
λ

)
)(r−1)/ℓ

. (2.12)

We use the Taylor expansion (2.8) of the function f(t) = (1− t)(r−1)/ℓ. For t = C∗
1 (1 +

D∗
r,ℓ−C∗

1

C∗
1

√
λ

) we see that

f(t) = d∗1 +
d∗2√

Cγ(1−r)/2
+

d∗3
Cγ1−r

+O
( 1

γ3(1−r)/2

)
, (2.13)

where the coefficients d1, d2 and d3 were defined in the theorem. Substituting (2.13) into (2.12) we arrive at (2.11).
The proof is complete. □
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3. The general case

In this section, we consider the main problem (1.2)-(1.6), where λ > 0 and r is a positive even integer. Put
wλ(x) = Q−α(x)yλ(x), where Q(x) = (q(x))1/(α(r−1)) and α < 0 is a constant. Then, from (1.2) we obtain

− w′′
λ(x)− 2α

Q′(x)

Q(x)
w′

λ(x)−
(
α
Q′′(x)

Q(x)
+ α(α− 1)

(Q′(x)

Q(x)

)2

+Qα(r−1)(x)
)
wλ(x) = λwr

λ(x), x ∈ J, (3.1)

w(−1/2) = 0 = w(1/2),

wλ(x) > 0, wλ(x) = wλ(−x), x ∈ J,

w′
λ(x) ≤ 0, x ∈ [0, 1/2], ||wλ||∞ = wλ(0).

Let r > 1 and ℓ ≥ 1 be fixed constants such that ℓ− r ≥ 1. We define the condition
(Q∗): The function q(x) satisfies (1.5) -(1.6), and

Q′′(x)

Q(x)
+ (α− 1)

(Q′(x)

Q(x)

)2

+
1

α
Qα(r−1)(x) < 0.

Acting in the same way as in the previous section (see also [12]), one can obtain that there exist positive numbers
∆3 and ∆4 such that for x ∈ J and sufficiently large λ,

(λ−∆3)
1/(1−r) − o(1) ≤ ∥wλ∥∞ < (λ−∆4)

1/(1−r). (3.2)

On the other hand, it follows from (3.2) that∣∣∣ wλ(x)

∥wλ∥∞
− 1

∣∣∣ = O
( 1

λ

)
, λ −→ ∞.

According to (3.1), we get(
w′

λ(x)
)2

= −4α

∫ x

0

Q′(t)

Q(t)

(
w′

λ(t)
)2

dt− 2

∫ t

0

(
α
Q′′(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
wλ(t)w

′
λ(t)dt− 2λ

∫ x

0

wr
λ(t)w

′
λ(t)dt.

Consequently,

−w
′

λ(x) =
√
M(wλ(x)) +Nλ(x) + Pλ(x),

where

M(wλ(x)) =
2λ

r + 1

(
∥wλ∥r+1

∞ − wr+1
λ (x)

)
,

Nλ(x) = −2

∫ x

0

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
wλ(t)w

′

λ(t)dt,

Pλ(x) = −4α

∫ x

0

Q
′
(t)

Q(t)

(
w′

λ(t)
)2

dt.

Therefore, we have

−w
′

λ(x) ≤
√
M(wλ(x)) +Nλ(x) + ∆3(∥wλ∥r+1

∞ − wr+1
λ (x))

=

√
2λ+∆3(r + 1)

r + 1
(∥wλ∥r+1

∞ − wr+1
λ (x)) +Nλ(x).

Put

∆5 := −∆4(r + 1)

2
, µ := λ−∆5,

M0,λ(wλ(x)) :=
2µ

r + 1
(∥wλ∥r+1

∞ − wr+1
λ (x)).
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Then, we have

−w′
λ(x) =

√
M(wλ(x)) +Nλ(x) + Pλ(x) ≤

√
M0,λ(wλ(x)) +Nλ(x).

Therefore, we obtain

∥wλ∥ℓ∞ − ∥wλ∥ℓℓ = 2

∫ 1/2

0

(∥wλ∥ℓ∞ − wℓ
λ(x))

−w′

λ(x)√
M(wλ(x)) +Nλ(x) + Pλ(x)

dx (3.3)

≥ 2

∫ 1/2

0

(∥wλ∥ℓ∞ − wℓ
λ(x))

−w′

λ(x)√
M0,λ(wλ(x)) +Nλ(x)

dx

= 2

∫ 1/2

0

(∥wλ∥ℓ∞ − wℓ
λ(x))

−w′

λ(x)√
M0,λ(wλ(x))

dx

+ 2

∫ 1/2

0

(∥wλ∥ℓ∞ − wℓ
λ(x))

( −w′

λ(x)√
M0,λ(wλ(x)) +Nλ(x)

+
w

′

λ(x)√
M0,λ(wλ(x))

)
dx

=: H +H∗. (3.4)

Set t = wλ(x)
∥wλ∥∞

. Then, for sufficiently large λ, we have

H = 2

∫ 1/2

0

(
∥wλ∥ℓ∞ − wℓ

λ(x)
) −w′

λ(x)√
M0,λ(wλ(x))

dx

= 2
∥wλ∥q∞√

µ

∫ 1

0

(1− tℓ)

∥wλ∥(r−1)/2
∞

√
2

r+1 (1− tr+1)
dt

=:
∥wλ∥ℓ∞√

µ
(Dr,ℓ + Yλ),

where

Dr,ℓ =
√
2(r + 1)

∫ 1

0

1− tℓ√
1− tr+1

dt,

Yλ = 2

∫ 1

0

(1− ∥wλ∥(r−1)/2
∞ )(1− tℓ)

∥wλ∥(r−1)/2
∞

√
2

r+1 (1− tr+1)
dt

=
√
2(r + 1)

(1− ∥wλ∥(r−1)/2
∞ )

∥wλ∥(r−1)/2
∞

∫ 1

0

1− tℓ√
1− tr+1

dt.

Thus, we obtain

H = Dr,ℓ∥wλ∥ℓ∞
(
1 +

1
√
µ

)
+O(∥wλ∥ℓ+(r−1)/2

∞ ). (3.5)

Note that, for each r, ℓ > 1, the integral
∫ 1

0
1−tℓ√
1−tr+1

dt is convergent (see Appendix). On the other hand, for an

arbitrary fixed number 0 < ε≪ 1, we have

H∗ = 2

∫ 1/2

0

(∥wλ∥ℓ∞ − wℓ
λ(x))

{ w
′

λ(x)Nλ(x)√
M0,λ(wλ(x)) +Nλ(x)

(3.6)

× 1√
M0,λ(wλ(x))

(√
M0,λ(wλ(x)) +Nλ(x) +

√
M0,λ(wλ(x))

)}dx
= 2

∫ 1/2−ε

0

+2

∫ 1

1/2−ε

=: H∗
1 +H∗

2 .
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In order to obtain the asymptotic of H∗, we first prove several auxiliary lemmas for H∗
1 and H∗

2 .

Lemma 3.1. Let ℓ− r ≥ 1. Then,

H∗
1 = O(∥wλ∥ℓ+(r−1)/2),

as λ −→ ∞.

Proof. First, for 0 ≤ x ≤ 1/2, we have

Nλ(x) = −2

∫ x

0

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
wλ(t)w

′

λ(t)dt

≤ 2L1

∫ t

0

wλ(t)(−w′
λ(t))dt ≤ L1∥wλ∥1−r, (3.7)

for sufficiently large λ, where

L1 = max
0≤t≤1/2

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
. (3.8)

Since −H∗
1 ≥ 0, we get

−H∗
1 = |H∗

1 | = 2

∫ 1/2−ε

0

(
∥wλ∥ℓ∞ − wλ(x)

)
Nλ(x)w

′
λ(x)√

M0,λ(wλ(x))
(√

M0,λ(wλ(x)) +Nλ(x) +
√
M0,λ(wλ(x))

)dx.
Moreover, √

M0,λ(wλ(x)) +Nλ(x) >
√
M0,λ(wλ(x)),√

M0,λ(wλ(x))
(√

M0,λ(wλ(x)) +Nλ(x) +
√
M0,λ(wλ(x))

)
> 2

(
M0,λ(wλ(x))

)3/2

.

These together with (3.7) yield

−H∗
1 ≤

∫ 1/2−ε

0

(
∥wλ∥ℓ∞ − wℓ

λ(x)
)
Nλ(x)(−v′λ(x))(

M0,λ(wλ(x))
)3/2

dx

≤
∫ 1/2−ε

0

∥wλ∥ℓ∞

(
1− wℓ

λ(x)
∥wλ∥ℓ

∞

)
L1∥wλ∥2∞(−w′

λ(x))(
2µ
r+1 (∥wλ∥r+1

∞ − wr+1
λ (x))

)3/2
dx. (3.9)

Put t = wλ(x)
∥wλ∥∞

. Then,

|H∗
1 | ≤ (

r + 1

2
)3/2L1∥wλ∥ℓ∞

∫ 1

wλ(1/2−ε)

∥wλ∥∞

1− tℓ

(1− tr+1)3/2
dt

≤ (
r + 1

2
)3/2ℓL1∥wλ∥ℓ∞

∫ 1

wλ(1/2−ε)

∥wλ∥∞

dt

(1− t)1/2

=
2

3
(
r + 1

2
)3/2ℓL1∥wλ∥ℓ∞O(λ−1/2).

Therefore, we arrive at the assertion of the lemma. □

Lemma 3.2. Let ℓ− r ≥ 1. Then,

−H∗
2 ≤ 2ℓC∥wλ∥ℓ∞ +O(∥wλ∥ℓ+(r−1)/2

∞ ),

as λ −→ ∞, where C = L1(
r+1
2 )−3/2.
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Proof. For 0 ≤ x ≤ 1/2, we have

Nλ(x) = −2

∫ x

0

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
wλ(t)w

′

λ(t)dt ≤ L1∥wλ∥2∞,

for sufficiently large λ, where L1 is defined by (3.8). Also,

−H∗
2 ≤ 2

∫ 1/2

1/2−ε

(
∥wλ∥ℓ∞ − wℓ

λ(x)
)
Nλ(x)(−w′

λ(x))√
M0,λ(wλ(x))

(√
M0,λ(wλ(x)) +Nλ(x) +

√
M0,λ(wλ(x))

)dx.
Since

1√
M0,λ(wλ(x)) +Nλ(x)

≤ 1√
M0,λ(wλ(x))

,

we obtain

−H∗
2 ≤

∫ 1/2

1/2−ε

(
∥wλ∥ℓ∞ − wℓ

λ(x)
)
Nλ(x)(−w′

λ(x))(
M0,λ(wλ(x))

)3/2
dx

≤
∫ 1/2

1/2−ε

(
∥wλ∥ℓ∞ − wℓ

λ(x)
)
L1∥wλ∥2∞(−w′

λ(x))(
2µ
r+1 (∥wλ∥r+1

∞ − wr+1
λ (x))

)3/2
dx

≤ L1(
r + 1

2
)−3/2µ−3/2∥wλ∥ℓ+2−3(r+1)/2

∞

∫ 1/2

1/2−ε

(
1− wℓ

λ(x)
∥wλ∥ℓ

∞

)
(−w′

λ(x))(
1− wr+1

λ (x)

∥wλ∥r+1
∞

)3/2
dx.

Put t = wλ(x)
∥wλ∥∞

. Hence,

−H∗
2 ≤ L1(

r + 1

2
)−3/2µ−3/2∥wλ∥ℓ+3−3(r+1)/2

∞

∫ wλ(1/2−ε)

∥wλ∥∞

0

1− tℓ

(1− tr+1)3/2
dt

≤ ℓC∥wλ∥ℓ∞
∫ wλ(1/2−ε)

∥wλ∥∞

0

dt

(1− t)1/2

≤ 2ℓC∥wλ∥ℓ∞ +O(∥wλ∥ℓ+(r−1)/2
∞ ),

where C = L1(
r+1
2 )−3/2. The proof is complete. □

Lemma 3.3. Let ℓ− r ≥ 1. Then,

−H∗
2 ≥ 2ℓCH∗

2
∥wλ∥ℓ+r−1

∞ +O(∥wλ∥ℓ+3(r−1)/2
∞ ),

as λ −→ ∞, where CH∗
2
is a constant which depends on L2 and

L2 = min
0≤t≤1/2

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
.

Proof. We know that M0,λ(wλ(t)) and Nλ(x) both are positive, and for sufficiently large λ, Nλ(x) < M0,λ(wλ(t)).
Thus,√

M0,λ(wλ(x))
√
M0,λ(wλ(x)) +Nλ(x)

(√
M0,λ(wλ(x)) +Nλ(x) +

√
M0,λ(wλ(x))

)
≤ 6

(
M0,λ(wλ(x))

)3/2

.
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Moreover, there is a constant CL2
such that

Nλ(x) ≥ −2

∫ x

1/2−ε

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
wλ(t)w

′

λ(t)dt ≥ L2CL2∥wλ∥r+1
∞ ,

where

L2 = min
0≤t≤1/2

(
α
Q

′′
(t)

Q(t)
+ α(α− 1)

(Q′(t)

Q(t)

)2

+Qα(r−1)(t)
)
.

Therefore, we have

−H∗
2 = 2

∫ 1/2

1/2−ε

(
∥wλ∥ℓ∞ − wℓ

λ(x)
)
Nλ(x)(−w′

λ(x))√
M0,λ(wλ(x))

(√
M0,λ(wλ(x)) +Nλ(x) +

√
M0,λ(wλ(x))

)dx
≥

∫ 1/2

1/2−ε

(∥wλ∥ℓ∞ − wℓ
λ(x))Nλ(x)(−v′λ(x))

3(M0,λ(wλ(x)))3/2
dx

≥ L2CL2(
r + 1

2
)−3/2µ−3/2∥wλ∥ℓ−(r+1)/2

∞

∫ 1/2

1/2−ε

(
1− wλ(x)

ℓ

∥wλ∥ℓ
∞

)
(−w′

λ(x))(
1− wr+1

λ (x)

∥wλ∥r+1
∞

)3/2
dx

≥ CH∗
2
∥wλ∥ℓ+r−1

∞

∫ wλ(1/2−ε)

∥wλ∥∞

0

1− tℓ

(1− tr+1)3/2
dt

≥ ℓCH∗
2
∥wλ∥ℓ+r−1

∞

∫ wλ(1/2−ε)

∥wλ∥∞

0

dt

(1− t)1/2

= ℓCH∗
2
∥wλ∥ℓ+r−1

∞

(
2 +O

( 1√
λ

))
≥ 2ℓCH∗

2
∥wλ∥ℓ+r−1

∞ +O(∥wλ∥ℓ+3(r−1)/2
∞ ),

where CH∗
2
= L2CL2

( r+1
2 )−3/2. We arrive at the assertion of the lemma. □

From (3.6) and Lemmas 3.1, 3.2, and 3.3, as λ −→ ∞, we obtain

−2ℓCH∗
2
∥wλ∥ℓ∞ +O(∥wλ∥ℓ+(r−1)/2

∞ ) ≤ H∗ ≤ O(∥wλ∥ℓ+(r−1)/2
∞ ). (3.10)

According to (3.5) and (3.10), we obtain the following corollary.

Corollary 3.4. Let r be a positive even integer and ℓ− r ≥ 1. Then,

H +H∗ ≥ ∥wλ∥ℓ∞
(Dr,ℓ√

µ
− 2ℓCH∗

2
+Dr,ℓ +O(∥wλ∥(r−1)/2

∞ )
)
,

H +H∗ ≤ ∥wλ∥ℓ∞
(Dr,ℓ√

µ
+Dr,ℓ +O(∥wλ∥(r−1)/2

∞ )
)
,

as λ −→ ∞.

Now, we can prove the main result of this section in the following theorem.

Theorem 3.5. Let r be a positive even integer and ℓ ≥ 1 be a real constant such that ℓ − r ≥ 1. Then, as γ −→ 0,
the following inequalities hold:

λℓ(γ) ≤ E1γ
1−r +

E2√
d∗1
γ(1−r)/2 − E2d

∗
2

2d∗1
√
Cd∗1

+
E3

d∗1
+∆5 +O(1), (3.11)

λℓ(γ) ≥ d1γ
1−r +

d2√
C
γ(1−r)/2 +

d3
C

+∆3 +O(γ(r−1)/2), (3.12)
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where C = L1(
r+1
2 )−3/2, the coefficients di and d

∗
i , i = 1, 2, 3, were defined in Theorems 2.2 and 2.3, respectively, and

E1 = 1− C1(D1 +Dr,ℓ) +
C2

2!
(D2

1 +D2
r,ℓ + 2D1Dr,ℓ)−

C3

3!
(D3

1 +D3
r,ℓ + 3D2

1Dr,ℓ + 3D1D
2
r,ℓ) + · · · , (3.13)

E2 = −C1Dr,ℓ +
C2

2!
2D1Dr,ℓ −

C3

3!
(3Dr,ℓD

2
1 + 3D3

r,ℓ) + · · · , (3.14)

E3 =
C2

2!
D2

r,ℓ −
C3

3!
(3D3

r,ℓ + 3D2
r,ℓD1) + · · · , (3.15)

where D1 = −2ℓCH∗
2
and the coefficients C1, C2, · · · , were defined in (2.9).

Proof. We first prove (3.11). It follows from (3.3) and Corollary 3.4 that

∥wλ∥ℓ∞ − ∥wλ∥ℓℓ ≥ ∥wλ∥ℓ∞
(Dr,ℓ√

µ
+D1 +Dr,ℓ +O(∥wλ∥(r−1)/2

∞ )
)
,

where D1 = −2ℓCH∗
2
. Hence, we have

∥wλ∥1−r
∞ ≤ γ1−r

{
1−

(Dr,ℓ√
µ

+D1 +Dr,ℓ +O(∥wλ∥(r−1)/2
∞ )

)}(r−1)/ℓ

. (3.16)

From this inequality, as γ → 0, we obtain

µ ≤ d∗1γ
1−r +

d∗2√
C
γ(1−r)/2 +O(1) =: hγ . (3.17)

Since µ = λ−∆5, the inequality (3.16) yields

λ−∆5 ≤ γ1−r

{
1−

( Dr,ℓ√
hγ

+D1 +Dr,ℓ +O(∥wλ∥(r−1)/2
∞ )

)}(r−1)/ℓ

.

Applying now the Taylor expansion to the function f(t) = (1− t)(r−1)/ℓ, for

t =
Dr,ℓ√
hγ

+D1 +Dr,ℓ +O(∥wλ∥(r−1)/2
∞ ),

and sufficiently large λ, we get

λ−∆5 ≤ γ1−r
(
E1 +

E2√
hγ

+
E3

hγ
+O(h−3/2

γ )
)
, (3.18)

where the coefficients E1, E2, E3 are defined as in the hypothesis of the theorem, and the coefficients C1, C2, · · · , were
defined in (2.9). Since, from (3.17),

hγ = d∗1γ
1−r

(
1 +

d∗2
d∗1
√
C
γ(r−1)/2 +O(γr−1)

)
,

we have

h−1/2
γ =

γ(r−1)/2√
d∗1

(
1− d∗2

2d∗1
√
C
γ(r−1)/2 +

3d∗22
8d∗21 C

γr−1 − 5d∗32
16d∗31 C

√
C
γ3(r−1)/2 +O(1)

)
, (3.19)

and

h−1
γ =

γr−1

d∗1

(
1− d∗2

d∗1
√
C
γ(r−1)/2 +

d∗22
d∗21 C

γr−1 − d∗32
d∗31 C

√
C
γ3(r−1)/2 +O(1)

)
. (3.20)

Substituting (3.19)-(3.20) into (3.18), we arrive at (3.11). By a same way, we obtain (3.12). The proof is complete. □
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4. Conclusion

In the present research, a nonlinear eigenvalue problem consisting of a nonlinear Sturm-Liouville equation with a
nonlinear term λq−1(x)yr(x), together with Dirichlet boundary conditions on a symmetric interval, was investigated.
First, in the case q(x) ≡ 1, by using the supersolution of the problem, we obtained the lower and upper bounds
for the solution yλ(x) associated with λ as λ → ∞, and the asymptotic bounds of the spectral parameter λ were
presented. Then, in the general case, we obtained the asymptotic formulas for the bifurcation parameter λ = λℓ(γ) in
Lℓ−framework, as γ −→ 0, and Lℓ−asymptotic properties of the nonlinear Sturm-Liouville problem were investigated.

5. Appendix

For each arbitrary real numbers r, ℓ > 1, there exist positive integers m and n such that

m ≤ r < m+ 1, n ≤ ℓ < n+ 1.

Hence, we get

0 <

∫ 1

0

1− tℓ√
1− tr+1

dt

≤
∫ 1

0

1− tn+1

√
1− tm+1

dt

=

∫ 1

0

√
1− t(1 + t2 + t3 + · · ·+ tn)√

1 + t2 + t3 + · · ·+ tm
dt

≤
∫ 1

0

(1 + t2 + t3 + · · ·+ tn)dt, ≤ n ≤ ℓ.

Thus, for each r, ℓ > 1, the integral
∫ 1

0
1−tℓ√
1−tr+1

dt is convergent.
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