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Abstract

In this paper, a nonlinear eigenvalue problem consisting of a nonlinear Sturm-Liouville equation —y" — g(z)y =
Aq~1(x)y" with Dirichlet boundary conditions on the interval (—1/2,1/2) is investigated, where A > 0 is the
eigenparameter. We provide a simple scheme to obtain the asymptotic behavior of L¢—bifurcation curve A = \g(y)
as v —» 0, where v = ||yx||¢, £ > 1, and y), is the solution of Dirichlet problem associated with A.
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1. INTRODUCTION

Linear eigenvalue problems and their associated inverse problems have been investigated by many authors, and
many results have been established concerning the asymptotic distribution of eigenvalues, eigenfunctions, norming
constants, nodal points, etc (see, for instance, [7, 15, 23, 26-28, 38, 39]).

Nonlinear eigenvalue problems have been one of the main topics in mathematical biology, mathematical physics,
engineering, etc. For example, the nonlinear differential equaion

—(p(2)y") +s(2)y" +a(z)y = Mf(2,y). (1.1)
describes the logistic equation of population dynamics (see [6, 8, 10, 11, 14, 19, 20, 33]). The Equation (1.1) also
appears in the propagation of electromagnetic waves in nonlinear media (we refer the reader to [32, 35, 36] and the
references therein).

Boundary value problems consisting of nonlinear differential equation —y” + f(x,y) = Ay with various conditions
have been investigated by many authors. There is extensive literature that deals with many results for these problems
(see, for example, [2, 3, 12, 14, 18, 25, 31, 34, 37]).

There are multiple studies about nonlinear elliptic bifurcation problems consisting of nonlinear Sturm-Liouville
Equation (1.1). For the case p(x) = 1, s(x) = q(z) = 0 and f(x,y) = f(y) > 0 for all y > 0, Laetsch [24] studied
necessary conditions for which (1.1) has positive solutions, and he investigated the behavior of the solutions as A varies
(see also [16]). Later, Bonanno [4] considered (1.1) with Dirichlet conditions y(0) = y(1) = 0 for the case p(z) = 1,
s(z) = q(z) = 0 and f : R — R is continuous. He established the existence of the solutions by using variational
methods and critical points. Moreover, he and D’Agul [5] investigated the existence of infinitely many solutions to
a Neumann boundary value problem for (1.1) with s = 0 and regular functions p, ¢, f, by multiple critical points
theorems. For the case s =0, p € C1[0,1], ¢ € C[0,1], p(x) > 0, g(x) >0, f € C(]0,1] x R*, (0, +00)), Cheng et al. [9]
obtained the global existence results of positive solutions for (1.1) with boundary conditions ay(0) — bp(0)y’(0) = 0,
cy(1) + dp(1)y'(1) = 0, where a,b,c¢,d > 0 and (a + b)(c + d) > 0. They used the fixed point index theory in cones
for this aim. Recently, Kato et al. [21] considered two Dirichlet boundary value problems consisting of (1.1) with
p(x) =1, s(x) = q(x) =0, A > 0, f(z,y) = fily) = y* +sin(y®)/y and f(z,y) = fo(y) = y +y"sin(y) (y > 0,
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0<r<1,1<¢<r+2). They used the stationary phase method and obtained the asymptotic formulas for the
bofurcation parameter A = A(y) as v — 0 and v — oo, where v = ||ya||co is the maximum norm of yy, and y, is
the solution of the problem associated with .

In the present paper, we consider the following nonlinear boundary value problem

—y" —q(@)y =g H(a)y", xeJ:=(-1/2,1/2), (1.2)
y(=1/2) =0=y(1/2), (1.3)
y(z) >0, ze€lJ (1.4)

where 7 is a positive even integer and A > 0 is the spectral parameter. We assume that q(x) € C?(J) satisfies the
following conditions:

q(z) >0, q(z)=q(-2), z€J, (1.5)

¢(x)>0, 0<z<1/2 (1.6)

Although, such nonlinear problems can be studied by using classical methods such as variational method, stationary

phase method and bifurcation theory (see also [1, 17, 22, 30, 31] and the references therein), but generally, these and

other classical methods cannot applicable to analyze the spectral properties of nonlinear problem (1.2)-(1.4). In this

paper, we present a simple scheme which does not depend on the asymptotic expansion of the solution yy, to investigate

the behavior of A = A\¢(7) in L*—framework, as v — 0, where v = ||yx||¢, £ > 1, and y, is the solution of (1.2)-(1.4)
associated with \. First, we consider the case g(z) = 1. Then, we will consider the general case when (1.5)-(1.6) hold.

2. THE CASE ¢(z) =1
In this section, we consider the following nonlinear boundary value problem
=y (@) —y(@) = Ny (x), y(x) >0, xeJ:=(-1/2,1/2), (2.1)
y(=1/2) = 0=y(1/2), (2.2)

where A > 0 and r is a positive even integer. Let yx be the solution of (2.1)-(2.2) associated with A. In the
following proposition, by the standard methods (see [13]), we prove that there exists A; > 0 such that ¢(z) =
(A= ADNYO=") sin(m(z + 1/2)) is the supersolution of (2.1)-(2.2).

Proposition 2.1. There exists a constant Ay such that for A > Ay and x € J,
ya (@) < (A= ANV gin(r(z 4+ 1/2)).

Proof. Choose Ay > 7’:2:% We show that ¢(x) satisfies
—¢"(z) = ¢(z) = A¢"(z), =€,
$(-1/2) 20, ¢(1/2) = 0.
Since r > 1, sin(n(z 4+ 1/2)) > sin" (w(x + 1/2)) for 0 < & < 1/2. Thus, we have for A > Ay,

A=A (r2—1)
A

sin(r(z +1/2)) > sin” (7 (x 4 1/2)).
Therefore,
—¢"(x) — (x) = T2\ — ANV sin(r(x 4+ 1/2)) — (A — AV sin(r(x + 1/2))
> AA— AN sin” (n(z + 1/2))
= A\¢" ().
From ¢(—1/2) = ¢(1/2) = 0, the proof is complete. O
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Similarly, one can prove that there exists As > 0 such that for each A > Ay, ¥(x) =

subsolution of (2.1)-(2.2). This together with Proposition 2.1 yields that for x € J,

A =AY _ (1) <ya(z) < A= ADYET N — 0.

Moreover, for x € [0,1/2] and sufficiently large A, yx(z) = ya(—x), and hence, ||[yx||cc = yr(0).

Multiplying (2.1) by ¥ (z) and then integrating from 0 to z, we obtain

(4@)" = sz~ @)~ 2= (Il — 557 @)

+1

Hence, we get for r > 1,

2A T s
) = Il 530 — 2l — i ).

Since y4 (x) > 0 for z € (—1/2,0), we can write

¢ ¢
= lyallce = llyalle

0 /
—2 lwallee — () ) e
/—1/2( N )mw — 1) - 2 (= -5

7‘+1 Yx
|2 v3 (o) )y;(x)
o lmalie / il e
1/2 B 7(1 T+1(w))
1 llyallsd?
Put \ﬁf(ff) =t. So, we get
(+1-(r+1) /2 14
PR [ || / t gt
\/1—t2— 2 (] —¢rtl)
Let
F(t):=(1—1*)— 1—¢tt
()= (- )~ 2 -1,
2
Ty (t) := T*(lfth—lft”l)
A(E) = lluallee e )
= lyallsc P (1)
As a result, from (2.4) we obtain
yallse e
T = D, +Y,
\/X ( rl )\)

where

14 4t
’ o VF()

—1)/2
2(1 — [yl

dt
lyafISe7 /0 VE()

Yy =

This yields that for a sufficiently small § > 0,

2 2
(=)=

[yallS (o N5\ * ¢ o Ml /e VX *
(D + (VA=1)C1) < lalles = llwallf < (D7 + (VA=1)C3),

—(\ = Ay)Y/(=7) g the

(2.3)

(2.4)
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where
1 ¢
(11—t
Cy=2 ——=dt,
! 0o VIt
1 ¢
1—t
Cp =2 / 1-*) dt.
0 \/1 — 2 %(1 _tr+1)
Consequently,

. Dy, —-CY . Dy, —C5
IinlCF (1 =) < Dol = lals < lanlC3 (14 =2

Cr

769

(2.5)

We know from [29] that ||yx||cc — 0 as A — oo. Now, we obtain the asymptotic behavior of A = A\¢(v), £ > 1. In

the following theorems, we prove the main results of this section.

Theorem 2.2. As~y — 0, the following inequality holds:

M) 2 iy T R 0 R,

where C' is a positive constant, and

d1:17010§+022c!';2 7C3§§3 o

dy= (D~ 05—+ ZE BT

dy= (D3~ 37 (52— S+ o),
and

r—1

Gi1=—

Co = () -,

¢y = (-0 -2),

Proof. According to (2.5) we have

Dx,—-C3
e _ ¢ ¢ C*(l—#LQ)
ol = ol < lanlles (1 + 25—
Hence,
D, —C5
; (1—0*1+M)< e
Therefore,

D;,~C; )<r—1>/e
Cs3VA '

By the Taylor expansion for the function f(t) = (1 —¢)"="1D/¢ we get

() > vl‘r(l —C5(1+

r—1 r—1_r—1 2 r—1_r—1 r—1

10 =1- e+ (CoE— -0 - = -

(2.6)

(2.7)

(2.8)
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For convenience in calculations, set

r—1_,r—1
Cy = -1
»= (= -,
r—1 r—1 r—1
Cs = — -2
s = () - (-2,
Putt=C5(1+ Dé’f_ff; ). Thus, we have
1 1 1
) =di+—dy + 33+ O(—=),
=it mh 3+ O
where the coefficients d;, d2 and ds were defined in the theorem. Since there exists a positive constant C' such that
A~ Cyl=Tasy — 0, for t = C5(1 + Da;—\g; ) we obtain
_ do ds 1
f(t) =dit \/5'\/(1*7')/2 * O’yl_r + 0(73(1*7”)/2>' (210)
Substituting (2.10) into (2.7), we arrive at (2.6). The proof is complete. O
Theorem 2.3. As~y — 0, the following inequality holds:
d3 d3
A < dr 1—r Y2 _(1-r)/2 w3 9] (r—1)/2 211
o(y) <diy + 75 +5 to0 ) (2.11)
where
. . O201 CsCPP
di=1-C0+ = = =g
. . N CoC; C3C7?
ds = (D} = C) (= O+ = = =5+ ),
* * * CQ C3
d3 = ( r,e*01)2(§*§+'”).
Proof. From (2.5) we have
D* _C*
e _ IS £ v a4 2
Jonlle =l = o s (1 + =22 )
This yields
D* _C*
L-cra+ ) 2o
ol (1= 20+ =2 0) 2
Hence, we get
D*, —C* \(r—1)/¢
A<y (1= or =) 2.12
<7 1( v (2.12)

We use the Taylor expansion (2.8) of the function f(t) = (1 —)"=1/¢. For t = C}(1 + Dé’f\g;) we see that
1

_ o dy d3 1
50 =di+ i+ gy O (), (213)
where the coefficients dj, d2 and ds were defined in the theorem. Substituting (2.13) into (2.12) we arrive at (2.11).
The proof is complete. |
(=)=
E)NE
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3. THE GENERAL CASE

In this section, we consider the main problem (1.2)-(1.6), where A > 0 and r is a positive even integer. Put
wy () = Q=% (x)yx(x), where Q(x) = (g(x))*/(*"=1) and a < 0 is a constant. Then, from (1.2) we obtain

Q'(x) Q" (x) Q'(z)\? -
—wi(z) - 2 wh(z) — (a +ola—1 + QN () )wy(z) = Ah(z), z€J, 3.1
(@) 205 @) = ey Tale =D (G) (2) )waz) = A (x) (3.1)
w(=1/2) =0 = w(1/2),
wy(x) >0, wy(z)=wxr(-z), z€J,
Let r > 1 and ¢ > 1 be fixed constants such that £ —r > 1. We define the condition
(Q*): The function g(x) satisfies (1.5) -(1.6), and
Q// x Q/ 2N 2
( )+(a_1)( ( ))
Q(z) Q(z)
Acting in the same way as in the previous section (see also [12]), one can obtain that there exist positive numbers
Ag and Ay such that for € J and sufficiently large A,

1 o
+=Q*""Y(z) <0.
(6%

(A= Ag)7) —o(1) < [Jwallse < (A= AT (3.2)
On the other hand, it follows from (3. ) that
=0(<), A— oo
HwAHOO ‘ ( )

According to (3.1), we get

(w;(x)f — 4o /Ow g((tt)) (w;(t))zdt _ 2/0 (aQQ(Ef)) +ala— 1)(%(%)>2

Q1) )un (1) ()t — mézﬂmwwﬁ

Consequently,

—wy(z) = /M(wx(@)) + Nx(2) + P (),
where

2 .
M(un(@)) = =55 (sl = 0y a

_2/070 (aw+( )< (())> + QI Y (Bwn (),

QW ()

—4a — 2w,y (t)) dt.
| G ()
Therefore, we have
—w(2) < \/M(r(@) + Na(@) + Ag(lua " - w} ()
22+ Az(r+1 , ,
¢ r;ﬁ)mww—wﬂm+mw.
Put
As = 77A4(r2+ 1), wi=\— As,
Mox(ws(2)) = — (s I2 — i1 ().
’ r+1 o A
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Then, we have

—u}/\ \/M w>\ ))+N)\ +P)\ \/Mo)\ ’LU)\ +N)\(CC).

Therefore, we obtain

L 0 _ 1z e 4 —w; (z)
el el =2 [ (el @) s At (33)

e G
>2 [ (sl - wf@) 2 dr
0 o A \/MO’)\(’LU)\(%)) + N)\(x)
1/2 ' (x
=2 [l - wi@) ——2__a
0 Mo (wa(z ))
2 —w) (x) w (JU)
w2 [ sl - w2 2 2 dx
0 (\/MO)\ (wa(z)) + Na(z \/Mo,\ )
H+ H". (3.4)
Set t = IE&(‘TL. Then, for sufficiently large \, we have
1/2 o
m=2 [ (ol - wf ) 22 —as
0 Mo\ (wx(x))
q 1 _ 4
_ e (1-#) N
VI Jo w02 2 (1 — g7t

where

Dre=/20r+1) | —ed
1 r— 1)/2 ¢
1-—
v, 2/ (0 ol ) My

1 2 .
lwoa| %024/ 725 (1 — tr+1)

(1 — [fwa |57

=+/2(r+1) - / dt
||w)\||(oo 1)/2 0 m

Thus, we obtain

1 —
H = Drgllunls (14 —2) + (a7, (3.5)

Note that, for each r, ¢ > 1, the integral fol \/%dt is convergent (see Appendix). On the other hand, for an
arbitrary fixed number 0 < € < 1, we have

1/2 ’LU/ xz X
o :2/0 (lwslle, — wl () {\/MM A >NA(+)NA( | (3.6)

dz
\/MOA (wa(z (\/Mo A(wa(z )) + Na(z) + \/MO,A(U}A(I))) }

1/2—¢ 1
:2/ +2/ = H{ + H;.
0 1/2—¢
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In order to obtain the asymptotic of H*, we first prove several auxiliary lemmas for Hy and H;

Lemma 3.1. Let { —r > 1. Then,

Hi = O([|wa]|+H=D/2),
as A —> 00.

Proof. First, for 0 < x < 1/2, we have

Na(z) = —2 /O (a%é? +ala— 1)(%/((5)))2 + Qa(r_l)(t))w,\(t)w;\(t)dt

t
< oL, / wr(£) (—wh (1))t < Ly s [,
0

for sufficiently large A, where

_ Q' (t) QN2
b= nax, (aw+a(a_l)(¢2(t)) +Q° 1)(?5))
Since —H} > 0, we get
1/2—e wi % — wa(x) ) Ny (z)wh (x
—HI‘=IH1‘=2// (lunlle = wa(a)) N} =)
0 \/MO)‘ wx (@ (\/MOA wx (7)) + Na(z) + \/Mo’,\(’w)\(.%')))
Moreover,
\/Mo,A(wA(x )) + Na(z \/MOA (wy(z

\/Mo,\ (wa(z (\/MOA (wa(z)) + Na(z

These together with (3.7) yield
) 1/2—¢ (||wAHﬁo — wf\(x))NA(x)(—Uﬁ\(f))
7H1 S\/O 3/2
(Mo,,\(w,\(f)))
wz xT
</1/2_8| e O o L e e
< WA || o0 3/2
’ (25l w5 @)

dx

dx.

Put t = 2@ Thep,

lwxlloo
" r+1.4, ¢ ! 1t
< (= ¢ - v
|H1| <( B ) Llllw/\”oo H(I/HQ o (1 _ tr+1)3/2 dt
wy oo

i » , 1 dt
< (T> ELl”’w)\Hoo wy (1/2—¢) W

lfwxToo

2 r+1 B
= 3 (5L a5 OO0T).

Therefore, we arrive at the assertion of the lemma

Lemma 3.2. Let { —r > 1. Then,

—H; < 2C|lwsll% + 0wl D7),
as A —» 0o, where C = Ly (=) =3/2.

\/MOA (wx(2))) > Q(MO,,\(w,\(:c)))g/Q.

773
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Proof. For 0 <z < 1/2, we have

Na(w) = -2 /Ow (a%((tt)) +afa - 1)(%/(%))2 + Q) Jw(Bwn (Dt < Ly |,

for sufficiently large A, where L; is defined by (3.8). Also,

1/2 (Ilwoali& = wS (2)) Na(@) (s ()
—H; < 2/ .
1/2—¢ /Mo »(wx(z (\/Mo,\ wx(z)) + Na(z) + \/Mo7x(w,\($)))
Since
1 1
VMo x(wa(x)) + Na(z \/Mox
we obtain
oz (lhealis = w (@) Na(a)(—wh (@)
—H; g/ 372 dz
12 (Mo (wr(@)))
2 (lloalll = w (@) Lallws % (s (2)
S/ 3/2 da
Ve (2 (Jun 5 - (@)
w? (x) ’
Pl i e (1= A ) (—wh (@)
<L /2, —3/2 42 3(r+1)/2/ % d
1( 9 ) M ||w>\||oo 1/2—¢ < w;+1(a:))3/2 x
lwallsd?
Put t = ﬁul(‘f;. Hence,
+1 wﬁ(l/\?ia) 1—t
oy r —3/2,,-3/2 043-3(r+1)/2 Walleo _
H2 < Ll( D) ) 1% ||w)\||oo 0 (1 _ tr+1)3/2dt
wy (1/2—¢)
IENES dt
</iC ‘ —_—
<l | T
< 2C|wa 5 + O(Jwal|L172),
where C = L (“£1)=3/2. The proof is complete. O

Lemma 3.3. Let { —r > 1. Then,

—H; > 20Cn;[lwallS" + O(Jwn | SF207172),

as A — oo, where C’H; is a constant which depends on Lo and

- ogr?ghf/z (a%”(sft)) +ala—1) (%/((;)) )2 + Qa(ril)(t))'

Proof. We know that My (wx(t)) and Ny(z) both are positive, and for sufficiently large A, Nx(z) < My x(wa(t)).
Thus,

\/Mo Alwa(z \/Mo alwa(x)) + Na(z <\/M0 Alwa(z)) + Na(x) + \/MO,A(’LUA(x))) < G(MO,A(’LU,\(IE)))3/2-

(=)=
E)NE



CMDE Vol. 14, No. 2, 2026, pp. 766-779 775

Moreover, there is a constant Cp,, such that

Ni(z) > _2/;_ (aw +ala—1) (%)2 + Q1) Jwn (D (B)dt = LoCrylwn]|F,

1 Q(t) Qt)
where
. Q" (1) QN2 iy
La= min, (ogry +ala=D(Gr) +@700).
Therefore, we have

2= /Mo (0 (@) (VMo (wa@) + Na@) + /Mo (wa(@)) )

Z/1/2 (”w)\H(l;o,wi(x))NA(w)(*US\(ﬂf))

J2—e 3(Mo,x(wa(x)))3/? e

wx(ﬂf)z /
r+1 . 12 (1 N E )(‘“’A(x))
> LoC -3/2,, —3/2 w Z—(7+1)/2/ oo
= L L2(72 ) M [wallse 1j2e (1_ w;+1(x)>3/2

lwallsd

wy (1/2—¢)

Twxlo 1-—¢¢
{4r—1
willos /0 A=t

wy (1/2—¢)

TwxTToo dt
ey
= ECH; Hw)\ng—l (2 + O(%))

WAl + O(lwa |3 D/2),

> Chy

> (0 s |27 /
0

> QECHS

where Cp; = L2Cp, ($1)=3/2. We arrive at the assertion of the lemma. O
From (3.6) and Lemmas 3.1, 3.2, and 3.3, as A — 0o, we obtain
—2£Crrg||lwa 5 + O(|lwaA V%) < H* < O(|lwa |0 7D/2). (3.10)
According to (3.5) and (3.10), we obtain the following corollary.

Corollary 3.4. Let r be a positive even integer and £ —r > 1. Then,

Dr@ _
H+ H > wAiJ( L 20Cys + Drg + O[] 1>/2),
[[wall R 3 ([l )
Dy —1)/2
H o+ H < un ]l (72 + D+ O(lun|S772))),
| i [[wall

as A — 0.
Now, we can prove the main result of this section in the following theorem.

Theorem 3.5. Let r be a positive even integer and £ > 1 be a real constant such that £ —r > 1. Then, as v — 0,
the following inequalities hold:

— E2 — EQCZ* E3
MN(y) S Bgyt 4 —20m/2 222 L T8 L AL O(1), 3.11
e(7) < Ery \/EV 2di oI, i 5 +0(1) (3.11)
—Tr d - d rT—
M) 2 ' AT S A+ O( D), (3.12)

(&)
ENE
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where C' = Ll(T'QH)*g/Z, the coefficients d; and d7, 1 = 1,2,3, were defined in Theorems 2.2 and 2.3, respectively, and

C
Ey=1—-Cy(Dy+D,y) + 27'2(1)% + D2, +2D1Dy ) — 3 (D} + D2, +3D3D, ¢ + 3D, D) + -+, (3.13)
C c
= —C\Dyy+ 2—221)1DM - —?(3DMD§ +3D2 )+, (3.14)
C c
B3 = 2,21) 3? (3D2,+3D2,Dy) + -, (3.15)
where Dy = —2(Cy; and the coefficients C1, Cy, -, were defined in (2.9).

Proof. We first prove (3.11). It follows from (3.3) and Corollary 3.4 that

D,y —
leoall% = lwallf = i ( e+ O(Jun]| &0/ )

NG

where Dy = —2{Cpy;. Hence, we have

||w>\H1—r < ,yl—r {1 . (Dnl 4+ Dy + D,y +O(||w)\||(r—1)/2)) (T—l)/l. (316)
o0 — \/ﬁ k] oo
From this inequality, as v — 0, we obtain
d*
<Ayt 4+ =242 L 0(1) =: by, (3.17)
o ’

Since u = A — As, the inequality (3.16) yields

(r—1)/¢
Dré —
A—A5S’Yl_r{1—( = 4 D1+ Dye + O([[wall$ ”“))} :
Vi ’

Applying now the Taylor expansion to the function f(t) = (1 —¢)("=1/¢, for

D, _
t= 2% 4 D1+ Drg + O(lJwal| S7V73),
Vhy
and sufficiently large A, we get
FEy E
A= A5 <1 (Br+ =+ 2 0), (3.18)
Vhy  hy
where the coefficients E1, Fs, F5 are defined as in the hypothesis of the theorem, and the coefficients Cy, Cs, - - -, were

defined in (2.9). Since, from (3.17),

* . 1—r d; r— r—
hy =diy! (1+—d*2 r=1/2 1 O( 1)),

e
we have
(r—1)/2 d* d 5d*3
B2 = v 1— 2 (r=1)/2 4 2 A1 3(r=1)/2 L O(1 319
v \/ﬁ ( QdT\/afy d*2C 16d*3C\/>7 ( )) ( )
and
r—1 * *2 *3
- gl ds r—1)/2 s dy 3(r—1)/2
R U (=172 4 - Ay L 0(1)). 3.20
T a U’ e’ geve . (8.20)
Substituting (3.19)-(3.20) into (3.18), we arrive at (3.11). By a same way, we obtain (3.12). The proof is complete. [
B8O
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4. CONCLUSION

In the present research, a nonlinear eigenvalue problem consisting of a nonlinear Sturm-Liouville equation with a
nonlinear term Ag~!(z)y"(z), together with Dirichlet boundary conditions on a symmetric interval, was investigated.
First, in the case ¢(x) = 1, by using the supersolution of the problem, we obtained the lower and upper bounds
for the solution yy(z) associated with A\ as A — oo, and the asymptotic bounds of the spectral parameter \ were
presented. Then, in the general case, we obtained the asymptotic formulas for the bifurcation parameter A = A¢(7) in
L!—framework, as v — 0, and L*—asymptotic properties of the nonlinear Sturm-Liouville problem were investigated.

5. APPENDIX
For each arbitrary real numbers r, ¢ > 1, there exist positive integers m and n such that
m<r<m-+1l, n<l<n+]l.
Hence, we get
1 ’
1—t
0< / —dt
0o V1—trtl
1 1 _ thrl
< —dt
0 A /1 — ¢tm+1

C[PVISH( B4 4+t

dt
0o VI+E+B 4t

1
g/ (L4+82 + ¢34 +t")dt, <n </l
0
Thus, for each r, ¢ > 1, the integral fol \/%dt is convergent.
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