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Abstract

This article aims to prove the existence and uniqueness of solutions to fractional integro-differential equations
involving the φ-Caputo fractional derivative with nonlocal conditions. The results are obtained using the mea-

sure of noncompactness, probability density functions, Mönch’s fixed point theorem, and semigroup theory. To

demonstrate the applicability and effectiveness of the results, an illustrative example is presented.
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1. Introduction

In the current era, fractional calculus is experiencing a surge in interest, finding applications in fields as diverse
as physics, electrochemistry, biophysics, viscoelasticity, control theory, biomedicine, and signal processing. Fractional
differential equations have emerged as valuable tools for modeling several phenomena in different fields of engineering
and science. Recent years have witnessed significant developments in fractional order differential equations, as demon-
strated by the work of Kilbas et al. [9], Podlubny [15], Zhou [19], as well as related papers such as [1, 6, 14, 16], and
[5, 8, 17, 18].

Malar et al. [11] have explored the existence of solutions to abstract impulsive integro-differential problems with
noncompactness measures

v′(ϑ) = Av(ϑ) + f

(
ϑ, v(ϑ),

∫ ϑ

0

ϱ(ϑ, s)h(ϑ, s, v(s))ds

)
, ϑ ∈ (si, ϑi+1], i = 0, 1, 2, ...,m,

v(ϑ) = gi(ϑ, v(ϑ)), ϑ ∈ (ϑi, si], i = 0, 1, 2, ...,m,

v(0) = v0 +Φ(v),

where 0 = ϑ0 = s0 < ϑ1 ≤ s1 ≤ ϑ2 < ... < ϑm ≤ sm ≤ ϑm+1 = a are pre-fixed numbers, A generates a C0-semigroup of
linear bounded operator {T (ϑ), ϑ ≥ 0} defined on a Banach space (X, ∥.∥). Φ : X → X, v0 ∈ X, gi ∈ C((ϑi, si]×X,X),
for every i = 1, 2, ...,m and f : [0, a]×X2 → X is a function, h ∈ C(∆×X,R+) where ∆ =

{
(ϑ, s) / ϑ, s ∈ [0, a], ϑ ≥ s

}
.

In this study, we investigate the existence of solutions for nonlinear evolution equations
CDα,φ

0+ v(ϑ) = Av(ϑ) + f

(
ϑ, v(ϑ),

∫ ϑ

0

ϱ(ϑ, s)h(ϑ, s, v(s))ds

)
, ϑ ∈ U ,

v(0) = v0 +Φ(v),

(1.1)
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where U = [0, a], CDα,φ
0+ is the φ-Caputo fractional derivative of order α ∈ (0, 1), A generates an analytical semigroup

of linear bounded operators {T (ϑ), ϑ ≥ 0} on a Banach space (X, ∥.∥). v0 ∈ X, f : U × X2 → X and Φ : X → X are
functions, h ∈ C(∆× X,R+) with ∆ = {(ϑ, s) / ϑ, s ∈ U , ϑ ≥ s}.

The structure of this paper is organized as follows: In section 2, we recall some notation and several well-known
results related to fractional calculus. In section 3, we present our main findings regarding the existence of solutions to
the fractional problem. In section 4 provides an example to illustrate the practical applications of the abstract results.

2. Preliminaries

In this part, we present several definitions, properties, and notations that will be used consistently throughout this
paper.

C(U ,X) is the Banach space of all continuous functions v with the norm is defined as follows
∥v∥∞ = sup

ϑ∈U
∥v(ϑ)∥, where U is a bounded interval.

Additionally, we denote by Br =
{
v ∈ C(U ,X) : ∥v∥∞ ≤ r

}
and ∆ =

{
(ϑ, s) : ϑ, s ∈ U , ϑ ≥ s

}
.

Definition 2.1. [2] Let α > 0, φ ∈ Cn(U ,R) with φ′(ϑ) > 0, for every ϑ ∈ U and g ∈ L1(U ,R). The φ-Riemann-
Liouville fractional integral of order α of g is defined by

Iα,φ0+ g(ϑ) =
1

Γ(α)

∫ ϑ

0

φ′(s)(φ(ϑ)− φ(s))α−1g(s)ds. (2.1)

Remark 2.2. It’s worth noting that when φ(ϑ) = log(ϑ) or φ(ϑ) = ϑ, Equation (2.1) simplifies to the Hadamard and
Riemann-Liouville fractional integrals, respectively.

Definition 2.3. [2] Let α > 0, φ ∈ Cn(U ,R) with φ′(ϑ) > 0, for every ϑ ∈ U and g ∈ Cn−1(U ,R) . The φ-Caputo
fractional derivative of order α of g is defined by

CDα,φ
0+ g(ϑ) =

1

Γ(n− α)

∫ ϑ

0

φ′(s)(φ(ϑ)− φ(s))n−α−1g[n]φ (s)ds, (2.2)

where g
[n]
φ (ϵ) =

(
1

φ′(ϵ)
d
dϵ

)n
g(ϵ), n = [α] + 1 and ⌊α⌉ is the integer part of α.

In particular, if 0 < α < 1, then

CDα,φ
0+ g(ϑ) =

1

Γ(α)

∫ ϑ

0

(φ(ϑ)− φ(s))α−1g′(s)ds,

and

CDα,φ
0+ g(ϑ) = I1−α,φ

0+

( g′(ϑ)
φ′(ϑ)

)
.

Remark 2.4. It’s worth noting that when φ(ϑ) = log(ϑ) or φ(ϑ) = ϑ, Equation (2.2) simplifies to the Hadamard and
Riemann-Liouville fractional derivatives, respectively.

Proposition 2.5. [2] Let α > 0 and g ∈ Cn−1(U ,R). Then, we can get the following

1) Iα,φ0+
CDα,φ

0+ g(ϑ) = g(ϑ)−
n−1∑
k=0

g
[k]
φ (0)

k!
(φ(ϑ)− φ(0))k.

2) CDα,φ
0+ Iα,φ0+ g(ϑ) = g(ϑ).

3) Iα,φ0+ is bounded and linear from C(U ,R) to C(U ,R).

Proposition 2.6. [2] Let ϑ > 0 and α, δ > 0. Then, we have the following

1) Iα,φ0+ (φ(ϑ)− φ(0))δ−1 =
Γ(δ)

Γ(δ + α)
(φ(ϑ)− φ(0))α+δ−1.

2) CDα,φ
0+ (φ(ϑ)− φ(0))δ−1 =

Γ(δ)

Γ(δ − α)
(φ(ϑ)− φ(0))α−δ−1.
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3) CDα,φ
0+ (φ(ϑ)− φ(0))k = 0, ∀k < n ∈ N.

Definition 2.7. [7] Consider a function v : U → X. The generalized Laplace transform of v is expressed as

Lφ{v(ϑ)}(s) := v̂(s) =

∫ ∞

0

φ′(ϑ)e−s(φ(ϑ)−φ(0))v(ϑ)dϑ.

Definition 2.8. [7] Consider two functions, f and g, that are of exponential order and piecewise continuous on U .
The definition of the generalized φ-convolution of the functions g and f is as follows:

(f ∗
φ
g)(ϑ) =

∫ ϑ

0

g[φ−1(φ(ϑ) + φ(0)− φ(s))]φ′(s)f(s)ds.

Lemma 2.9. (See [7]) Suppose α > 0 and v is a piecewise continuous function on [0, ϑ] with φ(ϑ)-exponential order.
In this case, we have the following

(1) Lφ{Iα,φ0+ v(ϑ)}(s) = v̂(s)

sα
.

(2) Lφ{CDα,φ
0+ v(ϑ)}(s) = sα

[
Lφ{v(ϑ)} −

n−1∑
k=0

s−k−1v(k)(0)
]
, such that n = [α] + 1.

Definition 2.10. (See [10]) For any ρ ∈ [0,∞). The one-sided stable probability density is expressed by the following
equation

ωα(ρ) =
1

π

∞∑
m=1

(−1)n−1(φ(ρ)− φ(0))−αn−1Γ(αn+ 1)

n!
sin(nπα).

Lemma 2.11. [10] The Laplace transform of ωα(ϑ) is represented by∫ ∞

0

e−λ(φ(ϑ)−φ(0))ωα(ϑ)φ
′(ϑ)dϑ = e−λα

.

Lemma 2.12. [3] Let H and G be two non-empty and bounded subsets in a Banach space X. The following properties
are verified

(1) µ(G) ≤ µ(H) when G ⊂ H,
(2) G is pre-compact if and only if µ(G) = 0,
(3) µ(G) = µ(G) = µ(convG), where convG and G denote the closure and convex hull of G, respectively,
(4) µ(G+H) ≤ µ(G) + µ(H), where G+H = {z + x, z ∈ G, x ∈ H},
(5) µ(H ∪G) ≤ max{µ(H), µ(G)},
(6) µ(ℓG) = |ℓ|µ(G) for every ℓ ∈ R,
(7) If the mapping F : D(F) ⊂ X → Y is Lipschitz continuous with the constant ℓ. Then, for each bounded subset

G in D(F), we have µ(Q(G)) ≤ ℓµ(G), where Y is a Banach space.
(8) We have

µ(G) = inf
{
d(G,H),H ⊂ X be pre-compact

}
= inf{d(G,H), H ⊂ X be finite valued}.

Here, d(G,H) denotes the symmetric (or nonsymmetric ) Hausdorff distance between the two subsets G and
H in X.

(9) If {Gm}∞m = 1 is a decreasing sequence and lim
m→∞

µ(Gm) = 0, then ∩∞
m=1Gm ̸= ∅ and compact in the Banach

space X, where Gm are bounded non-empty closed subsets of X.

Lemma 2.13. [13] If {vm}∞m=1 ⊂ L1(0,K,X) is uniformly integrable. Hence, µ({vm}∞m=1) is measurable. Moreover,
we have

µ({
∫ ϑ

0

vm(s)ds}∞m=1) ≤ 2

∫ ϑ

0

µ{vm(s)}∞m=1ds.
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Lemma 2.14. [4] If the set Br is bounded. Then, for any given ε > 0, there exists a sequence {vm}∞m=1 contained
within Br with

µ(Br) ≤ 2µ({vm}∞m=1) + ε.

Theorem 2.15. [13] Let B be a convex closed part of a Banach space X containing the origin 0 and P : B → X be
a continuous map satisfying the condition mapping that satisfies Mönch condition, which asserts that for any (G ⊆ B
is countable, G ⊆ co({0}

⋃
P(G) → G is compact). Then, the map P possesses at least one fixed point in D.

3. Results

In this section, we formulate the integral solution for the fractional problem (1.1) using the φ-Laplace transform.
To achieve this, the following lemma must be established.

Lemma 3.1. The following integral equation is equivalent to the fractional evolution problem (1.1):

v(ϵ) = v0 +Φ(v) + Iα,φ0+

[
Av(ϵ) + f

(
ϵ, v(ϵ),

∫ ϵ

0

ϱ(ϵ, s)h(ϵ, s, v(s))ds
)]
, for all ϵ ∈ U . (3.1)

Proof. Suppose v solves the problem (1.1). Applying the φ-fractional integral Iα,φ0+ to both sides of the problem (1.1),
we can obtain the following

Iα,φ0+
CDα,φ

0+ v(ϵ) = Iα,φ0+

[
Av(ϵ) + f

(
ϵ, v(ϵ),

∫ ϵ

0

ϱ(ϵ, s)h(ϵ, s, v(s))ds

)]
.

Utilizing Proposition 2.5, we derive

v(ϵ)− v(0) = Iα,φ0+ [Av(ϵ) + f(ϵ, v(ϵ),

∫ ϵ

0

ϱ(ϵ, s)h(ϵ, s, v(s))ds)],

since v(0) = v0 +Φ(v), it follows that

v(ϵ) = v0 +Φ(v) +
1

Γ(α)
×
∫ ϵ

0

φ′(s)(φ(ϵ)− φ(s))α−1
[
Av(s) + f

(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)]
ds.

Hence, the integral Equation (3.1) holds.
Conversely, through straightforward calculations, it becomes obvious that if v satisfies the integral Equation (3.1),

then the problem (1.1) is also satisfied. □

Lemma 3.2. If the integral Equation (3.1) is satisfied, then we can obtain the following

v(ϵ) = Sα,φ(ϵ)(v0 +Φ(v)) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))

× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds.

Proof. Let λ > 0. Utilizing the generalized Laplace transforms on the integral Equation (3.1) and employing Lemma
2.9, we get

v̂(λ) =
1

λ
(v0 +Φ(v)) +

1

λα

(
Av̂(λ) + f̂(λ)

)
,

where v̂(λ) =

∫ ∞

0

φ′(ϵ)e−λ(φ(ϵ)−φ(0))v(ϵ)dϵ, and

f̂(λ) =

∫ ∞

0

φ′(ϵ)e−λ(φ(ϵ)−φ(0))f
(
ϵ, v(ϵ),

∫ ϵ

0

ϱ(ϵ, s)h(ϵ, s, v(s))ds
)
dϵ,

it follows that

v̂(λ) = λα−1(λαI −A)−1(v0 +Φ(v)) + (λαI −A)−1f̂(λ).
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Thus,

v̂(λ) = λα−1

∫ +∞

0

e−λαsT (s)(v0 +Φ(v))ds+

∫ +∞

0

e−λαsT (s)f̂(λ)ds.

Choosing s = ϑα with ϑ = φ(ϵ)− φ(0), we get

v̂(λ) = αλα−1

∫ +∞

0

ϑα−1e−(λϑ)αT (ϑα)(v0 +Φ(v))dϑ+ α

∫ +∞

0

ϑα−1e−(λϑ)αT (ϑα)f̂(λ)dϑ := I1 + I2,

where

I1 = αλα−1

∫ +∞

0

[
(φ(ϵ)− φ(0))α−1e−λα(φ(ϵ)−φ(0))αT ((φ(ϵ)− φ(0))α)(v0 +Φ(v))φ′(ϵ)

]
dϵ

= αλα−1

∫ +∞

0

∫ +∞

0

[
e−λ(φ(ϵ)−φ(0))(φ(ρ)−φ(0))ωα(ρ)φ

′(ρ)

× T ((φ(ϵ)− φ(0))α)(v0 +Φ(v))(φ(ϵ)− φ(0))α−1φ′(ϵ)
]
dϵdρ

= αλα−1

∫∫ +∞

0

[
e−λ(φ(ϵ)−φ(0))T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))α−1

(φ(ρ)− φ(0))α
ωα(ρ)(v0 +Φ(v))φ′(ρ)φ′(ϵ)

]
dϵdρ

= λα−1

∫ +∞

0

[
e−λ(φ(ϵ)−φ(0)) ×

∫ +∞

0

(
αωα(ρ)T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))α−1

(φ(ρ)− φ(0))α
(v0 +Φ(v))φ′(ρ)dρ

)
φ′(ϵ)

]
dϵ

= λα−1Lφ(Rα,φ(φ(ϵ)− φ(0)))(v0 +Φ(v)),

with

Rα,φ(φ(ϵ)− φ(0)) =

∫ +∞

0

[
αωα(ρ)T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))

α−1

(φ(ρ)− φ(0))
α φ′(ρ)

]
dρ.

We can write

Rα,φ(ϵ) =

∫ +∞

0

σα(ρ)T (tα(φ(ρ)− φ(0))) tα−1φ′(ρ)dρ,

such that σα(ρ) = (φ(ρ)− φ(0))−
1
αωα

[
φ−1

((
1

φ(ρ)−φ(0)

) 1
α + φ(0)

)]
. On the other hand, we have

Lφ

((φ(ϵ)− φ(0)
)−α

Γ(1− α)

)
(λ) = λα−1.

Then,

I1 = Lφ

( (φ(.)− φ(0))
−α

Γ(1− α)
∗Rα,φ(.)

)
(ϵ)(v0 +Φ(v))

= Lφ

(
I1−α,φRα,φ(ϵ)

)
(v0 +Φ(v)).

Let φϑ
ϵ = φ(ϑ) + φ(ϵ)− φ(0) and let us calculate I2, we have

I2 =

∫ +∞

0

e−λα(φ(ϵ)−φ(0))T ((φ(ϵ)− φ(0)))f̂(λ)φ′(ϵ)dϵ

=

∫∫ +∞

0

[
e−λα(φ(ϵ)−φ(0))e−λ(φ(s)−φ(0))T ((φ(ϵ)− φ(0)))

× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)φ′(ϵ)

]
dsdϵ

=

∫∫ +∞

0

[
α (φ(ϵ)− φ(0))

α−1
e−(λ(φ(ϵ)−φ(0)))αe−λ(φ(s)−φ(0))

× T ((φ(ϵ)− φ(0))
α
) f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)φ′(ϵ)

]
dϵds
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=

∫∫∫ ∞

0

[
α (φ(ϵ)− φ(0))

α−1
e−λ(φ(ϵ)−φ(0))(φ(ρ)−φ(0))e−λ(φ(s)−φ(0))ωα(ρ)

× T ((φ(ϵ)− φ(0))
α
)f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(ρ)φ′(s)φ′(ϵ)

]
dρdsdϵ

=

∫∫∫ ∞

0

[
αe−λ(φ(ϵ)+φ(s)−2φ(0))T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))

α−1

(φ(ρ)− φ(0))
α ωα(ρ)

× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(ρ)φ′(s)φ′(ϵ)

]
dρdsdϵ

=

∫∫∫ ∞

0

[
αe−λ(φ(ϑ)−φ(0))T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))

α−1

(φ(ρ)− φ(0))
α ωα(ρ)

× f
(
φ−1

(
φϑ
ϵ

)
, v(φ−1

(
φϑ
ϵ

)
),

∫ φ−1(φϑ
ϵ )

0

ϱ(φ−1
(
φϑ
ϵ

)
, ϑ)h(φ−1

(
φϑ
ϵ

)
, ϑ, v(ϑ))dϑ

)
φ′(ρ)φ′(ϑ)φ′(ϵ)

]
dρdϑdϵ

=

∫∫∫ ∞

0

[
αe−λ(φ(ϑ)−φ(0))T

(
φ(ϵ)− φ(0)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(0))

α−1

(φ(ρ)− φ(0))
α ωα(ρ)

× f
(
φ−1

(
φϑ
ϵ

)
, v(φ−1

(
φϑ
ϵ

)
),

∫ φ−1(φϑ
ϵ )

0

ϱ(φ−1
(
φϑ
ϵ

)
, ξ)h(φ−1

(
φϑ
ϵ

)
, ξ, v(ξ))dξ

)
φ′(ρ)φ′(ϑ)φ′(ϵ)

]
dρdϵdϑ.

Hence,

I2 =

∫ ∞

0

e−λ(φ(ϑ)−φ(0))

(∫ ϑ

0

∫ +∞

0

αT

(
φ(ϑ)− φ(s)

φ(ρ)− φ(0)

)α
(φ(ϑ)− φ(s))

α−1

(φ(ρ)− φ(0))
α ωα(ρ)

× f

(
s, v(s),

∫ s

0

ϱ(s, ξ)h(s, ξ, v(ξ))dξ

)
φ′(ρ)φ′(s)dρ ds

)
φ′(ϑ)dϑ.

It follows that,

v̂(λ) = Lφ

(
I1−α,φRα,φ(ϵ)

)
+

∫ ∞

0

e−λ(φ(ϵ)−φ(0))

[ ∫ ϵ

0

∫ +∞

0

αT

(
φ(ϵ)− φ(s)

φ(ρ)− φ(0)

)α
(φ(ϵ)− φ(s))

α−1

(φ(ρ)− φ(0))
α ωα(ρ)

× f

(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ

)
φ′(ρ)φ′(s)dρ ds

]
φ′(ϵ)dϵ.

Applying the inverse Laplace transform, we acquire

v(ϵ) = I1−α,φRα,φ(ϵ)(v0 +Φ(v)) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds

= Sα,φ(ϵ)(v0 +Φ(v)) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds,

which completes the proof. □

Throughout the paper, we impose the following assumption on A:

H(A): The operator A generates a strongly continuous semigroup {T (ϑ) : ϑ ≥ 0} in X, and there is a constant
real number M ≥ 1 with sup

ϑ∈[0,∞)

{|T (ϑ)|L(X)} ≤ M .

Proposition 3.3. We assume that H(A) holds, then

(1) For a fixed ϵ > 0, {Rα,φ(ϵ)}ϵ>0 and {Sα,φ(ϵ)}ϵ>0 are linear operators.

(2) For any x ∈ X, then ∥ Rα,φ(ϵ)x ∥ ≤ ϵα−1M
Γ(1+α)∥x∥ and ∥ Sα,φ(ϵ)x ∥ ≤ M

α ∥ x ∥.
(3) {Rα,φ(ϵ)}ϵ>0 and {Sα,φ(ϵ)}ϵ>0 are strongly continuous.
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Proof. Since

∫ +∞

0

αρωα(ρ)φ
′(ρ)dρ =

1

Γ(1 + α)
. Then, ∥ Rα,φ(ϵ)x ∥ ≤ ϵα−1M

Γ(1+α)∥ x ∥. From the above inequality it

follows that∥∥∥ Sα,φ(φ(ϵ)− φ(0))x
∥∥∥ =

∥∥∥ I1−α,φRα,φ(φ(ϵ)− φ(0))x
∥∥∥

≤ MI1−α,φ(φ(ϵ)− φ(0))α−1

Γ(1 + α)
∥ x ∥

≤ MΓ(α)

Γ(1 + α)
∥ x ∥

≤ M

α
∥ x ∥.

This implies that ∥ Sα,φ(ϵ)x ∥ ≤ M
α ∥ x ∥. Moreover, let x ∈ X and 0 < ϵ1 < ϵ2 ≤ ϵ, from a simple calculation, it

follows that lim
ϵ1→ϵ2

∥∥∥ Rα,φ(ϵ1)x−Rα,φ(ϵ2)x
∥∥∥ = 0 and lim

ϵ1→ϵ2

∥∥∥ Sα,φ(ϵ1)x− Sα,φ(ϵ2)x
∥∥∥ = 0. □

Now, we give the following hypotheses:

(H1) The function Φ : X → X is continuous, and there exist two positive constants K and d with ∥Φ(v)− Φ(u)∥ ≤
K∥v − u∥∞ and ∥Φ(v)∥ ≤ K∥v∥∞ + d, for all u, v ∈ C(U ,X).

(H2) f : U × X2 → X is of Carathéodory type, i.e. f(ϵ, ., .) is continuous for a.e ϵ ∈ U and f(., v, u) is measurable
for every v, u ∈ X.

(H3) (i) There exist a non-decreasing continuous function σf : X → X and a function mf ∈ C(U ,X) with
∥f(ϵ, u, v)∥ ≤ mfσf (∥v∥+ ∥u∥), for every u, v ∈ X a.e ϵ ∈ U .

(ii) There is an integrable function η : U → [0,+∞) such that for almost every ϵ ∈ U , µ(f(ϵ,D1, D2)) ≤

η(ϵ)

[
sup

−∞<ϑ≤0
µ(D1(ϑ)) + µ(D2)

]
, where µ represents the Hausdorff measure of noncompactness, and

D1, D2 ⊂ X are bounded subsets. Additionally, we have∫ ϵ

0

η(s)ds ≤ κ∗.

(H4) (i) The function h(., ., v) : ∆ → X is measurable for every v ∈ X, and h(ϵ, s, .) : X → X is a function
continuous for all (ϵ, s) ∈ ∆. Additionally, there is a function u : ∆ → R+ with ∥h(ϵ, s, v)∥ ≤ u(ϵ, s)∥v∥

such that sup
ϵ∈U

∫ ϵ

0

u(ϵ, s)ds := u∗ < ∞, for every v ∈ X.

(ii) For any 0 ≤ s ≤ ϵ ≤ a and bounded set D1 ⊂ X, there is a functions σ : ∆ → R+ with µ(h(ϵ, s,D1)) ≤

σ(s, ϵ)µ(D1) such that sup
ϵ∈U

∫ ϵ

0

σ(s, ϵ)ds := σ∗.

(H5) For any ϵ ∈ U , the function ϱ(ϵ, .) is measurable on [0, ϵ] and ϱs(ϵ) = sup{|ϱ(ϵ, s)|, 0 ≤ s ≤ ϵ} is bounded on
U and l = sup

ϵ∈U
ϱs(ϵ).

Theorem 3.4. Under the assumptions (HA) and (H1)− (H5), if the inequality

M

(
K

α
+

2κ∗

Γ(1 + α)
(φ(a)− φ(0))α [1 + 2lσ∗]

)
< 1, (3.2)

holds, then the fractional problem (1.1) has at least one solution.

Proof. We define a mapping Γ : C(U ,X) −→ C(U ,X) by

Γv(ϵ) = Sα,φ(ϵ)(Φ(v) + v0) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds.

The proof is carried out in several steps.
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Step 1: We will show that Γ is continuous. Let {vm} be a sequence with vm converge to v in C(U ,X). Then
by (H2), when n → ∞ we have the following

f
(
s, vm(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, vm(ϑ))dϑ
)
→ f

(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
,

for every s ∈ U . To simplify the expressions, we pose that

Kfn = f
(
s, vm(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, vm(ϑ))dϑ
)
,

Kf = f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
.

For any ϵ ∈ U , we have

∥Γvm(ϵ)− Γv(ϵ)∥ = ∥Sα,φ(ϵ)(v0 +Φ(vm))− Sα,φ(ϵ)(v0 +Φ(v)) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))×
[
Kfn −Kf

]
φ′(s)ds∥

≤ ∥Sα,φ(ϵ)(Φ(vm))− Φ(v)))∥+
∫ ϵ

0

∥Rα,φ(φ(ϵ)− φ(s))∥φ′(s)∥Kfn −Kf∥ds

≤ MK

α
∥vm − v∥∞ +

M

Γ(1 + α)

∫ ϵ

0

(φ(ϵ)− φ(s))α−1φ′(s)∥Kfn −Kf∥ds.

Thus, we infer that ∥Γvm − Γv∥∞ → 0 as n → ∞, it’s follows that the map Γ is continuous on C(U ,X).
Step 2: we will prove that Γ is bounded. We claim that Γ (Br) ⊂ Br for any v ∈ Br and ϵ ∈ U , we have

∥Γv(ϵ)∥ ≤ M

α
(∥v0∥+K∥v∥∞ + d) +

M

Γ(1 + α)

∫ ϵ

0

(φ(ϵ)− φ(s))α−1

× ∥f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
∥φ′(s)ds

≤ M

α
(∥v0∥+K∥v∥∞ + d) +

M(φ(b)− φ(0))α

Γ(1 + α)

[
mfσf (∥v∥∞ + l

∫ s

0

u(s, ϑ)dϑ∥v∥∞)
]

≤ M

α
(∥v0∥+Kr + d) +

M(φ(a)− φ(0))α

Γ(1 + α)
mfσfr(1 + lu∗)

≤ r.

Step 3: Γ (Br) is equicontinuous. For every ϑ1, ϑ2 ∈ U with ϑ1 ≤ ϑ2, we have the following

∥Γv(ϑ2)− Γv(ϑ1)∥ ≤ ∥Sα,φ(ϑ2)− Sα,φ(ϑ1)∥(∥v0∥+K∥v∥∞ + d)

+ ∥
∫ ϑ1

0

(Rα,φ(φ(ϑ2)− φ(s))−Rα,φ(φ(ϑ1)− φ(s)))

× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds

+

∫ ϑ2

ϑ1

Rα,φ(φ(ϑ2)− φ(s)× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds∥

≤ ∥Sα,φ(ϑ2)− Sα,φ(ϑ1)∥(∥v0∥+K∥v∥∞ + d)

+

∫ ϑ1

0

∥Rα,φ(φ(ϑ2)− φ(s))−Rα,φ(φ(ϑ1)− φ(s))∥ ×mfσfr(1 + lu∗)φ′(s)ds

+

∫ ϑ2

ϑ1

∥Rα,φ(φ(ϑ2)− φ(s))∥mfσfr(1 + lu∗)φ′(s)ds.

From above, we get ∥Γv(ϑ2)− Γv(ϑ1)∥ → 0 as ϑ2 → ϑ1. So Γ is equicontinuous.



1466 N. CHEFNAJ, A. TAQBIBT, K. HILAL, AND M. ELOMARI

Step 4: We will verifies the Mönch condition is holds. Let V ⊂ Br be countable such that V ⊂ conv(0∪Γ (V)).
We demonstrate that µ(V) = 0, where µ denotes the Hausdorff noncompactness measure. Without loss of
generality, we may suppose V = {u}∞k=1, and it can be readily verified that V is equicontinuous and bounded.
For any ϵ ∈ U , we have

Γv(ϵ) = Sα,φ(ϵ)(Φ(v) + v0) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds

= Γ1v(ϵ) + Γ2v(ϵ),

where Γ1v(ϵ) = Sα,φ(ϵ)(Φ(v) + v0) and

Γ2v(ϵ) =

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ)
)
dϑ)φ′(s)ds.

Furthermore, the mapping Γ1 : V → C(U ,X) is Lipschitz continuous with the real constant KMα, as implied
by conditions (H1). Indeed, for any v, u ∈ V, we have the following

∥Γ1v(ϵ)− Γ1u(ϵ)∥ ≤ sup
t∈[0,b]

∥Sα,φ(ϵ)∥∥Φ(v)− Φ(u)∥

≤ MK

α
∥v − u∥∞.

So, from Lemmas 2.15, 2.13, and 2.14 and conditions (H3)(ii), (H4)(ii), we have

µ({Γvm}∞m=1) ≤ µ({Γ1vm}∞m=1) + µ({Γ2vm}∞m=1)

≤ MK

α
µ({vm}∞m=1) + µ

(∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))

× f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ)
)
dϑ)φ′(s)ds

)
≤ MK

α
µ({vm}∞m=1) +

2M

Γ(1 + α)

∫ ϵ

0

µ
(
(φ(ϵ)− φ(s))α−1

× f(s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ)φ′(s)ds

≤ MK

α
µ({vm}∞m=1) +

2M

Γ(1 + α)

∫ ϵ

0

(φ(ϵ)− φ(s))α−1η(s)

×
[

sup
0<s≤a

µ({vm}∞m=1(s)) + µ
(∫ s

0

ϱ(s, ϑ)h(s, ϑ, {vm}∞m=1(ϑ))dϑ
)]

ds

≤ MK

α
µ({vm}∞m=1) +

2M

Γ(1 + α)

∫ ϵ

0

(φ(ϵ)− φ(s))α−1η(s)

×
[

sup
0<s≤a

µ({vm}∞m=1(s)) + 2l

∫ s

0

σ(s, ϑ)dϑµ{vm}∞m=1(ϑ)
]
ds

≤ MK

α
µ({vm}∞m=1) +

2M

Γ(1 + α)

∫ ϵ

0

(φ(ϵ)− φ(s))α−1η(s)

×
[

sup
0<s≤a

µ({vm}∞m=1(s)) + 2lσ∗µ{vm}∞m=1(ϑ)
]
ds

≤ MK

α
µ({vm}∞m=1) +

2Mκ∗

Γ(1 + α)
(φ(a)− φ(0))α

[
1 + 2lσ∗]× sup

0<s≤a
µC(V(s))

≤ M
(K
α

+
2κ∗

Γ(1 + α)
(φ(a)− φ(0))α

[
1 + 2lσ∗]

)
sup

0<s≤a
µC(V(s)).



CMDE Vol. 14, No. 3, 2026, pp. 1458-1470 1467

From above, we have

µC(Γ (V)) ≤ M
[K
α

+
2κ∗

Γ(1 + α)
(φ(a)− φ(0))α[1 + 2lσ∗]

]
µC(V)

≤ ϖ∗µC(V),
where

ϖ∗ = M
[K
α

+
2κ∗

Γ(1 + α)
(φ(a)− φ(0))α

[
1 + 2lσ∗]

]
.

Thus,

µC(V) ≤ µC((conv{0}) ∪ Γ (V)) = µC(Γ (V)) ≤ ϖ∗µC(V).

This implies µC(V) = 0. Therefore, by applying Theorem 2.15, we find a fixed point v of Γ in Br. This fixed
point serves as a solution to fractional initial value problem (1.1).

□

To establish the uniqueness of the solution, we apply Banach’s fixed-point theorem. We assume the following hypothe-
ses.

(H6) There exist constants L1, L2 > 0 such that:

∥f(ϑ, v1, u1)− f(ϑ, v2, u2)∥ ≤ L1∥v1 − v2∥+ L2∥u1 − u2∥,
for all ϑ ∈ U and v1, v2, u1, u2 ∈ X.

(H7) There exists a constant L3 > 0 such that:

|h(ϑ, s, v1)− h(ϑ, s, v2)| ≤ L3∥v1 − v2∥,
for all (ϑ, s) ∈ ∆ and v1, v2 ∈ X.

(H8) The function ϱ : U × U → R+ is bounded, i.e., there exists a constant L4 > 0 such that:

|ϱ(ϑ, s)| ≤ L4, ∀(ϑ, s) ∈ U × U .

Theorem 3.5. Assume (H1) and (H6)− (H8) are verified. If

M

α

(
K +

(φ(ϵ)− φ(0))α

Γ(1 + α)
(L1 + L2L3L4ϵ)

)
< 1. (3.3)

Then, the problem (1.1) has a unique mild solution.

Proof. For this, we define the operator Γ : C(U ,X) −→ C(U ,X) as follows:

Γv(ϵ) = Sα,φ(ϵ)(Φ(v) + v0) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
φ′(s)ds.

Let ϵ ∈ U and v, u ∈ C(U ,X). We have

Γv(ϵ)− Γu(ϵ) = Sα,φ(ϵ)(Φ(v)− Φ(u)) +

∫ ϵ

0

Rα,φ(φ(ϵ)− φ(s))φ′(s)(
f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
− f

(
s, u(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, u(ϑ))dϑ
))

ds.

Then,

∥Γv(ϵ)− Γu(ϵ)∥ ≤ ∥Sα,φ(ϵ)(Φ(v)− Φ(u))∥+
∫ ϵ

0

∥Rα,φ(φ(ϵ)− φ(s))∥φ′(s)

∥f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
− f

(
s, u(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, u(ϑ))dϑ
)
∥ds
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≤ ∥Sα,φ(ϵ)∥ ∥(Φ(v)− Φ(u))∥+
∫ ϵ

0

∥Rα,φ(φ(ϵ)− φ(s))∥φ′(s)

∥f
(
s, v(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, v(ϑ))dϑ
)
− f

(
s, u(s),

∫ s

0

ϱ(s, ϑ)h(s, ϑ, u(ϑ))dϑ
)
∥ds

≤ MK

α
∥v − u∥∞ +

∫ ϵ

0

(φ(ϵ)− φ(s))α−1M

Γ(1 + α)
φ′(s)(

L1∥v(s)− u(s)∥+ L2∥
∫ s

0

ϱ(s, ϑ)
(
h(s, ϑ, v(ϑ))− h(s, ϑ, u(ϑ))

)
dϑ∥

)
ds

≤ MK

α
∥v − u∥∞ +

∫ ϵ

0

(φ(ϵ)− φ(s))α−1M

Γ(1 + α)
φ′(s)(

L1∥v(s)− u(s)∥+ L2L3L4

∫ s

0

∥v(ϑ)− u(ϑ)∥dϑ
)
ds

≤ MK

α
∥v − u∥∞ +

∫ ϵ

0

(φ(ϵ)− φ(s))α−1M

Γ(1 + α)
φ′(s) (L1∥v − u∥∞ + L2L3L4ϵ∥v − u∥∞) ds

≤ M

α

(
K +

(φ(ϵ)− φ(0))α

Γ(1 + α)
(L1 + L2L3L4ϵ)

)
∥v − u∥∞.

Then,

∥Γv − Γu∥∞ ≤ M

α

(
K +

(φ(ϵ)− φ(0))α

Γ(1 + α)
(L1 + L2L3L4ϵ)

)
∥v − u∥∞.

Hence, by using the condition (3.3) and the Banach contraction mapping principle, we deduce that Γ has a unique
fixed point in C(U ,X). □

4. Application

In this section, we consider X = L2([0, 1],R) and define the operator A by

Av = − ∂2

∂ϵ2
v,

with the domain

D(A) = {v ∈ X | ∂2

∂ϵ2
v ∈ X, v(ϑ, 0) = v(ϑ, 1) = 0}.

It is well known that A is a linear bounded operator generating a compact semigroup {T (ϑ), ϑ ≥ 0} on X, satisfying
∥T (ϑ)∥ ≤ e−ϑ for all ϑ ≥ 0. Then, M = 1. Now, we consider a fractional differential equation problem with nonlocal
conditions.CD

4
5 ,ϑ

0+ v(ϑ, ϵ) = − ∂2

∂ϵ2 v(ϑ, ϵ) + 0.1(sin(v(ϑ, ϵ)) +

∫ ϑ

0

0.1ϑs× 0.1 exp−(ϑ−s) v(s, ϵ)ds,

v(0, ϵ) + 0.1
∫ 1

0
e−sv(s, ϵ) ds = v0(ϵ), ϵ ∈ [0, 1],

(4.1)

Let 0 = ϑ0 < ϑ1 ≤ ϑ2 ≤ · · · ≤ ϑn ≤ 1 be fixed real numbers, with v0 ∈ X.
To express problem (4.1) in the abstract form of problem (1.1), we assume that:

(H1) Φ : X → X by: Φ(v) = 0.1
∫ 1

0
e−sv(s) ds. For all u, v ∈ X, then we have ∥Φ(v) − Φ(u)∥ ≤ 0.1∥v − u∥. Thus,

K = 0.1.
((H2) and (H3)) Define f : [0, 1]× X2 → X by: f(ϵ, v, u) = 0.1(sin(v) + u). We have ∥f(ϵ, v, u)∥ ≤ 0.1(∥v∥+ ∥u∥).

Thus, mf (ϵ) = 0.1, σf (x) = x. And µ(f(ϵ,D1, D2)) ≤ 0.1(µ(D1) + µ(D2)), with
∫ 1

0
0.1 dϵ = 0.1 ≤ κ∗. Then,

κ∗ = 0.1
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(H4) Define h : ∆×X → R+ by: h(ϵ, s, v) = 0.1e−(ϵ−s)v(s).
we have, ∥h(ϵ, s, v)∥ ≤ 0.1e−(ϵ−s)∥v∥, with u(ϵ, s) = 0.1e−(ϵ−s) and u∗ = 0.1. And µ(h(ϵ, s,D1)) ≤

0.1e−(ϵ−s)µ(D1), with σ(s, ϵ) = 0.1e−(ϵ−s) and σ∗ = 0.1.
(H5) Define ϱ : [0, 1] × [0, 1] → R+ by: ϱ(ϵ, s) = 0.1ϵs. and ϱs(ϵ) = sup

s∈[0,ϵ]

|ϱ(ϵ, s)| = 0.1ϵ2 ≤ 0.1, so l = 0.1.

Verification of the condition (3.2)

M

(
K

α
+

2κ∗

Γ(1 + α)
(φ(a)− φ(0))α [1 + 2lσ∗]

)
= 0.344 < 1. (4.2)

The condition (3.2) is satisfied.

All the hypotheses of the Theorem 3.4 are verified; therefore, the fractional problem (4.1) has at least one solution.

5. Conclusion

We have established the existence and uniqueness of solutions for a class of fractional integro-differential equations
involving the φ-Caputo fractional derivative under nonlocal conditions. By employing the measure of noncompactness,
probability density functions, Mönch’s fixed point theorem, and semigroup theory, we have derived sufficient conditions
ensuring the well-posedness of the considered problem. The theoretical findings have been substantiated through an
illustrative example, demonstrating the applicability and effectiveness of the proposed approach.

Declarations

Conflict of interest. The authors declare that they have no conflict of interest.
Data availability. The data used to support the findings of this study are included in the references within the
article.
Author Contributions. All authors contributed equally to consctruct this work

Acknowledgement

The authors would like to express their sincere appreciation to the referees for their very helpful suggestions and
many kind comments.

Funding

Not applicable.

References

[1] G. Agarwal, L. K. Yadav, K. S. Nisar, M. M. Alqarni, and E. E. Mahmoud, A hybrid method for the ana-
lytical solution of time fractional Whitham-Broer-Kaup equations, Applied and Computational Mathematics an
International Journal, 23(1) (2024), 3-17.

[2] R. Almeida, A. B. Malinowska, and M. T. T. Monteiro, Fractional differential equations with a Caputo derivative
with respect to a kernel function and their applications, Math. Methods Appl. Sci., 41(1) (2018), 336–352.

[3] J. Banas, Measure of noncompactness in Banach space, Commentationes Mathematicae Universitatis Carolinae,
21(1) (1980), 131–143.

[4] D. Bothe, Multivalued perturbation of m-accretive differential inclusions, J. Math., 108 (1998), 109–138.
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