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Abstract . 3

Apart from using fractal dimensions to describe statistical self-similarity, exploring a direct measurement approach
involves considering mathematical models capable of constructing a real-world fractal entity, as classical differential
and integral operators cannot efficiently handle such problems. In this study, the fractal derivative is applied to
develop a fractal model for multi-pantograph delay differential equations with variable coefficients. The wavelet
approach, employing Jacobi fractional order wavelets, has been developed to attain a numerical solution. The
proposed methodology relies on the utilization of the fractal integral operational matrix of Jacobi fractional-order
wavelets combined with the collocation method. We have outlined pseudo-code and conducted a stability analysis
for the methods proposed within the specified model. Furthermore, the convergence analysis of the approximate
solution is presented through some lemmas and theorems. The numerical results and error analysis of some
illustrative examples are also shown in the tables and graphs. In the proposed methods, numerical results are
derived across various values of the fractal () and fractional (¢) parameters. It is important to highlight that the
classical scenario is retrieved when p = 1.

Keywords. Fractal operator, Multi-pantograph delay differential equation, Fractional order Jacobi wavelets, Function approximation, Integral
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1. INTRODUCTION

In recent decades, the classical calculus modeling approach has found difficulty in describing an increasing number
of complex scientific and engineering problems. In both applied mathematics and pure mathematics, a non-traditional
form of derivative, such as fractional, fractal and fractal-fractional derivative are recognized [1, 3, 11, 15, 29]. In the
current work, we focus on fractal derivative, in which the variable is scaled according to t#, where pu is the fractal
dimension [23, 43]. The continuous but non-differentiable functions admit the fractal (local fractional) derivatives,
which can be regarded as the generalization of usual derivatives [19, 42]. Fractal derivatives originate from the fractal
time-space metric and consequently, can accurately represent the inherent fractal structure of turbulence [9, 10, 44].

Moreover, the fractal structure and fractured systems were initially identified in 1985 during an investigation into
nuclear waste disposal sites [6], and numerous authors have subsequently confirmed this relationship [34, 35]. The
concept of fractal structure arises from the observation that natural irregular objects often display recurring patterns
at various scales, known as self-similarity. This field encounters challenges in measuring fractal dimensions due to
various mechanical issues and the need to address numerical and experimental noise along with data constraints.
Despite these obstacles, it has attracted attention from researchers and is experiencing rapid growth. The assessment
of fractal dimensions for statistically self-similar singularities has practical implications across the various fields, such
as electrochemical processes [2], neuroscience, physics, image analysis, diagnostic imaging, physiology, and Riemann
zeta zeros [24].
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FIGURE 1. A studio pantograph model [38].

In this study, we assumed the generalized form of a multi-pantograph delay differential equation (MPDDES) with
variable coefficients [16, 27, 39] and created its fractal form, such as

FO@étf(t) = f(tv f(t), g(klt)? f(kgt), ceey f(klt))’ t Z 03 (11)
with initial condition
€(0) = &o,

where 0 < k; < 1; for i = 1,2,3,....1 and FOD} denotes the fractal derivative of function ¢¥(¢) with fractal order
w € (0, 1], which is defined in subsection 2.1. The Eq.(1.1) is referred to as fractal-MPDDEs (FMPDDEs) and can be
reformulated as follows,
1
FODLL(t) = p(t) §(8) + Y ailt) E(kit) + F(t), 0<t <1, (1.2)
i=1

with initial condition

£(0) = .
This specific class of delay differential equations (DDEs) manifests in numerous real-world scenarios, encompassing
electronic systems [45], population dynamics, dynamical systems [26], quantum mechanics, traffic models, biological
systems, navigational control of aircraft, and economic contexts, ete. [5, 18, 25]. DDEs constitute a unique class of
differential equations that consider both the current state and previous states of a system. Moreover, in the domain of
DDEs, there has been relatively more focus on functional differential equations (FDEs), particularly pantograph delay
differential equations (PDDEs). The concept of PDDEs originated from the investigations conducted by Ockendon
and Tayler [28, 41], where they studied the interaction between the pantograph head of an electric locomotive and the
overhead power supply. Some more information on PDDEs can be seen in [4, 20, 21, 38]. Figure 1 shows the studio
pantograph model.

Recently, various numerical and analytical approaches have been developed to solve MPDDEs. Some studies were
proposed to solve some classes of MPDDEs such as fractional and fractal-fractional DDEs such as spectral methods,
collocation methods, operational matrices, etc. Researchers have employed the homotopy analysis and residual power
series techniques to solve the DDEs [16]. A spectral method was described to solve the nonlinear FDDEs in [17].
A collocation approach is introduced to solve nonlinear fractional DDEs in [31]. A wavelet and operational matrix
approaches are introduced in [7, 33] to solve the fractal-fractional DDEs.

Additionally, wavelet theory has witnessed significant expansion across various fields, demonstrating its distinctive
capabilities in disciplines such as engineering, mathematics, science, etc [13, 33]. This theory acts as a versatile
mathematical tool, facilitating the analysis of a wide range of distinct problems. Numerous applications exist across
various domains, encompassing quantum theory, digital image processing, signal analysis, etc. [12, 36]. Wavelet
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approaches are preferred by researchers due to their superior precision and beneficial attributes such as compact
support, orthogonality, and spectral accuracy, setting them apart from alternative techniques [14, 32, 37]. Wavelet
approximation techniques are employed to solve various problems, encompassing PDDEs of integer, fractional, and
fractal-fractional order. In this work, we introduce the wavelet technique to solve the MPDDESs with fractal order.

The concept of a fractal operator comprehensively considers the fractal geometry of the dynamic system, along
with factors such as heterogeneity, memory effect, and elasco-viscosity of the medium. Due to the novel concept
of the fractal operator and its numerous applications across various domains, researchers are currently emphasizing
the formulation and numerical simulation of models that incorporate this innovative operator. Considering the ideas
presented in the preceding literature review, we introduce a novel approach: numerical study of a FMPDDEs featuring
variable coefficients corresponding to the provided Eq.(1.1). The FMPDDEs is achieved through the utilization of
fractal differential operators, as defined in Eqs.(1.1) and (1.2). As far as we are aware, there is presently no prior
research addressing MPDDESs with involvement of fractal derivatives. Moreover, we provide numerical approximations
of the solutions utilizing Jacobi fractional-order wavelets (Jg W s). The numerical approach presented relies on the
fractal integral operational matrix (FIOM) for J5Ws in conjunction with the collocation method. This approach
converts the introduced model into a set of algebraic equations by expressing derivative terms as wavelet series with
unspecified coefficients. Subsequently, we computed the unknown wavelet coefficients by utilizing the characteristics
of Jg Ws, in conjunction with collocation points and FIOM, to derive an approximate numerical wavelet solution for
the presented model.

The paper is structured as follows: The helpful definitions of fractal calculus and the Jg W's with function approx-
imation can be found in section 2. In section 3, the FIOM of the Jg Ws is given. Section 4 presents an approximate
solution to the FMPDDESs model using wavelets. We introduce some important criteria in section 5 to evaluate the
stability and accuracy of the approximations. Some illustrative numerical examples are provided in section 6 for illus-
trating the accuracy and effectiveness of the constructed scheme. Lastly, the conclusion and significance are provided
in sections 7 and 8.

2. BASIC DEFINITIONS

In this section, we have discussed the fractal operator, Jacobi fractional order wavelet and their properties, which
are defined in the following subsections.

2.1. Fractal operator (FO). The fractal derivative and integral operators, with the power-law kernel, are discussed
in this subsection.

In a fractal space, consider {(7) € C,la, b] as a fractal continuous function. Then the fractal derivative (FD) of
the function £(7) of order u can be defined by converting the conventional integer-dimensional space-time (£, 7) into
integer-dimensional space with fractal time (£, 7#), see in [1, 3, 23]

dé(r) .. &(1) —&(s)
FOmyu — —
ot (r) = ST = g ST 28, (2.1
where p denotes the fractal dimension of time.

Furthermore, the FD can be defined by converting the conventional integer-dimensional space-time (£, 7) into fractal

dimensional space-time (£, 7+)

A ) =€)

drH T—s  TH — gk

FOprer(r) : (2.2)
where v denotes the fractal dimension of space.

If for the given function £ both the classical derivative and FD exist then by using the chain rule, Egs.(2.1) and
(2.2) can be written respectively as

1 d

O E(r) = o T ) 23)

(=)=
E)NE
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and
FO v voi- v—1 d
DH =2 fl-n —&(7).
£/(r) = L o1 €7 r) e(r)
Let the &(7) € Cy[a, b, then fractal integral (FI) of the function £(7) with fractal order p is given by, see in [1, 3, 23]

FOgm¢( / &(s) ds*. (2.4)
If £(7) € Cla,b] as well, then the FI defined in Eq.(2.4) can be written as
FORe(r) = [ IE(s) ds (2.5)
0
Now, the relation between FD and FI operator is given by
(2.6)

For [Fooie(n)] = &(r) - €(0).

Remark 2.1. If ;4 = 1, then the FD and FI operators defined above will become the classical derivative and integral

respectively.
In the next subsection, the Jacobi fractional order wavelets and their properties are defined

2.2. Jacobi fractional order wavelets (J5Ws). A family of ¢¢,(Lof;f ) in L?[0,1) over the interval [0,1) is known as

JEW s and defined by, see in [8, 30]

2U5FD (B o 1.
dj(a,ﬂ (1) = Vene? T (2 —n+1), F=r <7< G, (2.7)
0, elsewhere,
where m = 0,1,2,..,M — 1 and n = 1,2,...,2"~%; for M,r € Z*. Here, 2="~Y and (n — 1)2-"~Y are dilation
and translation parameters in the dyadic form, respectively. Also, the coefficient ﬁ is an orthonormality factor
B

relative to weight function ?p(®%) (1) = 7(#8+6=1[1 — 79]* and

op(e8) — Tla+m+1D)T(B+m+1)
m TG @2m+ltat+ BL(m+ Dl(at B+m+1)

----- $=10 3 : e =10
5k 0000 vessue =08 5: 10 ¥ 2 mmen= $=0.99
----- $=0.6 b h mmmme 4209
D aaaa- $=0.8
o R A1 . 3
é; i % ‘\ : t 5t % !
3k 0 & ¥ Wraser ol 0y %i S H
= L S ety 2elae = ) /
= ' el P ML T = s g ]
i .',' v P, 5 G et . "':,‘\ 3 \.\ K ." ?'h‘:f.:\\ 9’
I, 1, « ’ . 7 ~~\ e 4
o w Salde S
. H ¢
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t

(a) (b)

FIGURE 2. Graph depicting 5.JWs for various values of ¢ at « = 8 = 0.5,7 = 1 in 2(a) and at
a=p=05,r=21in 2(b) for m = 3.
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In the preceding Eq. (2.7), ¢J,§IQ’B )(7) represents the shifted Jacobi fractional order polynomial functions with
order mg, which adhere to the recurrence relation provided below [40]

CT () =1,

P = (et (et 427 - 1),
and
6708 (1) = 2itatB-D(@+atp)2tatB-2@2r" -l +a® =], @
j 2j(j+a+8)(2i+a+5-2) i1
2 +ta-1({+B-1)(2j+a+5) 670 (r)
2j(j+a+pB)2j +a+ B —2) '
Here, 0 < ¢ < 1 is the fractional parameter and «, 5 > —1 are the Jacobi parameter for the wavelets.
Also, the Jg W s possess finite compact support, i.e.,

()

supp (#0450 ()} = {7 wled () 20} = [3=5 52]

The system of J5 W s mentioned above forms an orthonormal set w.r.t. weight function %El b )( ) in L2[0,1), i.e
CUED ), UL = / (P () So i) ) 2ok ) dr

_ 1, (nﬂ m) - (n/7 m/)a
0, (n,m)#(n',m’),
where the notation (., .) 0 pleB) represents the inner product within the space of weighted square-integrable functions,

denoted as L o) [0,1) and ¢p(a ﬁ)( ) is defined for the JEWs as

o, r—1.,. _ —1 n_
(i)psLa,ﬂ) (T) _ p( )(2 T n + 1)7 ;7;'71 S T < 2T-n71 7' (2.8)
0 elsewhere.

)

Certain functions are orthonormal only with respect to some weight function in a specified interval. Here, the system
of Jg W s performs the orthonormality with the weight function ¢p( P )( ).

Some JEW s for the different values of the fractional parameter ¢ are depicted in Figure 2.

Note: The special cases of Jg W's include fractional Legendre wavelets at « = 5 = 0, fractional Gegenbauer wavelets
at o = 3, fractional Chebyshev wavelets of 1* and 2"¢ kind at o = 3 = —% and o = § = %, respectively. In these
special cases, 0 < ¢ < 1 represents the fractional parameter. Additionally, the Jg W's basis becomes the classical
Jacobi wavelet basis if ¢ = 1.

In the subsequent subsection, we utilize the Jg Ws as a basis to formulate a series approximation for any square
integrable function in terms of JEWs.

2.3. Function approximation. A square-integrable function Z(7) € L2[0,1)N L¢p<a 510, 1) can be approximated by
a series of J5 W s within the interval [0, 1), as follows: see in [33]

=(r Z ZC o %)(a/a (r), (2.9)

n=1m=0

where ¢, ,, is the wavelet coefficients and obtained by

Cnym = <E(7') w(a 5)( )> (2.10)

& (&vﬁ)(T) ’

(5)()

here, (.,.), plo#) () denotes the inner product in L?[0,1) with the weight function ¢p given in Eq. (2.8).

(=)=
E)NE
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Now, the finite portion of the preceding infinite series is symbolized by Z5 (7) and expressed as;

2r—t M—1

)= D D cnm PV (1) = Ea(7), (2.11)

n=1 m=0

[I]

Moreover, it can be reformulated in vector terms as follows;
- (e.8)
Za(r) = € o0 (), (2.12)

where ¢ and ?1(*#) (1) are m x 1 order vectors and defined as

Chx1 = [01,0, vy C1L M —15 €205 +ovy C2 M —15 -5 C2r=1 05 «-vy Czrfl,MfﬂT
T (2.13)
= [Cl7 C2, C3, ..., cﬁl] )
and
a, (a,8) ocﬂ) (a,B) (a,B) (a,8) (a,B)
Pyl (r) = [%1 (T oo U1 (7, P (P, oy PPy ngot (7)o P (7, oy Pt g (7))
,B) (a, /3) (aﬂ) (a,8)
= [Pl ey ey Y ]T
(2.14)

In this context, m = 2"~ ' M represents the total number of basis functions for Jg Ws and T signifies the conventional
transpose operation applied to the vector.

2.4. Example: Approximation of fractal function in terms of J5Ws. In this work, we introduced the concept
of the fractal derivative to develop a fractal model of differential equations. It is clear that the fractal derivative of a
fractal function can be determined using Egs. (2.1) and (2.2), whereas the classical derivative of these fractal functions
does not exist. Additionally, for a continuous function, for which both the classical derivative and the fractal derivative
exist, the fractal derivative can be found using Eq. (2.3).

wo 0sr<d
1 1 2
e 5<T=%
1097 -1), <7<y,
1 1 2
=) =42 5T (2.15)
7L 3<7T=qy
3 7 8
e 5 <7<y
%(97’—5)7 %<T§l,
0, elsewhere.

Moreover, we have considered the cantor-type function defined in Eq. (2.15) which is the well known example of a
fractal function for which the fractal derivative exists while the classical derivative does not. This cantor type fractal
function Z(7) was approximated using the wavelet technique. The exact graph and wavelets approximated graph of
this cantor type fractal function Z(7) are shown in Figure 3, which indicates that the approximation of the fractal
function in terms of continuous wavelets is a smooth function.

In the subsequent section, we construct the operational matrix of Jg W for fractal integration, which will be
employed in solving problems related to fractal MPDDEsS.

3. FRACTAL INTEGRAL OPERATIONAL MATRIX (FIOM)

The FIOM of JEW's with order m x i is denoted by s9(A) and defined as;

XM
T d)w(a:ﬁ ( )
mx1 ~ degp(eB) (a,)
/0 (1 H) d mme '(/mel( ) (31)
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— Exact graph of Z(r)

0.8l —— Wavelets approximation of Z(r)

1.0

FIGURE 3. The figure shows the graph of exact values of Z(7) and wavelet approximated values of Z(7).

where, ¢w ’6)( ) is defined in Eq. (2.14) and the ¢zm(°"ﬂl is determined by

mx1 mxm
(a.8)
s = (P20 0, Pemd ), s . (3.2)

here, ¢I( ’ﬁ)( ) is defined as,

T ¢
b7 (1) _/O vl (s )ds

s(1—p) (3.3)

_ (a,8) (a,B8) (a,B8)
= [ﬁILo (7), Z)Im (T)s wes ﬁzzr V- 1(7')LX2T_1M’

where,

a — a,p
Ié'“’q)(M (T )_/ (w=1) ¢1/J2r 1)M71(3)ds7 for r, M € Z7.
0

Note: The fractal derivative and integral defined in Egs. (2.3) and (2.5), are used in this work.
In the subsequent section, we have developed the wavelet approach to solve the considered model.

4. THE WAVELET APPROACH FOR SOLVING THE FMPDDES MODEL WITH VARYING COEFFICIENTS

In this part, we develop an efficient wavelet collocation technique for solving FMPDDEs models, which follows
below in description.

To estimate the numerical solution of the provided FMPDDESs model in Eq. (1.2), we begin by approximating the
unknown FD term FODY ¢(¢) (see in Eq. (2.3)) utilizing the J5 W s series within the interval [0, 1) (also see Eq. (2.9)),
we obtain

(a,B)
FO;D? £(t) = Z;le m><1( ) = FO@QL &m(), (4'1)
where the finite portion of the J§W s series for the derivative FODY £(t) is denoted by 9D} &z (¢) according to Eq.

(2.11). The vectors €%, and @[Jﬁ,?’fl( t) are defined similarly as Eqgs. (2.13) and (2.14) respectively.

Now, Applying the FI operator provided in Eq. (2.5) to both sides of Eq. (4.1), we obtain

FORE (FODYE(1)) = TOT (€ P (1))

So, the above expression suggests that

(FOTp FOY) (1) = €hy (POT Pl ),

(=)=
E)NE
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using Egs. (2.5) and (2.6), we have

£t) — €(0)~ p e, / (51 2020 (5)ds. (4.2)

Now, using Eq. (3.1), it yields

£(t) — £(0) = pel | i) oplad) gy

Here, ¢£)JT( A represents the FIOM of order m x m, as defined in Eq. (3.2).

mXm
Next we use Eq. (2.11) to simplify and apply the initial condition, such as
a, a,p)
§(t) = u€hy 2 U () + 6o = €m0 (4.3)
Similarly as above, the delay function £(k;t) in Eq. (1.2) can be obtained as
, (,8)
Elkit) = €y S PV (kit) + o = & (kit): (4.4)

Next, we substitute Eqgs. (4.1), (4.3), and (4.4) into the Eq.(1.2), we derive;

(a,8) a (a,B)
Ch 1Vt (1) = p(t) (1 €hy $ME) w2 (1) + &)

(4.5)
, (. 8)
+ qu ( m><1 u mxﬁn)w d)wmxl (kit) + gO) + F(t)
In this manner, we collocate the above system Eq. (4.5) at the appropriate collocation points ¢;, as follows:
@,f) (e.8)
Ch o et (t5) = plt) (1 €hr S P05 () + o)
(4.6)

+ an (1€ g Pvmld (hity) + &) + F(1).

where, t; = j}i)‘g' j = 1,2,...,m. Therefore, simplifying Eq. (4.6) yields a transformed algebraic system of
equations, as follows

Braxm Cmx1 = FTmx1s (4.7)
here,
mfﬁxffl = [m£7 %3;7 ceey (']33;7 sy m%]i

with the matrix of order m x 1
(o, ) a, (a 5) a, (ov,8)
;’p = d)wmxl ( ) (t ) (/.L ”w gnxﬁr)n m><1 ) ZQI ( ¢9]t5n><ﬁm wmxl ( )) )

and

'ST?LXl = [gtu St27 ceey gtj; ceey stm]T7
with

l
i, = F(t;) + & (p(tj) + Zm(tﬁ) :
i=1

here §;, is the order of 1 x 1 matrix at ¢;.

The system derived in Eq. (4.7) can now be efficiently solved for the unknown wavelet coefficients vector € utilizing
the computational software Mathematica 13.1. Ultimately, we use Eq. (4.3) and the coefficients vector € to find an
effective approximate numerical solution for the model under consideration.

The process of the constructed method is expressed as follows:

(&)
ENE
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Pseudo-code for the solution of FMPDDESs:
Input: Introduce n = 1,2,...,2" "' m = 0,1,2..M —1, m =2""'M; rM € Zt, 0<¢p <1, 0<pu<I,
a,B>-1, 0<k <l1.

Step 1: Consider JEWs as ¢¢7(SX61)() [¢1/J 9 d)w(a’ﬁ %g‘”’ﬁ),...,%gﬁ)]? (see Eq.(2.14)).
Step 2: Introduce the unknown vector € such as €51 = [c1, C2, €3, -y ca)T (see Eq.(2.13)).

Step 3: Utilizing Steps 1 and 2, approximate FODY'¢(t) in terms of the JEWs as FODIE(t) ~ €L | wfﬁff( t) =
FODIE (1), (see Bq.(11)).
Step 4: Compute the FIOM ¢£m<0"ﬁ) fo (¢I(a 5) ¢w1x’ﬁ)( )) p(a’ﬁ)( t)dt, (see Eq.(3.2)).

mxXm nmx 1

Step 5: Using Steps 3 and 4, compute the approximate &(t) such as £(t) ~ p €L, ﬁm,(;fm ¢¢m;<ﬁl)( 1)+ & = Em(t)
(see Eq.(4.3)).

Step 6: Also, calculate the delay function £(k;t) by substituting ¢ — k;t in the result of Step 5 as &(k;t) ~
p €L g ol (it + € = Ea(it). (see Eq.(4.4)).

Step 7: Consider to Steps 3, 5 and 6, compute the FMPDDEs 0D ¢(t) = p(t)&(t )+Zl 1G60E(R)+F(t); 0<
t<1 with the initial condition £(0) = &g.

Step 8: Next, by collocating the output from Step 7 at the collocation nodes t; = = 0 9 for j=1,2,...,m, we obtain
the system of algebraic equations.

Step 9: To determine the value of €, solve the system of equations acquired in Step 8.

Output: The approximate solution using wavelets;

o, (a,8)
E(t) = p €L S Py (1) + o

5. ANALYSIS OF STABILITY AND ERRORS

This section addresses essential aspects of evaluating the stability of the developed method as well as the error
analysis of the numerical solutions in the following two subsections.

Stability analysis.
Lemma 5.1. [22] Assuming & € Lf,p(a_ﬁ)(f) be a square integrable function defined on the interval I and the com-
pleteness of the system {‘1’1/17([7,’7?)}%,”62 n Lip(ayﬂ) (I), it follows that the JEWs coefficient ¢y, is bounded, i.e.,

1/}(0,/3)

enml < €l | e

Additionally, the JEW s system is also a frame, i.e.,
(e, 8)
(&%)

where 0 < A < B < 00 are certain constants.

Proof. Consider & € L .  (I) and Dol

as
_ (P >
|Cn,m‘ = '<£a 77Z1 b ples8)

=| few vl 2o

) </ o %(a’ﬁ)(t)dt); (/I‘ i of ¢P(""ﬁ>(t)dt>é

< 1€llo peaey ’ Paplect)

2
2 2
A€ pem < < Bl peasr 5

¢ p(a,B)
n,mez ,

Ve L? e s (I), then utilizing the Eq. (2.10) and Schwarz’s inequality, such

n,m

(5.1)

¢plap)
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Further, the second part of the proof for this theorem is available in [22]. O

Theorem 5.2. (Existence of a numerical solution): Assuming the completeness of J5Ws system {¢1/J ’B)}n mez N

Lip(a,m (I), the suggested approach described in section J gives an approzimate numerical solution if rank of the matriz
Vs and augmented matriz [Paxm : Smx1] are same for the system considered in Eq. (4.7).

Proof. In the provided hypothesis, the aim is to establish the existence of approximate numerical solutions for the
algebraic system described in Eq. (4.7).

Initially, we must ascertain the consistency (stability) of the system. In this sequence, we are verifying the stability
of the current algebraic systems alongside their approximate numerical solutions through the following two cases, such
as
Case 1: If the rank of the matrices Pimxm and [Prxm : Smx1] are same, i.e.,

rank (Brxm) = rank (B : Frxil) (5.2)

consequently, it’s a consistent system (stable) and numerical solution exists. Additionally, two subcases arise, as
follows

Subcase 1: If the obtained rank is m of the Eq. (5.2), then Bz «m matrix is non-singular and its inverse always
exists (says, P’ ~) and we have a unique solution. Hence, the solution to the algebraic system described in Eq. (4.7)
can be derived as follows,

-1
<= %mxmgmxl-

Subcase 2: If the obtained rank is less than m in Eq. (5.2), then we have an infinite number of solution and these

solutions can be obtained using the Gaussian elimination algorithm. Hence, the numerical solution exists to the

proposed method.
Case 2: If rank of the matrices P xm and [Paxm : Fmx1] are not the same, i.e.,

rank (mmxﬁz) i raﬂk([‘pmxm : Sﬁlxl]) >

consequently, it’s an inconsistent system (unstable) and numerical solution doesn’t exist for the proposed method. [

Error analysis. This subsection examines the criteria for convergence and error analysis of the solutions obtained
using the methods proposed in Section 4.

[1] : The absolute error function Eqps(t) obtained as

Eavs(t) = [E(@) = Ea()]; T €0, 1], (5-3)

where £(¢t) and &z () represent the exact solution and approximate solution for the considered problem.
[2] : The maximum absolute error £, calculated as

Eoo = Mazicio,1) [E(t) = & (t)] (5.4)
[3] : The L?— norm error is determined by
Et) =160 —&x@®l; te(o1]. (5.5)

[4] : If the exact solution of the model equation is unknown, the reliability and accuracy of the method can be
assessed through the residual error function, given by

Em(t;) = |TODEa ) — {p(t; +Z% )&m(Nity) + F(t)} (5.6)

where t; € [0,1],7 =0,1,2
Additionally, £, (t;) — 0 implies error decreases.

Furthermore, essential lemmas and theorems are described to facilitate the analysis of the convergence of the method
under consideration.
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Lemma 5.3. [8] Let D¢ € C[0,1] and (2M+B+1)¢ > 0 fori =0,1,2,..., M—1, and space Wz, = span{d’Jéa’B), ¢J§Q’B),
,¢Jg\(;f?}. Suppose the best approzimation of £(t) is &m(t) = BT ¢w(a’ﬂ)(t) in Wg, with error function &E,(t) =
£(t) — BT ‘z’w(a’ﬁ)(t) then in the interval [0,1], the expected solution’s error bound will be

< I 1
T D(Mo+1)/(1+2M¢)

1
I€elloper < n[|EX]*  and ||E|

where "5\7]&[0‘;1) is defined in subsection 2.2 and

P(1+2a)T(2+28— 1)\ *
Ly > Supeo, [DVE(H)|; 77:( ( al ;5 > .

¢F(3+20¢+2Bfi
Proof. Considering the function &z (t) in Wi, we formulate the generalized Taylor’s formula as follows:

M-1 t“b

Em(t) = ; mgmf(m),

thus, for every function in the space Wy of order (M — 1)¢ defined as &5 (t) = PT ¢._7(a”8)(t), we obtain

&) - PTeT @) = e - MZ M it
n = T(i¢p+1)
Mo
S To+1)
Mo

S Tao+1)

SUPte(0,1] ‘@M¢f(0+)‘

Lo

where £4 > Supicio,1) ‘©M¢§(t)|. Since &7 (t) is the best approximation to £(¢) in Wy, for the system of J5Ws, thus
we obtain

I1€s1* = Hf(t) _pT ¢¢(a,ﬁ)(t)"2

- Hg(t) —pT ¢j(a’5)(t)H2

Ei ! 2M
P t dt
~ [M(Mo+1)]2 /0

Ei 1

< .
T [P(Me+1)]? (1+2M¢)
Next, we compute the square roots of both sides to determine the upper error bound. i.e.,

Lo 1

I1€ll2 < £37g 1) V(I +2Mg)

(=)=
E)NE
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Moreover, utilizing the properties of norms and Schwarz’s inequality, we determine the approximate solution’s error
bound w.r.t. L2[0,1) N Li(d,,aﬁ) [0,1)

2 2
||5b||¢p<a,ﬁ> =€ - §Fn||¢p(a,fx>

- / €(t) — £x ()7 20 (t)dt

< ([ e -eapra) ([ Geemra)
(fwo-carra) ([-ror)

_ I(1+20)0(2+28 — 3)
T\ LB +2a+28 - 3)

Now, by taking the square root of each sides of the previous equation, we obtain

1
1116 peer < ||EF]* (5.8)

) 1) — €a()?] -

N 1)\
Fg;g_s_);;(i;;f%;’)) and ?p(®#)(t) is weight function for JEW s provided in subsection 2.2.

As M approaches infinity, the condition [|& || — 0 implies that ||E[[s .5 — 0.
Le., [[€plo ey — O converges more rapidly in comparison to ||| — 0 as M — oo. O

where n = (

Lemma 5.4. If Lemma 5.3 holds, then we obtain the following inequality:
17938 £(t) =79 3 &a ()] < mlI&l

where,

0O<pu<l and mz*.

2p(2p — 1)
Proof. Utilizing Eq. (2.5) and Schwarz’s inequality, we obtain

PO €(t) —FO 3t € (1)] < s / ()1 [€(s) — Em(s)] ds

=y (s ds)% (f (E(s) — Enls))? ds)é (5.9)

<—E g
2p—1)

Now, if we compute L2—norm on both sides of Eq. (5.9), we have the desired result as:

0l <~ |4 1esl
K 5.10
< Spt—slail (310

< k&l

—1
2

173 &(t) =9 3} &m

Additionally, utilizing Lemma 5.3, we get
lim ||FOatE(t) —F9 3Em(t)]| = 0.

M —o0

Similarly, the subsequent inequality holds true:
[FODLE(t) =7 Digm ()| < ki lIE]] (5.11)

where k7 is a constant, which depends on p as similar to «. ]
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Next, the convergence of our approximation results is demonstrated by establishing the error bound of the estab-
lished approach in the following theorem.

Theorem 5.5. If the derivative FODYE(t) (see Eq. (2.3)) is approzimated using the system JEWs, then for the
considered FMPDDEFEs model in Eq. (1.2), the approximate solution &7 (t) (see Eq. (4.3)) converges to its exact
solution &(t).

Proof. Consider the wavelet approximation of FODYE(t) is FODY 4 (t), then we have from Eq. (4.1)
L a,f L
rope(r) = € v (1) = FODYEa ).
By utilizing Egs. (4.3) and (5.5), we can express the error as
« a,f
&= [le) = (e g 471 +&) |
Next, using Eq. (2.6), we get
£ = || ("o rODtEw) + &) — (weT D 2w ) 1, )|
~ a (@, 8)
= | (o ronpey) — (ne” fme 2P ).
According to Eq. (4.2), Lemma 5.3 and Eq. (5.11) w.r.t. Lemma 5.4, we get
£ = ||Fosy (Fomte(r) e v ) |

rogp || (Footew - e ™)
FO/J

IN

(5.12)

A

¢ f1 1]l
I 1
D(M¢+1) /(1 +2M¢)

Now, from Eqgs. (5.10) and (5.12), it is evident that as M approaches infinity, £ tends to 0.
Hence, This concludes that the proposed approach is convergent. O

FO
< T4 ka

6. METHOD IMPLEMENTATION

Example 6.1. From Eq. (1.2), we have considered the FMPDDE with p(¢t) =0, ¢1(¢t) = 1, k1 = 0.5, and ¢;(t) = k; =
0V i=2,3,..,1as

FODIE(t) = €(0.58), 0<t<1, (6.1)
with initial condition,
£00) =1,

where FOD denotes the fractal derivative with fractal order 0 < p < 1.
Moreover, if we set = 1, Eq. (6.1) simplifies to the classical differential equation, for which the exact solution is
given by, see in [33]
. iG=1)
1 /1 2 -
H=> —(= t.
0-35(3)

j=1""

Here, we have solved this example for various m (= 2"~1 M) by using the described procedure in section 4 in which an
approximate series solution £(t) is computed using fractal operators. Subsequently, to obtain the approximate wavelet
series solutions, we develop the program code in Mathematica 13.1 to align with the provided pseudo-code. The results
for different values of Jg Ws (ie., @, B, and ¢) and the fractal parameter p in this example are illustrated in Tables
1 and 2. The exact and approximate solutions for p = ¢ =1, a = = =05, m = 7(r = 1, M = 7) are shown in

(=)=
E)NE
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Figure 4(a). Figure 4(b) illustrates an approximate wavelet solution for ¢ =0.99,a = =05 m=9(r=1, M =9)
and various values of u. In Figure 5, the estimated error is shown at y=1,¢ =1, « = — = 0.5 with different values
of r and M, where the results obtained for » = 2 are better than r = 1 for the same value of M.

Furthermore, Figure 6 illustrates the contour plots along with their corresponding 3D representations for the Jacobi
parameters —1 < a, 8 < 1 at the fixed t =0.3,0.5,0.7,0.9.

TABLE 1. Numerical solution obtained at various values of ¢ for Example 6.1.

t n=1 a=-p=05 r=1,M=7
$6=03[¢=06|¢=08]¢=09[¢=099|¢=1.0
0.1 1.10254 | 1.10258 | 1.10224 | 1.10227 | 1.10249 | 1.10252
0.2 | 1.2102 | 1.21021 | 1.21043 | 1.21028 | 1.21017 | 1.21017
0.3 | 1.32305 | 1.32297 | 1.32315 | 1.32324 | 1.3231 1.32307
0.4 | 1.4413 1.44128 | 1.44109 | 1.44124 | 1.44135 | 1.44135
0.5 | 1.56512 | 1.56521 | 1.56497 | 1.56494 | 1.56512 | 1.56515
0.6 | 1.69462 | 1.69472 | 1.6948 | 1.69464 | 1.69458 | 1.69459
0.7 | 1.82989 | 1.82983 | 1.83015 | 1.83009 | 1.82984 | 1.8298
0.8 | 1.97102 | 1.97076 | 1.97082 | 1.97097 | 1.97095 | 1.97094
0.9 | 2.11805 | 2.11799 | 2.11766 | 2.11778 | 2.11808 | 2.11812
1.0 | 2.27103 | 2.27235 | 2.27359 | 2.27306 | 2.2717 2.27149

TABLE 2. Numerical solution obtained at various values of p for Example 6.1.

t |¢$=099, a=p8=05 r=1,M=9

p=03|pu=06|pu=08|u=09 | u=0.99 w=1.0
0.1 | 1.67004 | 1.27528 | 1.16619 | 1.13029 | 1.10499 1.10251
0.3 | 1.84978 | 1.43264 | 1.29851 | 1.25003 | 1.21382 1.21017
0.3 | 1.98846 | 1.57102 | 1.42544 | 1.37009 | 1.32744 1.32307
0.4 | 2.10352 | 1.69905 | 1.55059 | 1.49214 | 1.44612 1.44135
0.5 | 2.20064 | 1.81984 | 1.67535 | 1.61687 | 1.57005 1.56515
0.6 | 2.29018 | 1.93712 | 1.80106 | 1.74491 | 1.69939 1.69459
0.7 | 2.37379 | 2.05193 | 1.92824 | 1.87655 | 1.83428 1.8298
0.8 | 2.44825 | 2.16375 | 2.05687 | 2.01188 | 1.97487 1.97094
0.9 | 2.52076 | 2.27476 | 2.18766 | 2.15123 | 2.1213 2.11812
1.0 | 2.58002 | 2.3821 | 2.31991 | 2.29443 | 2.2737 2.27151

Example 6.2. From Eq. (1.2), we have considered the FMPDDE with p(t) = 0, q1(t) = =5 exp (=%), k1 = %, and
qi(t) :ki:O, v i=2,3,...,l as

FOple(t) = —Z exp (—0.25t)¢ <§t) , 0<t<1, (6.2)

with initial condition,

§0)=1,
when we set 4 = 1, Eq. (6.2) simplifies to a classical differential equation, and its exact solution is provided as (see
[38]):

&(t) = exp (—1.25t).
Here, we have solved this example for the various values of m (= 2" ' M) by utilizing the described method in section 4
similar to the previous example. The results for different values of JEW's (i.e. a, 8, and ¢) and the fractal parameter

(&)
ENE
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22¢F — Aprroximate Solution ]

----- Exact Solution

()
U

FIGURE 4. Figure 4(a) shows the exact solution and approximate numerical solution for y = ¢ =
l,a = -8 =05r=1 M = 7, and Figure 4(b) shows the approximate numerical solution at
¢=0.99, a=p=05r=1, M =9 with different values of p in Example 6.1.

3.5%10 8 T T 6.x10°7F " "
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L% 2,5><108 E 10Tk
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2.x10714F
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5.x10°15F
OF, 0 ‘ ‘ 1

00 02 04 06 08 1.0
FI1GURE 5. Estimated error at p =1,¢ = 1a = —f = 0.5 with different value of r and M for Example 6.1.

4 in this example are illustrated in Tables 3 and 4. Also, the absolute error obtained by the proposed method is
illustrated in Table 5 with the different values of r and M, where the results obtained for r = 2 are better than those
for r = 1 for the same value of M.
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£ &0 &0
T T

FIGURE 6. Figures 6(a) and 6(d); 6(b) and 6(e); 6(c), and 6(f) depict the contour plots along with
their corresponding 3D plots at fixed values of ¢ = 0.3; 0.6; 0.9 respectively with p = ¢ = 0.9,r =
1, M = 2 for Example 6.1.

Furthermore, the exact and approximate solutions for y = ¢ =1, a = -8 = 0.5, m = 8 (r = 1, M = 8) are shown in
Figure 7(a). Figure 7(b) illustrates an approximate wavelet solution for ¢ =0.99,a = =05 m=9(r=1, M =9)
and various values of p. Figure 10 illustrates the contour plots along with their corresponding 3D representations for
the Jacobi parameters —1 < «, 8 < 1 at the fixed ¢t = 0.3,0.5,0.7,0.9. Eq. (5.3) can be used to calculate the errors
in the estimation of £(¢)) for different values of ¢, that is, 0.3, 0.6, 0.9, 1.0. These results are depicted graphically
in Figures 8 and 9, showcasing the optimal approximation achieved when ¢ = 1.0. Also, the error obtained by the
present scheme is =~ 1079 while by the given scheme in [38] is ~ 1078 for ;1 = 1, which shows that the present scheme
gives a more accurate solution.

Example 6.3. From Eq. (1.2), we have considered the FMPDDE with p(t) = —1, F(¢t) = _% exp (=1), qu(t) = %’
k'l = %, and ql(t)=k1=0’ Y 7::2’37.“’1 as

1

FORLE(n) = ~€0) + 1g€(2) - rew (~1). v<rs1L0<usL (63)

with initial condition,

£(0) = 1.
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TABLE 3. Numerical solution obtained at various values of ¢ for Example 6.2.

a=p=0,
=106

0.882456
0.778808
0.687327
0.606522
0.535225
0.472361
0.416897
0.367897
0.324614
0.286599

r=1,M=28
¢=08 | ¢$=09
0.882657 | 0.882664
0.778666 | 0.778731
0.687316 | 0.687242
0.606643 | 0.606615
0.535245 | 0.5353
0.47227 | 0.4723
0.416874 | 0.416836
0.367976 | 0.367953
0.324585 | 0.32462
0.286766 | 0.286699

t w=1,
¢=0.3
0.882527
0.778822
0.68732
0.606561
0.535278
0.472372
0.416869
0.367901
0.324678
0.286482

é =0.99
0.882515
0.778801
0.687277
0.606538
0.535271
0.472361
0.416855
0.367888
0.32465
0.286528

$=10

0.882497
0.778801
0.687289
0.606531
0.535261
0.472367
0.416862
0.367879
0.324652
0.286505

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

TABLE 4. Numerical solution obtained at various values of u for Example 6.2.

t |¢=099, a=-0=05 r=1,M=9

n=03 | p=06 | k=08 | p=09 | p=0.99 pw=1.0
0.1 | 0.524252 | 0.725027 | 0.818662 | 0.853802 | 0.879904 0.882516
0.2 | 0.472669 | 0.621202 | 0.707569 | 0.745114 | 0.775587 0.778781
0.3 | 0.408614 | 0.538864 | 0.618182 | 0.654032 | 0.684093 0.687305
0.4 | 0.384056 | 0.482154 | 0.546602 | 0.577193 | 0.603662 0.606538
0.5 | 0.373837 | 0.439497 | 0.487332 | 0.511392 | 0.532873 0.535244
0.6 | 0.342762 | 0.397436 | 0.43518 | 0.453845 | 0.470523 0.472369
0.7 | 0.319789 | 0.362554 | 0.390435 | 0.403771 | 0.415577 0.41688
0.8 | 0.326975 | 0.340704 | 0.353638 | 0.360643 | 0.367133 0.367862
0.9 | 0.297202 | 0.31142 | 0.318981 | 0.321982 | 0.324408 0.324665
1.0 | 0.385343 | 0.318994 | 0.296726 | 0.290617 | 0.286716 0.286347

TABLE 5. Absolute error for various values of r and M with ¢ = 1.0, « = 5 = 0 for Example 6.2.

Absolute error obtained for r = 2

t | Absolute error obtained for r =1
M=5 M=6 M=38

M=6

0.2
0.4
0.6
0.8
1.0

89x 100
15.2 x 106
19.9 x 106
6.71 x 1076
2.06 x 10~°

4.605 x 10~ 7
4.552 x 10~7
3.518 x 10~ 7
5.345 x 10~7
1.143 x 1076

7.899 x 10~10
6.380 x 10~10
5.126 x 10~10
9.038 x 10~10
5.315 x 107*

16.30 x 10~
28.87 x 1076
17.19 x 106
8.306 x 1076
2.389 x 10~°

6.677 x 1077
3.021 x 1077
2.676 x 10~7
4.534 x 1077
9.386 x 10~8

7.859 x 1079
1.081 x 108
4.202 x 1079
6.839 x 107?
2.365 x 1079

Moreover, when we set u = 1, Eq. (6.3) simplifies to a classical differential equation, and its exact solution is provided
as (see in [15]):

§(t) = exp (—1).

We solved this example for various values of 7 (= 2"~ M) by utilizing the described method in a similar way to the
previous examples. The results for different values of J5Ws (i.e. «, B, and ¢) and the fractal parameter p in
this example are illustrated in Tables 6 and 7. Also, the absolute error obtained by the proposed method and the
presented method in [15] are illustrated in Table 8, in which the comparison has been shown for the same number of
basis functions M = N + 1, which shows that the proposed method gives a more accurate solution.

(=)
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—— Approximate Solution

----- Exact Solution
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FIGURE 7. Figure 7(a) shows the exact solution and approximate numerical solution for u = ¢
l,a = 8 =0,r = 2,M = 5, and Figure 7(b) shows the approximate numerical solution at ¢
0.99,a = -0 =0.5,7r =1, M =9 with different values of x in Example 6.2.
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FI1GURE 8. Estimated error at u =1, a =5 =0, r =1, M = 8 with different value of ¢ for Example 6.2.

The exact and approximate solutions for p = ¢ =1, a = =0, m = 9(r = 1, M = 9) are depicted in Figure
11(a). Figure 11(b) illustrates an approximate wavelet solutions for ¢ = 0.99, a = - =0.5,m =11 (r =1, M = 11),
and various values of . Eq. (5.3) can be used to calculate the errors in the estimation of £(¢) for different values of

¢. These results are depicted graphically in Figures 12 and 13, showcasing the optimal approximation achieved when
¢ =1.0.

7. CONCLUSION

In this research, the fractal derivative was used to introduce a new model of the MPDDEs with varying coef-
ficients defined as FMPDDEs. This model offers a comprehensive representation of fractal PDDEs, with practical
applications spanning various fields. We introduced Jg W s in this study, which generalize various wavelets (such as
Legendre, Chebyshev 15! and 2" kind, Gegenbauer, etc.) for fractional orders. Subsequently, this study introduces
an approximate procedure that integrates the FIOM of the Jg W's with a collocation technique to handle FMPDDEs
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FIGURE 9. Estimated error at p =1, ¢ = 1, a« = § = 0 with different value of » and M for Example 6.2.

TABLE 6. Numerical solution obtained at various values of ¢ for Example 6.3.

t u=1 a=p=0, r=1, M=11

=03 |¢=06 [¢p=08 |¢=09 [¢=099 | ¢p=10
0.1 | 0.904837 | 0.904845 | 0.904794 | 0.904817 | 0.904839 | 0.904837
0.2 | 0.818731 | 0.818724 | 0.818762 | 0.818747 | 0.81873 | 0.818731
0.3 | 0.740818 | 0.74082 | 0.740796 | 0.740816 | 0.74082 | 0.740818
0.4 | 0.67032 | 0.670324 | 0.670325 | 0.670307 | 0.670317 | 0.67032
0.5 | 0.606531 | 0.606525 | 0.606547 | 0.606549 | 0.606532 | 0.606531
0.6 | 0.548812 | 0.548811 | 0.548792 | 0.548804 | 0.548812 | 0.548812
0.7 | 0.496585 | 0.496591 | 0.49659 | 0.496578 | 0.496583 | 0.496585
0.8 | 0.449329 | 0.449325 | 0.44934 | 0.449344 | 0.449331 | 0.449329
0.9 | 0.40657 | 0.40657 | 0.406552 | 0.406551 | 0.406567 | 0.40657
1.0 | 0.367879 | 0.367859 | 0.367809 | 0.367822 | 0.367872 | 0.367879

characterized by variable coefficients associated with FD. This approach is used to analyze some problems. The main
advantage of this proposed approach is its ability to achieve highly accurate and satisfactory results using fewer wavelet
bases. The solutions to FMPDDEs with variable coefficients are presented both in tabular format and graphically.
It is evident from the tables and Figures that the behavior of the FO is smoother and yields classical solutions as
u — 1. Also, the numerical results can be improved by increasing the values of » and M. It is worth noting how
straightforward and simple the proposed approach is to implement.

8. SIGNIFICANCE

The significance of the FMPDDEs lies in their ability to model complex, memory-dependent systems with fractal
behavior, making it a valuable tool for understanding and predicting the behavior of diverse real-world phenomena,
such as electrocardiogram analysis in biological signaling, fractional Brownian motion in engineering particle tracking
models, Brownian motion in physics, stock price predictions using geometric Brownian motion, stochastic processes,
etc.

oo
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FIGURE 10. Figures 10(a) and 10(d); 10(b) and 10(e); 10(c) and 10(f) depict the contour plots
along with their corresponding 3D plots at fixed values of ¢ = 0.3; 0.6; 0.9 respectively with p = 0.9,
¢=1,r=1, M =2 for Example 6.2.

TABLE 7. Numerical solution obtained at various values of u for Example 6.3.

t |¢=099, a=-=05 r=1 M=11

=03 | pu=06 | u=08 | =09 | £=0.99 nw=1.0
0.1 | 0.60866 | 0.778333 | 0.853522 | 0.88173 | 0.902728 0.904832
0.2 | 0.528512 | 0.680375 | 0.758115 | 0.790375 | 0.816064 0.818736
0.3 | 0.491537 | 0.612852 | 0.681926 | 0.712606 | 0.738105 0.740818
0.4 | 0.462304 | 0.558962 | 0.617541 | 0.644662 | 0.667816 0.670315
0.5 | 0.427523 | 0.511263 | 0.561216 | 0.5844 | 0.604369 0.606538
0.6 | 0.416807 | 0.475102 | 0.512876 | 0.531081 | 0.547056 0.548807
0.7 | 0.396436 | 0.440909 | 0.469454 | 0.483184 | 0.495258 0.496584
0.8 | 0.37477 | 0.409723 | 0.430474 | 0.440086 | 0.448425 0.449336
0.9 | 0.373729 | 0.386503 | 0.396544 | 0.401588 | 0.406067 0.40656
1.0 | 0.422224 | 0.377948 | 0.368754 | 0.367691 | 0.367749 0.367793

Moreover, J§W s provide a robust and versatile method for numerically approximating solutions to DDEs. Their
attributes such as orthogonality, adaptability, multi-resolution analysis, sparse representation, numerical stability, and
wide applicability render them indispensable for addressing the complexities inherent in modeling and simulating
delayed systems across various scientific and engineering domains. By adjusting parameters like « and 8 in the

BE



848 D. SINGH AND S. R. VERMA

TABLE 8. Absolute error for various values of M with ¢ = 1.0, « = =0, r = 1 for Example 6.3.

t | Absolute error obtained by the pro- Absolute error obtained by
posed method the method in [15]
M=7 M=9 M=11 N=6(M=7)| N=10(M = 11)
271 1462x10710 1584 x 10713 [222x10°| 2.12x10°% 252 x 1014
272 | 747 %1079 | 944 x 10712 | 1.44 x 10~ | 2.26 x 10~8 3.04 x 10714
273 | 4.75x 10719 | 1.09 x 10~ | 1.99 x 10~1!° 2.92 x 108 3.84 x 10714
274 | 144 x107% | 8.09x 10712 222 x 10" | 1.48x10°8 3.53 x 1014
275 | 486 x 1072 | 1.26 x 10711 | 8.44 x 10~° | 5.12x 1079 1.69 x 10~ 14
2761 1.01 x1078 | 219 x 10713 | 4.77 x10~1® | 1.49 x 1079 5.81 x 10715
LoF : ——
—— Approximate Solution
09F N\ 2 mmeaa Exact Solution
0.8F
0.7¢ -
0.61
0.5F
04
010 012 014 016 018 110

(a) (b)
F1GURE 11. Figure 11(a) shows the exact solution and approximate numerical solution for
¢o=1,a=p=0,r=2 M =9 and Figurell(b) shows the approximate numerical solution at
¢=0.99, a=—-pF=0.5,r=1, M =11 with different values of x in Example 6.3.

3.x107h !
asx07 T #=03 X104 e 4=10 !
= ' = ' :
IS ' .
5 2.x107h % 1.5x 10714
2 15107} 2 : :
£ 5 Lx1074h t
2 1.x1077FR » 2 :'.I. \ fa
e, - A . s [
= 5.x10°8F ':'I', K SN Pt PN M 5~X10715’;:: i A PATERA NS ,'\\ AN
. l‘ |: “ ! A~ AR N '4‘~‘\ K II. ‘: YN ' N - ' b ,' L]
0*!! o ‘/' e’ K o O,I [ “‘" Y v Yy 1 ‘t' v :,
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
FIGURE 12. Estimated error at u =1, a =5 =0, r =1, M = 11 with different values of ¢ in Example 6.3.

Jacobi fractional polynomials, these Jg W's can be customized to match specific characteristics of the delay function,
encompassing features such as smoothness, decay rates, and oscillatory behavior, which can be easily seen in Figures
6 and 10 for the considered examples. This adaptability ensures the Jg W s basis can effectively capture the dynamic
behavior of the delayed system, enhancing the accuracy and reliability of the numerical solutions.

(=)=
E)NE



REFERENCES 849

T 77 7‘
00000201 8.x10
= -7[
5 0.000015] 6.x10
s}
=l -
2 0.000010} 4.x107
£
& 5.x106} 2.x107}
0.000000 of.
t t
-7L
8.x10 L5x10-5] — 22 M=6
6.x1077F
1.x 1078}
4.x1077F
2.x1077¢ 5.x107 (\/\/\/\/\
of. ‘ ‘ ‘ ‘ ] ok ‘ ‘ ‘ \ ]
0.0 02 0.4 0.6 0.8 1.0 00 02 04 06 08 1.0

t
FiGURE 13. Estimated error at u =1, ¢ =1, a = § = 0 with different value of r and M for Example 6.3.
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