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Abstract r N

In this paper, new analytical solutions of nonlinear fractional Wu-Zhang system are determined with the aid of two
analytical approaches, that is, generalized projective Riccati equation method and Sardar sub-equation method via
conformable derivative. The system describes (1 + 1)-dimensional dispersive long wave in two horizontal directions
on shallow waters. Some new solitary wave solutions are demonstrated by the means of computer softwares maple
or mathematica. The obtained results reveals that the proposed method is very efficacious and straightforward in
the determination of the solution for the nonlinear fractional Wu-Zhang system.
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1. INTRODUCTION

In past few years, the fractional integrals and the fractional derivatives (fractional calculus) [6, 15] have been the
focus of many studies because of the frequent appearances in numerous fields such as chemistry, physics, fluid mechan-
ics, geology, optical fibers, mechanics, ecology, and engineering. In recent decades, nonlinear fractional differential
equations (NFDESs) are efficiently used to model various of phenomena in different fields, namely, physics, mechanical
engineering, continuous-time random walk, dynamical systems, shallow water waves, wave propagation phenomenon,
dynamical systems and so on [21, 30]. Among the investigations for fractional nonlinear partial differential equations
(NPDEs), research for constructing travelling wave solutions of fractional NPDEs is a main topic, which can also
be beneficial and helpful reference for other related research. A lot of considerable approaches are established to
investigate fractional models, for instant, Caputo [53], Riemann-Liouville [20], conformable derivatives [2] etc. Many
powerful techniques are applied to study and discuss the explicit solutions and their physical behavior of these models.
Some of the techniques are the extended tanh-function method [12], the modified auxiliary equation method [55], the
multipliers method [14], the first integral method [54], the simplest equation method [49], the jacobi elliptic func-
tion method [13], the sine-cosine method [58], the Hirota bilinear methd [18], the (G’/G)-expansion method [60], the
extended trial equation method [16], the Sine-Gordon expansion method [50], the new transfer function method [7]
and so on [17, 31, 46]. Water waves dispersion is one of the fundamental properties in above discussed models. The
frequency dispersion is described by this property [9]. In addition, it relates to the traveling of waves at variant speeds
with disparate wavelengths. Physical phenomena such as floods and tsunamis are often caused by shallow water waves
as well as dispersive water waves due to earthquakes. To control and minimize harmful effects of these situations,
there are different mathematical models presented by numerous researchers. The non-linear Wu-Zhang system is one
of the famous models due to its importance in describing long dispersive water waves in the sea. In this regard, the
main focus of this study is to retrieve the some novel wave analytical solutions of the nonlinear Wu-Zhang Model
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via conformable derivative with the aid of two analytical approaches, that is, generalized projective Riccati equation
method and Sardar sub-equation method for the first time. This system gives a description of (1+1)-dimensional
dispersive long wave in two horizontal directions on shallow waters [51]. The Wu-Zhang system has the following
form:

re+rry + 5, =0,
1
st + (rs)z + 3Saws = 0.

where r(x,t) gives elevation of water and s(z,t) gives surface velocity of the water, respectively. Many researchers
in few of past decades studied this system and constructed numerous solitary wave solutions. For example, the first
integral method [11], the ansatz method [59] and the modified auxiliary equation method [48], the extended Fan
sub-equation method [57], by three different numerical schemes [47] and many other research papers have studied this
system [47, 57]. In this paper, we consider the time-fractional Wu-Zhang system, which has the following form:

Dfr +rry + 5, =0,
1
Dfs +(r8)s + gsmm =0, (1.1)

where time-fractional derivative is taken in conformable sense (0 < k < 1). Two analytical approaches, GPREM and
Sardar sub-equation method, are supposed to construct some novel solitary wave solutions (a special kind of travelling
wave solutions) with the aid of maple or mathematica computer softwares.

A lot of the NFPDEs have been solved by the aid of Sardar sub-equation method as it is most powerful and direct
tool to construct analytical solutions [19, 56]. The GPREM is also a well accepted analytical approach for analysis of
the solitary wave solutions since 2003. This paper is arranged as follows, some preliminaries of conformable fractional
derivative are given in section 2. Description of the fundamental steps of proposed methods are illustrated in section
3. Some physical meanings and graphical representation of obtained solutions are discussed in section 4. Finally, some
conclusions drawn in last section.

2. THE CONFORMABLE DERIVATIVE

We start this section with the following definition which is needed during this paper.

Definition 2.1. The conformable fractional derivative [1, 2] for a function f : (0,00) - Roforder 0 <k <latt >0
is defined as

Dk(f)(t) = lim M

e—0 €

(2.1)
Note that if the function f is k-differentiable in (0,a) then D¥(f)(t) = (t)!=*f'(t). The definition of conformable
derivative satisfies the properties stated in the theorem given below [1, 2].
Theorem 2.2. Let f, h be the k-differentiable at a point t and 0 < k < 1, then
D¥(af 4 bh) = aD"*(f) + bD*(h), for a,b€ R,
DRty =qnt""* ¥y € R,
D*(fh) = g:D*(h) + 1 D* (),

v D*(h) — hyDF
pi(Ly = SRR~ HDHY)

3. DESCRIPTION OF THE PROPOSED METHODS

By letting a non-linear conformable fractional differential equation having the form given below:
U(Dfpvpztangpupxma) :07 (31)

(&)
ENE



926 H. TARIQ, H. ASHRA, M. A. HOSSEINZADEH, H. REZAZADEH, AND S. BIRIA

where U is a polynomial in p(z,t) and its higher-order partial derivatives and DF is time fractional derivative (0 <
k<1).
Using the wave transformation:

k

4
p(z,t) = P(¢), where ( =z + e (3.2)
on Eq. (3.1), the NFPDE is converted into an ODE of the form:
Ulp,p',p",...) = 0. (3.3)

3.1. The Generalized Projective Riccati Equation Method (GPREM). The fundamental steps of the GPREM
are given below:
Step 1: It is assumed that the formal solution of the Eq. (3.3) has following form:

pr.t) = Ao+ 30 QAN + Bir(C)) (3.4)

where the arbitrary constants A4;, Ap, and B; will be determined later, while the functions ¥(¢) and 7(¢) satisfies the
following ODEs:

where

T%g):-f<R-mnﬁ@)+7”1;1§%g0, (3.7)

where m and R are non-zero arbitrary constants.
If R =m =0, then the formal solution of Eq. (3.3) have the form:

M
pla,t) =D (AT ()], (3.8)
i=0
and 7(¢) will satisfy the following ODE:
7(¢) =7%(0). (3.9)

Step 2: The positive integer M in Eq. (3.4) is determined by the aid of the homogeneous balance method.

Step 3: Using Eq. (3.5), (3.6), and (3.7) in Eq. (3.4) and then collecting the terms having same powers of (977,
where (j = 0,1,2,3,...,i = 0,1) or (77), where (j = 0,1,2,3,...) and by equating these terms to zero, a system of
algebraic equations is obtained that will be simplified by using wolfram Mathematica-9 or maple to get values of R,
¢, m, A;, and B;.

Step 4: It is acknowledged that [52], Eq. (3.4) accepts the following solutions.

(1) Ife =1, R#0,
Rsech(v/RC) _ Rtanh(VRC)

- msech(vVRC) + 17 e msech(vVRC) + 1
Rcsch(vVRC) o Rcoth(v/R¢)

- mesch(vVRC) + 17 2 mesch(vVRC) +1

(3.10)

(=)=
E)NE
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(2) Ife=1, R#0,

_ Rsec(VRC) _ Rtan(v/RC)
msec(vVRC) +1’ ° msec(vVRC) +1’ (3.11)
B Rcsc(VRC) _ Rcot(vVRC) .
" mese(VRC) + 17 e mesc(VRC) +1
(3) TR=m=0,
U5 = % 5 = é (3.12)

where GG is a non-zero arbitrary constant.

Step 5: The values of Ay, A;, B;, ¢, m, and R and the solutions Eq. (3.10), (3.11), and (3.12) are substituted in Eq.
(3.4), the analytical solutions of Eq. (3.1) are gained. In this study, both cases e = 1 and € = —1 are done.

3.2. The Sardar Sub-Equation Method. It is supposed that the Equation (3.3) has a formal solution of the form
given below:

M

pla,t) =Y vt (Q), (3.13)

i=0
where v;, (i = 0,1,2..., M.) are the coefficients to be determined later and 1 (¢) satisfies the following ODE.

@'(Q)* = a+gp? + 9, (3.14)

where a and g are arbitrary constants. The solutions of the ODE are
Case 1:
If g > 0 and a = 0, then

1/1?E (¢) = £/ —mngsechmn (1/9¢),
1/12i (¢) = £v/—mng cschpmn (1/90),

where

2 2

sech;,n(¢) = cschyn (Q) =

meS + ne—¢’ meS — ne—<"

Case 2:
If g < 0 and a = 0, then

V5 (¢) = £v/=mngsec,n (v=9¢),

V3 (C) = £V/=mng cscmn(v=90),
where
2 2
eemn(6) = et e omn() = e
Case 3:
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If g <0and a = 9, then

w?(o:i\/;gtanhmn( fc)
zpét(ozﬂ:\/;“’cothmn( 2%)

210 =25 s () e (v5) ).

U (Q) = ﬁ (cothmn (JTgc) + /s cschu, (J—Tgc) )

YEC) = iﬁ(tanhmn (ﬁg) + /75 cothymn (\/74»

meS —ne=¢ th . meS + ne=¢
me€ ¥ ne=¢’ Omnl(0) =

where

tanhmn (C) = m .

Case 4: )
If g >0 and a = 9, then

¥ (C) = \/gtanmn( C>7
G0 = /S ot <\/‘7’<)
VB = ﬁ(tanmn (J?m)i 550 (@c))

Ui5(¢) = ﬁ <cotmn (@c) + /75 CSCn (W <>>

wi(o:i\f<tanmn( c)iﬁcotmn (fc))

iC o —iC i¢ —i¢
tan,,(¢) = —i%, COtymn (¢) = .me*s +ne
By balancing method value of M will be evaluated. After finding value of M, the predicted solutions as well as
necessary derivatives will be substituted to the Eq. (3.13). All the coefficients of power of 9 (¢) are further equated
to the zero and an algebraic system of equations is obtained. The resultant algebraic system is solved on maple or
wolfram mathematica for values of v;’s and g. At the last, put ( =z + c% into the obtained solutions.

s

where

Z%.
meis — ne~i¢

4. IMPLEMENTATION OF THE PREVIOUS ANALYTICAL APPROACHES ON NONLINEAR CONFORMABLE WU-ZHANG
SYSTEM

Here, the above analytical computational methods GPREM and Sardar sub-equation method are applied on non-
linear fractional Wu-Zhang system which describes (1 + 1)- dimensional dispersive long wave in two horizontal direc-
tions on shallow waters. The system has the following form:

Dfr = —rry; — Sg,
1
Dfs = —ST, — ISy — grm (4.1)

(=)=
E)NE
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By the following wave transformation and conformable derivative definition,

r(z,t) = r((), where ( =z + %,
s(z,t) = s(¢), where ( =x + %, (4.2)

the non-linear fractional system is converted into the nonlinear ordinary differential system of the following form:

cr' = —rr’ — ¢,

1
cs' = —sr’ —rs’ — gr’”. (4.3)

By integrating the first equation of above system and substituting the result in the second, and then integrating the
final equation with respect to ¢, the following equation is obtained:

3r® + 9er? + 6c*r — 21" = 0. (4.4)
By balancing principle, the value of M is obtained as M = 1.

4.1. Analysis Of Wu-Zhang system through GPREM. According to the GPREM, the formal solution of Eq.
(4.4) for M =1 has the following form:

r(¢) = Ao + A19(C) + B17(Q). (4.5)

Equating all the coefficients to zero and considering the case ¢ = 1 , the following system of algebraic equations is
obtained:

379 3A3R — 9A,Bi(m? — 1) +4A,(m* — 1) =0,
e279: 9A0A?R — 9A40B3(m? — 1) + 18mA; B?R + 9A?R — 9¢B?(m? — 1) — 6mRA; = 0,
el 941 AZR + 18mRAgAT — 9R* A B + 18cmRB} + 18cRAgA; + 6A; Rc® + 24, R? = 0,
g2t —3B¥(m? — 1) + 9RAIB, +4B;(m* — 1) =0, (4.6)
elrl: 6mRB} 4+ 18490A B1 R+ 18RA; Bic — 2B1Rm = 0,
%7 . —3B}R? 4+ 9A3B R + 18RcAyB; + 6¢*B1R = 0,
Const.: 3A3R —9R?*AgB? + 9cRA% — 9R?’B} + 6 AgRc? = 0.

The above gained algebraic equations are further solved by the aid of the Maple or Mathematica 9, results of the
following form are gained:

Family 1:
Ay =0, Alz#, B =0, R— —3¢%, m = L (4.7)
3W1—c2 V1i—c2
From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:
r(C) = 2 < —3c? sec(v/—3c2() > (4.8)
3v1—c2 sec(x/@() +1 '
or
H(O) = 2 < —3¢c? csc(vV—3c%() > (4.9)
3vV1—¢c2 CSC(WO +1
where ¢ = = + %
Family 2:
Ag = —2c, Alzé, B =0, R=-3¢, m= S (4.10)
3V1—dc+3c2 V1—dc+3c®
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From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:

2 —3c%sec(v/—3c2(
r(C) = —2¢ + 3m< — <m) (4.11)
—4c+ 3¢ msec( —3c¢2¢) +
or
2 —3c% cse(v/—3c2¢
r(¢) = —2c+ Sm( Ty ( m) ) (4.12)
—4c+ 3¢ mcsc( —3c¢%¢) +
c k
where ( =z + %
Family 3:
2v2+/(—1 2 3c? 2y/(—1 2
Ag= —c, Ay = V2y/(-1+¢) ,Blzo,R:i,m:u. (4.13)
3(=1+¢)V2 —4c+3c2 2 V2 —dc+ 3c2
From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:
() = —c+ 2v/2/(—1 + ¢)? ( —3c? sec(v/—3c2() > (4.14)
B —14c)V2—14 2\ v2y/(—1to? '
3(=1+c¢) ¢+ 3c A AN sec(v/—3c2() + 1
or
Q) = —c+ 2v2/ (=1 +¢)? ( —3c? ese(vV/—3c2() ) (4.15)
B ~1+c)V2—4 2\ v2/(1+40? '
3(=1+¢) c+3c N cse(v/—=3¢2¢) + 1
c k
where ( =z + %
Family 4:
2
Ag=c¢, A1 =0, Bi=—, R=0, m=0. 4.16
0 1 1= (4.16)
From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:
2 1
r(()=c+ —= 4.17
©=c+ () 1
where { = x + %
Again, equating all the coefficients to zero and considering the case e = —1 , the following system of algebraic equations

is obtained:
3719 BASR +9A, B (m? — 1) —4A;(m?* — 1) =0,
e27%: 9AgA?R + 9A0B(m? — 1) — 18mA; B?R + 9A?R + 9c¢B?(m?* — 1) — 2mRA; = 0,
el 941 AZR — 18mRAGAT + 9R?*A B? — 18cmRB} + 18cRAgA; + 6A; Rc® — 24, R? = 0,
g2t 3B¥(m? — 1) + 9RAIB, — 4B, (m* — 1) =0, (4.18)
ettt —6mRB} + 18A40AB1 R + 18RA Bic + 2B1Rm = 0,
7'+ 3B{R® + 9AJB1R + 18RcAg By + 6¢*B1R = 0,
Const.: 3ASR+9R?AgB? 4+ 9cRA% + 9R’B} + 6 AgRc? = 0.

The above gained system of algebraic equations are further solved by the aid of the Maple or Mathematica 9, results
of the following form are gained:
Family 1

2
Ap=0, Ay = ————— B =0, R=3¢, m= .
0 W =i V-2
[c[m]

(4.19)
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From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:

©) = 2 < 3¢c? sech(v3c2() )
T
3V9—¢? sech(\/3c Q)+1
or
r(C) = 2 ( 3c? csch(vV/3c2() )
3v9 —¢? CSCh(\/ 3c2¢)+1
where ( =z + %
Family 2
24/(—1+ 2¢)? —1+ 2¢)?
140:—207 A1: ( + C) ,BlZO,R:3C2,m:M,
(3 — 6¢)v9 — 36¢ + 35¢2 V9 — 36¢ + 35¢2

From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:

2/(—1 1 20)2 ( 3¢? sech(v/=3c%() )
)+1

_ _ 2 3+/(—142¢)2
(3 600 =360 35 \ i CTa0" (/g

r(Q) =2+

or

rQ) = —2¢+

(—1+20)? ( 3¢2 esch(v/—3¢2() )
)+1

_ — 2\ 34/(—142¢)2
(3 — 6¢)v9 — 36¢ + 35¢ % esch(v/3e2¢

- ct®
where ( =z + %-.

Family 3:
2v2/(—1 2 —3c? 3v2¢/(—1 2
Ag= —c, Ay = v2y(-l+o B =0, R= 5 m= V2y(c14o?
(3 — 3¢)V/18 — 36¢ + 19¢2 2 V18 — 36¢ + 19¢2

From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:

—3c2 —3c2
22/ (—1 + ¢)2 =55 sech( ¢)
Q) =—et (3 - 3\0)[\/15(5 — :;gcczr 19¢2 ( 3ﬂ¢(f1+c)2 23 )
T seeioe Sech(=5=0) +1
or
— 02 —
(= ey VWCLE? ( 5= esch(y/=570) )
r() = —c
— _ 2 3v2+/(=1+c)2 3¢ ’
(3 — 3¢)V18 — 36¢ + 19¢ Mcsch(%c)ﬂ

_ ct®
where ( =z + %~.

Family 4
-2
140:_C7 A1=0, Bl:%’ RZO, m = 0.
From (3.5), (3.6), (3.7), and (4.4) the following analytical solutions are deduced:
2 /1
() = —c— — (=
©--75(z)

_ £+
where ¢ =z + .
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4.2. Analysis Of Wu-Zhang system through the Sardar sub-equation method. In this subsection, the Sardar
sub-equation method is applied to the nonlinear fractional Wu-zhang system to construct some of the new and distinct
solitary wave solutions. By homogenous balancing principle the value of M is obtained as M = 1. According to the
mentioned method, Eq. (4.4) becomes

P(&) = vo + 119 (), (4.30)

by substituting Eq. (4.24) into Eq. (3.10) and then equate all coefficients of ¥ (§) to zero, an algebraic system of
equations is gained as given below,

w?’ : 31/{’ — 41, =0,
V2 i + 9e? =0,

4.31
1,01 : 91/11/gg + 18crgry + 6c2 — 2gv1 =0, ( )
PO 308 + 9crg + 6c* 1.
By solving the above system with aid of computer softwares maple or mathematica to get the following results
2 3c? (4.32)
Vp=—-¢61=— g=—. .
0 » V1 /3 g 9
The formal solutions of Eq. (3.10) corresponding to the Eq. (4.24), along with solution Eq. (3.8) are
Case 1:
Ifg——>0anda—0 then
2 [3¢? 3c? tk
PE— et 7 7mn<sech,,m( ; (z+ ), (4.33)
1k
Pi=—c i — mn( ( + C?))) (4.34)
Case 2:
Ifg:%<0anda:0,then
—3 2 —3 2 tk
PE = et — mn(secmn (] —— (z + ) (4.35)
302 tk
PE = \ﬂ/ n(cscom (1/ 3C (z+ ), (4.36)
Case 3:
Ifg——<0anda—
2 2 tk
PE = = ek o ,3L tanh,m, < 3¢ s ck)> (4.37)
32 th

P = \[F<tanhmn (\/@ T+ ck)) + iv/mm sechy,, (@(x + ck)>> (4.39)
P = et 2 [ 3¢ <cothmn (@(x + c)> + v/mn cschyn <@(x + c]:)>>7 (4.40)
(

P = IF< tanh,,,, \/?x%—ctlk)) imcothmn< —316;(1;+ci)>). (4.41)
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3c2

Case 4:

Ifg:%>0anda:( 2-)2, then

2 [3c2 3¢? tF
Plioz—ciﬁ Ztanmn< —Z(m—l—ck)), (4.42)

2 [3¢2 3¢? tk
Pt =—c+ i\/% tan 302(.’17+Cﬁ) + iv/mn sec v302(x+ct—k) (4.44)
12 — \/g 4 mn k mn k 5 .
2 )

(
PE—ex 23 (cotmn <\/?P(x ey £ Vmmesenn <\/?P(x + ci))), (4.45)
(

tan,,, ( iﬁ(x + ci:)) + v/mn coty, (\/f(x + ci:)) ) (4.46)

Pﬁ:—c:lz—

5. PHYSICAL AND GEOMETRICAL INTERPRETATION

The graphical illustration is an important tool used for understanding the properties and mechanism of solutions
physically. The graphical phenomena are shown by setting the values of arbitrary parameters, and the graphical
representations reveal the mechanism of wave behavior. The obtained results for the nonlinear conformable Wu-Zhang
system retrieved via generalized projective Ricatti equation method and the Sardar sub-equation method will be
supportive to conduct new laboratory experiments for a deeper insight into the possible physical changes. In water
wave theory, a (141)-dimensional two horizontal directional dispersive long wave is described by this system. A few
new kinds of solutions, which have not been added to the literature previously, are successfully developed in this
article.

In Figure 1, 3D-plot, 2D-line graph and contour plot of an anti-bell shaped dark soliton of Eq. (4.9) are shown for
values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [-30,30] and ¢ € [—15,15]. A 2D representation for
suitable values of k£ and for x = 0.1 is also given. In Figure 2, 3D-plot, 2D-line graph and contour plot of a bright-
dark soliton of Eq. (4.15) are shown for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]
and t € [—15,15]. Also, a 2D representation for suitable values of k and for z = 0.1 is given. In Figure 3, 3D-plot,
2D-line graph and contour plot of a singular soliton of Eq. (4.13) are shown for values of arbitrary constants taken as
¢=0.1,k = 0.9 with z € [-50,50] and ¢ € [—15,15]. Also, 2D representation for suitable values of k and for z = 0.1
is given.

In Figure 4, 3D-plot, 2D-line graph, and contour plot of a periodic soliton of Eq. (4.13) are shown for values of
arbitrary constants taken as ¢ = 0.1,k = 0.9 with « € [—40,40] and ¢ € [-15,15]. A 2D representation for suitable
values of k and for x = 0.1 is given. In Figure 5, 3D-Plot, 2D-line graph and contour plot of a lump-type bell shaped
soliton of Eq. (4.9) are shown for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with x € [—40,40] and
t € [—15,15]. Also, 2D representation for suitable values of k and for x = 0.1 and for = 0.1 is given. In Figure 6,
3D-plot, 2D-line graph, and contour plot of a singular periodic soliton of Eq. (4.24) are shown for values of arbitrary
constants taken as ¢ = 0.1,k = 0.9 with x € [—40,40] and ¢ € [-15,15]. A 2D representation for suitable values of k
and for x = 0.1 is given. In Figure 7, 3D-plot, 2D-line graph, and contour plot of a bell shaped bright soliton of Eq.
(4.24) are shown for values of arbitrary constants taken as ¢ = 0.02, k = 0.8 with « € [-40,40] and ¢t € [-15,15]. A 2D
representation for suitable values of k and for x = 0.1 is given. In Figure 8, 3D-plot, 2D-line graph, and contour plot
of a kink shaped dark-bright soliton of Eq. (4.24) are shown for values of arbitrary constants taken as ¢ = 0.02,k = 0.8
with « € [-40,40] and ¢ € [—15,15]. A 2D representation for suitable values of k and for = 0.1 is given.
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FIGURE 1. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) is depicted of Eq. (4.9) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with
x € [—40,40] and ¢ € [—15, 15] is depicted here. This profile shows an anti-bell shaped dark soliton.

6. DISCUSSION

In this article, two analytical approaches, the generalized projective Riccati equation method and the Sardar sub-
equation method, have been applied to the nonlinear conformable time-fractional Wu-Zhang system for the first time
to introduce a few novel solitary wave solutions. After successful implementation, 2D graph lines, 3D graphs, contour
graphs as well as parametric graphs for some specific values of the constants are plotted to indicate novelty of obtained
solutions. These solutions were also compared to rest of the literature over taken system to present novelty of the
work. In [11], Eslami and Rezazadeh applied the first integral method on the given system and obtained some periodic
solitary wave solutions. In [59], Yel and Baskonus applied the modified exp(—(¢))-expansion function method on the
given system to get soliton type solutions. In [48], Khater and Dianchen Lu applied the modified auxiliary equation
method on the given system and obtained five solitary wave solutions. By comparing to the authors obtained in
[11, 48, 59], we deduced that our solutions are novel and different. The comparison shows that the performance of the
methods used in this article is an effective tool in constructing novel solitary wave solutions for nonlinear fractional
PDEs. It also indicates that this discussion of the nonlinear time-fractional WuZhang system gives some novel soliton
type solutions.
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FIGURE 2. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.15) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]
and ¢ € [—15,15] is depicted here. This profile shows a bright-dark soliton.

7. CONCLUSIONS

In this paper, the GPREM and Sardar sub-equation method with the conformable fractional derivative are being
successfully applied for developing some novel solitary wave solutions of the non-linear fractional Wu-Zhang system.
These methods are more effective and convenient in the construction of solitary wave solutions of remarkable impor-
tance in the field of analytical solutions. With the help of these methods some novel analytical solitary wave explicit
solutions of different kinds such as anti-bell shaped and bell shaped dark soliton, singular soliton, periodic singular
solution, kink shaped soliton solutions etc. are obtained. Some of the obtained results are also plotted above in 3D
solitary wave form, 2D line graphs form, contour plots and 2D representation for some suitable values for k£ with
x = 0.1 for better understanding to these explicit solutions. The proposed methods have more advantages as these are
more direct, reliable and powerful to apply. Therefore, it can be deduced that these methods can be extended to solve
numerous non-linear fractional partial differential equations as well as many non-linear fractional partial differential
equations systems.
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FIGURE 3. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.13) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]

and t € [—15,15] is depicted here. This profile shows a singular soliton.
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FIGURE 4. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.13) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40)

and t € [—15,15] is depicted here. This profile shows a periodic soliton.
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FIGURE 5. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different values of
k) of Eq. (4.24) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40,40] and ¢ € [—15, 15]
is depicted here. This profile shows a lump-type bell shaped soliton.
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FIGURE 6. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.33) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]

and ¢ € [—15,15] is depicted here. This profile shows a singular periodic soliton.
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FIGURE 7. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.40) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]
and t € [—15,15] is depicted here. This profile shows a bell-shaped bright soliton.
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FIGURE 8. The 3D-Plot, 2D-line graph, contour plot and 2D parametric representation (for different
values of k) of Eq. (4.45) for values of arbitrary constants taken as ¢ = 0.1,k = 0.9 with = € [—40, 40]
and t € [—15,15] is depicted here. This profile shows kink shaped dark-bright soliton.
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