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Abstract r 1

The need for accurate solutions to mathematical models, particularly for linear and nonlinear higher-order initial
value problems, is essential across various scientific and engineering fields. Traditional methods often face challenges
with stability and precision, especially in non-linear cases, prompting the development of advanced numerical
techniques. This study introduces a two-step overlapping adaptive step-size multi-derivative hybrid block method
to address these challenges in solving higher-order initial value problems. The method incorporates overlapping
elements, using the second-to-last intra-step point from the previous step within each integration block to enhance
accuracy. The method uses error estimation and selects an appropriate step-size, ensuring the desired accuracy
without wasting computational resources or introducing unnecessary errors. The non-linear initial value problems
are efficiently linearized using a modified-Picard iteration. Numerical examples are provided to demonstrate the
efficiency and accuracy of the proposed method, and its performance is compared against a similar non-overlapping
method as well as other methods reported in the literature.
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1. INTRODUCTION

Problems that arise in the fields of applied sciences, such as biological systems, quantum mechanics, physics and
engineering, can be modeled using higher-order ODEs. The complexity or impossibility of solving some of these
problems through analytical means has emphasized the continued importance of numerical techniques. Higher-order
DEs can either be solved directly or by first transforming them into an equivalent system of first-order ODEs [7, 8, 13],
although this process can be more demanding compared to direct methods [5, 9, 11, 23].

Over the years, numerous discussions have revolved around various multi-derivative methods, implicit methods, and
the utilization of intra-step points [2, 6, 16]. For instance, a three-point block technique involving fourth- and fifth-
derivatives for third-order ODEs was proposed in [3], a two-point block approach utilizing a fifth-derivative to directly
solve fourth-order ODEs was introduced in [4] and a third-derivative hybrid block method (HBM) for second-order
IVPs was presented in [19]. Research findings suggest that multi-derivative methods achieve higher accuracy while
maintaining strong stability properties, while implicit methods offer advantages in terms of stability and robustness.
Various authors have developed BHMs for the direct solution of higher-order ODEs. These methods are formulated
in terms of LMMs for IVPs. Ken et al. [10] developed a block hybrid collocation technique for third-order ODEs.
A direct approach for solving third-order ODEs using a two-point four-step block technique was proposed in [12].
Orakwelu et al. [17] presented a block hybrid method (BHM) for third-order IVPs, exploring the efficiency of the
method by imposing different off-points between grid points during the formulation process.

Recently, Ahmedai et al. [1] proposed a BHM with equally spaced intra-step points for solving third-order IVPs.
This technique incorporates a simple iterative approach for linearizing the equations, which significantly improves
both the convergence rate and accuracy of the method. Another researcher (see [15]), introduced an overlapping
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HBM by incorporating the second-to-last intra-step point of the previous step into each integrating block of the HBM,
demonstrating an improvement in the method for solving first-order IVPs. Existing numerical methods for solving
IVPs often rely on small fixed step-sizes across the entire integration interval, which can introduce inefficiencies by
requiring unnecessarily small steps even where larger steps could suffice. To address this limitation, adaptive step-size
methods have been explored. For instance, adaptive step-size HBMs are discussed in [21, 22] for integrating IVPs
directly. The adaptive step-size helps in balancing accuracy and efficiency by using smaller step-size where the solution
changes rapidly and larger step-size where the changes are more gradual. A variable step-size fourth-derivative HBM
was introduced in [18] to solve third-order IVPs, demonstrating its applicability on the Blasius equation and various
nonlinear thin-film flow problems. They found that the method exhibits efficiency and utility in solving real-life
problems.

This research presents a new overlapping adaptive step-size MDHBM for higher-order IVPs. The method uses
the modified-Picard iteration technique to linearize the nonlinear IVPs. The effectiveness of the method is examined
through numerical experiment to demonstrate its convergence and accurate solutions.

2. DERIVATION OF THE METHOD
Consider a higher-order IVP of the form
2= f(tz, 2., 20T, 2(a) = 20, 2'(a) =2y, ..., 2“7 Ya)=2z2L"", (2.1)

where w = 3,4 and prime denotes the derivative with respect to the independent variable ¢, f is a continuous linear
or nonlinear function in the interval [a, b] and w is the order of the IVP.
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FIGURE 1. Non-overlapping grid [14].

2.1. Non-Overlapping Block Method. The non-overlapping method is a two-step method based on approximating
the solution z(t) to z*~1(t) at 2® + w — 1 collocation points

thap;, =tn +hp;, n=20,1,2,...,N-1,

in the closed interval [a, E], which is partitioned as @ = tg < t1 < to < ... < tny_1 < ty = b. h is the chosen
step-length on a grid I, p; denotes the collocation parameters: p; = 0, p2, ps = 1, pg, and ps, where ps, p3, and py
are the intra-step points (m = 3). ® is the number of collocation parameters. As shown in Figure 1, the representation
of the non-overlapping grid I is illustrated for the case N.

The solution z(t) of the non-overlapping block can be approximated by a power series polynomial of the form

2d+w—1

Z(t)y= > Ayt —tn), (2.2)
j=0

(&)
ENE
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where /~\n,j represents the unknown coefficients, which are obtained by solving a system of 2® 4+ w — 1 equations. Here,
® = 5 is the number of collocation parameters, resulting in 2® + w — 1 unknowns generated from

Z:L+pi =2 (tn-‘rpm Zn-‘rpi) )

1" " !
Zpyp, = 2" (tnapss Zntp Znap;)

(2.3)
Z g =f(t ntpis ntpis Znpy 7tzu+plz)
Zrlf—:_plb =9 (tn-i-pwzn-i-pu Rp4pir fn-l-pi) )
where i =1, 2, ..., ® and w = 3, 4, with the initial conditions

Z(t )=Mo:zn, (2.4)
Z'(tp) = Aoy =2, (2.5)
ZY"Ht,) = ]\n,w,l =071 w=3 4. (2.6)
Equations (2.3)-(2.6) are solved using Mathematica 13.0 to determine A,, ;, which are then substituted into (2.2)

to obtain the continuous approximation of the non-overlapping fourth derivative method when w = 3 is of the form

[ [
Zntps = 2n + hpi1z, + B2 i1zl + h3Bi fo + AP Z ijfrip; | + B Tiign + R Z"/ijgnﬂoj ; (2.7)

- =2

o
Zpipy = 2n +hEinz) + R0 1 fo + h2 Z Cijfnsp, | +PPwirgn + 1P Z ViiGnip; | » (2.8)
=2 j=2
ol
Z;Z‘i'pi = Z;{ + hdl 1fn + h Z ﬁijfn—i—pj -+ hQ’UZ' 19n -+ h2 Z Uijgn+pj 5 (29)
=2 =

where = 2,3,....,(1) and pi,la ‘u7;71, Otid', ﬁi,la T7;71, 7]1‘71, ’)/id', Vi,ja wiwl, Ci,ja di71, 81'71, Ui71, ’191‘,]‘ and Uij are kIlOWIl

constant coefficients. The non-overlapping fifth derivative method, when w = 4 is obtained for solving fourth order
IVPs is of the form

P P
Zn4p; = Zn + hﬁ“z; + hQﬁ“z,/n/ + h3Z11z;l/’ + h ﬂzlfn + h <Z dijfn+pj> + hsi‘z 10n + h5 <Z;§/ijgn+pj> , (2.10)

j=2
ol P
Zhip = 2n A Bpiizy + B2z + BB fu + B (Zaijfnﬂ,j) +h'%i1gn + 1 (Zﬁijgwj), (2.11)
j=2 j=
P o
Zips = Zn + héi12y + BPi1 fr + h° (Z cufn+pj> +B@i1gn + h° (Z mjgn+pj> : (2.12)
=2 j=2
o o
Zep, = 20 +hdi1fu + b <Z i jfnﬂ,j) + B0 1gn + h* <Z &i jgnm) : (2.13)
j=2 Jj=2
where ¢ = 2,3,....,® and D1, Pi1, fi1s fia, L, @1y Bits Tits Qayg, Bty Tats Nil, Yigs Vigs Vigs Wity Gigrdin,

&1, Ui, 191‘,34 and &;,; are known constant coeflicients. In addition, the collocation parameters used are p; = 0, pa =
1, p3=1, ps =32 and p; = 2. In matrix form, Equations (2.7)~(2.9) can be

Ay Zpio = Ao Zn +hpy Z +h* o Z! + W3y Frya + 13 By Fr + h* v, Grys + b 70 G, (2.14)
A1Z7/1+<I> = AOZ’:L + hEO Z':L/ + h2 Cl Fn+<1> + h’2 Mo Fn + h3 v Gn-‘r‘i’ + h3 wo G’m (215)
A Zl o =A0Z! +hdyFy, +h1 Fyio +h? 01 Gruya + h* 0 Gy, (2.16)

(=)=
E)NE
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The constant coefficients are

1 0
0 1
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0 0
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B2,1
P31

Ba,1
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02,0
03¢

0p,d

V2,2
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Va2

Vo =

o O

Q23
Q33

2,1
73,1

N1

V2.3
V33
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¥a3
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33
Vo 3

)

V2,1
V3,1

U1

Equations (2.10)—(2.13) can be expressed in matrix form as

A\ Zy o = AgZn +hpg Z + W2 fig 2 + W3 80 Z" + h* &) Fryo + 1 By Fpy + 1° 9, Gryo + h° %0 Gy,
AiZ) o= AoZl +hpy Z + 1% g Z + 1P & Frpa + 03 By By + b4 4, Grpe + h* 70 G,
A Zl 5 =AZ] +héyZ) + h? él Foio+h? Mo Fn + 301 Grga + h3 &0 G,

Ay

o

o

Dy =

Q2.9
a3

o o
V2,o

V3,®

X

V2,®
V3 @

2%

Y20
UER

Vo0

p21 O
p31 O
po1 0

Vo =AoZ +hdy Fy +hy Fyye +h?81Grye +h? oG,
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where

D2,1
P31
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Il
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@32
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|
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Q3.2
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Q23
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fio1 0
5 i3 0
) HO = : .
fo1 0
o @ B2,1 0
03,0 o Baz1 0
. ) /80 = .
Q.0 Be1 O
2,8 721 0
3,8 . 731 0
) To = .
Yoo To1 0
G222 C23 -
- (32 (33 -
9 Cl = . .
Co2 (a3 -
Goq 0 -
Q31 0 -
) wo = .
Goq 0 -
ﬁg}@ d2,1 0
3.9 R dsi O
) 0 —
Vg o des 0
V2,0 P21 O
V3.9 ) P31 0
. ’ Po = . .
194;741) Pa 1 0
02,3 021 0
03,8 R v31 0
) Vg = .
63,3 01 0
fiox O - 0
) fizx O - 0
3 Ho = . . .
figg O - 0
a2 o P21 O
43,0 R Ba1 0
. ) 0 = .
ao,0 Ba1 O

o

(2.22)
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Y22 Y23 0 YR 721 0 - 0
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Y1 = . . . ) To = )
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T 7 - T
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FIGURE 2. Overlapping grid [14, 15].

2.2. Overlapping Block Method. For the overlapping method, we choose 2® + w + 1 collocation points
tn-&—pi :tn+hpz; tn—p4 :tn_hp47 1= 1a25-~-¢)a

over a closed interval [t,, t,t2], where n > 1. Unlike the non-overlapping method, which uses 2® + w — 1 collocation

points, the number of collocation points for the overlapping method increases to 2® 4+ w + 1 due to the inclusion of
two overlap conditions. We consider the collocation parameters

—pa<p1=0<ps<...<pop_1<DpPs-

As shown in Figure 2, the representation of the overlapping grid I is illustrated for the case N. Here, the grid I

overlaps with a grid point ¢,,_24p,_, = tn—p, from the previous grid I,,_». Using the power series polynomial of the
form

20 +w-+1

> At —ta), (2.24)
j=0

combining (2.3), the initial conditions (2.4)—(2.6) and the overlap conditions
Zw(n P4) fn P4

2.25
Zw+1(tn*;04) = 9n—pa> w =3, 4. ( )
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A, ; is determined and then substituted into (2.2) to obtain a continuous approximation of the overlapping fourth
derivative method for third-order IVPs

o
Zn+p; = #n + hpzlzil + hzﬂi lzx + h3 Z 6i7jfn—pj + h3 Z &ijfn-&-pj
j=2

j=1, 4

P
+ h4 Z %i,jgn*pj + h4 Z :Yijgn+pj ) (226)
=2

j=1, 4

[
D = 2n FhEirzg A WY iy, | 0D CijFatn,
j=2

j=1, 4

o
+B3 N @ijgnp, | D T, | (2.27)
j=2

j=1, 4

@ P
Z;{eri = Zg +h Z dijfn*pj +h Z 7§ijfn+pj + h2 Z f)ijgnfpj + h2 Z 5-ijgn+pj ) (228)
j=1, 4 j=2 j=1, 4 j=2

where i = 2,3, ...., ®. The overlapping fifth derivative method obtained for fourth-order IVPs takes the form

@
Zntp; = Zn + hPi1z, + RPfi1z + WLz +h! < Z Bijfnpj> + h* <Z 5‘1‘jfn+pj>
j=2

j=1, 4
@
+h° ( > Tijng—pj> +h’ <Z %’jgn+pj> ) (2.29)
j=2, 4 j=1
>
Znip; = 2+ hpirzn + WP 1z + b ( Z ,Bijfn—pj> +h (Z aijf”"’l’j)
Jj=1,4 Jj=2
@
1t (32 A ) 4 (S ) 230)
j=1, 4 j=2
@ @
Z;zlﬂu = Z’Z + héilz'::/ + h2 < Z ﬁijfnzy) + h2 <Z Eijfnerj) + h3 < Z ‘Dijgnpj> + h3 (Z Dijgnerj) ) (231)
j=1, 4 =2 j=1, 4 j=2

3 3
Znypy = 2Zn +h < > dz‘jfn—pj> +h (Z ﬁi]’fﬂ-&—p;) +h? ( > Uz’jgn—pj> +h (Z Uz’jgn+pj> ; (2.32)
j=2 =2

j=1, 4 j=1, 4

where ¢ = 2,3, ...., ®. The matrix representation of Equations (2.26)—(2.28) are

A1 Zpia = AoZy +hpy Zl + b2 pg ZU + b3 &1 Fyyo + h° By Fr + 15, Goya + b 7o Gy, (2.33)
A Zl o = AoZl +heg ZI + W2 ¢y Fupo + W2 6o Fr + h3 01 Grya + B2 &0 G, (2.34)
A1Z7/1I+<I> =AoZ, + hdy F, + hd, Foie +h%61 Grya + h* 0o Gy (2.35)

(=)=
E)NE
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The coefficients obtained above are

2,2
03,2

a3 2
2,2
V3,2
Yo ,2

§2,2
(3,2

(o2
Wa 1
w31

Q
Il

0o,2

023
03,3

02,3
03,3

09,3

02,0
03,0

s o

Wa, 4
w3, —4

W, —4

0o,

Y2,8
3,9
Vo,

b
CS,‘I>
Coe

@2,1 0
~ Bz1 O
Bo = : :
B@,l 0
’7‘271 0
7~'3’1 0
To = .
Te1 0
2,1 0
B 131 0
Mo = . :
Ne,1 0
Voo g
_ Usg Uzg3
vy = . .
Voo Usp3
1?2,2 1?2,3
_ V32 Us3
U = ) )
Voo Vo
132’1 0
v31 0
Vg = )
U1 0

Equations (2.29) — (2.32) can be represented in matrix form as

where

A Zpia = AgZy +hpo Z + 0P fig Z! + W36 Z" + h* @y Fuyo + 2 By Fp + h° 7, Griao + h° 7o G,
A\Zl g = AoZl + hpy 2!+ W2 g Z! + h® &) Foya + h° By Fr + b5, Guia + b Fo G,

AgZ! +hég ZV + 12 Frya + W20 Fy + W30y Grya + h3 @9 Gy,

Ao Z" + hdy F,, +h0, Fpya + 1261 Gy + h* 0 Gy,

o
Ay n+® —

oo
Ay n+® —

Qg9
Qg o

Qg3
Qg3

@2,1

Ba,1

Be1

U3,_4

B2,-a
53,74

Bo,—a
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Y2,2
3,2

Yo ,2

(22

_ (3,2

o2
w21
w31

€l
o
Il

Wa,1
da 1
d3 1

= s

do 1

02,2

Qi
Il

Qi
Il

2l
I

Yo,2

72,3
73,3
Vo,3
(2.3
(3,3

Cos
0

02,3
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Y2,®
3,8

Vo,

G0
(3,9
Coo

W2, —4
W3, —4

W, —4
do 4
ds,—4
do,—4

02,0

T2,1
73,1

To,1
72,1
73,1

Nd,1

Vg o
U3 2

\N|
o
Il

Up 2

P22

V32

,
Vo2
V2,1

U3,1

s

cl
o
Il

Va3
V33

Vg 3
Va3

V3.3
3
0
0

Ug,1 0

B
= B,

E@,l 0

T2,1

)

73,1

To,1

1 0
1 0

0
0

0

2

1§3,<1>
(2.41)

3. ANALYSIS OF THE METHOD

In this section, we discuss the local truncation error (LTE), order, zero stability, consistency, convergence and

absolute stability of the method.

3.1. Order of Accuracy.

Theorem 3.1. The LTE for the non-overlapping methods in the closed interval [ty, tni2] are expressed as follows:

For the first case (2.7)
hm+10

Lilz(tn); h] = (m 1 10)!

hm+11
~ (m+11)!

I @
p T — (m 4 10)(m + 9)(m + 8) Z i p T

j=1

Z(mH10) (¢ ) (3.1)

o
(m+ 11)(m 4 10)(m + 9)(m +8) > vi;p; ™" | 2"V () + O(h™H12).
j=1
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For the second case (2.10)

m+11 [
Lilz(tn);h] = (7:+11)' P (m 4 11) (m 4 10) (m + 9) (m + 8) Z mAT | A (g (3.2)
hm+12 P
- I (m + 12)(m + 11)(m + 10)(m + 9)(m + 8) Z T 2R (1) 4 O (R,

Proof. Considering z(t) as a sufficiently differentiable function, the local truncation error for the non-overlapping
methods (2.7) and (2.10) can be examined using the linear operator £; as follows

@
Lilz(tn);h] = 2(tn + hp;) — 2(tn) — hpi 2 (tn) — W2 psz" (t) — h® Z [; 72" (tn + hp;)]
@ _ "
—ht Z [vi 2" (tn + hpj)] (3.3)

and

Lilz(tn); h] = Z(t + hp;) — z(tn) — hppiz ( n) — hQﬁiz (tn) — 31 ///( )
[0}
h4Z &2 (tn + hp;)] Z 532" (tn +hpy)], i=2,3,...0. (3.4)

Using Taylor’s series to expand (3.3) and (3.4) about t,, to obtain

Ll2(tn); h] = Uy 2(tn) + Uy h 2" (tn) + Us h2 2" (tn) + Us h3 2" (tn) + ... + U K™ 2™ (1), (3.5)
where Uy, Uy, Us, ..., Uy are constants. The block hybrid methods have an order m if
U0=U1=...= m+(w,1)=0, Um+w750, w:3, 4.

For the first case (2.7):
According to [1, 15], expanding (3.3) and using the Taylor series, we obtain

M pR+2k+2

&t = S R ey Zkhk+2 Za b1 4,
i n)s = ~ (k+2)' n — ijP n

B Z khk+3 Z ij k+3)( )+ O(hMJrl). (3.6)

Expanding (3.6), we obtain

+2 B2k

+2 m+
Lilz(tn); h] = ]; (/{Tpé)!z(kﬂ)(tn) ;

hk+2 ¢

0‘1 ]p k+2)( tn)

P M
m+ hk+3 hk+2pi +2

k=1, (k+3) ¢
R 2P (tn) + Z %+ 2)!
k=1 = k=m+38

A+ (1) (3.7)

khk+2 ¢
Qi 5P
j=1

khk+3
Zw 28 (1) 4 O(RMH),

k—1 (k+2)( )

i
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where m = 3 and M > m + 8 is a positive integer. This can be expressed as

. 2 pk
To(t)sh] = S b — k(= 1)(k — 2 Za”pk *1 2P (tn)
j=1

k
D D U wa 20,

h* 2
n n 7]{: Z k 3 Z(k)(tn)

M
hk
- > o |[BE=D(k—2)(k-3) Z’y”pk W (1) + oM.
k=m+11 | Jj=1

According to [1, 15], it is noted that

2 k
k—4 b; —
Z;CYZ] :ZC 3 Z’}/ij —m, fork—?),...,m—|—2,

substituting (3.9) into (3.8), we obtain

. herlO [}
ila(tn)i h] = oy [P0 = (m+ 10)(m + 9) (m +8) 0y jp 7 | 21O (2)
(m + 10)! =
pmA11 ¢
" T i | (T D+ 10)(m o+ 9)(m +8) > yip T A (8,) + O(RER2).
! pt

Using (3.10), the error constant for (2.7) is

+10
Usmsro = 20 za T zfy T
e (m+10)! m+7 " *

For the second case (2.10):
Expanding (3.4) and using the Taylor series we obtain

5 hE+Spit (k+3) k’hk+3 - k=1, (k+3)
Lil2(tn); h] = Z Wz (tn) Z a” (tn)
k=1 ’ k=1
- khk+4 2 k 1_(k+4 M+1
-y o 2D (2,) + O(RMHY),
k=1 j:].
Expanding (3.12), we obtain
A 2 i a L (+3) T kR k—1_(k+3)
Lilz(tn)ih] = > W (tn) = > o Zaijpj 2 (L)
k=1 k=1 j=1
m+2 5 pag M k+3,k+3
h k=1, (k+4) (1 R p; (k+3)
Vi jP; (tn) + 2z (tn)
I S 2 T

(3.10)

(3.11)

(3.12)

(3.13)
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S s Y
B

k=m+8 : j—l

al khk+4 k=1 (k+4) (4 M+1
-2 Zw (ta) + O(RMH),
k=m+38 !

where m = 3 and M > m + 8 is a positive integer. This can be written as

Sile(ta)ih] = > [P — k(k = 1)(k - 30t 20(t)

hk
+ Y | R k-

aigpf | 2P (t)

2
= > o (k=D =2)(k=3)(k—4) > _Fipf | 2P (k)
k=5 j=1
DS

k(k—1)(k—2)(k—3)(k—4)
k=m+12 " | J

“”p] 2| 2 (t,) + O(RMFY).

NE
= =
Me

1

When

k

@
S ph T _ 5 k=5 _ pi _
aip; "+ (k 4)27”}% R == 2k =3)’ for k=4,...,m+2,

substituting (3.15) into (3.14), we obtain

) pmA1l e
Lilz(tn); h] = (m 110! Py = (m o+ 11)(m + 10)(m + 9)(m + 8) Z & T | 2 ()
! et
B2 @
1) (m 4+ 12)(m + 11)(m + 10)(m + 9)(m + 8) Z Jp;”‘” M2 (1) 4 O(hm 13,
! =
From (3.16), the error constant for (2.10) is
pm+11 .
Uim+11 = (ml_'_ 11)! m T 7 Z%Jpz 27 it

Corollary 3.2. LTE for overlapping methods in the closed interval [t,, t 12| can be expressed as follows.
o For the first case (2.26)

hm+12 m-4+12 m-+9 m-+9 (m+12)
Lilz(tn); h] = (m—|—12){ ; — (m+ 12)(m + 11)(m + 10) j;lﬂup +Zoz”p z (tn)
pm+18

- (m+13)!

j=—4,1

809

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(m+13)(m + 12)(m + 11)(m + 10) < Z 7yt 94 Z%jp;n-h@)] 2 (1) £ ORI,

(&)
ENE
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e For the second case (2.29)

SR = G {* ~ (m 4 13)(m +12)(m + 11)(m + 10) ( PO T Rl S el | ElaanlCV
j=2

Jj=—4,1
hm+14 @
~ I (m+14)(m + 13)(m + 12)(m + 11)(m +10) [ D> 7i;py T+ > 7,077 || 27T () + O(R™ ).
' j=—4,1 j=2

Proof. To analyze the local truncation error for the overlapping methods (2.26) and (2.29), we utilize the linear
operator £; as follows

i:i[z(tn)Q h] = (t + hpz) - z( ) hpiz ( n) - hQHiZH(tn) —h? Z {Bz‘jzm(tn - hpj)}

—h?

Me

(62" (bn + hpy)] = h* > [752" (tn — hp;)] (3.19)
j=1,4

<.
Il
—

Me«

[%‘jzw(tn +hpj)], i=2,3,...®

<.
I
—

and

Lilz(tn); k] = 2(tn + hps) — 2(tn) — hpi2' (tn) — b2 2" (tn) — B30 (tn)

[
— B0y [Big (b — )] = WY @2 (b + hpy)] (3.20)
j=1,4 7j=1
(o]
— 1> T2 (e — hp)] = h° Y [Fi 2 (tn + hpy)], i=12,3,... 9.
j=14 j=1

The proof is similar to that of Theorem 3.1, given above, and uses:
For the first case (2.26)

k
~ - p
O S Ll P IR S T B e 321
Jj=—4,1 j=—4,1 k(k—1)(k—2)
The error constant is
pytt 1 +9 +9 +9
Ui,m+10 = ( Z_|_ 12)! - (m+9)! Z szpm _’_Za”pm Z Tijpj Z’Y”pm : (3'22)

j=—4,1 j=—4,1

For the second case (2.29)

P ) k
3. .ok—4 = k=4 = ~ k=5 bi
> Bipi Y a4 [ DD Tmy E LE I Bl vy v e R G
i=1 P

j=—4,1 j=—4,1
The error constant is

pzn-&-l?) 1

. — _ m+9 m+9 oo m—+9
Uz,m+13 = ( T 13)‘ (m T 9)| Z Bzgp + Z Q5P Z szpj Z'ngp . (324)

j=—4,1 j=—4,1
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TABLE 1. Truncation errors and order m for the overlapping and non-overlapping fourth and fifth
derivative HBMs.

Non-Overlapping Overlapping
w £ LTE Order 7 LTE Order m
P2 4.0888 x 1071213 (¢,)n'? 10 8.5211 x 107 32%(¢, )" 12
3 D3 2.7989 x 1071023 (¢, )n!? 10 6.1109 x 107223 (¢, )h'® 12
P4 7.6742 x 10710213 (¢, )n"? 10 1.7469 x 10~ 2" (¢,)AtS 12
Ps 1.5539 x 107°2'3(t,,)n'® 10 3.8213 x 107" 2% (¢, )R'® 12
P2 4.6756 x 10712214 (¢,)hM 10 9.5568 x 1072%0(t,,)n'® 12
4 p3 7.5181 x 10~ 2 (¢, )M 10 1.6114 x 1071220 (¢,)h'0 12
P4 3.2598 x 107102 (¢, )t 10 7.2178 x 107122%6(¢,,)n*® 12
Ps 8.9115 x 107102 (¢, )n'* 10 2.0535 x 10720 (¢, )h'C 12

The LTE and order of the fourth and fifth derivative HBMs, both overlapping and non-overlapping, are presented
in Table 1. It is observed that the overlapping method exhibits a higher order than the non-overlapping method,
indicating an improvement in performance.

3.2. Stability Analysis. From matrices (2.14), (2.18), (2.33), and (2.37), as h — 0 the matrix system reduces to

A1 Zpi1 = Ao Zy,. (3.25)
Whose first characteristics polynomial RN(R) given as
R(R) = det (R(A1) — Ao). (3.26)

Thus, the fourth and fifth derivative HBMs are zero stable for R(R) = 0 and satisfies |[R;| < 1. For the root
with |R;| = 1, the multiplicity is not more than the order of the differential equation. Hence, the proposed methods
converge, are zero stable, and consistent.

3.3. Absolute Stability. The RAS for the methods can be defined as

R(y) ={y € C: H(y) < 1}.
These test equations

2V = \Yz, Wl = \wtly, A <0, w =3, 4,

are applied on the matrix Equations (2.33) and (2.37) to obtain
Zni1 = HW)Zn,  y=IRY,  w=3,4, (3.27)

when w = 3, the H(y) is given by

_ Aot ypo+ v +y°By +y'Fo.

H = = 3.28
() YV - a— (3.28)
when w = 4, the H(y) is given by
A < 2 3y 173 5=
H(y) = 20T YPo Ty o Tyt Y Bo+y'To (3.29)

Ay —ytan -y,
The stability function $(y) can be obtained by finding the dominant eigenvalues of the matrix H(y). As shown in

Figures 3 and 4, the fourth derivative and fifth derivative of the non-overlapping and overlapping HBMs are absolute

stable since their stability regions are contained entirely on the negative side of the plane.

an

BE
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FIGURE 3. Stability region of non-overlapping and overlapping (w = 3).
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100 100

-100[ -100

FIGURE 4. Stability region of non-overlapping and overlapping (w = 4).

4. FORMULATION OF THE METHOD AS AN ADAPTIVE METHOD

Adopting the approach considered in [20], the formulation of the method as an adaptive step-size form can be
achieved by simultaneously executing the overlapping method and the non-overlapping (lower order) method. The
adaptive step-size will improve the accuracy of the approximation, with smaller step-sizes generally leading to more
accurate results. The use of a non-overlapping method alongside the overlapping method can help determine the
appropriate step-size for the new step. The lower-order method is used to estimate the error at the final point for
Zn+2, while the overlapping method is used to advance the integration process. The non-overlapping method (2.7) for
third-order IVPs is

@

®
Do = 2n + hpir 2l + Wiz A BB fu + B2 D i fuip, | B Tgn DY Viignts, | (4.1)
Jj=2 j=2

and the non-overlapping method (2.10) for fourth-order IVPs is

[} [}
Z,:+2 = Zn +hﬁi12’; + hQﬁ“z;{ +h3z7;12g/ +h4ﬁi1fn ~|—h4 Zdijfnﬂ,j +h57iilgn +h5 Z vijgn+pj . (42)
j=2 j=2

An estimate error is determined by the difference between the overlapping and non-overlapping methods, i.e

EstErr = |zp42 — 2510
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Accept the estimate error obtained above, if [|[EstErr| < Tol, where Tol is the user-defined tolerance. But if
|[EstErr| > Tol, reject the results and adjust the step-size using the canonical formula proposed in [21] and recalcu-
late.

1

Tol mtw
hnew = Thold <| 2 )

. =34
|EstErr|| =t

where ™ represents the order of the non-overlapping method and 0 < T < 1 is the safety factor designed to prevent
failure of steps. We take T = 0.9. The condition if Ayinimum < Pnew < Pmazimum then hgg = hpew is imposed
during the implementation of the method.

5. IMPLEMENTATION

5.1. Linear higher-order differential equations. Consider the general linear higher-order DE

2= f(t, 2, 2, .., 20T, w =3, 4, (5.1)
when w = 3, we have

2 =f(t, 2, 2 2 = () + d(t)z + x ()2 + k(8)2", (5.2)
and when w = 4, we have

2= f(t, 2, 2 2 2 = 1(1) 4 q(t)z + s + () +w(t). (5.3)
Differentiating (5.3), we have

2V = f(t, 2, 2, 2, 2 2) = 1) + G0z + 8(8) 2 + ()2 + ()" + A(t)2". (5.4)
Substituting (5.2) and (5.3) into (2.14), (2.15), and (2.16) respectively, we obtain

A1 A2 Az | Znto Bin
Az1 Azx Az3| |Z) 5| = |Ba2n|- (5.5)
Az Azx Aszs| |74 Bsn

The non-overlapping block for third-order DE on the closed interval [t,, t,42], we have

A1r = A1 — (hPag + W' yiwni2) dnre — B y1dn4e,
Arz = — (hPou + B*y1wny2) Xnte — B*Y18042,
Az = — (Ko + M yiwpio) Kngo — h* 10042,
Aoy = — (W3¢ + RPriwnya) dnto — BPragnao,

Agp = Ay — (h2C1 + h3V1wn+2) Xnt2 — hPv1sni,

Azz = — (h*¢1 + RPriwnya) kngo — KU1, (5.6)
Agy = — (W91 + h*o1wni2) Gnyo — K20 1qn12, .
Agzy = — (hﬂl + hzalwn+2) Xnt2 — ho18n42,

Azz = Aq — (h191 + hQUlwnJ,_Q) Ky — h2o10, 10,

Bin=A0Z, + hPOZ;L + h2HUZZ + h?’ﬁan + h30£1¢n+2 + h47'0Gn + h4'71ln+2 + h4’)’1wn+21/1n+2»
Bon = AoZ), + €02 + h*Citbnta + h*noFy + hPwoGy, + hPvily o + h3viwn oo,

B3 o= AoZ! + h91¢n12 + hdoF,, + h*voGy + h201ln 2 + h20 1w 2Pn 1a.
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For the overlapping block for third-order DE on the closed interval [, tn42], substitute (5.2) and (5.3) into (2.33),

(2.34) and (2.35) respectively. We have
Ay = Ay — (BP@1 + h*F1wns2) dniz — B 51002,
Aiz = — (P61 + W' F1wng2) Xn+2 — B 18042,

Az =— (h35£1 + h4’71wn+2) Finyz — W 10012,
Az =— (hZEl + h3'71wn+2) Pni2 — PP D1gny2,
Agxr = Aq — (h2C~1 + h3171wn+2) Xn+2 — h*D15n40,
Azz = — (h261 + h3171wn+2) Fint2 — h*D1vn 1,
Az =— (h1§1 + hQ&lwn+2) Ptz — h* G102,
Azz = — (h'l§1 + h25‘1wn+2> Xnt2 — h*F18n42,
Aszz =A; — (h1§1 + h25’1wn+2) Rn+2 — h2&1”"+2’

Bin = (Ao + 1 Bodn + h*Fogu + h*Fowadn ) Zn + (hpo + h*Boxn + h*Fosn + h*Fownx )

K36y + W F1wns2) Yoz + B (Filnte + Toln)

+ <h2N0 + hSBO"{n + h47:0vn + h4%0wn’{n) Z7/1I + (hSBO + h47:0wn> wn
+

W2 Tlodn + B*@oqy + W’ @owndn) Zn + (Ao + h*foxn + B*@osyn + hP@ownxn) Z),
(heo + KTlokn + h*@ovy + h2Gowykn) Zp + (h*Tjo + K*@own ) n
(h2& + W2 P1wasa ) vz + B (Frlusz + Goln)

+ o+

B2,n
Ba.n = (hdodn + h*Badn + h*Bowatn ) Zn + (hdoxn + h*Bos, + h*Bowaxn) Z,
+ (Ao + hdokn + h2vov, + hzf)ownnn) Z" (hd}, n h%own) ¥n

+ (A + WG w12 ) Ynsa + 12 (Falnss + Toln)

where ¢n 42, Xnt2, Fnt2, Gni2s Sni2, Unt2 and wy, o are (® — 1) x (¢ — 1) diagonal matrices,

¢n+2 = (¢n+p2, wn-"—pga q/}71-%-1)47 1/’n+2)T’ ¢n = (¢na ¢n—p27 wn—pgv wn—p4)Ta

ln+2 = (lnﬂ)za ln+p37 ln+p4a ln+2>Ta ln = (va ln*pza lnfpga lnfm)T

Z/

n

(5.7)

For fourth-order DE, we substitute (5.3) and (5.4) into (2.18), (2.19), (2.20), and (2.21), respectively, we obtain

Ain Az Az Ay | Znto Bin
Az Azx Azs Aol |74 B2
Az1 Asx Aszz Asza| [Z).4 Bsn
Ay Ase Ags Ay |Z)) o Bun

The non-overlapping block for fourth-order DE on the closed interval [t,,, t,t2], we have
A=A, - (h4d1 + h5’71;\n+2) Gn+2 — W°F1dn+2,
Arz = — (W& + W1 Ans2) sniz — B¥18ns2,
Az =— (h45é1 + h5’715\n+2> Un+42 — h55’1@n+27

(=)=
E)NE

(5.8)
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Ara = — (W& + B 518012 wasz — B i,
Az = — (h3&1 + h4"y15\n+2) Gnt2 — B H1Gn 12,
Az = A1 — (Féa + W*51nt2) snvz — h* 3180,
Azz = — (h3&1 + h4’3’15\n+2) Unte — W' A10042,
Azy = — (h36¢1 + h4’3’15\n+2) wnr2 = K A1 ta,
Az = — (hQél + h31715\n+2) Gnt2 — B’ D1Gnya,
Agz = — (h261 + h3915\n+2) Snt2 — h° D180 42,

Aszz = A — (h2§:1 + h3l715\n+2) Unt2 — h31}1®n+27

N B o (5.9)
Azqy = — (h2C1 + h3V1/\n+2) Wnio — KDy a,
Agy =— (h1§1 + h2&15\n+2) qn42 — h2&1@n+27
Ay =— (hﬁl + h25’15\n+2) Sny2 — h2618n 12,
Ayz =— (h'l§1 + h2&15\n+2) Un+2 — h25'117n+2,
Agg=A, — (h'l§1 + h25‘15\n+2) Wn+2 — h25'1711n+2,
Bin = AoZn + hpoZy, + K10 Z) + B*00Z) + b BoFn + h* &G1lnya + h*FoGr + K*¥1lni2 + K251 A ng2ln,
Ban = AoZ), + hpoZy + h*fioZ) + h*BoFy + h*&1lniz + B #0Gr + h* 31l + h* 31 hns2lnz,
Bsn = AoZ) + héoZ) + h>Cilnga + WMo Fn + B2 @0Gh + K D1lnsz + h2 D1 i2lny2,
Ban = AOZ»ZI + h’l§1ln+2 + hdan + h2’00Gn + h25’1in+2 + h26’15\n+2ln+27
for the overlapping block for fourth-order DE on the closed interval [t,, t,42], we have
Aip=A - (h45t1 + h5’_)’1)\n+2) Gn+2 — B°F1Gn+2,
Ap =— <h45£1 + h5’715\n+2) Snt+2 — h5’_)’1§n+2,
Az =— (h46_¥1 + h5’71)\n+2) Unt2 — WP F1 02,
Ay =— <h4C_¥1 + h5’715\n+2) Wpto — KPF11n 42,
Az = — (hsal + h4’71)\n+2) Gnt2 — P 31402,
Azx = Ay — (h35t1 + h4'§1/\n+2> Sn+2 — W' F18012,
b . ~ (5.10)
Azz = — <h3C_¥1 + h4’71)\n+2) Vnta — W10 2,
Agy = — (hsal + h4’=715\n+2) Wn+t2 — h4’=)’1u7n+2,

Az = — (hZC_i + h31715\n+2) Gnt2 — B*D1Gn42,
Azp = — <h2<_-1 + h31715\n+2) Snta — W3 01842,
Agz = Ay — <h251 + h31715\n+2) Upta — WPD10p40,

Azy = — (hZC_i + h31715\n+2) Wnia — B D1y,
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Ay =— (hﬁl + h25’1;\n+2) Gnt2 — h*&1Gn 2,
Ay =— (h1§1 + h2&15‘n+2) Sni2 — h*&18n12,
Ayz = — <h1§1 + hQ&l:\n+2) Unta — B*& 10042,
Ajy=A4,—- (h1§1 + h25’15\n+2> Wnto — WG 1012,

By, = (AO + 14 Bogn + R3Todn + h%ann) Zn + (hﬁo + 14 Bosn + hoTod, + h57_-05\nsn) 7z
+(
+ <h450 + h57‘-05\n) I+ (h4d1 + h5~—yl§\n+2> lnyo + h° (~‘an+2 + foin) ,
(h Botn + W Fodn + h TO)\nqn) (AO + B3 Bosn + h'Fosn + h47=-05\nsn) Z!
(h Do + 13 Bovn + h4Fotn + WA, vn) Z" (h2ﬂ0 + 13 Bown + B0, + h4?05\nwn) Z
( E h'47=-05\n) In + (h3561 + h4‘=)’15\n+2> lpt2 + n* ('z)’lzn+2 + 7='0[n) )

(h2 0n + h2@oGn + h wo)\nqn> Zn + (h ToSn 4+ h*@08én + h>@oAn sn) zZ,

(
<h2n0 + hPa@oh, ) Ly + (h251 + h3171:\n+2> Lnio + h3 (ﬂlin+2 " aoin) ,

(hdoqn + h? VoGn + h ’Uo)\nqn) Zn + (h(fosn + h21_10§n + hg’ljoj\nsn) Z!

W2jio + h*Bovn + B570by + h57‘-05\n11n) Z" (h% + W4 Bow, + K3Toiy, + h57‘-05\nwn> Z"

+ o+
;“

Ao + h2Tovn + h3@otn + h3@oAn vn) Z" (hég + h2Rown + h3@oty + h3<.7:05\nwn> Z"

+ o+

+ (hdovn + W2 + h21705\nvn) Z" (AO + hdowy + h2Totwy + h21705\nwn) Z"
+ (hd_o + h%—;(,}n) L, + (hﬁl + h2&1xn+2) Lnso + h? (&1ln+2 n fr;oin) :

where dn+2, Sn+2, Un+2, Wn+2, (fn+2, §’ﬂ+27 {)n+27 wn+2 and >\n+2 are ((I) - 1) X ((I) - 1) diagonal matricesv
T T
ln+2 = (ln+p27 ln+p37 ln+p4a ln+2) ) ln = (lnv ln*pzv lnfpsv ln*m)

)

“ “ “ N T “ N “ N T
ln+2 = (l’ﬂ+p27 ln+p37 ln+p47 ln+2) 3 I, = (ln7 lnfpza ln7p37 ln7p4) .

5.2. Nonlinear higher-order differential equations. Consider a nonlinear higher-order DE in the form

2 =B ()2 + Po(t, 2)2' 4+ ... 4 Dty 2, 29722 L4 U(t, 2,2, ..., 2% 7Y, w=3,4, (5.11)
where @, @y, ... D, are coefficients of z, 2/, ..., 2%~ respectively and ¥ is the nonlinear term. We apply the
modified-Picard iteration

200 = B1 ()21 + Palt, 20)2hyg o Bty 2,y 207 2)2Y 200+ W(t, 20y 20y oo, 2070, (5.12)

to solve (5.11). The current iteration is denoted by r + 1 and the previous iteration is denoted by r. This equation is
in the linear form (5.2), (5.3), and (5.4) with

¢(t) = \i’<t7 Zry Z;w Z;/)a (Z)(t) = il(ﬂ? X(t) = (i?(t ZT)’ ’i(t) = (I’S(t’ Zr Z;)7
I(t) = U(t, z, z2n, 2l 20, qt) = Di(t), s(t) = Do(t, z.), v(t) = Ps(t, 2, 21),
w(t) - éﬁl(ta Zry 2 7/~7 Z )7 (513)

I(t) =W(t, 2, 20, 27, 27),  q(t) = Bi(t), 3(t) = Da(t, 2,.), 0(t)Ps(t, 2, 2.),

Ty “ry “r
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W(t) = Du(t, 2, 2, 27),  At) = Pa(t, 2, 2, 2, 2").

79 T T

We solve the linear system (5.5) and (5.8) to obtain the numerical solution for the nonlinear IVPs. To apply the
overlapping block method to solve the linear system, we first apply (5.6) and (5.9) to the integration block [tg, t2].
Next, we apply (5.7) and (5.10) to all the subsequent integrating blocks [t,, t,42] for n =2, 3, ..., N — 1 to obtain
the numerical solution for the linear and nonlinear IVPs.

6. NUMERICAL RESULTS AND DISCUSSION
In this section we test the accuracy and efficiency of the method by solving some examples.

Example 6.1. Consider the following nonlinear problem [3]

2
Z”’:M 0<t<

)

T
cos®(z) 4
2(0)=0, Z(0)=1 2"(0)=0,
with the exact solution given as
z(t) = arcsin(t).
In this example,
2'sin(z) (5 + 2 (2cos?(z) + 5sin’(2)))
cosf(z) '
Following Equations (5.12) and (5.13),

o 1+2sin®(z,)
r+1 —

ziv _

cos?(z,)

W 2'sin(z) (542 (2cos?(z,) 4 5sin®(z,)))
Zr+1 - C086 (Z'r) )

are in linear forms. We set
1+ 2sin’(2,)
V= cos®(z,)
2'sin(z,) (54 2 (2cos?(z,) + 5sin®(z,)))
- cosb(z,.)

) ¢:Oa XZO, K:O,

, ¢g=0, s=0, v=0, w=0.

Table 2 shows the absolute errors, maximum absolute errors and computation time achieved using the non-
overlapping and overlapping methods with A = 1/100 over twenty iterations. The results of the non-overlapping
and overlapping methods were compared to those obtained with ITPB09[3]. The table demonstrates that the over-
lapping method gives excellent numerical results compared to ITPB09[3] and the non-overlapping method, in terms
of absolute and maximum absolute errors. Table 3 displays the maximum absolute errors and computation time with
h = 1/100 on the closed interval [0, 7], obtained using the overlapping adaptive step-size approach across three differ-
ent tolerances (T'ol = 1071%,1072° and 10722). The overlapping adaptive step-size approach achieves higher accuracy
with smaller tolerances, but it also demands more computation time as the tolerance is reduced. Figure 5 depicts
the convergence graph of both the non-overlapping and overlapping methods, showing that the overlapping method
converged faster after the fourth iterations.

Example 6.2. Consider the fourth-order nonlinear IVP [4]
2 = ()% — 2" — 4t + et (1 f4t+t2), 0<t<1,
2(0)=1, Z'(0)=1, 2"(0)=3 2"(0) =1,
with the exact solution given as

2(t) = t2 + €.
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TABLE 2. Absolute error (| z(tn+p;) — Zn+p; |) and maximum absolute error for Example 6.1 with
h=0.01,t¢e0, T].

t ITPBO9 [3] Non-Overlapping Overlapping
0.1 0 2.13268 x 1072 9.34272 x 10726
0.2 5.55111 x 1077 2.20666 x 10~ 4.05762 x 10725
0.3 1.11022 x 107'¢ 1.22148 x 1072 9.42129 x 10725
0.4 3.33067 x 10716 6.28176 x 10723 1.72996 x 10724
0.5 4.44089 x 10716 3.81534 x 10722 3.01902 x 10724
0.6 4.44089 x 10716 3.32662 x 10~ 8.53340 x 10724
0.7 5.55111 x 10716 5.42307 x 10720 1.35741 x 10722
MAXERR. (maz;| z(tntp;) — Zntp; |) 2.79297 x 10718 1.42930 x 1072°
CPU Time 0.2355 0.3183

TABLE 3. Numerical results for Example 6.1 with ¢ € [0, 7].

h Tol Methods MAXERR CPU Time
10~ Overlapping 8.95273 x 10~ %2 0.4892

L1072 Overlapping 1.11252 x 10-23 0.6713
10~22  Overlapping 2.28150 x 10~26 1.1004

ol — Non-Overlapping
...... Overlapping

10-11_

Norm(Z

10-21 =

iterations

1

FIGURE 5. Convergence graph for Example 6.1 with h = 155.

The fifth derivative is given by
2V = (22" = 2" — 2 () — 22") + (47 — ' (1 — 4t + 1)) 2 — 8t + €' (=3 — 2t + ).
Following Equations (5.12) and (5.13),
2%, = (20)? — 22l — 4t + e (1 — 4t +¢%),
20 =220 — 22 — 2 ((21)° — 22 ) 4 (487 — €' (1 — 4t + %)) 2, — 8t + €' (=3 — 2t + t7),
are in linear forms. We set
l=(2)? =2z -4 +e' (1—4t+1*), ¢=0, s=0, v=0, w=0,

(=)=
E)NE
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TABLE 4. Absolute error (| z(tn+p;) — Zn+p; |) and maximum absolute error for Example 6.2 with
h= i, t €0, 1].

3207

t I2PBDO6 [4] Non-Overlapping Overlapping

0.103125 0 4.27643 x 1071 9.19949 x 10~

0.206250 3.90992 x 10716 6.74423 x 107%° 7.42356 x 10740

0.306250 7.24419 x 10716 3.25745 x 1078 2.39449 x 10739

0.406250 9.99369 x 10716 1.00346 x 10737 5.47436 x 10739

0.506250 1.29479 x 107 2.40730 x 10737 1.03515 x 10738

0.603125 0 4.82338 x 10737 1.71014 x 10738

0.703125 1.51633 x 107*% 8.85567 x 107%7 2.64519 x 10738

0.803125 2.86323 x 10715 1.49761 x 10736 3.85039 x 10738

0.903125 4.56227 x 10715 2.37844 x 10736 5.35387 x 10738
MAXERR. (maz;| 2(tatp;) — Zntp; |) 3.59487 x 10730 7.18511 x 10738

CPU Time 1.2767 1.9243

TABLE 5. Numerical results for Example 6.2 with ¢ € [0, 1].

h Tol Methods MAXERR CPU Time
0.2 Overlapping 1.29631 x 1016 0.0479
10710 ODE45 9.78817 x 10712 0.0142
ODE23 2.41496 x 1010 0.0780

Overlapping 6.04135 x 10~2° 0.0863
10—12 ODEA45 1.18128 x 10~13 0.0205
ODE23 2.42339 x 1012 0.1561

[= (22 =22 — 2 ((20)? — 2zo2") — 8t + et (=3 — 2t +17), ¢ =4t> — €' (1 — 4t +1?),

T T

§=0, =0 w=0, A=0.

Table 4 presents the computation time, absolute errors and maximum absolute errors for the non-overlapping and
overlapping methods, with A = 1/320 over twenty iterations. These results are compared with those of I2PBDO6
[4], which uses the same step-size. The overlapping method outperformed the two methods across all metrics. Its
absolute errors and maximum absolute errors are smaller than those of the non-overlapping method and 12PBDOG6 [4],
demonstrating the advantages of the overlapping method in terms of accuracy and stability. Table 5 shows the
maximum absolute errors and computation time achieved with the overlapping adaptive step-size approach. When
compared with ODE23 and ODE45, the overlapping method performs effectively in terms of accuracy, with maximum
absolute errors improving significantly as the tolerance (Tol) is reduced. However, this enhanced precision requires
higher computation time. Figure 6 illustrates the convergence graph for the non-overlapping and overlapping methods.
Both methods converge at the twelfth iterations, highlighting the good performance of the overlapping method.

Example 6.3. Consider a third-order linear system [3] given as

1
2 = s (81721 + 139325 + 44823), 21(0) =2, 21(0) =—12, 2{(0) = 20,
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10F" g
— Non-Overlapping
0% e Overlapping ]
’:E‘, 10-19 1
g
1020 ]
o T ]
6 5 1‘0 1‘5 2‘0
iterations
F1GURE 6. Convergence graph for Example 6.2 with h = ﬁ.
2’ = — o (114121 + 283725 + 89623),  22(0) = =2, 23(0) =28, 25(0) = —52,
1
2’ = 735 (305921 + 43192 + 159225) , 2(0) = ~12,  2(0) = =33, #(0) =5,

with the exact solution given as
21(t) = et — 2e* + 37,
25(t) = 3¢’ + 22t — Te 73,
23(t) = —11le* — 5e? 4 e 3.

Table 6 compares the maximum absolute errors and computation time for different step-sizes (h = 1/10,1/40,1/80)
over ten iterations on the closed interval [0,2] using the non-overlapping and overlapping methods. The results confirm
the good accuracy of the overlapping method achieving smaller errors for all functions z1, 2z, and z3, despite its slightly
higher computational cost. Table 7 presents the maximum absolute errors and computation time using the overlapping
adaptive step-size approach for h = 0.2 and h = 0.5 with different tolerances (T'ol). The results indicate that the
overlapping method achieves the best accuracy. However, in terms of computation time, it is slightly slower than
ODE45 but faster than ODE23. Figures 7, 8, and 9 display the convergence graphs for z1, 2z, and z3, respectively,
showing that the overlapping method converged faster after the third iterations. Figure 10 depicts the exact and
numerical solutions of the overlapping method for z1, ze, and z3 with A = 1/10, demonstrating that the numerical and

exact solutions coincide, emphasizing the efficiency of the overlapping method.

Example 6.4. Consider a fourth-order linear system [4]

20 =2 2(0)=1, 2(0)=1, 2/0)=1, 2/(0) =1,

20 =2 2(0)=—1, 25(0)=—1, 2J(0)=-1, 2z'(0)=—1,

28 = —2l — 23 —cos(t), 23(0)=—1, 25(0)=0, 25(0)=1, =2§'(0)=0,
200 = =2 — 24— 2cos(t), z(0)=—2, 2,(0)=0, 2J(0)=2, =z/"(0)=0,

with the exact solution given as

21 (t) = €,

2(t) = —e,
z3(t) = —cos(t),
z4(t) = —2cos(t).
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FI1GURE 7. Convergence graph for z; in Example 6.3 with h = 8—10.
107°F ]
b — Non-Overlapping (z,)
----- - Overlapping (z2)

ool ]
S
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10—20: i

2 4 6 8 10
iterations
F1cURE 8. Convergence graph for z9 in Example 6.3 with h = 8—10.
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FI1GURE 9. Convergence graph for z3 in Example 6.3 with h = 8—10.



822
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h z Non-Overlapping Overlapping
21 1.21534 x 107 9.47693 x 10~
0.1 2o 3.05899 x 10~1¥ 223912 x 10713
zg 142510 x 10713 1.23923 x 10713
CPU Time 0.1274 0.1381
21 1.04563 x 10~ 3.01961 x 10~%0
0.025 zo  2.59635 x 1071 7.09723 x 10720
zs  1.25715 x 107 3.98110 x 10720
CPU Time 0.3669 0.5986
21 9.95333 x 1072 1.54919 x 10~
0.0125 2o 2.46764 x 10722 3.63886 x 10723
zg  1.20002 x 10722 2.04450 x 1023
CPU Time 0.7585 1.1557

TABLE 7. Numerical results for Example 6.3 with ¢ € [0, 2].

h Tol Methods MAXERR CPU Time
0.2 Overlapping 1.41077 x 1012 0.1065
1010 ODE45 447552 x 1077 0.0338
ODE23 2.66006 x 108 0.2482
0.5 Overlapping 2.20466 x 10~ 0.0250
1077 ODE45 3.73085 x 1076 0.0135
ODE23 2.62768 x 1075 0.0355
100+

x —100¢
-200+ — Exact solution
« Numerical solution
-300¢
0.0 0.5 1.0 1.5

FIGURE 10. Numerical vs Exact solution for z1, zo and z3 in Example 6.3 with h = %, te|o, 2.

Table 8 displays the maximum absolute errors and computation time, using the non-overlapping and overlapping
methods. The overlapping method outperforms the non-overlapping method in terms of accuracy, yielding smaller
maximum absolute errors across all step sizes. This confirms the good performance of the overlapping method.
Table 9 presents the maximum absolute errors and computation time obtained using the overlapping adaptive step-
size approach with h = 0.2 and h = 0.5 over ten iterations with specific tolerances (Tol). The overlapping adaptive
step-size method achieves the best accuracy overall, particularly for h = 0.2, where its error is significantly lower than
a0
o0
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3
Z4
2,
1T — Exact solution
« Numerical solution
g O
Z3
M
_1F 2 i
_2f z
—3b . . . .
0.0 0.2 0.4 0.6 0.8

FIGURE 11. Numerical vs Exact solution for z1, 29, 23 and z4 in Example 6.4 with h = 1—10, t € [0, 1].

TABLE 8. MAXERR (maz;| z(tntp,) — Zntp;

) for z1, 22, 23 and z4 in Example 6.4 with ¢t € [0, 1].

h z Non-Overlapping Overlapping
0.1 21 9.09267 x 10721 4.31883 x 102!
29 9.09267 x 10721 4.31883 x 107!
z5  5.94868 x 10721 3.34199 x 102!
za  1.18974 x 10720 6.68398 x 1072!
CPU Time 0.1031 0.1223
0.025 z1 5.80881 x 10727  8.75993 x 10~ %8
zo  5.80881 x 10727  8.75993 x 1028
zg 413562 x 10727 7.62448 x 1028
za  8.27125 x 10727 1.52490 x 1027
CPU Time 0.4166 0.6116
0.0125 z1  5.20115 x 10730 4.16465 x 10731
zo  5.29115 x 10730  4.16465 x 1073!
23 3.81784 x 10730 3.69405 x 1073!
24 T7.63567 x 10730 7.38810 x 10731
CPU Time 0.8461 1.3089

that of ODE45 and ODE23. For h = 0.5, the overlapping method demonstrates competitive performance in both
accuracy and computation time. Figure 11 illustrates the exact and numerical solutions for z1, 29, 23, and z4 obtained
through the overlapping method with A = 1/10. The results demonstrate a strong agreement between the numerical
and exact solutions, emphasizing the efficiency and accuracy of the overlapping method.

Example 6.5. Consider a third-order nonlinear system [18] given as

1
A= 3% e, z(0)=1, 2(0)=-1, 2/(0)=1,
8
2 = 34 ze®, 2(0) =1, 2(0)=-2, 2/(0)=4,
2y’ = 21221, 23(0)=1, 2(0)=-3, =25(0)=09,
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TABLE 9. Numerical results for Example 6.4 with ¢ € [0, 1].

h Tol Methods MAXERR CPU Time

0.2 Overlapping 2.79064 x 10~'7 0.1464
10715 ODE45 1.68754 x 10~ 0.0595
ODE23 1.98064 x 1013 1.7617

0.5 Overlapping 4.08033 x 10~ 0.0528
X
X

1013 ODE45 1.89182 x 10713 0.0299
ODE23 8.96172 x 1013 0.7089

1075 — Non-Overlapping z;
----- - Overlapping z4
1077 1
N 1070 1
€
S
b4
10—11 L i
o T 4
-150. .
10 0 2 4 6 8 10
iterations
FiGure 12. Convergence graph for z; in Example 6.5 with h = 1—10, t €0, 3].

with the exact solution given as
2 (t) =e
2(t) = e 2,
z3(t) = e 3t

Table 10 presents the maximum absolute errors and computation time obtained using h = 1/10 and ten iterations
on the closed interval [0,b], with different values of b for tolerances Tol = 10~8 and 10712, The overlapping adaptive
step-size approach, FDTHBS [18] and Matlab solvers ODE45 and ODE23, were compared. For tolerance Tol = 1078
and b = 3, the overlapping method yields much smaller maximum errors (10713). At Tol = 10~!2 and b = 6, the
overlapping method maintains its accuracy advantage over ODE45, ODE23 and FDTHBS [18]. Despite the slightly
longer computation time for the overlapping method, its superior accuracy is clear. Figures 12, 13, and 14 depict
the convergence graphs for z1, 29 and z3 obtained using the overlapping and non-overlapping methods on the closed
interval [0, 3] with A = 1/10. The graph shows that the overlapping converges faster than the non-overlapping method
at the third iterations.

7. CONCLUSIONS

In this study, an overlapping adaptive step-size multi-derivative HBM was developed for higher-order IVPs. The
method utilized the second-to-last intra-step point from the previous step in each integrating block. Within a two-step
block, three intra-step points were taken into consideration. In addition, the method incorporated an adaptive step-
size formulation to enhance its effectiveness. For solving nonlinear IVPs, the modified-Picard iteration technique was
applied to linearize the problems. The effectiveness of the method was validated via numerical experiments, which were
compared with similar non-overlapping and other established methods as presented in Tables 2-10 and Figures 5-14.

(=)=
E)NE
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105] — Non-Overlapping z,
..... - Overlapping z;
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Ficure 13. Convergence graph for z; in Example 6.5 with h = 1—10, t €0, 3].

10710¢ 3
R — Non-Overlapping z3
----- - Overlapping z3

107" 3
5
£
o
z

107"2¢ E

LT 2 e P PP PP B

2 4 6 8 10

iterations

F1GUurE 14. Convergence graph for z3 in Example 6.5 with h = 1—10, t €0, 3].

TABLE 10. Numerical results for Example 6.5 with h = 15, ¢ € [0, b].

Tol b Methods MAXERR(z;1) MAXERR(z) MAXERR(z;) CPU Time
1008 3  Overlapping 1.9141 x 107 1.9928 x 10713  1.5908 x 10713 0.1850
ODE45 1.8466 x 1078 2.5643 x 107° 1.7200 x 107° 0.0152
ODE23 1.7418 x 1077 2.9474 x 1078 6.0908 x 107° 0.0464
FDTHBS [18]  4.3654 x 1078 3.0841 x 1078 24332 x 1078 0.1726
1072 6  Overlapping 5.9266 x 107  2.8141 x 107  2.5966 x 10717 1.3578
ODE45 6.1205 x 1078 3.6520 x 107° 5.5952 x 101! 0.0913
ODE23 6.1882 x 1078 4.3340 x 107° 8.6448 x 10! 0.8425
FDTHBS [18]  4.5391 x 107 2.8727 x 107%  4.5412 x 1071° 0.5646
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These experiments confirmed that the overlapping adaptive step-size multi-derivative HBM performs much better in
terms of accuracy than the Matlab solvers ODE23 and ODE45 as well as the non-overlapping methods in the literature.
The estimation error and adaptive step-size strategy presented in this study successfully overcome the limitations of
existing numerical methods for solving IVPs, which often use small fixed step-sizes that require unnecessarily small
steps across the entire integration interval. The adaptive strategy used in the method introduces specific challenges,
such as the need to estimate local errors accurately, determine whether to accept or reject a step, and decide on a
new step size. More research is needed to extend the applicability of the overlapping adaptive step-size technique
for boundary value problems (BVPs), bivariate overlapping HBM for PDEs and generalized multi-point overlapping
HBM for IVPs and BVPs.
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