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Abstract - ~

A mathematical and computational study of the impact of rotation on the thermal convection of
partially-ionized plasma has been explored using both linear and nonlinear analyses. The method
of normal mode analysis has been used to study the linear analysis whereas, for nonlinear analysis,
we have used the generalized energy method. For numerical analysis, we have employed the Galerkin
method. It has been found that the Rayleigh number for nonlinear analysis is the same as station-
ary convection. Hence, we concluded that there is no sub-critical region and the system is globally
stable. The effect of collision plays an important role in the energy decay analysis. It has also been
observed that for stationary convection, the collisional frequency has no impact on stability, whereas
rotation stabilizes the system. The effect of various parameters has also been discussed for oscillatory
convection. The stability characteristics for different bounding surfaces are examined. For low rotation
rates, partially ionized plasma confined between rigid-rigid boundaries is the most stable configuration;
however, at high rotation rates, the free—free bounding surfaces yield the greatest stability.
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1. INTRODUCTION

In many areas of fluid dynamics, the theory of Bénard convection is considered a basic problem of uttermost
importance. In 1900, Bénard demonstrated the onset of thermal convection in fluid [5]. In most circumstances, the
expansion of fluid in the bottom portion is a result of the rising temperature of the fluid layer, which is heated from
below, and hence becomes lighter as compared to the fluid in the upper layer. This system is potentially unstable due
to the top-heavy arrangement. When the difference in temperature or the depth of layer is adequately large, fluid will
tend to redistribute itself. In this redistribution, lighter fluid rises to the top and heavier fluid sinks to the bottom.
This cycle of rising and sinking creates a continuous flow of the fluid, allowing heat to transfer from one place to
another. This motion has a stationary cellular character, which is observed as a regular hexagonal pattern so long as
proper precautions are taken when doing the experiment. Lord Rayleigh established the theoretical framework for a
valid explanation of Bénard’s experiment in 1916.

Bénard convection with rotation has been studied extensively, both experimentally and theoretically [5, 6, 10, 15].
The Coriolis effect causes the pattern of convection cells to alter as the system rotates. The rotation of the system
and conservation of the fluid’s angular momentum led to the Coriolis effect. The impact causes the fluid to travel in a
spiral pattern, which can either strengthen or weaken the convection cells, depending on the direction of rotation. In
many fields of engineering and geophysical fluid dynamics, such as the study of the Earth’s mantle and the dynamics
of ocean currents, it is crucial to understand the interaction between rotation and convection.
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Partially-ionized plasma (PIP) is a state of matter made up of both charged and neutral particles. Molecular clouds,
cometary tail, the solar atmosphere, the interstellar medium and many other astronomical environments all include
partially-ionized plasma with varying degrees of ionization [13]. Numerous examples of interaction between neutral and
ionized gas constituents in cosmic physics have been discussed by Alfvén [1]. The dynamics of plasma are significantly
affected by the interaction of charged and neutral components. Fluid instabilities such as thermal, thermosolutal,
Rayleigh-Taylor and Kelvin-Helmholtz have been demonstrated to be influenced by the effect of partial-ionization
[13]. The properties of PIP can be quite complex and depend on various factors, such as temperature, pressure, and
the composition of the plasma. It has been essential to understand and control these properties for many practical
applications, such as energy production, weather forecasting of space and plasma medicine.

The physical significance of thermal convection in a rotating PIP has been observed in various laboratory and
astrophysical plasmas. The Coriolis force due to the rotation of plasma affects the fluid flow and thermal convection
processes. In astrophysics, for example, the rotation of stars can lead to the formation of convection cells in the PIP
within the stars. The rotation can modify the size and shape of the cells, affecting the transport of energy and material
within the stars. The resulting thermal and magnetic structures can have important implications for the evolution of
the stars and the production of heavy elements.

Previously, the linear study of the effect of collision and the effect of rotation for free-free bounding surfaces has
been studied by Pensia, Shrivastava and Patidar [9], Sharma and Sharma [10], Sharma and Sunil [12] and Sunil and
Sharma [18] and references therein. More recent studies by Chandel and Sunil [3] and Chandel et al. [4] investigated
the effects of rotation and magnetic fields on the onset of thermal convection in PIP, considering different boundary
configurations. Their findings, based on the single-term Galerkin method for numerical analysis, indicated consistent
stability results across both linear and nonlinear analyses for various boundary conditions. Nonlinear and linear
analyses with different boundary conditions have not been explored in any of the aforementioned studies. Nonlinear
analysis provides a more accurate representation of the complex behaviour of the system, including the effect of
nonlinear interactions between different physical processes. Also, this theory predicts sufficient conditions for stability.
On the other hand, a linear analysis yields sufficient criteria for the instability of the system. The different boundary
analyses are a crucial part of our study, as different boundary conditions impose different conditions on PIP, such as
rigid-rigid boundaries imposing a no-slip boundary condition.

Keeping in view the importance of current investigation in engineering applications, including a variety of astro-
nomical phenomena, our works deal with the linear and nonlinear analyses of a rotating compressible PIP, confined in
different combinations of bounding surfaces. Linear analysis has been studied by the normal mode analysis method
[5, 16], whereas a generalized energy method [6, 15] has been used for nonlinear analysis. For numerical computa-
tion, the Galerkin method has been employed [2, 7, 17]. Also, the influence of rotation, collisional frequency and
compressibility on stationary and oscillatory convection for all three mentioned bounding surfaces has been explored
in this work. To the best of our knowledge, linear and nonlinear analyses by including the effect of rotation and
compressibility for different bounding surfaces have not been explored before, so this study will be of great practical
importance in the field of plasma dynamics.

2. FORMULATION OF PHYSICAL PROBLEM AND PERTURBED EQUATIONS

We consider a horizontal infinite layer of thickness d of compressible partially-ionized plasma, having density p,
which is permeated with the neutral components of density pg. This layer is acted on by a gravitational force in
negative z-direction i.e., g = (0,0, —g) and a uniform vertical rotation © = (0,0,€). This infinite horizontal layer
of composite plasma is heated from below and a uniform temperature gradient (: ’%D is maintained. Figure 1
represents the geometrical configuration of the physical system.

Here, we make the assumption that the partially-ionized plasma obeys the continuum hypothesis and behaves
like a continuum fluid. Moreover, the effects of rotation, pressure and gravity on the neutral components of this
partially-ionized plasma are negligibly small, so they can be ignored.

The equations governing the flow of rotating compressible partially-ionized plasma [8—10, 18] are

= t@-V)p+pV-q=0, (2.1)
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FIGURE 1. Geometrical configuration of the physical system.
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In writing Eq. (2.2), the use of the Boussinesq approximation has been made.
Equation of motion for neutral components will consist of an opposite and equal term to that in Eq. (2.2) for
ionized components and so it can be written as
994

-+ (9q-V)qq = —vc(qa — q) . (2.5)

Here, q, 44, t, po, Pms Pds D, I Ves V, Cpy K, T, To, T, Tq and o denote the velocity of ionized components of
PIP, velocity of the neutral components of PIP, time, density at z = 0, constant space average of density, density of
the neutral components of PIP, pressure, coefficient of viscosity, collisional frequency among the composite medium
components, kinematic viscosity, specific heat at constant pressure, thermal diffusivity, temperature, temperature at
z = 0, temperature at which p = p,,, temperature at z = d and coefficient of thermal expansion, respectively.

The contributing terms due to the presence of rotation: (a) —igrad <|Q X r|2) (i.e., Centrifugal force) and (b)

2 (2 x q) (i.e., Coriolis acceleration) [5]. Here, the centrifugal force combines with the pressure term in Eq. (2.2) to
become the reduced pressure, defined as p = py — [ x r|2, where py stands for fluid pressure. On the other hand,
the effect of Coriolis acceleration has been studied by examining the effect of rotation.

Here, we assume the steady basic state [11], which is given by q = q, =0, p = p, (2), p =p, (2), T =T, (2) and
q; =4dy, =0, where we have

Do (2) = Pm —g/ (pm + po) dz,
0

pb(z) :pm[l_a(T_Tm)+Km(p_pm)]’
Tb (Z) = —,Bz + T(), (26)

10p 10p
= — _—— K = — _—_—
“ <p8T>m’ " (p5p>m’
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where the basic state is represented by the subscript ‘b’.
The state variables: pressure, temperature or density can be stated in the form of

X ('r7 y) Z’ t) = X/(x’ y? Z’ t) J’_ XO(Z) + Xm7

where X’ is the fluctuation resulting from the motion, Xj is the change when there is no motion and X,, is the
constant space average of X [11, 14].

Consider ' = (u,v,w), 0, dp, p’ and q;i = (¢,r,s) be the small perturbations in velocity of ionized component,
temperature, density, pressure and velocity of neutral component of partially-ionized plasma, respectively. The change

in the density is given by dp = —p,,af, which is due to the perturbation in temperature. Then the appropriate
equations for perturbation, under the approximations of Spiegel and Veronis [14], are
V.-q =0, (2.7)
0 ! 1 ~ Ve ’
a% +(d'-V)d' = —/TVP’ + abgk + V3 + P27 (qd - q’) +2(d' xQ), (2.8)
00
P V)=V + (- L) w, (2.9)
ot Cp
M4 (o 7)), = - 2.10
2 T V)= —ve(da—d). (2.10)

The boundary conditions (BCs) are
q =0, q;:O, f=0atz=0,d,

and plane tiling periodicity is satisfied by q/, q/d, 0.

3. STABILITY ANALYSIS (NONLINEAR)

To investigate the stability using the energy method, the governing Eqs. (2.7)—(2.10) in non-dimensional form by
using the following non-dimensional quantities and non-dimensional parameters

_ d? /_ T _ _ BdPr ; _ pov?
t="9t" o =%q*, qy=5q) z=2"d, 0="52400% p = o pr,

R=ef p_p [ _ved pp_v T, - (—29512)2 and G = <.

VK po’ v K g

Here, R, L, Pr, T4, and G denote Rayleigh number, the parameter to measure the effect of collisional frequency,
Prandtl number, Taylor number and compressibility parameter, respectively. The non-dimensional form (dropping
asterisk) of the perturbation Egs. (2.7)—(2.10) are given as

V-q=0, (3.1)

0 . .

S+ (@-V)a=—Vp+ R0k +Via+ FL(qa—a) + T} (a x k), (3.2)
90 _ o2 LRy

Pr[at—i—(q V)@} =V 9+(1 G)R w, (3.3)

0

% + (a4 V)as = —L(qs —q). (3.4)

Now, let us observe the effect of the collisional frequency of neutral components on the decay of energy. Since the
convective term of the equation of momentum of neutral components is free from collisional frequency, we ignore this
term and focus on finding the value of velocity of neutral components from Eq. (3.4), by using the normal mode
analysis technique, where we are looking for a solution whose time dependence is of the form

f(z).exp{t(kyx + kyy) + nt},

(&)
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where k; and k, (a2 = k2 + k;) are horizontal wave numbers and n is the frequency of the harmonic disturbances
[10]. Letting n = &, we have from Eq. (3.4),

L

qa = n+ 79 (3.5)
Using Egs. (3.5) and (3.2) becomes

[1 L FL(n+ L)‘l} nq+ (q-V)q=—Vp+ R0k + Viq + T/ (q X 12) . (3.6)
Now, applying the operator k - curl and k - curlcurl on Eq. (3.6), we have

{1 L FL(n+ L)*l} nC+k-curl[(q- V) q) = V2¢ + TV, (3.7)

{1 + FL(n+ L)fl} nV2w — k- curleurl [(q - V) g = RY?V26 + V4w — Tj‘/zg. (3.8)
Also, from Eq. (3.3), we get

00, 2 1 1/2

Pr 5t (4. -V)0+(q-V)0,| =V, + 1—5 R 2w, (3.9)
Multiplying Eq. (3.7) by ¢, Eq. (3.8) by w, and Eq. (3.9) by 6, and using integration over V, we get

1 FL1d. ., T2 .

3 |1 ] 60 = ~T% ) ~ IVl - (ok- curl (a - 9) ) (3.10)

% [1 + anL] %HVwH — RY2(VwV16) — || V?uw|]® = (wk - curleurl [(q - V) q]) + Ty'* (wiz) (3.11)

Pr d G-1

D 0-1? = (S5 ) B2 (w02) — 19011+ Prio.ca- Vo), (312)

where (-) denotes the integration over V; ||-|| denotes the L? (V') norm; and V denotes typical periodicity cell.

Now an L? energy, F (t), is constructed to study the nonlinear stability, from Eqs. (3.10)—(3.12), the evolution of
energy is as follows

dE

— = Iy — Dy + Np. 1
ar 0 o+ No (3.13)
Here,
A1 FL A FL
B=3 |t o] Ivui? - 2 e 25 b+ e (3.14)
- g 1/2 1/2 1/2
I() = e R <wzt9z> + )\1R (Vle19) + TA ()\1 + )\2) <w(z), (315)
Do = M| V2w|* = )| V¢ + |-, (3.16)
No = Pr(f..q - V8) — A\ (wk - curleurl [(q - V) q]) + A2 (Ck - curl [(q - V) q]), (3.17)

with A\; and Ay being two positive coupling parameters.

Here, energy is consumed due to rotation, as indicated by the negative sign with the term %HC ||2 in the energy
equation (3.14).
oo
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Now, defining

Iy
m = max Dy’ (3.18)
where H is admissible solution space.
Then, we require m < 1, so that
dE
dt
where a, =1 —m (> 0).

< —ao,Do + No, (3.19)

3.1. Construction of generalized energy. Generalized energy functional is introduced to study the (conditional)
nonlinear stability and to dominate the nonlinear terms, which is given as

Eq(t) = E(t) + boE1 (t), (3.20)

and the complementary energy F(t) is given by
1 FL 2 Pr 2
Eit)y== |1+ —— —|Ve 21
L) = 5 |1+ | Ival + S, (3.21)

where b, in Eq. (3.20) is a positive coupling parameter.

dE

ditg S —GQDO + NO + bOII - b0D1 + boNl, (322)
is the evolution of E, (t).

Here,
2G —1

I = ( g >R1/2 (Vw - V8), (3.23)

Dy = [|V20]" + [|Val*, 3.24)

Ny = Pr{q-VOV?0) + (q-Vq-Vq). (3.25)
Now, we recall the embedding theorem and some results as

[Vw| <|[Val, sup|G| < C*||V?G|, G € {a,6}. (3.26)

Here, the value of C* has been given by Galdi and Straughan [6], which represents the computable positive constant
depending on V.

Therefore, from Eq. (3.23) using (3.16), (3.24), and (3.26), the Cauchy-Schwarz and the Young’s inequalities, we
get

— 1/2 2 _1\2
- <Vw(2G1)R v9> Sbo;o D, +(2G 1) bR

G’ 2G%e2mt 0
defining
o bO
Dy = %Do + EDly (3.27)
and choosing
2,4
53:1andbo:Lﬂ2.
2G-1)"R
It then easily follows that
bolh < Ds. (3.28)
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Now, estimate N7 and Ny by using (3.20), (3.21), (3.24), (3.26), and (3.27), we find the results as

9\ 3/2 FL 1712
N, <C* <bo> {(Pr)1/2 - [1 + M] DyE)/? (3.29)
9\ 3/2 by \ /2
Ny < C* <bo> {(Pr)1/2 20 + 2(‘21()2) DyEL? . (3.30)
Using Eqs. (3.27)—(3.30) in Eq. (3.22), we get
dE,(t .
;t( ) < _p, (1 - AE;/2) , (3.31)

where

FL \ Y2
P 1/2 1 e
(Fr) +< +n—i—L)

} 9\ 3/2
A=c (=
c (b) {bo

This estimation allows us to show a theorem for conditional nonlinear stability.

b )\ 1/2
+(Pr)1/2—|—2)\1+2< 0 2) } (3.32)

o

Theorem 3.1. There exists a constant K* > 0, such that the inequality
E, (t) < E, (0) exp { (1 — A/ (o)) (—K*) t} , (3.33)
holds ¥ t > 0, if we consider 0 < m < 1 and E4(0) < A2, where the value of A is given by Eq. (3.32).

Proof. The given hypothesis together with inequality (3.31) confirms that

dE,(0)
0.
it

Therefore, by using recursive argument, the result obtained from inequality (3.31) as

dE,(t ~

% < D, (1 - AE;/2(0)) Vit>0. (3.34)
To show the existence of K* > 0 such that

—K*E,(t) > —Ds. (3.35)

From Eq. (3.20), using Poincaré-type inequalities and Egs. (3.16), (3.24), and (3.27), we have

1 FL m
E, < —=<{Pr+2(14+—— 1+ —— ) Ds.
g_7r2{ rt ( +n+L>}< +1m> ?

Let k, > 0, such that

m

ko > , .

“1-m (3.36)
we have

1 FL

E, < —=<{Pr+2|14+—— 14 k,) Ds.

gﬂ{ T+ (+n+L)}(+ ) Dy
Letting

K* = i

)

{Pr—l—Z(l—l—ffL)}(l—&-k‘o)



CMDE Vol. 14, No. 2, 2026, pp. 502-518 509

with k, given by (3.36), then from (3.34) and (3.35), we obtain

d%"t(t) < —K*E,(t) {1 - AE;/Z‘(O)} L Yi>0. (3.37)
Integrating (3.37), we get
E,(t) < E,(0) exp {—K* {1 . AE;/Q(O)} t} . (3.38)

O

Inequality (3.34) yields sufficient conditions to ensure the decay of generalized energy. From inequality (3.38), it
follows that E, (t) — 0 as t — oo monotonically. Since K* involves the effect of collisional frequency, it shows that
the collisional frequency played an important role in energy decay.

3.2. Variational problem. Returning to Eq. (3.18) to get the maximum of the problem at m = 1 by applying the
calculus of variation. After applying the transformations w = /A w and ¢ = v/A2(, the corresponding Euler-Lagrange
equations (dropping caps) are as follows

G -1\ RY? AL+ A
4 1/2 p1/2 w2 1/2 1 2 o
2V*w + (G) Wezz + N RYVPVI0-T, (W . =0, (3.39)
G -1\ R'/?
2 1/2 p1/2 o2, _
2V azz + (G) )\}Twzz + )\1 R / Vlw = 07 (340)
2 12 [ A1+ A _
1 M2
Now, the plane tiling form is assumed as
(w,¢,0) =[W(2),Z(2),0(2)] ¥ (z,y). (3.42)
Here,
ViV + ¥ =0, (3.43)

‘a’ is the wave number.
We find that Eqgs. (3.39)—(3.41), with the help of expressions (3.42) and (3.43) gives

2 2)2 12 (G-1 D? 1/2, 2 12 [ A1+ A2 _
1 A2
-1 1/2
2(D* - a”) DO + (GG> ];/2 D*W — A2 RY2 2w =, (3.45)
1

2 2 1/2 AL+ Ao _

2(D*—a®) Z+Ty (W) DW =0. (3.46)
1 A2

The BCs appropriate to Eqs. (3.44)—(3.46) are given as:
For free-free boundaries

W =0, D°W =0, DZ=0, ©=0, D’ =0at z=0, 1. (3.47)
For rigid-free boundaries
W =0, DW=0,Z=0,0=0, D?’©0=0at z=0,

2 2 (3.48)
W=0, D°W =0, DZ=0, ©=0, DO =0at z =1.
For rigid-rigid boundaries
W=0, DW=0,2Z=0,06=0, D’°0=0at z=0, 1. (3.49)
(&)
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The case of two free-bounding surfaces is of little physical interest and is most appropriate for a stellar atmosphere,
but it is mathematically important and its properties guide our analysis. Other bounding surfaces are practically
important and represent a logical endpoint within the physical world. Rigid-rigid bounding surfaces are often encoun-
tered in various engineering applications, such as laboratory plasmas. Moreover, rigid-rigid boundaries can also impose
certain boundary conditions on the plasma, such as the no-slip boundary condition, which states that the velocity of
plasma at the boundary should be zero.

4. NUMERICAL AND COMPUTATIONAL ANALYSES

For numerical analysis, the Galerkin-type method has been used to solve Egs. (3.44)—(3.46) with BCs (3.47)—(3.49).
Here we define boundary conditions-compliant solutions as

N
W= AW, (4.1)
i=1
N
©=> B0, (4.2)
=1
N
Z=Y CiZ, (4.3)
i=1

in which W;, ©;, Z; are base functions satisfying the BCs and A;, B;, C; are unknown coefficients, i = 1,2, 3, .....
Accordingly, W, © and Z are taken for different boundaries.
For free-free bounding surfaces, the BCs are given by (3.47), the exact solutions [5] are

T
272 + a2

W; =sin(inz), ©; = sin(inz) and Z; = <29d> <

> cos(imz). (4.4)
v
For rigid-free bounding surfaces, the BCs are given by (3.48), the basis functions [19] are as
W;=2>(1-2)[(i+2)—22'], ©; = 2" — 22" 4+ 2" and Z; = 32"T! — 22"72. (4.5)
For rigid-rigid bounding surfaces, the BCs are given by (3.49), the basis functions [19] are as
W, = 2 — 22142 4 2143 9, = 20 — 2202 4 23 and Z; = 32°H1 — 22112, (4.6)

When the Eqs. (4.1)—(4.3) are substituted into Eqs. (3.44)—(3.46), and apply the Galerkin procedure, a linear system
of homogeneous equations is obtained

JjiAi + Hj;B; + K;;C; = 0, (4.7)
szAl + NjiBi + OJZCZ = 0,

In order to have a non-trivial solution of Egs. (4.7)—(4.9),

Jji Hjyi Kji
Mji Nji Oji| = 0. (4.10)
Vi Qji Sji
From Eq. (4.10), with the help of Mathematica software, we get Rayleigh number ‘R’ in terms of wave number, Taylor
number and coupling parameters. The conditions g—)ﬁ =0 and 5—){2 = 0 gives the optimal values of A\; and Ay. The
optimal values of A1 and As for different boundary conditions are found as, Ay = Ay = Z—i% (for free-free boundary
_936(G—1) 108(G—1)

conditions), \y = Ay =
conditions).

[c [m]

(o] ¢ ]

“opa2c (for rigid-free boundary conditions) and A\; = Ay = 727~ (for rigid-rigid boundary
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The Rayleigh number for the optimal values of A\; and A, are found as follows:

For free-free boundaries
G(ab + 3a'7m? + 3?7 + 7® + 72T 4)
a?(G—1) '

R:

For rigid-free boundaries

2G(168 + 17a2)(381024 + 15422402 + 12828a* + 494a® + 15217 )

R= 1235a2(42 + 13a2)(G — 1)

For rigid-rigid boundaries

G(168 + 17a?)(42336 + 1512002 + 708a* + 26a° + 81T4)

h= 33a2(42 + 13a2)(G — 1)

5. INSTABILITY ANALYSIS (LINEAR)

(4.11)

(4.12)

(4.13)

By ignoring the nonlinear terms in Egs. (3.1)—(3.4), we get the linearized form of non-dimensional equations

V.-q=0,

0 N A

a—(tl = ~Vp+ R0k + V2q+ FL(qq - q) + T;/* (q X k) )
a0 s 1 1/2

dqq

A I (qu—q).

ot (92 —q)

5.1. Analysis into normal modes. Using Eq. (3.5), Eq. (5.2) becomes
[1 + FL(n+ L)*l] nq = —Vp+ RY20k + Viq+ T%/? (q x 12) .
Now, applying the operator k - curl and k - curl curl on Eq. (5.5), we have
[1 Y FL(n+ L)*l} nC = V2 + T .,
[1 +FL(n+ L)*l] nV2w = RY2v29 + Viw — TV¢.,

where w and ( are the z—components of the velocity and vorticity.
Also, from Eq. (5.3), we get

889: = V30, + (1 — é) RYw,.
Now, we assume w, # and { in the form

(w,0,0) =W (2),0(2),Z (2)] exp{t (kzx + kyy) + nt}.
Now, by using (5.9), the Egs. (5.6)—(5.8) become

FL
1+ "\ z=(D*-a?) Z+T’DW
n( +n+L) ( a) T4 ’

Pr

n (1 + fFL ) (D2 —a®) W = (D* —a®)* W — R?a*0 — T}/’ D2,

nPr(D?*@) = (D* - a*) D?0 + <GGl> RV2D2W.

The associated BCs are the same as (3.47)—(3.49).

(5.10)
(5.11)

(5.12)
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5.2. Numerical and computational analyses. For solving Eqs. (5.10)—(5.12) with BCs (3.47)—-(3.49), we use the
same procedure as mentioned in section 4.

For neutral stability, the real part of n should vanish. So, we choose n = ww, where w is the non-dimensional
frequency of the harmonic disturbances. Therefore, the value of R is of the form

R=R, +wR;, (5.13)

where R, is the real part of the Rayleigh number and R; is the imaginary part. Since the Rayleigh number is a
physical quantity, it can’t have imaginary values [2]. Hence, from Eq. (5.13), we have two cases either w = 0 or w # 0
and Rz =0.

5.2.1. Stationary mode of convection. The case of w = 0 corresponds to the stationary convection mode. In this case,
the Rayleigh number (R = R,.) for different bounding surfaces is the same as mentioned in Eqs. (4.11)—(4.13). Here,
the same values of the Rayleigh number confirm the non-existence of sub-critical regions and it leads to a strong result
for global stability [15]. Also, the Rayleigh number for stationary convection mode is represented by Rgaz-

5.2.2. Oscillatory mode of convection. The case of w # 0 implies that R; must vanish. This case corresponds to the
oscillatory mode of convection. From the condition R; = 0, we get an algebraic equation in terms of w?. After solving
this equation, we get the value of w?. Here, the values of w? must be positive, otherwise, there will be no oscillatory
mode of convection [7]. Using the values of w? in R,., we get the value of oscillatory Rayleigh number (Rs.).

6. RESULTS AND DISCUSSION

The preceding analysis demonstrates that the value of ‘R’ for both nonlinear and linear (stationary convection)
analyses is the same. Consequently, a sub-critical region is not possible and it leads to a strong result for global
stability. For free-free bounding surfaces, an exact solution is used to obtain ‘R’, whereas for rigid-free and rigid-rigid
bounding surfaces, approximate solutions are used. The Galerkin method has been employed to computationally
determine ‘R’. The results indicate that the collisional effect plays a role in energy decay and it also contributes to
Rysc, whereas it doesn’t affect the value of the Rgyq¢. It is worth noting that for free-free bounding surfaces (excluding
the effect of compressibility from present work), the Rayleigh number is the same as presented in the study by Sharma
and Sharma [10] in the absence of a magnetic field, this validates the finding of our preset work.

Figure 2 shows the variation of Rayleigh numbers for oscillatory and stationary modes of convection with wave
number (a) for free-free boundaries. It is depicted from Figure 2(a) that as we increase the Taylor number (T4) the
value of Ry also increases, which concludes that Ty delays the onset of convection. Also, it has been found that
for T4 = 1000 the range of a for which oscillatory mode appears is 0 < a < 1.63542, for T4 = 5000 it is found to be
0 < a < 3.40304, and for T4 = 10000 the range is 0 < a < 4.14199. This concludes that with the increase of Ty,
the region of wave number (a) for oscillatory convection also increases. From Figure 2(b) it has been clear that the
collisional frequency parameter (L) affects the values of R,s.. Now, as the Eq. (4.11) doesn’t involve L, the value of
Rgiqr remains unaffected by the variation of L, which can be observed from Figure 2(b). Also, Figure 2(b) deduces
that the value of R,s. is decreasing with the increase of the L. Here, the oscillatory mode of convection appears for
0 < a < 1.63542, and this range of wave number remains the same for L = 0.5,1.0, 1.5.

Figure 3 illustrates the variation of Rayleigh number for stationary and oscillatory modes of convection with wave
number for rigid-free boundaries. It can be seen from Figure 3(a) that with the increase of the T4 the value of Rgtat
also increases, which suggests that the T4 enhances the stability of the system for stationary convection. Also, the
range of wave number (a) for the oscillatory mode of convection is 0 < a < 2.13084 for T4 = 1000, 0 < a < 3.31002
for T4 = 5000 and 0 < a < 3.86358 for T4 = 10000. From this, we can conclude that the range of wave number (a)
increases for the oscillatory mode of convection, with an increased T4. From Figure 3(b), it has been clear that the
R,sc has been influenced by the variation of the collisional frequency parameter (L). Also, it has been depicted from
the figure that R,s. is increasing with the increase of L. The range of wave number (a), for which the oscillatory
pattern prevails is found to be 0 < a < 2.13084. As Eq. (4.12) doesn’t involve the collisional frequency parameter
(L), hence R4t remains unaffected by the variation of L.

Figure 4 represents the variation of Rayleigh number for oscillatory and stationary modes of convection with wave
number (a) for rigid-rigid boundaries. Figure 4(a) makes it abundantly evident that when T4 increases, the value of
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FIGURE 2. Variation of Rayleigh number with wave number for different values of (a) T4, and (b) L,
for free-free boundaries at G =3, Pr =1 and F' = 0.5.

the Rgtq: also increases, which concludes that the T4 improves the stability of the system for stationary convection.
Additionally, it has found that the range of wave number (a) for the oscillatory mode of convection is 0 < a < 1.8761
for T4 = 1000, 0 < a < 3.14923 for Ty = 5000 and 0 < a < 3.73435 for T4 = 10000. This leads us to the conclusion
that when T4 increases, the range of wave number (a) expands for the oscillatory mode of convection. The influence
of variation of L on R,s. has been evident from Figure 4(b). Also, it has been depicted from the figure that R,s.
is increasing with the increase of L. The oscillatory convection appears for 0 < a < 1.8761. Since the collisional

frequency parameter (L) is not included in Eq. (4.13), the stationary convection is unaffected by the variation of L.
Figure 5 illustrates the theoretical relationship between the Taylor number T4 and the critical Rayleigh number
R, for the stationary mode of convection across three different combinations of bounding surfaces. It is evident that
as T4 increases, the value of R, also increases for all combinations of bounding surfaces. This trend indicates that
rotation has a stabilizing effect on convection. The rotational forces reduce the velocity of the partially-ionized plasma
in the boundary layer, limiting the rate of heat transfer from the lower to the upper layer. Additionally, rotation aids
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FIGURE 3. Variation of Rayleigh number with wave number for different values of (a) T4, and (b) L,
for rigid-free boundaries at G = 3, Pr =1 and F = 0.5.

in the formation and stability of well-defined convective cells, leading to stronger convective motion and, consequently,
higher critical Rayleigh numbers.

For low Taylor numbers, free-free bounding surfaces exhibit greater susceptibility to deformation and temperature
fluctuations, which can destabilize the formation of convective cells. This results in weaker convective motion and
lower Rayleigh numbers. However, at high Taylor numbers, these fluctuations instead promote the stability of the
convective motion by enhancing the formation and interaction of convective cells. This enhances the mixing efficiency
of the plasma and increases the heat transfer rate, leading to a higher R..

In contrast, rigid-rigid bounding surfaces offer more stable temperature conditions at low Taylor numbers, which
fosters the development and stability of well-defined convective cells. As a result, the convective motion is stronger, and
the critical Rayleigh number is higher compared to free-free bounding surfaces. However, at high Taylor numbers, the
rigidity of the boundary suppresses interaction between the larger convective cells that form. The reduced interaction
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FIGURE 4. Variation of Rayleigh number with wave number for different values of (a) T4, and (b) L,
for rigid-rigid boundaries at G =3, Pr =1 and F' = 0.5.

results in less efficient mixing and a lower heat transfer rate, causing the Rayleigh number to be lower compared to
that of free-free surfaces.

Thus, rotation stabilizes the system in all cases, and the impact of bounding surfaces becomes more pronounced at
high Taylor numbers, with free-free surfaces eventually surpassing rigid-rigid surfaces in terms of convective efficiency
and higher critical Rayleigh numbers.

It has been found that compressibility delays the onset of thermal convection by increasing the Rayleigh number,
meaning that convection occurs later in compressible partially-ionized plasma compared to incompressible plasma.
This effect is especially notable when the compressibility parameter G exceeds 1, as discussed by Sharma and Sunil
[12]. However, for the presence of compressibility in the current study, the cases G = 1 and G < 1 are not pertinent,
as they lead to infinite and negative Rayleigh numbers, which are irrelevant to the objective of the present work. From
Figure 6, it is evident that for compressible partially-ionized plasma, as the values of the compressibility parameter
increase, the values of R, decrease, implying that compressibility hastens the onset of convection. Also, it has been
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FIGURE 6. Variation of critical Rayleigh number (R.) with compressibility parameter (G) for a fixed
value of T4 = 100 for the distinct combination of bounding surfaces for the stationary mode of
convection.

observed that for very high compressibility values, the plasma behaves almost incompressibly. The analysis confirms
that the rigid-rigid bounding surfaces offer the greatest thermal stability for confining partially-ionized plasma.

To further validate our numerical results against the analytical findings, we analyzed the derivatives of the Rayleigh
number with respect to key parameters. For rotation, we found that dR/dT4 > 0, indicating the stabilizing effect
of rotation on the system. Conversely, for compressibility, dR/dG < 0, which points to the destabilizing influence of
compressibility. These analytical observations align well with the numerical results, further reinforcing the reliability
and consistency of our study’s findings.

This study provides crucial insights into the stability of rotating, partially-ionized plasmas, which are relevant to
both theoretical and applied fields. The results are significant for understanding the behaviour of such plasmas in
astrophysical systems (e.g., stellar atmospheres and magnetospheres) where rotation and collisional effects influence
convection and energy dissipation. In fusion energy research, the findings contribute to optimizing plasma stability
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in devices like tokamaks, where maintaining stability is key for sustained nuclear fusion reactions. Also, the study
has industrial applications in plasma-assisted processes, where controlling plasma stability can enhance efficiency and
performance. From a theoretical standpoint, our approach to global stability in partially-ionized plasma systems also
extends to broader dynamical systems, offering valuable insights into stability in other fluid and complex systems.

7. CONCLUSIONS

This study investigated the thermal convection of a rotating, compressible, partially-ionized plasma layer heated
from below, considering three distinct bounding surface configurations. The motivation behind this research lies in
the crucial role that rotation plays in influencing thermal convection in partially-ionized plasma, which has important
applications across multiple fields. The key conclusions from this study are summarized as follows:

e Stationary convection in partially-ionized plasma exhibits identical instability and stability boundaries for all
three types of bounding surfaces, confirming global stability.

e The collisional effects disappear for stationary convection, and therefore do not influence system stability
for stationary convection. However, collisional frequency plays a significant role in energy dissipation, as
demonstrated in our theorem.

e Rotation reduces the velocity of partially-ionized plasma within the boundary layer, leading to a decrease in
heat transfer from the bottom to the top of the layer. This reduction in heat transfer delays the onset of
convection, thereby enhancing the stability of the system.

e For low rotation rates, the plasma confined between rigid-rigid bounding surfaces is the most stable, whereas
plasma confined between free-free surfaces is the least stable.

e At higher rotation rates, the stability pattern reverses, with free-free bounding surfaces providing the most
stability and rigid-rigid surfaces the least.

e Oscillatory modes of convection are introduced by rotational effects and influenced by both collisional frequency
and rotation.

e Compressibility delays the onset of thermal convection by increasing the Rayleigh number in partially-ionized
plasma. However, as the compressibility parameter increases, the critical Rayleigh number decreases, hastening
the onset of convection.

These findings offer significant insights into the dynamics of partially-ionized plasmas across different boundary
conditions. For instance, the stabilization provided by rigid-rigid surfaces at low rotation rates, and by free-free
surfaces at higher rates, can be instrumental in optimizing plasma confinement in engineering applications such as
tokamaks. Moreover, understanding the role of collisional effects in energy dissipation is critical for addressing energy
loss mechanisms in astrophysical settings, such as solar wind propagation, as well as in industrial plasma technologies.
The impact of compressibility in delaying convection provides further predictive capabilities, aiding in the management
and control of such plasma systems under varying conditions.

Future research directions could include investigating the influence of surface tension on thermal convection in
partially-ionized plasma through both linear and nonlinear analyses across different bounding surfaces. Additionally,
exploring the effects of varying ionization levels, Hall currents, and finite Larmor radius on stability and convection
thresholds would greatly expand the scope of the study. The application of machine learning techniques to control
Rayleigh-Bénard convection in partially-ionized plasma also presents a promising avenue for advanced control and
optimization strategies.
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