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Abstract

Nowadays, the application of neuro-fuzzy methods has been discovered more than ever for pattern recognition.

These powerful tools are able to model the reality of data structure as it should be because, in the real world,
datasets are defined in a fuzzy concept. In this research, we present a novel neuro-fuzzy method called Fuzzy

Growing Map (FGM), combining the dynamic properties of the Growing Self-Organizing Map (GSOM) and fuzzy

set theory. FGM is a dynamic neural fuzzy inference system based on if-then rules, which has the ability to
generate fuzzy rules based on certain criteria during the learning phase. This approach can be used as a classifier

and approximator. In addition, the trained FGM was used to visualize the fuzzy sets as a map, and the structure

of the data can easily be revealed in the feature space.
To investigate the effectiveness of FGM, several benchmark datasets were analyzed, and the experimental results for

classification show improvements in terms of accuracy and topographic error compared to classification algorithms
Fuzzy Self-Organizing Map (FSOM)and Counter Propagation Neural Networks (CPNN).
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1. Introduction

Neuro-fuzzy methods, as a vital subset of soft computing techniques, have consistently demonstrated their remark-
able capabilities in addressing complex pattern classification problems. These challenges often arise in scenarios where
overlapping classes do not have clear decision boundaries, making conventional approaches insufficient. By merging
the adaptive learning and parallel processing capabilities of neural networks with the interpretive and approximate
reasoning strengths of fuzzy systems, neuro-fuzzy methods surpass traditional non-fuzzy techniques in both flexibility
and adaptability. Among these, neural fuzzy inference systems stand out as advanced frameworks, incorporating neu-
ral network characteristics such as learning algorithms and parallelism into fuzzy inference systems. This integration
enhances their efficiency and robustness, paving the way for more sophisticated and precise decision-making [13].

A critical element in neuro-fuzzy systems is the Self-Organizing Map (SOM) algorithm [9], an unsupervised neural
network model based on competitive learning. SOM plays a transformative role by visualizing complex datasets while
preserving their inherent topological structure on a grid. This ability to reflect data relationships in an organized
manner makes SOM particularly effective for integration into neural fuzzy inference systems. Within these systems,
SOM is instrumental in determining the optimal positioning and number of fuzzy rules, a critical challenge in designing
efficient fuzzy frameworks [6].

One of the pivotal advancements in this domain was introduced by Vuorimaa [19], who proposed the Fuzzy Self-
Organizing Map (FSOM). This innovative method replaced traditional SOM neurons with fuzzy rules and organized
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them using the SOM algorithm. This novel approach not only bridged the gap between neural and fuzzy paradigms
but also laid the groundwork for applying neuro-fuzzy systems to a broader range of classification tasks.

Building upon such foundational work, recent studies have sought to refine and enhance neuro-fuzzy systems
further, addressing emerging challenges in classification and prediction. For instance, the introduction of the Extended
Self-Organizing Map with Ubiquitous Counter Propagation Network [16] showcased a significant improvement in
handling noisy and imbalanced datasets, such as the Pima Indians Diabetes Dataset. By integrating fuzzy logic
with counterpropagation techniques, this method achieved superior accuracy and resilience, setting a new standard
in medical data classification. Similarly, a novel deep learning-based framework [7] demonstrated the potential of
combining fuzzy logic with advanced neural architectures to classify sensory data, such as tastants, including sweet,
bitter, and umami flavors. These approaches highlighted the versatility of neuro-fuzzy systems in tackling complex,
multidimensional problems.

Further innovations have involved incorporating graph-based models into neuro-fuzzy systems. For example,
modular-designed graph neural networks [3] have been employed for bitterness prediction, effectively capturing intri-
cate data relationships and enhancing classification accuracy. In parallel, explainable machine learning frameworks [11]
have emerged to address the dual objectives of interpretability and precision, providing reliable predictions for complex
classification tasks like sweetener and bitterant identification. Additionally, a multi-objective framework [17] has been
developed to predict multiple taste sensations, effectively balancing accuracy with interpretability in multi-class data
scenarios.

In this paper, we build upon these advancements by introducing a novel dynamic neuro-fuzzy inference system,
termed the Fuzzy Growing Map (FGM). This system leverages the Growing Self-Organizing Map (GSOM) and Learn-
ing Vector Quantization (LVQ) algorithms to establish a dynamic network structure that evolves. By utilizing the
GSOM algorithm, FGM autonomously generates and self-organizes fuzzy rules, effectively addressing the limitations
associated with static rule definitions. Experimental evaluations conducted on multiple datasets demonstrate that
FGM outperforms existing approaches, including Fuzzy Self-Organizing Map (FSOM) [14] and Counter Propagation
Neural Networks (CPNN) [10, 12], in terms of accuracy, Root-Mean-Square Error (RMSE), and topographic error.

Beyond its classification performance, FGM offers a distinctive advantage through its capability to visualize fuzzy
sets via a membership function map. This unique feature provides an intuitive and interpretable representation of
data, distinguishing FGM from other neuro-fuzzy methods and contributing to its broader applicability.

The structure of the paper is as follows: Section 2 details the structure and learning process of the proposed FGM.
Section 3 presents the results of applying FGM to four datasets and compares the results with those of the FSOM
and CPNN algorithms. Finally, section 4 provides the conclusion.

2. Fuzzy Growing Map

2.1. Basic Structure. The FGM is based on the GSOM, but the neurons of the original model are replaced by fuzzy
rules and their fuzzy sets. The Growing Self-Organizing Map (GSOM), an extended version of Kohonen’s SOM, is
an unsupervised neural network that can dynamically grow and adapt its structure according to the data [1]. The
structure of GSOM consists of a single layer of linear neurons. GSOM usually starts with four neurons arranged in a
rectangular lattice (Figure 1(A)). The weight vectors of the starting neurons are randomly initialized, and the growth
threshold (GT ) is introduced as the maximum accumulated error a neuron can tolerate. For a given dataset, the GT
can be obtained according to Eq. (2.1).

GT = −D × ln(SF ), (2.1)

where D refers to the dimensionality of the data vectors, and SF is the spreading factor, which is a growth control
variable and needs to be chosen between 0 and 1, representing the minimum and maximum growth, respectively.

Then, in the next step, called the growing phase, which implements distance computation between input and weight
vectors, the input signals are fed to all neurons. Then their distance (usually Euclidean distance) between the inputs
and the connection weights of each neuron is computed. The output of the network is given by the most active neuron
c (winner) according to Eq. (2.2).

∥x(t)− wc(t)∥ = min
i

{∥x(i)− wi(t)∥} , (2.2)
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Figure 1. The structure of GSOM.

where x is an input vector, and wi refers to the weight vector of neuron i. In the next step, known as the growing
phase, the winning neuron c, along with other neurons belonging to its topological neighborhood, adjusts its weights
towards the sample x according to Eq. (2.3).

wi(t+ 1) = wi(t) + η(t)× h(t)× [x(t)− wi(t)] , (2.3)

where η is the learning rate, and h is the neighborhood function, which could be a radial function such as a Gaussian.
In the growing phase, the accumulative error (E) of the winner neuron is calculated and updated as follows:

Ec(t+ 1) = Ec(t) + ∥x(t)− wc(t)∥ . (2.4)

If a neuron has a high accumulative error, it is not a good representative of its Voronoi region in the data space.
Therefore, new neurons can be added to distribute the accumulated error and better represent the data space. When
the accumulative error of a neuron exceeds the Growth Threshold (GT ), new neurons are added to available free
positions around the winner neuron in the lattice (Figure 1(B)).

The weight vector of the new neurons is assigned through extrapolation based on the neighboring neurons to
preserve the smoothness of the grid in the data space. If the winning neuron has no free neighboring position, half of
Ec its cumulative error is equally distributed among the neighboring neurons, as defined by Equations (2.5) and (2.6):

Ec(t+ 1) =
Ec(t)

2
, (2.5)

En(t+ 1) = En(t) +
Ec(t)

2N
, (2.6)

where En represents the neighbors’ error, and N is the number of adjacent neighbors of the winner neuron. One epoch
is completed when all input vectors have been presented. The growing phase is then repeated for a specified number
of learning epochs until the map reaches an appropriate size (Figure 1(C)).

In the final phase, known as the smoothing phase, no new neurons are added. The GSOM instead follows Kohonen’s
SOM learning rule, with a lower adaptation rate and a fixed, small neighborhood function width. The weight vectors
of the winner and its neighbors are updated in the same manner as in the growing phase. There is also a batch version
of GSOM, where all input data are presented to the network as one batch. The weight vectors are updated by the
net effect of all the training samples in a single concurrent procedure, which accelerates the learning process of the
network.

For a training dataset, the batch learning algorithm for SOMs can be performed by presenting an input vector xj

to all the neurons simultaneously to find the winner neuron whose weight vector wc has the minimum distance to xj .
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The input vector xj is then added to the Voronoi set of the winner neuron c. A set of samples with the same winner
neuron constitutes the Voronoi set of that neuron [9].

After repeating these steps for all input vectors, the weight vectors of the neurons are updated with the average of
the Voronoi sets, weighted by the neighborhood function, as described by:

wnew
i =

k∑
j=1

hcj ,ixj

k∑
j=1

hcj ,i

, (2.7)

where hcj ,i is a Gaussian neighborhood function described as follows:

hcj ,i = exp

(
−∥wi − wcj∥

2σ2(t)

2
)

, (2.8)

where wi is the weight vector of the i-th neuron, and wcj is the weight vector of the winning neuron c for i-th
input vector. ∥wi − wcj∥ represents the distance between these two prototypes on the grid, and σ is the width of the
Gaussian function, which controls the cooperation of neighboring neurons in the learning process. The value of σ(t)
decreases with time. This procedure can be repeated a number of times specified by the user.

In the FGM, each neuron of the GSOM is defined as a fuzzy rule as follows:

• if x1 is Ui,1 and x2 is Ui,2 and xn is Ui,n,
• then y1 is ai,1 and y2 is ai,2 and yp is Ui,p.

where each condition (xj is Ui,j) is interpreted as the membership value µUi,j
(xj) of the input signal xj in the fuzzy

set Ui,j The consequence ai,j of the fuzzy rule is a real-valued singleton.
The membership functions used in FGM are triangular. The triangular shape has the advantage of being compu-

tationally efficient. The triangular membership function is defined as:
µUi,j

(xj) =
xj−sli,j
ci,j−sli,j

, sli,j ≤ xj ≤ ci,j ,

µUi,j
(xj) =

xj−sri,j
ci,j−sri,j

, ci,j ≤ xj ≤ sri,j ,

µUi,j
(xj) = 0, Otherwise.

(2.9)

The firing strength αi of each fuzzy rule is computed by combining the membership values µUi,j
using the union

connective operation. In the FGM, the minimum operation is used as the connective. Therefore, the firing strengths
are computed as follows:

αi = min
{
µUi,1

(x1), µUi,2
(x2), ..., µUi,n

(xn)
}
. (2.10)

The consequences of the fuzzy rules are singletons, and the output of the neuro-fuzzy system is calculated using a
weighted average (WA) defuzzification method, defined as follows:

y∗ =

m∑
i=0

αiai,k

m∑
i=0

αi

, (2.11)

where m is the number of fuzzy rules. The values of the singletons ai,k are specified separately for each output and
fuzzy rule.

The basic structure of the FGM for three rules is illustrated in Figure 2.

2.2. Learning Schema. The learning schema of the FGM, which involves tuning the membership functions, is carried
out using a supervised algorithm named modified LVQ2.1 [19]. The system is trained on a dataset containing input-
output data samples.
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Figure 2. Structure of FGM for three rules.

The antecedent membership functions in the FGM are defined by three parameters, while the consequent singleton
is described by one parameter. Three updating laws are employed: two updating laws modify the centers and spreads
of the antecedent fuzzy sets, and the third updating law adjusts the values of the output singletons.

Updating spreads. The modified LVQ2.1 algorithm relies on the concept of the window. The window is defined as
the overlapping area of the two most active fuzzy rules. The winning rule w has the highest firing strength, and the
rule r is the first runner-up. When at least two fuzzy rules fire simultaneously, one of the spreads of a fuzzy set is
updated. Specifically, when the input sample falls within the window, one spread of the first runner-up rule is chosen
to be updated. The spread sr,k is determined by computing the distances between the winner and the first runner-up
rule along each input dimension and by choosing the input dimension and its spread where the distance between the
winner and the first runner-up is the largest, as follows:

|cw,k − cr,k| = max
j

{|cw,k − cr,k|} , (2.12)

where cw,j and cr,j for j = 1, 2, ..., n are the centers of the winner rule and the first runner-up, respectively. The actual
updating is performed by moving the spread sr,k ( slr,k or srr,k ) either towards the center cr,k or the spread sw,k

of the winner rule w. This adjustment either increases or decreases the influence of the first runner-up rule on the
output of the FGM. The updating is performed according to:{

sr,k(t+ 1) = sr,k(t) + gU,r(t) [cw,k(t)− sr,k(t)] , sgn(y − y∗) = sgn(ar − aw),

sr,k(t+ 1) = sr,k(t) + gU,r(t) [sw,k(t)− sr,k(t)] , Otherwise,
(2.13)
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where cw,k and cr,k are the centers, sw,k and sr,k are the spreads of the fuzzy rules, and gU is the learning rate of the
fuzzy sets. The variable y represents the desired output of the training dataset, y∗ is the output of FGM, aw is the
output of the winner rule, and ar is the output of the first runner-up rule. sgn(t) is the signum operator.

2.3. Automatic generation of fuzzy rules. Before the fuzzy sets can be updated, the fuzzy rules must exist. For
this purpose, the centers of the fuzzy sets are initialized and self-organized using the GSOM algorithm. Fuzzy sets are
formed around the centers ci, with the left and right sri spreads and a constant width w0, and then the fuzzy sets are
tuned by the modified LVQ2.1.

When the original scheme is used, the structure of the rule base cannot change during the learning procedure.
This usually restricts the approximation accuracy or can lead to the use of many unnecessary fuzzy rules. Thus, the
self-generation (self-construction) of fuzzy rules is a convenient property. It enables the creation of new fuzzy rules
only when needed.

The self-generating procedure in our proposed method is performed using the GSOM algorithm. This means that
the system starts with four fuzzy rules, and neurons or fuzzy rules are added to the system by GSOM laws as needed.
The algorithm of FGM is as follows:

Algorithm 1 Fuzzy growing map (FGM).

Initialize the weight vectors of four neurons with random weights,
Calculate the growth threshold (GT) and specify the number of training epochs,
repeat
Feeding all the input samples to the neurons,
Calculate distances between input data and all weight vectors,
Determine the winners,
Update all the weight vectors,
Forming the centers of fuzzy sets around the neurons,
Feeding all the input samples to the fuzzy sets,
repeat
Tuning of fuzzy sets by LVQ2.1 algorithm,

until End of epoch number,
Calculate TE (total error) for all centers,
if GT ≤ TEi then
if The winner node i is a boundary node, then
Grow nodes,
Initialize the new node weight vector to match the neighbouring node weights,

else
distribute weights to neighbors,

end if
end if

until End of epoch number.

3. Experimental Results

To evaluate the efficiency of the FGM method, several benchmark datasets with varying dimensions were utilized.
The number of classes and dimensions for each dataset is detailed in Table 1.

The Iris dataset comprises 150 samples distributed across three classes, each representing a distinct subspecies of
Iris: setosa, virginica, and versicolor, with 50 samples in each class.

The sweet-tasteless and sweet-bitter datasets contain 566 samples (433 sweet and 133 tasteless molecules) and 508
samples (427 sweet and 81 bitter molecules), respectively.

Lastly, the Sediment dataset includes 1,413 samples with 16 features categorized into two classes, containing 1,218
and 195 samples in the first and second classes, respectively. Sediments play a critical role in marine ecosystems, serving
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Table 1. Datasets description.

Dataset Reference Number of Samples Number of Features Number of Classes
Iris [4] 150 4 3

Sweet bitter [15] 508 4 2
Sweet tasteless [15] 566 9 2

Sediment [2] 1413 16 2

Table 2. The values of the FGM parameters.

Datasets w0 Max iteration of LVQ2.1 SF
Iris 0/5 12 0/8

Sweet bitter 1/5 12 0/6
Sweet tasteless 0/6 8 0/4

Sediment 0/5 10 0/4

as reservoirs for various chemicals that accumulate over time and potentially pose risks to both the environment and
human health.

In the classification of these datasets, the proposed method generally demonstrates superior performance in terms
of average accuracy and topographic error (TE) compared to the FSOM and CPNN methods.

Classification accuracy is defined as the average percentage of correctly predicted samples out of the total samples
in the test data. In other words, it represents the proportion of accurate predictions to the total number of predictions.

Topographic error (TE) measures how well the structure of the input space is preserved by the map. TE (Eq.
(3.1) ) is calculated by identifying the best-matching (B) and second-best-matching (S) neurons for each input and
evaluating their positions on the map. If these nodes are adjacent, the topology is considered preserved for the input.
Otherwise, it is counted as an error. The TE of the map is obtained by dividing the total number of errors by the
total number of data points [6].

TE(M) =
1

n

n∑
i=1

t(xi), t(x) =

{
0, ifB andS areneighbors

1, Otherwise.
(3.1)

To evaluate our model, the FGM learning process was repeated 10 times for all datasets, and the mean accuracy values
from 5-fold cross-validation [8] were reported. In each fold of cross-validation, the dataset was randomly split into
a training set (80% of the samples) and a test set (20% of the samples). The training set was used in the learning
process, while the test set was reserved for performance evaluation. The number of training epochs was fixed at 100
for all methods.

The classification results are summarized in Table 3, and the parameter settings for the FGM method are detailed in
Table 2. This evaluation strategy ensures a robust assessment of the model’s performance, as it minimizes the influence
of random splits and provides a more reliable estimate of its generalization capability across different datasets.

As shown in the Table 3, the classification performance of the methods on the benchmark datasets demonstrates
that the FGM, with a nearly equal number of neurons, significantly outperforms the others in terms of classification
accuracy. Furthermore, a comparison of the topographic error across methods clearly indicates that the proposed
FGM achieves superior performance in all cases.

3.1. Visualization of FGM. One of the key advantages of the proposed method, compared to other similar neuro-
fuzzy approaches, is its ability to visualize and represent fuzzy membership functions in a two-dimensional space. This
enables a clearer understanding of the data structure within the feature space.
To illustrate this, we apply the FGM method to the Iris dataset in this study. Figure 3 displays the membership
functions of the fuzzy sets for the Iris dataset in a 2D feature space with a spread factor (SF) of 0.2. The membership
functions are represented as polygons, and since the Iris dataset is four-dimensional, an octagon is used for visualization,



344 E. VEISI, B. SADEGHI BIGHAM, AND M. VASIGHI

Table 3. Comparison of the proposed method with two other methods based on topographic error
and average accuracy.

Dataset Method Accuracy (%) Topographic Error Number of Neurons

Iris
CPNN 94.33 0.13 (13× 14)182
FSOM 94.32 0.13 (13× 14)182
FGM 96.1 0.08 ≈ 179

Sweet Bitter
CPNN 90.1 0.23 (22× 22)484
FSOM 89.31 0.22 (22× 22)484
FGM 94.85 0.14 ≈ 480

Sweet Tasteless
CPNN 82.3 0.14 (14× 14)196
FSOM 77.08 0.13 (14× 14)196
FGM 92.56 0.06 ≈ 191

Sediment
CPNN 89.95 0.12 (21× 21)441
FSOM 88.47 0.11 (21× 21)441
FGM 93 0.10 ≈ 445

where each diameter corresponds to one feature. The length of each diameter reflects the width of the membership
function in that dimension, with a larger diameter indicating greater importance of that dimension.

This visualization in Figure 3 aligns with the class label positions shown in Figure 4, which further enhances our
understanding of the dataset’s structure.

It is worth noting that at the start of the learning process, the fuzzy membership functions are symmetric within
the octagon due to identical widths. However, as the learning progresses, this symmetry may be disrupted because the
left and right spreads are updated independently. This is evident in Figure 3, where slight deviations from symmetry
become noticeable. This deviation highlights the adaptive capability of the proposed method, illustrating how the
model dynamically adjusts the membership functions to more accurately reflect the data distribution and enhance
classification performance over time.

4. Conclusion

This paper presents a novel dynamic algorithm for pattern classification and data visualization, combining the
Generalized Self-Organizing Map (GSOM) with fuzzy systems. The proposed approach integrates the GSOM algorithm
into the design of a dynamic neuro-fuzzy model, aiming to enhance classification accuracy and reduce topographic
error across several benchmark datasets. The GSOM algorithm is utilized to automate the generation of fuzzy rules
and adaptively grow the system. By strategically determining the placement of fuzzy rules, GSOM ensures they are
generated in optimal locations while effectively controlling their number, thereby avoiding the creation of redundant
or irrelevant rules.

Experimental evaluations on benchmark datasets demonstrate that the proposed method outperforms existing
algorithms, including FSOM and CPNN, in terms of classification accuracy and topographic error. Furthermore,
the proposed approach offers the unique advantage of visualizing fuzzy membership functions as a two-dimensional
map, providing deeper insights into the data structure and enhancing interpretability. These results highlight the
effectiveness and versatility of the proposed method in addressing challenges in dynamic neuro-fuzzy modeling and
pattern classification. The method’s ability to both improve accuracy and provide intuitive visualizations suggests its
potential for wide-ranging applications in fields that require complex, high-dimensional data analysis. The method’s
ability to both improve accuracy and provide intuitive visualizations suggests its potential for wide-ranging applications
in fields that require complex, high-dimensional data analysis.

5. Limitations and Future Work

While the proposed Fuzzy Growing Map (FGM) demonstrates significant improvements in classification accuracy
and interpretability, it is not without limitations. One potential challenge is the computational complexity associated
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Figure 3. Representation of the membership functions of the Iris dataset in 2D space with SF = 0.2.

Figure 4. The predicted labels for the Iris dataset with a factor of 0.2 in 2D space.
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with the dynamic growth and self-organization processes, especially when applied to large-scale datasets. The growth
of the map and the continuous adaptation of fuzzy rules can be resource-intensive, which may limit their practical use
for real-time applications or systems with resource constraints. Moreover, the performance of FGM can be sensitive to
the choice of initial parameters, such as the learning rate and the growth threshold, which may require fine-tuning for
different datasets or domains. These factors might affect the consistency and reliability of the system across various
applications.

Future work could focus on optimizing the algorithm to reduce computational overhead and improve its scalability.
Exploring hybrid approaches that combine FGM with other advanced machine learning techniques, such as deep
learning or reinforcement learning, may further enhance its performance, especially in environments characterized by
complex and high-dimensional data. Additionally, integrating FGM with transfer learning could help overcome issues
related to data scarcity in specific domains.

Despite these challenges, FGM holds significant potential for various applications that remain relatively underex-
plored. Three promising fields for FGM application include:

• Medical Diagnosis Systems: While FGM has shown effectiveness in classifying medical datasets, its po-
tential for real-time diagnostics in healthcare is still underexplored. The ability of FGM to visualize fuzzy
sets could aid in explaining complex medical conditions, making it a valuable tool for clinical decision support
systems.

• Environmental Monitoring: FGM could be applied to environmental data classification, such as predicting
pollution levels or identifying climate patterns. The self-organizing aspect of FGM allows it to dynamically
adapt to changing environmental data, making it suitable for continuous monitoring systems.

• Smart Grid Optimization: FGM can be applied in the optimization of energy usage in smart grids.
By classifying and analyzing energy consumption data, FGM could help in predicting demand patterns and
suggesting optimal energy distribution strategies, contributing to more efficient energy management systems.

By addressing the computational challenges and expanding its applications into these new domains, FGM could further
solidify its position as a versatile and powerful tool in the machine learning and artificial intelligence landscape.
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