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Abstract -

The main goals of this work are to solve the Bagley-Torvik (BT) equation using an effective scheme and to find
its numerical solution. The scheme uses the collocation method based on the Miintz-Legendre (ML) wavelets. To
apply the method, after approximating the unknown solution by mapping it to the wavelet space, we replace it in
the desired equation and then obtain the residual using the operational matrices of the derivative and the Caputo
fractional derivative (CFD).

Applying the collocation method results in a linear algebraic system. To implement the collocation method, either
Chebyshev or Legendre roots serve as collocation points, or uniformly spaced grids are used.

The error analysis is investigated, and some numerical examples are presented to show the scheme’s accuracy and
effectiveness. Thanks to the flexibility of ML wavelets and the method’s structure, we can sometimes obtain the
exact solution.
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1. INTRODUCTION

Engineering and other disciplines have seen a growing utilization of fractional calculus for explaining various physical
phenomena. Various equations involving fractional derivatives have been extensively studied, leading to the emergence
of numerous mathematical algorithms to solve them, including the wavelet spectral element [5], the wavelet method [40,
41], Adomian decomposition [8], the finite element-meshfree method [21], multi-step methods [11], implicit integration
factor method [44], cubic Hermit spline method [12], Miintz-Legendre Petrov-Galerkin method [33], among others.

In [5], the authors established the necessary and sufficient conditions for the equation

Do (@)(t) = [t 2(t), D () (1), - -, Dz () ()], t € [a,b],
:L'(K)(a’):bﬁa bKGRa HZO,].,"',’N,*]_,

to admit a unique solution. Additionally, an algorithm was presented to reduce the computational cost using the
wavelet properties [5]. Bin Jebreen et al. [13] successfully solved the fractional Cauchy problem using the wavelet
collocation technique. The study of multi-order fractional differential equations (FDEs) was conducted in [16], where
the Galerkin method was applied, using fractional-order Legendre functions as bases. In [9], multi-order FDEs were
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investigated via the fractional-Lucas optimization method. For further studies on numerical method for FDEs, see
[1, 2, 38].

The objective of this paper is to introduce an effective algorithm for solving a well-known fractional differential
equation, known as the BT equation:

ax(t) + 6D (@)(t) + ealt) = f(t), B=3/2 0<t<1, (L.1)
with initial conditions
2(0) = zg, 2'(0) = @1, (1.2)
where a # 0, b, and ¢ are constants, and CDg denotes the Caputo fractional derivative
1 b2 (2)dz
D (x)(t) = = —[-5]. 1.3
(@0 =t | e = 1A (13)

This equation arises in modeling a rigid plate bounded by a Newtonian fluid, first introduced by Torvik and Bagley [42].
They obtained notable results, showing that the interior oscillations of a rigid plate immersed in a Newtonian fluid do
not establish a relationship between a retarding force and the velocity. Instead, the retarding force is proportional to
the fractional derivative of order 3/2 of the displacement. Their findings suggest that fractional derivatives naturally
emerge while in the study of real material behavior, indicating that their use in constitutive relationships is not
arbitrary.

In [27], a thorough discussion is provided on the existence of a unique solution for this equation under homogeneous
initial conditions. In this work, the fractional derivative is of the Riemann—Liouville types, while homogeneous initial
conditions equip the equation. For nonhomogeneous initial conditions, Diethelm et al. [10] considered the equation
with the Caputo fractional derivative (CFD) and proposed a solution using a fractional linear multi-step method,
reformulating it into a system of fractional differential equations. The existence and uniqueness of the solution were
further examined in [22], while [27] derived the analytical solution as follows:

x(t) = /0 K(t—2)f(2)dz, (1.4)

where

- (=1)" ray? 2i+1 7n(4) —b
K(t)=1/ay = (2) B, o (a\/i) :

i=0
and Ey (t) denotes the Mittag—Leffler function. Notably, for general functions f, evaluating this integral analytically
is often impractical, making numerical methods a viable alternative. Yiizbasi [43] employed the Bessel collocation
method to solve the equation with boundary conditions, while [7] introduced a generalized Taylor collocation method.
Leszczynski et al. [20] reformulated the BT equation into a system of ordinary differential equations linked to Abel-
integral equations, proposing a numerical scheme for its solution. For cases where the source function f is a Heaviside
function, the Adomian decomposition method was applied in [31]. Further studies on solving the BT equation can be
found in [15, 18, 24, 25].

Recent studies show that wavelets effectively solve differential equations and represent various operators [4]. Wavelet
theory comprises two main families: scalar wavelets and multi-wavelets. Unlike scalar wavelets, which rely on a single
generator, multi-wavelets employ multiple generators within a multi-resolution analysis framework [14]. This grants
them advantages such as symmetry, closed-form expressions, high vanishing moments, and orthogonality.

The Alpert multi-wavelet is a well-known multi-wavelet with various applications in image processing and numerical
analysis [4, 34-37]. Another notable class, Miintz-Legendre (ML) wavelets, has recently been applied to fractional
optimal control problems [28], multi-order fractional differential equations [13], and fractional pantograph equations
[30].

After this brief introduction, the organization of the remaining sections will be as follows: Section 2 introduces the
ML wavelets and their properties. Solving the Bagley-Torvik equation using the wavelet collocation method is the
objective of section 3. Additionally, we shall present the error analysis for the method. We conduct several numerical
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experiments to demonstrate the accuracy and usefulness of the method, in section 4. Finally, brief conclusions are
included in section 5.

2. MUNTZ-LEGENDRE WAVELETS
Suppose that the space F'(B) is spanned by a sequence of functions {t%»}>

F(B) := G F,(B) = span{t’» n =0,1,...}. (2.1)
n=0

where F,(B) := span{tfo,t%1 .. ¢/} and B = {0 = By < B1 < ...} is an increasing sequence [3]. To verify
F(B) = C0,1], the condition

1+1
Z Lgﬁn = 00, (2.2)
Bn>0 Bn
is sufficient, and the condition
lim bn , (2.3)

n=oo nlogn
is necessary.
Thus, F'(B) is dense in C]0, 1] (the space of continuous functions on [0,1]). These criteria were introduced by S. N.
Bernstein. It is also worth mentioning that he proposed the existence and uniqueness conditions

=1
= = oo, (2.4)
23

where B = {0 = 8y < 1 < ...}. This conjecture was verified two years later by Miintz [26]. Note that the sufficient
and necessary conditions for F(B) = L?(0, 1) are specified in [39].

Using the functions {t#»}>° , as bases is not advisable. Consequently, the Miintz-Legendre (ML) functions are
defined to ensure orthogonality and straightforward evaluation.

Assuming that y represents a simple contour enclosing all zeros of the integrand’s denominator, the ML polynomials
can be expressed in closed form as [6, 39]:

n—1 k
ML, (t; B) := i/ 11 crhtl (2.5)
27i X kol z2— 0B z—PBn

The ML polynomials can then be determined as:

Ln(t;B) =Y crnt™, te0,1], (2.6)
k=0

where the constant fj are detrmined by S := {kn : 7 € R,k = 0,...n}, and the sequence {8}, is ascending.
Furthermore, the coefficients ¢y ,, are specified by [6]
n—1
», + B +1
= Wizo e P Bt D) (2.7
[Tz, (Br — Bi)
From Theorem 2.4 in [6], it follows that the ML polynomials are orthogonal satisfying:

1
/ Ln' (t)Ln” (t)dt = 6n’,n” (ﬂn + Bn” + 1)7 (28)
0

where L, (t) := Ly (t; B).
For the multiplicity parameter v € N and refinement level s € Ny, there exists a sequence of nested subspaces
{Vi}sen, € L?([0,1]) spanned by @7, (see, multi-resolution analysis (MRA) [23]), i,e.,
Vi = span{¢y, = ¢"(2° —a): a €M, neV}, (2.9)

(=)=
E)NE
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in which vV :={0,1,...,v — 1} and M :={0,1,...,2° — 1}.
Using ML polynomials L, (t), the ML wavelets defined by [13] as:

n 25/2\/2B, + 1L, (2°t — a), & <t < 2L
n, = 2 ST (2.10)
’ 0, otherwise.
To approximate a function x € L?[0, 1], we introduces the projection operator P, : L?[0,1] — Vj as:
2°—1v—1
2(t) = Po(x)(t) = DY w0l (t) = XTF(t) € Vs, (2.11)
a=0 n=0

where [F(t)],, 4411 = ¢54(t), and

1
Pom = (@,00) = [ alt)o, ()t (2.12)
0
The following lemma provides error bounds for the approximation (2.11) [29].

Lemma 2.1. Let v € N and s € Ng. Assume that for any w < v, x € H¥|[0,1], then

Iz = Ps(@)ll2 < e(2°71) 7 (v = 1) (|25, (2.13)
and for w' > 1:
U.)lflfw S5— (.U/*(.U w
2 = Ps (@) | o 0.1y < el = 12 7279(2°7) (B[P (2.14)

where H*([0,1]) denotes the Sobolev space with norm:

w 1/2
el 0,17y = (Z Iw(”H%) : (2.15)
i=0

2.1. Matrix representation of fractional integration. The objective of this subsection is to derive a square
matrix Ig that represent the fractional integral operator (FIO) numerically. The matrix elements are determined by
approximating the FIO action on the ML wavelet basis functions:

Pu(T{)(F () ~ Ts(t)F (), (2.16)
where Ig denotes the FIO, i.e.,
I3 (@)(t) == ﬁ /t(t —2)Pte(2)dz, BeRY, 0<t<1, (2.17)
0

whit I'(8) being the Gamma function.
In the sequel, the piecewise Taylor functions of fractional order (FPTFs) will be introduced to help us calculate the
entries of Ig, i.e.,

tﬁn7 L <t < at17
pt . (t) = rooT 2 aeM,neV,seN. (2.18)
’ 0, otherwise,

Let P(t) be the vector function whose (av+mn+1)-th component is p{ ,(t). The connection between the ML wavelets
©o(t) and FPTFs is given by:
F(t) =Y 'P(t), (2.19)
where the transformation matrix T has entries:
1
Ti,j = <P](t),Fl(t)> = / Fz(t)Pj(t)dt, Z7j =1: N, N = 2°v. (220)
0

Let W be a v-dimensional vector whit components {t»}¥_,. We observe that:

Pt)=[w,...,w]". (2.21)
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From the definition of the fractional integral operator and known results [17], we have:

5 (1) = lm s, (2.22)
Thus, it follows from (2.18) and (2.22) that
I5(P)(t) = m@ﬁﬁﬂ, i=1:N. (2.23)
This leads to the matrix representation:
I3 (P)(t) = Ips(t) P(1), (2.24)
where
B@ (t) - 0
Ipp(t) = T ; (2.25)
0 e Bﬁ (t)
whit Bs(t) := tP K, (satisfying Z5 (W)(t) = Bg(t)W (t)) and
(K)i; =L@ +1)/T(Bi +B+1), i=j
(K)i; =0, i # 7, (2.26)
i,j=1:N.
The fractional integration matrix I(¢) is obtained through:
Po(Z3)(F(t) = Po(Z3) (Y P(t)
=Y"'Ips(t)P(t)
=Y"'Ips(t)YF(1). (2.27)
Thus, we derive:
Ig(t) =Y ps(t)Y. (2.28)

2.2. Matrix representation of CFD. Given 3 € R, assume that AC?([0,1]) denotes the space of functions such
that

ACP0,1] ={z:]0,1] = C, & DB V(z)e AC[0,1]},

where D = % denotes the derivative operator.
For any z(t) € AC?(]0,1]), we have

1 b2 (2)dz
°pf = = Iy P~ 2.2
@0 = o || G = T D@ (220)
where k = —[—f]. Consequently,
_ I'(a) o
DI Nt) = ———t*P, (a> k). 2.30
SN0 = g gt @) (2:30)
The goal is to construct a square matrix Dg satisfying
°DS(F(t)) ~ DgF(t). (2.31)

To compute the elements of Dy, we use “Df = Z5~ D" (due to the CFD definition) as follows:
“DY(R(t) = Ty~ D (R () ~ Iy~ (D"F (1)
= D*I5 P (F(t)) ~ D*I._3(F(t)).
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Here D represents the matrix form of D (see, e.g., [33]). Thus,
D5 = DHIH_g. (232)

This approach reduces computational cost by avoiding direct CFD operations on ML wavelets.

3. WAVELET COLLOCATION METHOD FOR THE BT EQUATION
The BT equation is:
az’ (t) + b°DY 2 (@) (t) + ca(t) = f(t), 0<t<1, (3.1)
with initial conditions
z(0) = zo9, 2'(0) = . (3.2)

To apply the collocation method, the unknown solution is first mapped into the approximation space Vy by using
the operator Py, i,e.,

z(t) = Py(x)(t) = XTF(t) == zn(t). (3.3)

The N-dimensional vector X holds the unknowns that require specification.
Inserting xy(t) into the Equation (3.1) gives rise to equation

az’ N (t) + bDY 2 (@n) () + can (t) = f(1), (3.4)

Using operational matrices D3/, and D, we approximate the functions z”n(t), “’DS’/Q (zn)(t), and f(t) through the
projection operator Py as follows:

N (1) m Pola” §)(t) = XTD?F(t),
D *(an) (1) = Po(“Dy *(xn)(2)) () = X Dy oF (1),

F(t) = Ps(H)(t) = FTF(1). (3.5)
Substituting (3.5) into (3.3) yields the residual:
rs(t) == (aXTD*+bX"Dysp + X" — F')F(t). (3.6)

The collocation method aims to minimize rs(t). By selecting collocation points {t,}N_; € [0, 1], the method leads to
a linear system that satisfies r¢(t,) = 0. This is equivalent to solving the system

X" (aD? +bD3j +cI) = FT, (3.7)
and finding the unknown coefficients X. In other words, there is a linear system
AX =F, (3.8)

where A := (aD? + bDs s2tecl )T, that must be solved to gain the unknowns. To use the initial conditions, we replace
the first and the second elements of rs(¢;) by

T'S(tl) = XTF(O) — Xy, Ts(tg) = XTDF(O) — 2y,

respectively.

It is to be noted here that in this study, the collocation points are either chosen as the roots of Chebyshev or
Legendre polynomials, or as uniform points from [0, 1].

More abstractly, let C([0,1]) — V5, there is a projection operator Qx. To be more precise, the projection Qy(z)
maps w into Vs such that interpolates it at the points {tx}¥_, € [0,1]. As a result, Qn7s = 0 can be used instead of
rs(t,). Equivalently, one can write

Qn ((aX"D? +bX" D35+ cXT)F(t)) = Qn (FTF(1)). (3.9)

(&)
ENE
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3.1. Error analysis.

Lemma 3.1. ([17]). For >0 and 1 < q < oo, the operator ) is bounded in L%([0,1]:

I1Z5 ()]l < (3.10)

1
mllxllq-

Theorem 3.2. Let rs be the residual defined in (3.6). The error of the presented method for solving the BT equation
(3.1) satisfies:

|z — an|l < ClrSN O @), (3.11)
where x is the approximate solution and C is a constant.
Proof. Subtracting (3.9) from (3.1) leads to

ax”(t) — aQn (2" w)(t) + 0Dy % () () — bQu (“Dy* (en))(1) + ex(t) — cQn(en) (1) = £(B) ~ Qu(F)(B)- (3.12)
Equivalently, one can write

az’(t) — az’ y + az” § — aQn (z" §)(t) + 6D * () (t) — b°DE* (xn) (1) + bDE 2 (wn) (1)

— Qe (DR (o)) (1) + € (t) — con (t) + e (1) — cQu (an) () = F(E) — Qu(F)(2): (3.13)

Given ey = x — xy, it is easy to gain the following relation

ae’n(t) +a(l — Q) (e"n)(t) + 6Dy *(en)(t) + b (I — Qn) (“Dy/*(en))(t) + cen(t)

Tl —Qn)(en)(t) = (I —Qn) (f)(). (3.14)
Considering
ro(z) = azn (t) + DY 2 (xn)(t) + can(t) — f(2), (3.15)
and making some simplifications in Equation (3.14), it is straightforward to reach the relation
ae” n (t) + 6Dy * (en)(t) + cen(t) = (I — Q) (rs)(2). (3.16)
It follows from (3.16) that
1 b
¢"n(t) = — (I = Qn) () (t) — =Dy *(en) () — Sen(t). (3.17)
a a a
Taking norms and applying Lemma 3.1:
1 b
") < < t =1 - s)(t ———|leX @) 1
le"w @1 < “llen Ol + ~11 (1 = Q) (rs) ()] + aF(3/2)H6N( )l (3.18)
Letting p :=1— m > 0, we can rewrite (3.18) as follows;
1
"N < = t —| (I - ) (0)]]- 1
le" N ()] < apllezv( )+ apll( Q) (rs) @)l (3.19)
On the other hand, using the Cauchy formula for repeated integration, we have
t
en(t) = / (t —xz)e" N(z)dx. (3.20)
0
Taking the norm, one can show that
len ()]l < Mlle" y(@)]]. (3.21)
Substituting (3.19) into (3.21), leads to
cM M
| < — t —|I (I - s)(1)]]- .22
len (@) < o llex () + apH( Qn) (rs) @] (3.22)

(=)=
E)NE
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Assuming ¢ :=1 — % > 0 and using the interpolation error, one can obtain
lex ()] < ClrM D @), (3.23)
_ M

where C = (1;7 O

4. NUMERICAL SIMULATIONS AND RESULTS

This section includes several illustrative examples to demonstrate the efficacy of the presented scheme. To provide
a comprehensive overview of the method’s effectiveness, absolute errors

en = [z(t) —zn ()],

and Lo error

- ervor= [ at) - i)

may be reported in tables or figures.
To achieve greater accuracy, we elevate precision above 50 digits. All examples were run using Maple and Matlab
softwares (version 2022).

1/2

Example 4.1. First, we implement the present method for Equation (3.1) with a = 1, b = 8/17, ¢ = 13/51, 29 = 0,
and 1 = 27/125. Also, we have
t—1/2
f(t) = 89250 /7
in which
v(t) = 325085 — 9425t* + 264880t — 448107% + 233262t — 34578,
u(t) = 16000t* — 32480t 4 21280t% — 4746t.

(48u(t) + 7\/7?tv(t)) L 0<t<1,

The exact solution mentioned in [18] is equal to
5 _ @t‘l EtB _ @tQ 27

10 25 250 125

To solve this example using the presented method, we can obtain the exact solution by selecting n = 1, N = 6,
and all three collocation points, including Chebyshev roots, Legendre roots, and uniform grids. Figure 1 shows the
accuracy of the present method using n =1, N = 6, and Legendre roots.

For comparison with existing methods, Table 1 presents absolute errors at different time points. The proposed
scheme provides a highly accurate approximate solution compared to other options.

x(t) =z

Example 4.2. For the second example, we consider the Bagley-Torvik Equation (3.1) with:

" 1.3/2 1 8, 0<t<L1,
5 —x(t) = <t< .
x (t)+2 Dy (;v)(t)+2x(t) 0 t>1, 0<t<1, (4.1)
with conditions
z(0)=1, 2'(0)=0. (4.2)

For this example, the exact solution can be obtained using (1.4).

To compare the performance of different methods, Table 2 presents absolute errors at various time point. The results
demonstrate that our method achieves higher accuracy than existing approaches. Figure 2 illustrates the method’s
precision, showing how the error decreases as N increases. These convergence properties are further confirmed in
Table 3, which includes corresponding CPU times.

(&)
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TABLE 1. The results obtained for Example 4.1 compared to other methods.

00104

0.008 o

0.006 4

0.004 4

Proposed method [43] [32]

t\N 6 8 8 16

0.1 4.00 x 10752 1.08 x 10792 3.60 x 10794 0.13 x 1079
0.2 3.16 x 10751 8.96 x 10793 1.58 x 10793 1.33 x 1079
0.3 8.70 x 10751 3.78 x 10793 1.79 x 10793 1.22 x 1079
0.4 1.58 x 10750 1.44 x 10797 1.63 x 10793 8.99 x 1074
0.5 2.16 x 10750 1.00 x 10793 1.16 x 10793 1.77 x 1079
0.6 2.36 x 10759 6.62 x 10798 5.84 x 1079 5.36 x 1079
0.7 2.03 x 10759 1.26 x 10793 1.27 x 1079 2.15 x 1079
0.8 1.20 x 1050 1.28 x 10703 1.20 x 1079 1.65 x 10796
0.9 2.60 x 1051 2.07 x 10798 5.54 x 10794 1.42 x 10796

|x - XN‘

FIGURE 1. The obtained numerical solution and corresponding absolute error for Example 4.1.

TABLE 2. Assessing the accuracy of the method compared to other methods (Example 4.2).

Presented method [18] [7]

t n=0.5N =16 n=0.5,N =16 N =16
0.1 2.74 x 1012 7.60 x 10710 1.93 x 1006
0.2 4.16 x 10~12 1.00 x 1010 4.90 x 10796
0.3 4.98 x 1012 1.00 x 1010 8.40 x 10796
0.4 5.27 x 1012 2.00 x 10710 1.28 x 1079°
0.5 5.16 x 10712 7.00 x 10710 2.13 x 10795
0.6 4.63 x 10712 6.00 x 10799 3.16 x 1079
0.7 3.83 x 10712 1.70 x 10708 4.42 x 1079
0.8 2.77 x 10712 4.30 x 10708 5.43 x 1079
0.9 1.49 x 1012 1.01 x 10797 1.22 x 10704

5. CONCLUSIONS

This paper, a well-known fractional equation called the BT equation is solved using the collocation method. To

implement the scheme, we first map the unknown solution into the wavelet space using ML wavelets.

(=)=
E)NE

Then, by
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TABLE 3. The L2-error for n = 0.5 (Example 4.2).

N=8 N =10 N =12 N=14 N =16
Chebysh q L2-error  3.02x 1079 264 x 1079 351 x 10798 1.47x 10710 528 x10~13
€byshev nodes  opy time 2.531 3.391 4.547 8.718 22.016
Legendre nodes ~ L%-error  6.68 x 10790  1.07 x 10796 1.18 x 10797 4.73 x 10~'1  3.88 x 1012

CPU time 2.547 3.046 4.547 9.125 19.016
Uniform meshes  L2-error  4.00 x 1079 215 x 1079 2,07 x 10797 8.60 x 10710 1.54 x 1010
CPU time 2.688 3.110 4.609 8.172 21.062

-5
-109 1
—&— Legendre nodes
15 —6— Chebyshev nodes
—*— Uniform meshes
’§‘ 20 f
$
~ -25 -
s
o -30f
-35 -
X
-40 S
45 ‘ ‘ ‘ ‘
6 8 10 12 14 16

N

FIGURE 2. The obtained L%-error via different values of N for Example 4.2.

employing the operational matrices of CFD and derivative, we reduced the problem to a linear system of algebraic
equations through the collocation method. We consider various collocation points and solve the problem effectively
and accurately. The illustrated examples show that when the parameter 7 is selected correctly, the method yields the
exact solution. Otherwise, we can obtain the expected results by increasing the parameter N. Due to the flexibility
of ML wavelets in selecting their basis power and the structure of the presented algorithm, this method has high
potential for solving various fractional equations.
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