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Abstract

The generalized solvability of a nonlinear optimal control for thermal and diffusion processes in a mixed inverse

problem for a Barenblatt–Zheltov–Kochina differential equation with Hilfer fractional operator is studied. The in-

verse problem is considered with spectral and intermediate conditions. Eigenvalues, eigenfunctions, and associated
functions of the spectral problem are found and the corresponding adjoint problem is solved. Countable systems

of fractional order differential equations with final value conditions are obtained. The necessary optimality condi-

tions for nonlinear control are formulated. The determination of the optimal control function is reduced to solve a
complicated nonlinear functional-integral equation, and the process of solving consists of solving separately taken

two nonlinear functional-integral equations. Nonlinear functional integral equations are solved by the method of

successive approximations and the unique solvability of these equations is proved by the method of contracting
mapping. Approximate calculations for the optimal control function, the redefinition function, and the state func-

tion of the controlled process are obtained. The absolute and uniform convergence of the obtained Fourier series
are proved.
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1. Introduction

Nonlocal problems with final valued conditions are encountered in mathematical modeling of phenomena of various
nature, when the initial data of the process flow domain is inaccessible for direct measurements. Some problems of the
diffusion of particles in a turbulent plasma and of the processes of heat propagation are examples, where initial values
are not defined. If we consider the technological process of aluminum production indicated above, it is impossible to
determine the initial temporary state of the aluminum at the beginning of the technological process. First, the raw
material undergoes the firing stage. We do not know in what state the raw materials enter the technological process.
The technological process consists of four cycles. After each cycle, it becomes possible to determine the intermediate
state of the manufactured product from sensor readings. The mathematical problem is posed as follows: knowing the
intermediate state of the product, predict the state of the finished product in advance at the intermediate stage. Based
on this analysis of sensor indicators, introduce control into the thermal process. If the simulation analysis needs to be
repeated, the thermal process control can be adjusted up to three times.

So, we have an inverse control problem with a final valued condition and an intermediate condition to solve the
thermal process equations with redefinition function at the final point.

The theory of optimal control for systems with distributed parameters is widely used in solving problems of aero-
dynamics, chemical reactions, diffusion, filtration, combustion, heating, etc. (see, [6, 17, 19, 29, 31, 34, 44]). Various
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analytical and approximate methods for solving problems of optimal control systems with distributed parameters are
being developed and effectively used (see, for example, [5, 18, 22, 24–26, 28, 35, 37, 41–43, 46, 48–51, 53, 60]).

The theory and applications of fractional calculus have been developed by many authors ([14, 20, 27, 33]). Let
(t0;T ) ⊂ R+ ≡ [0;∞) be an interval on the set of positive real numbers, where 0 ≤ t0 < T < ∞. The Riemann–
Liouville 0 < α-order fractional integral of a function η(t) is defined as follows:

Jα
t0tη(t) =

1

Γ(α)

t∫
t0

(t− s)α−1η(s)ds, α > 0, t ∈ (t0;T ),

where Γ(α) is the Gamma function.
Let n − 1 < α ≤ n, n ∈ N. The Riemann–Liouville α-order fractional derivative of a function η(t) is defined as

follows:

Dα
t0tη(t) =

dn

dtn
Jn−α
t0t η(t), t ∈ (t0;T ).

The Caputo α-order fractional derivative of a function η(t) is defined by

CD
α
t0tη(t) = Jn−α

t0t η(n)(t) =
1

Γ(n− α)

t∫
t0

η(n)(s)ds

(t− s)α−n+1
, t ∈ (t0;T ).

These derivatives are reduced to the n-th order derivatives for α = n ∈ N

Dn
t0tη(t) = CD

n
t0tη(t) =

dn

dtn
η(t), t ∈ (t0, T ).

The Hilfer fractional operator Dα,γ defined by the formula Dα,γ = Jγ−α
0t

d
dtJ

1−γ
0t , 0 < α ≤ γ ≤ 1. For the Hilfer

operator Dα,γ for γ = 0, and γ = 1, we have Dα,0 = RLD
α
0t and Dα,1 = CD

α
0t, respectively. So, the generalized

integro-differentiation operator Dα,γ is a continuous interpolation of the well-known fractional order differentiation
operators of Riemann–Liouville and Caputo, which describe diffusion processes and engineering interpretation, is
given in [21, Vol. 1, P. 47–85; Vol. 4–8]. The construction of various models of theoretical physics problems using
fractional calculus is described in [21, vol. 4, 5], [30, 47]. A specific physical interpretation of the generalized fractional
operator Dα,γ is given in [45]. A detailed review devoted to the application of fractional calculus to solving applied
problems is given in [21, vol. 6–8], [38, 40]. In [38], in particular, the properties of the operator Dα,γ were studied
and an operational method for solving fractional differential equations was developed. In [36], the problem of source
identification was studied for the generalized diffusion equation with the operator Dα,γ . We also note the work [13],
where inverse problems were investigated for the generalized parabolic equation of the fourth order with the operator
Dα,γ . Different boundary value and inverse problems for fractional differential and integro-differential equations were
studied in the works of many authors, in particular, in [1, 2, 4, 9, 10, 12, 15, 23, 32, 39, 52, 54–59, 61].

We can see a few publications dedicated to study different problems of fractional optimal control (see [3, 7, 8, 16]).
However, the application of fractional calculus in optimal control theory remains poorly investigated, despite the
fact that modeling control processes using fractional integro-differentiation operators is becoming more relevant. In
this paper, we consider the questions of a generalized and approximate solving of the fractional inverse problem of
nonlinear optimal control for a fractional order pseudo-parabolic differential equation with a quadratic optimality
criterion. The necessary optimality conditions are formulated by the maximum principle, and the control function,
redefinition function and state function are calculated.

2. Statement of the problem

We consider the following fractional pseudo-parabolic equation[
Dα,γ −Dα,γ ∂2

∂ x2
− ∂2

∂ x2

]
U(t, x) = f(x, p(t)), (t, x) ∈ Ω, (2.1)
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with final value

U(T, x) = φ(x), x ∈ [0, 1], (2.2)

and boundary value conditions

U(t, 0) = 0, Ux(t, 1) = Ux(t, x0), 0 ≤ t ≤ T, 0 < x0 < 1. (2.3)

Let f(x, p) ∈ C([0, 1] × Υ) denote the external source function, where p(t) ∈ C[0, T ] is the control function and
U(t, x) ∈ C(Ω) represents the state function of the controlled process. The function φ(x) ∈ L2[0, 1], is the redistribution

distribution function. The operator Dα,γ−Dα,γ ∂2

∂ x2 − ∂2

∂ x2 is a fractional analogue of the Barenblatt–Zheltov–Kochina
operator. Here, Dα,γ denotes the Hilfer fractional derivative, and Jα

0t, 0 < α is the Riemann–Liouville fractional
integral operator. Furthermore, Υ ≡ [0,M∗], where 0 < M∗ <∞, Ω ≡ [0, T ]× [0, 1], and 0 < T <∞.

In finding redefinition function φ(x), we use the following additional intermediate condition

U(t1, x) = ψ(x), 0 < t1 < T, x ∈ [0, 1], (2.4)

where ψ(x) ∈ L2[0, 1].
In this paper, an optimal control problem is considered, where the final valued condition (2.2) is connected with the

fact that often in practice there are situations when the object of research in the initial problem is either fundamentally
inaccessible for measurement, or conducting such a measurement is expensive. The function φ(x) in the condition
(2.2) is unknown, too. There arises the necessity of using the additional condition (2.4). The necessary optimality
conditions based on the maximum principle are formulated, the control function, redefinition function and the state
function are calculated.

The inverse optimal control problem (2.1)–(2.4) contains a triple of unknown functions:
{
U(t, x) ∈ C(Ω), φ(x) ∈

L2[0, 1], p(t) ∈ C[0, T ]
}
.

We note that for a complete definition of this triple, it is not enough to use only the conditions (2.2)–(2.4).
Therefore, in this paper, we also consider the minimization of the quadratic functional of quality. The methodology
of this work can also be used to solve other problems of nonlinear optimal control associated with the heat transfer
or wave processes, for example, in problems of controlling metallurgical furnaces. In solving such optimal control
problems, it is necessary to study mathematical models of process control, which allow real-time prediction of the
temperature distribution of heated materials depending on changes in supplied power, heating time of bodies, heating
modes, etc.

So, it is important to consider the questions of generalized solvability of a mixed inverse problem in nonlinear
optimal control for a fractional analog of pseudo-parabolic differential Eq. (2.1). The equation is considered with
final value condition (2.2), boundary value conditions (2.3) and intermediate condition (2.4). The spectral method of
variable separation based on the Fourier series is applied. Eigenvalues, eigenfunctions, and associated functions of the
spectral and adjoint problems are found. Countable systems of fractional order differential equations are obtained.
This paper is a further development of the works [50, 51].

3. Spectral problem

Condition A. Let x0 be a rational number from the interval (0, 1) such that x0 = p
q , p < q, q − p = 1, p and q

be positive integers.
The state function we consider as a sum

U(t, x) = U0(t, x) + U1(t, x) + U2(t, x) + Ũ2(t, x)

and the solution of mixed inverse problem (2.1)–(2.4) we search in the form of the following Fourier series

U(t, x) = u0(t)ϑ0(x) +

∞∗∑
n=1

u1,n(t)ϑ1,n(x) +

∞∑
m=1

(
u2,m(t)ϑ2,m(x) + ũ2,m(t) ϑ̃2,m(x)

)
, (3.1)
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where

u0(t) =

1∫
0

U0(t, y)ω0(y)dy, u1,n(t) =

1∫
0

U1(t, y)ω1,n(y)dy,

u2,m(t) =

1∫
0

U2(t, y)ω̃2,m(y)dy, ũ2,m(t) =

1∫
0

Ũ2(t, y)ω2,m(y)dy,

“*” means that the sum is taken over n ∈ N, different from k(q + p), k ∈ N.
The functions

ϑ0(x) = x, ϑ1,n(x) = sin
√
λ1,nx, ϑ2,m(x) = sin

√
λ2,mx, n,m ∈ N, (3.2)

in (3.2) are eigenfunctions of the spectral problem [11]

ϑ′′(x) + λ2ϑ(x) = 0, ϑ(0) = 0, ϑ′(1) = ϑ′(x0), λ ≥ 0, 0 < x0 < 1, (3.3)

with corresponding eigenvalues:

λ0 = 0, λ1,n =

(
2nπ

1 + x0

)2

, λ2,m =

(
2mπ

1− x0

)2

, n,m ∈ N.

The spectral problem (3.3) for λ2,m has associated functions of the form

ϑ̃2,m(x) = x cos
√
λ2,mx. (3.4)

For each n,m ∈ N, n ̸= m(p+ q) the functions{
ω0(x); ω1,n(x); ω2,m(x)

}
, (3.5)

where

ω0(x) =

{
0, x ∈ [0, x0),

2
1−x2

0
, x ∈ (x0, 1],

ω1,n(x) =


4 sin

√
λ1,nx

1+x0
, x ∈ [0, x0),

2 cos
√

λ1,n(1−x)

(1+x0) sin
√

λ1,n

, x ∈ (x0, 1],

ω2,m(x) =

{
0, x ∈ [0, x0),
4 cos

√
λ2,mx

1−x0
, x ∈ (x0, 1],

are eigenfunctions of the following problem, which is an adjoint to problem (3.3)

ω′′(x) + λω(x) = 0, λ ≥ 0, x ∈ (0, x0) ∪ (x0, 1), (3.6)

ω(0) = 0, ω′(1) = 0, (3.7)

ω′(x0 + 0) = ω′(x0 − 0), ω(x0 + 0)− ω(x0 − 0) = ω(1). (3.8)

The adjoint spectral problem (3.6)–(3.8) for each λ2,m has also associated functions of the form

ω̃2,m(x) =


4 sin

√
λ2,mx

1+x0
, x ∈ [0, x0),

4(1−x) sin
√

λ2,mx

1−x2
0

, x ∈ (x0, 1].
(3.9)

We note that systems of eigenfunctions (3.2), (3.4) and (3.5), (3.9) are biorthonormal in L2[0, 1], that is(
ϑ0(x), ω0(x)

)
= 1,

(
ϑ0(x), ω1,n(x)

)
=

(
ϑ0(x), ω2,m(x)

)
=

(
ϑ0(x), ω̃2,m(x)

)
= 0,(

ϑ1,n(x), ω1,k(x)
)
=

{
1, n = k,

0, n ̸= k,(
ϑ1,n(x), ω0(x)

)
=

(
ϑ1,n(x), ω2,m(x)

)
=

(
ϑ1,n(x), ω̃2,m(x)

)
= 0,
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(
ϑ2,m(x), ω̃2,k(x)

)
=

{
1, m = k,

0, m ̸= k,(
ϑ2,m(x), ω0(x)

)
=

(
ϑ2,m(x), ω1,n(x)

)
=

(
ϑ2,m(x), ω2,k(x)

)
= 0,(

ϑ̃2,m(x), ω2,k(x)
)
=

{
1, m = k,

0, m ̸= k,(
ϑ̃2,m(x), ω0(x)

)
=

(
ϑ̃2,m(x), ω̃2,k(x)

)
= 0,

where by (·, ·) is denoted the inner product in L2[0, 1].
Moreover, if the condition A is satisfying, then the systems of root functions of problems (3.3) and (3.6)–(3.8) form

a Riesz basis in L2[0, 1].

For the functions f(x, p(t)) = f0(x, p0(t))+f1(x, p1(t))+f2(x, p2(t))+ f̃2(x, p̃2(t)), φ(x) = φ0(x)+φ1(x)+φ2(x)+

φ̃2(x) and ψ(x) = ψ0(x) + ψ1(x) + ψ2(x) + ψ̃2(x) it is assumed that

f(x, p(t)) = f0(p)ϑ0(x) +

∞∗∑
n=1

f1,n(p)ϑ1,n(x) +

∞∑
m=1

[
f2,m(p)ϑ2,m(x) + f̃2,m(p)ϑ̃2,m(x)

]
, (3.10)

φ(x) = φ0ϑ0(x) +

∞∗∑
n=1

φ1,nϑ1,n(x) +

∞∑
m=1

[
φ2,mϑ2,m(x) + φ̃2,mϑ̃2,m(x)

]
, (3.11)

ψ(x) = ψ0ϑ0(x) +

∞∗∑
n=1

ψ1,nϑ1,n(x) +

∞∑
m=1

[
ψ2,mϑ2,m(x) + ψ̃2,mϑ̃2,m(x)

]
, (3.12)

where

f0(p) =

1∫
0

f0(y, p0(t))ω0(y)dy, f1,n(p) =

1∫
0

f1(y, p1(t))ω1,n(y)dy,

f2,m(p) =

1∫
0

f2(y, p2(t))ω̃2,m(y)dy, f̃2,m(p) =

1∫
0

f̃2(y, p̃2(t))ω2,m(y)dy;

φ0 =

1∫
0

φ0(y)ω0(y)dy, φ1,n =

1∫
0

φ1(y)ω1,n(y)dy,

φ2,m =

1∫
0

φ2(y)ω̃2,m(y)dy, φ̃2,m =

1∫
0

φ̃2(y)ω2,m(y)dy;

ψ0 =

1∫
0

ψ0(y)ω0(y)dy, ψ1,n =

1∫
0

ψ1(y)ω1,n(y)dy,

ψ2,m =

1∫
0

ψ2(y)ω̃2,m(y)dy, ψ̃2,m =

1∫
0

ψ̃2(y)ω2,m(y)dy.
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4. Reducing the mixed inverse problem to countable systems of fractional equations

Problem. Find control function p(t) ∈
{
p : | p(t) | ≤M∗, t ∈ [0, T ]

}
, redefinition function φ(x) and corresponding

state function U(t, x), which deliver a minimum to functionality

J [p] =

1∫
0

[φ(y)− ξ(y) ]
2
dy + α

T∫
0

p2(t) dt, (4.1)

where 0 < α = const, and ξ(x) = ξ0(x) + ξ1(x) + ξ2(x) + ξ̃2(x) is given continuous function such that

ξ(x) = ξ0ϑ0(x) +

∞∗∑
n=1

ξ1,nϑ1,n(x) +

∞∑
m=1

[
ξ2,mϑ2,m(x) + ξ̃2,mϑ̃2,m(x)

]
, (4.2)

ξ0 =

1∫
0

ξ0(y)ω0(y)dy, ξ1,n =

1∫
0

ξ1(y)ω1,n(y)dy,

ξ2,m =

1∫
0

ξ2(y)ω̃2,m(y)dy, ξ̃2,m =

1∫
0

ξ̃2(y)ω2,m(y)dy,

| ξ0 |+
∞∗∑
n=1

| ξ1,n |+
∞∑

m=1

[
| ξ2,m |+

∣∣∣ ξ̃2,m ∣∣∣] <∞. (4.3)

We use the following well-known spaces

C̄1,2
U (Ω) =

{
U : U(t, x) ∈ C1,2(Ω), U(t, 0) = 0, Ux(t, 1) = Ux(t, x0), 0 ≤ t ≤ T, 0 < x0 < 1

}
,

C̄1,2
Φ (Ω) =

{
Φ : Φ(t, x) ∈ C1,2(Ω), Φ(0, x) = 0

}
.

The closure of these spaces with the norm

∥U ∥H̄(Ω) =

√√√√√ T∫
0

1∫
0

|U(t, y) |2 dy dt <∞,

denoted respectively by H̄U (Ω), H̄Φ(Ω).

Definition 4.1. The function U(t, x) ∈ H̄U (Ω) is called a generalized solution to the nonlocal problem (2.1)–(2.3), if
this function satisfies the differential equation (2.1) with conditions (2.2) and (2.3) almost everywhere.

Using definition and Fourier series (3.1) and (3.10), taking into account that the properties of eigenfunctions (3.2),
(3.4), (3.5), and (3.9), from Eq. (2.1) we come to the following scalar and three countable systems (CS) of ordinary
fractional order differential equations

Dα,γu0(t) = f0(p0(t)), (4.4)

Dα,γu1,n(t) = −µ1,nu1,n(t) + g1,n(t), (4.5)

Dα,γu2,m(t) = −
2
√
λ2,m

1 + λ2,m

(
Dα,γ ũ2,m(t) + ũ2,m(t)

)
− µ2,mu2,m(t) + g2,m(t), (4.6)

Dα,γ ũ2,m(t) = −µ2,mũ2,m(t) + g̃2,m(t), (4.7)

where

gi,n(t) =
1

1 + λi,n
fi,n(pi(t)), µ1,n =

λ1,n
1 + λ1,n

, µ2,m =
λ2,m

1 + λ2,m
,
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λ1,n =

(
2qnπ

p+ q

)2

, λ2,m = (2qmπ)2, n,m ∈ N, n ̸= m(p+ q).

We solve the differential Equations (4.4)–(4.7). Using the series (3.11) and (3.12) from given conditions (2.2) and
(2.4), we determine the final and intermediate conditions for the unknown Fourier coefficients

u0(T ) =

1∫
0

U0(T, y)ω0(y)dy =

1∫
0

φ0(y)ω0(y)dy = φ0, (4.8)

u1,n(T ) =

1∫
0

U1(T, y)ω1,n(y)dy =

1∫
0

φ1(y)ω1,n(y)dy = φ1,n, (4.9)

u2,m(T ) =

1∫
0

U2(T, y)ω̃2,m(y)dy =

1∫
0

φ2(y)ω̃2,m(y)dy = φ2,m, (4.10)

ũ2,m(T ) =

1∫
0

Ũ2(T, y)ω2,m(y)dy =

1∫
0

φ̃2(y)ω2,m(y)dy = φ̃2,m; (4.11)

u0(t1) =

1∫
0

U0(t1, y)ω0(y)dy =

0∫
0

ψ0(y)ω0(y)dy = ψ0, (4.12)

u1,n(t1) =

1∫
0

U1(t1, y)ω1,n(y)dy =

1∫
0

ψ1(y)ωn(y)dy = ψ1,n, (4.13)

u2,n(t1) =

1∫
0

U2(t1, y)ω̃2,n(y)dy =

1∫
0

ψ2(y)ω̃2,n(y)dy = ψ2,n, (4.14)

ũ2,n(t1) =

1∫
0

Ũ2(t1, y)ω2,n(y)dy =

1∫
0

ψ̃2(y)ω2,n(y)dy = ψ̃2,n. (4.15)

5. Scalar fractional differential equation

5.1. Direct problem. Our purpose is to find redefinition function φ0(x), and using the functional (4.1), determine
optimal control function p0(t). However, first we solve the fractional differential Eq. (4.4) with final condition (4.8).
In this order, we apply the operator Jα

0t to both sides of the Eq. (4.4) and obtain the presentation

u0(t) =
C0

Γ(γ)
tγ−1 +

1

Γ(γ)

t∫
0

(t− s)α−1 f0(p0(s)) ds, (5.1)

where C0 is arbitrary constant. We define by the aid of condition (4.8). So, using final value condition (4.8), from
represent (5.1) we have

C0 = Γ(γ)T 1−γφ0 + T 1−γ

T∫
0

(T − s)α−1f0(p0(s)) ds. (5.2)
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Substituting the constant (5.2) into the Eq. (5.1), we derive a new representation

t1−γu0(t) = T 1−γφ0 +

T∫
0

K0(t, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds, (5.3)

where

K0(t, s) =
1

Γ(γ)

{
−T 1−γ(T − s)α−1, t ≤ s ≤ T,

−T 1−γ(T − s)α−1 + t1−γ(t− s)α−1, 0 ≤ s < t.

From the presentation (5.3), we have the solution of the problem (2.1)–(2.3), corresponding to the eigenvalues λ0 = 0
and the eigenfunctions ϑ0(x) = x:

t1−γU0(t, x) = T 1−γφ0(x) + ϑ0(x)

T∫
0

K0(t, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds (5.4)

for fixed values of φ0(x) and p0(t).

Theorem 5.1. Assume that condition A and the inequalities |φ0(x) | <∞ and max
(t,x)∈Ω

| f0(x, p0(t)) | <∞ are satisfied.

Then, for fixed values of the redistribution function φ0(x) and of the control function p0(t), it follows that U0(t, x) ∈
H̄(Ω), where U0(t, x) is defined by representation (5.4).

Proof. For fixed values of the redefinition function φ0(x) and of the control function p0(t), we substitute formula (5.4)

into the integral ℑ0 =
T∫
0

1∫
0

t2(1−γ)U2
0 (t, x) dx dt and we square it

ℑ0 =

T∫
0

1∫
0

t2(1−γ)

T 2(1−γ)x2φ2
0 + 2x2T 1−γ |φ0|

T∫
0

|K0(t, s)|
1∫

0

|f0 (y, p0(s))| |ω0(y)| dyds

+

x T∫
0

K0(t, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds

2
 dxdt

≤ T 3−2γ

T 2(1−γ)φ2
0 + 2T 1−γC0,1M0,1 |φ0|

1∫
0

|ω0(y)| dy +

C0,1M0,1

1∫
0

ω0(y)dy

2


≤ T 3−2γ

{
T 2(1−γ)φ2

0 + 2T 1−γ 2C0,1M0,1

1 + x0
|φ0 |+

[
2C0,1M0,1

1 + x0

]2}
<∞,

where

max
t

T∫
0

|K0(t, s) | ds ≤ C0,1 = const, max
(t,x)

| f0 (x, p0(t)) | ≤M0,1 = const.

The Theorem 5.1 is proved. □

5.2. Inverse problem. In the presentation (5.4) functions φ0(x) and p0(t) are unknown. To find φ0(x), we apply
the condition (4.12) into Equation (5.3):

φ0 =
t1−γ
1

T 1−γ
ψ0 − T γ−1

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds.
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Hence, we obtain

φ0(x) =
t1−γ
1

T 1−γ
ψ0(x)− T γ−1ϑ0(x)

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds. (5.5)

For the function (5.5), we have estimate

|φ0(x) | ≤ |ψ0 |+
2C0,1M0,1

1 + x0
T γ−1 <∞. (5.6)

Substituting (5.5) into presentation (5.4), we obtain

t1−γU0(t, x) = t1−γ
1 ψ0(x) + x

T∫
0

[K0(t, s)−K0(t1, s)]

1∫
0

f0 (y, p0(s))ω0(y)dy ds. (5.7)

(5.7) is the solution of the problem (2.1)–(2.3) for fixed values of control function p0(t).

5.3. Optimal control function. Now we will start to find the control function p0(t). Let p∗0(t) is optimal control
function

∆ J [p∗0(t) ] = J [p∗0(t) + ∆ p∗0(t) ]− J [p∗0(t) ] ≥ 0,

where p∗0(t) + ∆ p∗0(t) ∈ H̄[0, T ].
We consider the following function

t1−γQ0(t, x)

xt1−γ
1 ψ0 + x

T∫
0

[K0(t, s)−K0(t1, s)]

1∫
0

f0 (y, p
∗
0(s))ω0(y)dy ds

 = α[p∗0(t)]
2, (5.8)

where Q0(t, x) defines by solving the following mixed problem

Dα,γQ0(t, x) +Dα,γQ0x x(t, x) +Q0x x(t, x) = 0, (t, x) ∈ Ω, (5.9)

Q0(T, x) = −2 [φ(x)− ξ(x)] , (5.10)

Q0(t, 0) = 0, Q0x(t, 1) = U0x(t, x0), 0 ≤ t ≤ T, 0 < x0 < 1, (5.11)

which is conjugated to problem (2.1)–(2.3). The Equation (5.8) we rewrite in convenient for us form

t1−γQ0(t, x)

Φ0(t, x) +

T∫
0

K̄0(t, s, x) ∗ f0 (p∗0(s)) ds

 = α[p∗0(t)]
2, (5.12)

where

Φ0(t, x) = xt1−γ
1 ψ0, K̄0(t, s, x) ∗ f0 (p∗0(s)) =

[
K0(t, s)−K0(t1, s)

] 1∫
0

f0 (y, p
∗
0(s))ω0(y)dyds.

According to the maximum principle, we calculate in (5.12) derivative with respect to the control function and come
to the following necessary condition for optimality

t1−γQ0(t, x)

T∫
0

K̄(t, s, x) ∗ fp (p∗0(s)) ds− 2αp∗0(t) = 0. (5.13)

Calculating derivative in (5.13) with respect to the control function p∗(t), we obtain another necessary condition for
optimality

t1−γQ0(t, x)

T∫
0

K̄(t, s, x) ∗ fpp (p∗0(s)) ds− 2α < 0. (5.14)
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We solve the conjugated differential equation (5.9) by the same way as we solved the Eq. (2.1). According to the
conditions of (5.11), the nonzero solution of the Eq. (5.9) we find from the fractional differential equations

Dα,γq0(t) = 0, (5.15)

where

q0(t) =

1∫
0

Q0(t, y)ω0(y)dy.

To solve the differential equation (5.15), we use the condition of (5.10) in the following form

q0(T ) = −2

1∫
0

[φ0(y)− ξ0(y)]ϑ0(y)dy = −2φ0 + 2ξ0. (5.16)

Substituting presentation (5.5) into the formula (5.16) and by virtue of (4.2), we obtain

q0(T ) = 2ξ0 − 2
t1−γ
1

T 1−γ
ψ0 − 2T γ−1

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds. (5.17)

The general solution of the homogeneous equation (5.15) has a form

q0(t) =
B0

Γ(γ)
tγ−1, (5.18)

where we determine the arbitrary coefficient of integration B0 from the condition (5.17)

B0 = 2ξ0Γ(γ)T
1−γ − 2t1−γ

1 Γ(γ)ψ0 − 2Γ(γ)

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dyds. (5.19)

Substituting (5.19) into general solution (5.18) of homogeneous fractional equation (5.15), we obtain

t1−γq0(t) = 2T 1−γξ0 − 2t1−γ
1 ψ0 − 2

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dyds.

Hence, we obtain a desire function

t1−γQ0(t, x) = 2xT 1−γξ0 − 2xt1−γ
1 ψ0 − 2x

T∫
0

K0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds.

The last equation we rewrite it in the compact form

t1−γQ0(t, x) = Ψ0(t, x) +

T∫
0

¯̄K0(t, s, x) ∗ f0 (p0(s)) ds, (5.20)

where

Ψ0(t, x) = 2xT 1−γξ0 − 2xt1−γ
1 ψ0,

¯̄K0(t, s, x) ∗ f0 (p0(s)) = −2xK0(t1, s)

1∫
0

f0 (y, p0(s))ω0(y)dy ds.
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Taking into account (5.20), the optimality condition (5.13) we rewrite as

T∫
0

K̄0(t, s, x) ∗ fp (p0(s)) ds =
2αp0(t)

Ψ0(t, x) +
T∫
0

¯̄K0(t, s, x) ∗ f0 (p0(s)) ds
. (5.21)

Substituting (5.20) into condition (5.14), we obtain

T∫
0

K̄0(t, s, x) fpp (p
∗
0(s)) ds <

2α

Ψ0(t, x) +
T∫
0

¯̄K0(t, s, x) f0 (p∗0(s)) ds

. (5.22)

By virtue of (5.22), we solve the Eq. (5.21) with respect to the control function p0(t). However, it is difficult to
solve the Eq. (5.21) by simple way. So, we use the following techniques. If the nonlinear functional-integral equation
(5.21) is solvable, then it is true that we have the following two functional-integral equations for solving:

2αp0(t)

Ψ0(t, x) +
T∫
0

¯̄K0(t, s, x) ∗ f0 (p0(s)) ds
= t1−γg0(t), (5.23)

T∫
0

K̄0(t, s, x) ∗ fp (p0(s)) ds = t1−γg0(t), (5.24)

where g0(t) ∈ C[0, T ] is yet unknown function. First, we solve the Eq. (5.23) by the method of successive ap-
proximations. However, we assume that the function g0(t) in (5.23) is known. Therefore, the nonlinear Fredholm
functional-integral equation (5.23) we rewrite as follows

p0(t) =
g0(t)

2α

t1−γΨ0(t, x) +

T∫
0

t1−γ ¯̄K0(t, s, x) ∗ f0 (p0(s)) ds

 . (5.25)

For an arbitrary function p(t) ∈ C[0, T ], we consider the following continuous norm

∥ p(t) ∥C = max
t∈[0,T ]

| p(t) | .

Theorem 5.2. Let the following conditions are fulfilled:

(1) ξ0(x), ψ0(x) ∈ L2[0, 1],
(2) 0 < max

(t,x)
| f0 (x, p0(t)) | ≤M0,1, 0 < M0,1 = const,

(3)
∣∣ f0 (x, p10(t))− f0

(
x, p20(t)

) ∣∣ ≤ N0,1

∣∣ p10(t)− p20(t)
∣∣ , 0 < N0,1 = const,

(4) ρ0,1 =
∥ g0(t) ∥C

α T 1−γ C0,1N0,1

1+x0
< 1.

Then the nonlinear Fredholm functional integral equation (5.25) has a unique solution in the space of continuous
functions C[0, T ], which is found from the following iterative process:p

k+1
0 (t) = g0(t)

2α

[
t1−γΨ0(t, x) +

T∫
0

t1−γ ¯̄K0(t, s, x) ∗ f0
(
pk0(s)

)
ds

]
,

p10(t) =
g0(t)
2α t1−γΨ0(t, x), k = 0, 1, 2, · · · .

(5.26)

Proof. According of the conditions of the Theorem 5.2 and estimate (4.3), from successive approximations (5.26), we
obtain that for the first approximation there holds the following estimate∥∥ p10(t) ∥∥C ≤

∥ g0(t) ∥C
2α

T 1−γ ∥Ψ0(t, x) ∥C
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≤
∥ g0(t) ∥C

2α
T 1−γ

∣∣∣ 2xT 1−γξ0 − 2xt1−γ
1 ψ0

∣∣∣ (5.27)

≤
∥ g0(t) ∥C

α
T 2(1−γ) [| ξ0 |+ |ψ0 |] <∞.

For the first difference, we derive that there holds the following estimate

∥∥ p20(t)− p10(t)
∥∥
C
≤

∥ g0(t) ∥C
2α

T 1−γ

T∫
0

∣∣∣ ¯̄K0(t, s, x)
∣∣∣ ∣∣ f0 (p10(s)) ∣∣ ds

≤
∥ g0(t) ∥C

α
T 1−γmax

(t,x)

∣∣ f0 (x, p10(t)) ∣∣ T∫
0

|K0(t1, s) | ds
1∫

0

ω0(y)dy

≤
∥ g0(t) ∥C

α
T 1−γ 2C0,1M0,1

1 + x0
<∞. (5.28)

Analogously, for the arbitrary successive difference, we have the estimate

∥∥ pk+1
0 (t)− pk0(t)

∥∥
C
≤

∥ g0(t) ∥C
2α

T 1−γ

T∫
0

∣∣∣ ¯̄K0(t, s, x)
∣∣∣ · ∣∣ f0 (pk0(s))− f0

(
pk−1
0 (s)

) ∣∣ ds
≤

∥ g0(t) ∥C
2α

T 1−γ

T∫
0

∣∣∣ ¯̄K0(t, s, x)
∣∣∣ 1∫

0

∣∣ f0 (y, pk0(s))− f0
(
y, pk−1

0 (s)
) ∣∣ dyds

≤
∥ g0(t) ∥C

2α
T 1−γN0,1

T∫
0

∣∣∣ ¯̄K0(t, s, x)
∣∣∣ ∣∣ pk0(s)− pk−1

0 (s)
∣∣ ds 1∫

0

ω0(y)dy

≤
∥ g0(t) ∥C

α
T 1−γC0,1N0,1

1 + x0

∥∥ pk0(t)− pk−1
0 (t)

∥∥
C
= ρ0,1

∥∥ pk0(t)− pk−1
0 (t)

∥∥
C
, (5.29)

where

ρ0,1 =
∥ g0(t) ∥C

α
T 1−γC0,1N0,1

1 + x0
.

According to the last condition of the Theorem 5.2, ρ0,1 < 1. From the validity of the estimates (5.27)–(5.29), it
follows that the operator on the right-hand side of (5.25) is contracting and for this operator there exists a unique
fixed point in the space of continuous functions C[0, T ]. Therefore, the nonlinear functional integral equation (5.25)
has a unique solution in the space C[0, T ]. The Theorem 5.2 is proved. □

We denote the solution of the nonlinear integral functional equation (5.25) as

p0(t) = h0(t, g0(t)). (5.30)

Substituting (5.30) into (5.24), we obtain the following nonlinear Fredholm functional integral equation of the
second kind with respect to function g0(t)

t1−γg0(t) =

T∫
0

K̄0(t, s, x) ∗ fp (h0(s, g0(s))) ds. (5.31)

Theorem 5.3. Let the following conditions be satisfied:

1) ξ0(x), ψ0(x) ∈ L2[0, 1],
2) 0 < max

(t,x)
| fp (x, h0(t)) | ≤M0,2, 0 < M0,2 = const,

3)
∣∣ fp (x, h10(t))− fp

(
x, h20(t)

) ∣∣ ≤ N0,2

∣∣h10(t)− h20(t)
∣∣ , 0 < N0,2 = const,
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4)
∣∣h0 (t, g10(t))− h0

(
t, g20(t)

) ∣∣ ≤ N0,3

∣∣ g10(t)− g20(t)
∣∣ , 0 < N0,3 = const,

5) ρ0,2 =
4C0,1N0,2N0,3

1+x0
< 1.

Then the nonlinear Fredholm integral equation (5.31) has a unique solution in the class of continuous functions
g0(t) ∈ C[0, T ], which can be found from the following iterative process:

g00(t) = 0, t1−γgk+1
0 (t) =

T∫
0

K̄0(t, s, x) ∗ fp
(
h0(s, g

k
0 (s))

)
ds. (5.32)

Proof. From successive approximations (5.32), we obtain the following estimate for the first difference

∥∥ g10(t)− g00(t)
∥∥
C
≤ max

t

T∫
0

∣∣ K̄0(t, s, x) ∗ f0,p (h0(s, 0))
∣∣ ds

≤ max
t

T∫
0

∣∣∣∣∣∣ [K0(t, s)−K0(t1, s)]

1∫
0

f0,p (y, h0(0))ω0(y)dy

∣∣∣∣∣∣ ds
≤ 2C0,1max

x
| f0,p (x, h0(0)) |

1∫
0

ω0(y)dy ≤ 4C0,1M0,2

1 + x0
<∞, (5.33)

where

max
t

T∫
0

|K0(t, s)−K0(t1, s) | ds ≤ 2C0,1 = const.

Now, we obtain the estimate for arbitrary successive difference

∥∥gk+1
0 (t)− gk0 (t)

∥∥
C
≤ max

(t,x)

T∫
0

∣∣K̄0(t, s, x) ∗
[
fp

(
h0(s, g

k
0 (s))

)
− fp

(
h(s, gk−1

0 (s))
)]∣∣ ds

≤ N0,2max
t

T∫
0

|K0(t, s)−K0(t1, s) | ds
1∫

0

∣∣h0 (t, gk0 (t))− h0
(
t, gk−1

0 (t)
) ∣∣ω0(y)dy

≤ 2C0,1N0,2N0,3

∥∥ gk0 (t)− gk−1
0 (t)

∥∥
C

1∫
0

ω0(y)dy ≤ ρ0,2
∥∥ gk0 (t)− gk−1

0 (t)
∥∥
C
, (5.34)

where

ρ0,2 =
4C0,1N0,2N0,3

1 + x0
< 1.

It follows from the validity of these estimates (5.33) and (5.34) that the operator (5.31) is contracting and there
exists a unique fixed point in the space of continuous functions C[0, T ]. Therefore, the nonlinear integral Equation
(5.31) has a unique solution in the space of continuous functions g(t) ∈ C[0, T ]. The Theorem 5.3 is proved. □

We finished solving process for the Eq. (5.21). Substituting the solution of Eq. (5.31) into (5.30), we determine the
control function p̄(t). Then the values of control function we substitute into Eq. (5.5) and obtain redefinition function.
The values of control function we substitute into Eq. (5.7) and obtain the state function (see, [24, 25, 50, 51]).
Thus, the process of solving of the fractional equation (4.4) is finished for the case of eigenvalues λ0 = 0 and the
eigenfunctions ϑ0(x) = x.
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6. CS of fractional differential equation (4.5)

6.1. Direct problem. Now, we consider the case of λ1,n =
(

2qnπ
p+q

)2

and the eigenfunctions ϑ1,n(x) = sin
√
λ1,nx.

So, we consider CS of fractional differential equation (4.5):

Dα,γu1,n(t) = −µ1,nu1,n(t) + g1,n(t)

with final condition (4.9): u1,n(T ) = φ1,n, where

g1,n(t) =
1

1 + λ1,n
f1,n(p1(t)), µ1,n =

λ1,n
1 + λ1,n

, λ1,n =

(
2qnπ

p+ q

)2

, n ∈ N.

Applying the operator Jα
0t to both sides of the equation and taking into account the formula [38], we obtain

Jγ
0tD

γ
0tu1,n(t) = u1,n(t)−

1

Γ(γ)
J1−γ
0t A1,nt

γ−1,

we have

u1,n(t) =
A1,n

Γ(γ)
tγ−1 + Jα

0+g1,n(t)− µ1,nJ
α
0+u1,n(t), A1,n = const.

We represent the solution of the countable system (4.5) in the form

u1,n(t) =
A1,n

Γ(γ)
tγ−1 + Jα

0+g1,n(t)− µ1,n

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α)

[
A1,n

Γ(γ)
sγ−1 + Jα

0+g1,n(s)

]
ds.

We will rewrite this representation in the following form

u1,n(t) = A1,n

 tγ−1

Γ(γ)
− µ1,n

Γ(γ)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) sγ−1 ds


+ Jα

0+g1,n(t)− µ1,n

t∫
0

(t− s)α−1Eα,α (−µ1,n (t− s)α) Jα
0+g1,n(s) ds. (6.1)

We will do some obvious calculations in representation (6.1)

tγ−1

Γ(γ)
− µ1,n

Γ(γ)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) sγ−1 ds = tγ−1Eα,γ (−µ1,nt
α)

and

t∫
0

(t− s)α−1Eα,α (−µ1,n (t− s)α) Jα
0+g1,n(s) ds =

1

Γ(α)

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) ds

s∫
0

(s− θ)α−1g1,n(θ) dθ

=
1

Γ(α)

t∫
0

g1,n(s) ds

t∫
s

(t− s)α−1(s− θ)α−1Eα,α (−µ1,n(t− θ)α) dθ

=

t∫
0

g1,n(s) (t− s)2α−1Eα,2α (−µ1,n(t− s)α) ds.
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By virtue of these relations, the presentation (6.1), we write as

u1,n(t) = A1,nt
γ−1Eα,γ (−µ1,nt

α) +

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) g1,n(s)ds, (6.2)

where

Eα,γ(z) =

∞∑
m=0

zm

Γ(αm+ γ)
, z, α, γ ∈ C, Re (α) > 0,

is Mittag–Leffler function [21, Vol. 1, P. 269–295].
In obtaining the Eq. (6.2) we took into account the following representations [21, Vol. 1, P. 269–295]:

Eα,γ(z) =
1

Γ(γ)
+ z Eα,γ+α(z), α > 0, γ > 0,

1

Γ(α)

z∫
0

(z − t)α−1Eα,γ (k t
α) tγ−1dt = zγ+α−1Eα,γ+α (k zα) , α > 0, γ > 0.

Using the condition (4.9), we will find from (6.2) the unknown constant

A1,n =
T 1−γ

Eα,γ (−µ1,nTα)

φ1,n −
T∫

0

(T − s)α−1Eα,α (−µ1,n(T − s)α) g1,n(s)ds

 . (6.3)

Substituting (6.3) into Eq. (6.2), we obtain the new representation

u1,n(t) = φ1,nσ1,n(t)− σ1,n(t)

T∫
0

(T − s)α−1Eα,α (−µ1,n(T − s)α) g1,n(s)ds

+

t∫
0

(t− s)α−1Eα,α (−µ1,n(t− s)α) g1,n(s)ds, (6.4)

where

σ1,n(t) =
Eα,γ (−µ1,nt

α)

Eα,γ (−µ1,nTα)

[
t

T

]γ−1

.

The Equation (6.4) we represent in the convenient form

t1−γu1,n(t) = φ1,nσ1,0,n(t) +
1

1 + λ1,n

T∫
0

t1−γK1,n(t, s) f1,n (p1(s))ds, (6.5)

where

K1,n(t, s) =

{
−σ1,n(t)(T − s)α−1Eα,α (−µ1,n(T − s)α) , t ≤ s ≤ T,

−σ1,n(t)(T − s)α−1Eα,α (−µ1,n(T − s)α)+(t− s)α−1Eα,α (−µ1,n(t− s)α) , s < t,

σ1,0,n(t) = σ1,n(t)t
1−γ =

Eα,γ (−µ1,nt
α)

Eα,γ (−µ1,nTα)

[
t

T

]γ−1

t1−γ =
Eα,γ (−µ1,nt

α)

Eα,γ (−µ1,nTα)
T 1−γ .

We note that the function σ1,n(t) in (6.4) has singularity at the point t = 0. However, the function σ1,0,n(t) in
(6.5) has no singularity at this point t = 0. For all α ∈ (0, 1), α < γ ≤ 1, 0 < µ1,n < 1, we have the estimate
0 < |Eα,γ (−µ1,nt

α) | ≤M1,0 = const. Moreover, in our further calculations we take into account that
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1

1 + λ1,n
<

1

λ1,n
=

[
p+ q

2qπ

]2
1

n2
,∣∣ t1−γK1,n(t, s)

∣∣ ≤M1,1 · (T − s)α−1Eα,α (−µ1,n(T − s)α) + T 1−γ(t− s)α−1Eα,α (−µ1,n(t− s)α) ,

T∫
0

∣∣ t1−γK1,n(t, s)
∣∣ ds ≤ 2(M1,1 + T 1−γ)

T∫
0

(T − s)α−1Eα,α (−µ1,n(T − s)α) ds

≤ 2Γ(α)(M1,1 + T 1−γ)T 1+α−γM1,0 =M1,2 <∞,

where

M1,1 ≥ max
t
σ1,0,n(t) = max

t

∣∣∣∣ Eα,γ (−µ1,nt
α)

Eα,γ (−µ1,nTα)
T 1−γ

∣∣∣∣ .
Substituting CS (6.5) into following Fourier series (see (3.1))

U1(t, x) =

∞∗∑
n=1

u1,n(t)ϑ1,n(x),

we obtain

t1−γU1(t, x) =

∞∗∑
n=1

ϑ1,n(x)×

φ1,nσ1,0,n(t) +
1

1 + λ1,n

T∫
0

t1−γK1,n(t, s)

1∫
0

f1 (y, p1(s)) ω1,n(y) dy ds

 . (6.6)

We consider the space L2[0, 1] of summable squared functions ϑ(x) with the norm

∥ϑ(x) ∥L2[0,1]
=

√√√√√ 1∫
0

|ϑ(y) |2 d y <∞.

Theorem 6.1. Let the following conditions be satisfied: φ1(x) ∈ L2[0, 1], max
t

∥ f1(x, p1(t)) ∥L2[0,1]
< ∞. Then for

function (6.6) there holds U1(t, x) ∈ H̄(Ω).

Proof. For fixed values of the redefinition function φ1(x) and of the control function p1(t), we substitute formula (6.6)

into the integral ℑ1 =
T∫
0

1∫
0

t2(1−γ)U2
1 (t, y) dydt and we square it

ℑ =

T∫
0

1∫
0

{∞∗∑
n=1

ϑ1,n(y)
[
φ1,nσ1,0,n(t)+ +

1

1 + λ1,n

T∫
0

t1−γK1,n(t, s)

1∫
0

f1 (z, p1(s)) ω1,n(z) dz ds


2

dydt

=

T∫
0

1∫
0

{∞∗∑
n=1

φ1,nσ1,0,n(t)ω1,n(y)

}2

dydt+ 2

T∫
0

1∫
0

{∞∗∑
n=1

φ1,nσ1,0,n(t)ω1,n(y)

}

×


∞∗∑
n=1

1

1 + λ1,n

T∫
0

t1−γK1,n(t, s)

1∫
0

f1 (z, p1(s)) ω1,n(z) dz ds

ω1,n(y) dy dt

+

T∫
0

1∫
0


∞∗∑
n=1

1

1 + λ1,n

T∫
0

t1−γK1,n(t, s)

1∫
0

f1 (z, p1(s)) ω1,n(z)dzds


2

ω1,n(y)dydt. (6.7)
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We take into account that ϑ1,n(x) = sin
√
λ1,nx, λ1,n =

(
2qnπ
p+q

)2

and apply the Cauchy–Schwarz and Bessel

inequalities. Then from (6.7), we obtain the following estimate

ℑ1 ≤ [M1,1]
2
T

[∞∗∑
n=1

|φ1,n |

]2

+ 2M1,2M1,1T

∞∗∑
n=1

|φ1,n |

√√√√∞∗∑
n=1

1

λ21,n
max

t

√√√√√∞∗∑
n=1

∣∣∣∣∣∣
1∫

0

f1 (y, p1(t)) ω1,n(y)dy

∣∣∣∣∣∣
2

+M1,2T

∞∗∑
n=1

1

λ21,n
max

t

∞∗∑
n=1

∣∣∣∣∣∣
1∫

0

f1 (y, p1(t)) ω1,n(y)dy

∣∣∣∣∣∣
2

, (6.8)

where M1,2 = 2Γ(α)(M1,1 + T 1−γ)T 1+α−γM1,0.

Since max
t

√
∞∗∑
n=1

∣∣∣∣ 1∫
0

f1 (y, p1(t)) ω1,n(y)dy

∣∣∣∣2 ≤ max
t

∥ f1(x, p1(t)) ∥L2[0,1]
< ∞, from (6.8) implies the assertion of

Theorem 6.1. □

6.2. Inverse problem. Now, we determinate redefinition function φ1(x) from the condition (4.13). According to the
series (3.12), we apply the condition (4.13) into presentation (4.1)

t1−γ
1

∞∗∑
n=1

ϑ1,n(x)ψ1,n =

∞∗∑
n=1

ϑ1,n(x)
[
φ1,nσ1,0,n(t1) +

1

1 + λ1,n

T∫
0

t1−γ
1 K1,n(t1, s)

1∫
0

f1 (y, p1(s)) ω1,n(y) dy ds

 . (6.9)

Taking into account that the functions ϑ1,n(x), and ω1,n(x) constitute a complete biorthonormal system in L2[0, 1],
we obtain (

ϑ1,n(x), ω1,k(x)
)
=

{
0, n ̸= k,

1, n = k,

from (6.9), we obtain

t1−γ
1 ψn = φ1,nσ1,0,n(t1) +

1

1 + λ1,n

T∫
0

t1−γ
1 K1,n(t1, s)

1∫
0

f1 (y, p1(s)) ω1,n(y) dy ds. (6.10)

From the representation (6.10), we unique define Fourier coefficients φ1,n for redefinition function φ1(x):

φ1,n =
t1−γ
1 ψ1,n

σ1,0,n(t1)
− 1

1 + λ1,n

T∫
0

t1−γ
1

σ1,0,n(t1)
K1,n(t1, s)

1∫
0

f1 (y, p1(s)) ω1,n(y) dy ds, (6.11)

where t1 > 0 and

σ1,0,n(t1) =
Eα,γ (−µnt

α
1 )

Eα,γ (−µnTα)
T 1−γ > 0.

Substituting the Fourier coefficients (6.11) into Fourier series (3.11), we have

φ1(x) =

∞∗∑
n=1

ϑ1,n(x)
t1−γ
1

σ1,0,n(t1)
×

ψ1,n − 1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1 (y, p1(s)) ω1,n(y)dyds

 , (6.12)

for fixed values of control function p1(t). Then it is not difficult to see that for fixed values of control function p1(t)
the series (6.12) is convergence

|φ1(x) | ≤
∞∗∑
n=1

t1−γ
1

|σ1,0,n(t1) |
|ψ1,n |+

2Γ(α)(M1,1 + T 1−γ)T 1+α−γM1,0

|σ1,0,n(t1) |

∞∗∑
n=1

1

λ1,n

∣∣∣∣∣∣
1∫

0

f1 (y, p1(s)) ω1,n(y) dy

∣∣∣∣∣∣
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≤M1,3

∞∗∑
n=1

|ψ1,n |+M1,4

√√√√∞∗∑
n=1

1

λ21,n
∥ f1(x, p1(t)) ∥L2[0,1]

<∞, (6.13)

where

M1,3 =
t1−γ
1

|σ1,0,n(t1) |
, M1,4 =

M1,2

|σ1,0,n(t1) |
.

6.3. Optimal control function. Now we will start to find the control function p1(t) for the case of λ1,n =
(

2qnπ
p+q

)2

and the eigenfunctions ϑ1,n(x) = sin
√
λ1,nx. First, substituting the presentation (6.11) into series (6.6), we obtain

t1−γU1(t, x) =

∞∗∑
n=1

ϑ1,n(x)t
1−γ
1 σ1,1,n(t)ψ1,n +

∞∗∑
n=1

ϑ1,n(x)

1 + λ1,n

T∫
0

t1−γK̄1,n(t, s)

1∫
0

f1 (y, p1(s)) ω1,n(y) dy ds, (6.14)

where

K̄1,n(t, s) = t1−γK1,n(t, s)− t1−γ
1 K1,n(t1, s)σ1,1,n(t),

σ1,1,n(t) =
σ1,0,n(t)

σ1,0,n(t1)
=
Eα,γ (−µ1,nt

α)

Eα,γ (−µ1,ntα1 )
.

Let p∗1(t) is optimal control function:

∆ J [p∗1(t)] = J [p∗1(t) + ∆ p∗1(t)]− J [p∗1(t)] ≥ 0,

where p∗1(t) + ∆ p∗1(t) ∈ H̄[0, T ]. We consider the following function

α [p∗1(t)]
2 = t1−γQ1(t, x)

∞∗∑
n=1

ϑ1,n(x)t
1−γ
1 σ1,1,n(t)ψ1,n

+ t1−γQ1(t, x)

∞∗∑
n=1

ϑ1,n(x)

1 + λ1,n

T∫
0

t1−γK̄1,n(t, s)

1∫
0

f1 (y, p
∗
1(s)) ω1,n(y) dy ds, (6.15)

where Q(t, x) is defined as the solution to the following mixed boundary value problem:

Dα,γQ1(t, x) +Dα,γQ1x x(t, x) +Q1x x(t, x) = 0, (t, x) ∈ Ω, (6.16)

Q1(T, x) = −2 [φ1(x)− ξ1(x)] , Q1(t, 0) = 0, Q1x(t, 1) = Q1x(t, x0), (6.17)

which is conjugated to problem (2.1)–(2.3).
The Eq. (6.15) we rewrite in convenient form:

t1−γQ1(t, x)

Φ1(t, x) +

T∫
0

K̄1(t, s, x) ∗ f1 (p∗1(s)) ds

 = α [p∗1(t)]
2, (6.18)

where

Φ1(t, x) =

∞∗∑
n=1

ϑ1,n(x)t
1−γ
1 σ1,1,n(t)ψ1,n,

K̄1(t, s, x) ∗ f1 (p∗1(s)) =
∞∗∑
n=1

ϑ1,n(x)

1 + λ1,n
t1−γK̄1,n(t, s)

1∫
0

f1 (y, p
∗
1(s))ω1,n(y)dy.
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According to the maximum principle, we calculate derivative of the control function and come to the following necessary
condition for optimality

t1−γQ1(t, x)

T∫
0

K̄1(t, s, x) ∗ fp (p∗1(s)) ds− 2αp∗1(t) = 0. (6.19)

Calculating derivative in (6.19) with respect to the control function p∗1(t), we obtain another necessary condition for
optimality

t1−γQ1(t, x)

T∫
0

K̄1(t, s, x) ∗ f1pp (p∗1(s)) ds− 2α < 0. (6.20)

We solve the conjugated differential equation (6.16) by the same as we solved the fractional differential equation (2.1).
According to the second condition of (6.17), the nonzero solution of the Eq. (6.16) we find from the CS of fractional
differential equations

Dα,γq1,n(t) = µ1,nq1,n(t), (6.21)

where

q1,n(t) =

1∫
0

Q1(t, y)ω1,n(y)dy.

To solve the CS of differential equations (6.21) we use the first condition of (6.17) in the following form

q1,n(T ) = −2

1∫
0

[φ1(y)− ξ1(y)]ω1,n(y)dy = −2φ1,n + 2ξ1,n. (6.22)

Substituting presentation (6.11) into the formula (6.22), we obtain

q1,n(T ) = 2ξ1,n − 2ψ1,n

σ1,0,n(t1)
+

2

1 + λ1,n

T∫
0

t1−γ
1

σ1,0,n(t1)
K1,n(t1, s)

1∫
0

f1,n (y, p1(s)) ω1,n(y) dy ds. (6.23)

The general solution of the CS of homogeneous equation (6.21) has a form

q1,n(t) = B1,nt
γ−1Eα,γ (µ1,nt

α) , (6.24)

where we determine B1,n from the condition (6.23):

B1,n =
2T 1−γξ1,n

Eα,γ (µ1,nTα)
− σ1,2,nψ1,n +

σ1,2,nt
1−γ
1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1 (y, p1(s)) ω1,n(y)dy ds, (6.25)

σ1,2,n =
2Eα,γ (−µ1,nT

α)

Eα,γ (µ1,nTα)Eα,γ (−µ1,ntα1 )
.

Substituting (6.25) into general solution (6.24) of homogeneous fractional equation (6.21), we obtain

t1−γQ1(t, x) = Ψ1(t, x) +

T∫
0

¯̄K1(t, s, x) ∗ f1 (p1(s)) ds, (6.26)

where

Ψ1(t, x) =

∞∗∑
n=1

ϑ1,n(x)
[
2T 1−γξ1,nσ1,3,n(t)− σ1,4,n(t)ψ1,n

]
,
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¯̄K1(t, s, x) ∗ f1 (p1(s)) =
∞∗∑
n=1

ϑ1,n(x)
σ1,4,nt

1−γ
1

1 + λ1,n
K1,n(t1, s)

1∫
0

f1 (y, p1(s))ω1,n(y)dy,

σ1,3,n(t) =
Eα,γ (µ1,nt

α)

Eα,γ (µ1,nTα)
, σ1,4,n(t) = σ1,2,nEα,γ (µ1,nt

α) = 2σ1,3,n(t)
Eα,γ (−µ1,nT

α)

Eα,γ (−µ1,ntα1 )
.

Taking into account (6.26), the optimality condition (6.19) we rewrite as

T∫
0

K̄1(t, s, x) ∗ f1p (p1(s)) ds =
2αp1(t)

Ψ1(t, x) +
T∫
0

¯̄K1(t, s, x) ∗ f1 (p1(s)) ds
. (6.27)

Substituting (6.26) into condition (6.20), we obtain

T∫
0

K̄1(t, s, x) f1pp (p
∗
1(s)) ds

Ψ1(t, x) +

T∫
0

¯̄K1(t, s, x) f1 (p
∗
1(s)) ds

 < 2α. (6.28)

By virtue of (6.28), we solve the Eq. (6.27) with respect to the control function p1(t). If the nonlinear functional
integral equation (6.27) is solvable, then it is true that the following relations hold

2αp1(t)

Ψ1(t, x) +
T∫
0

¯̄K1(t, s, x) ∗ f1 (p1(s)) ds
= t1−γg1(t), (6.29)

T∫
0

K̄1(t, s, x) ∗ f1p (p1(s)) ds = t1−γg1(t), (6.30)

where g1(t) ∈ C[0, T ] is yet unknown function. So, from the nonlinear functional integral equation (6.27) we came
two different nonlinear equations (6.29) and (6.30). First, we solve the Eq. (6.29) by the method of successive
approximations. However, we assume that the function g1(t) in (6.29) is known. Therefore, the nonlinear Fredholm
functional integral equation (6.29) we rewrite as follows

p1(t) =
g1(t)

2α

t1−γΨ1(t, x) +

T∫
0

t1−γ ¯̄K1(t, s, x) ∗ f1 (p1(s)) ds

 . (6.31)

For an arbitrary function p(t) ∈ C[0, T ], we consider the following continuous norm

∥ p(t) ∥C = max
t∈ΩT

| p(t) | .

Theorem 6.2. Let the following conditions are fulfilled:

1) ξ1(x), ψ1(x) ∈ L2[0, 1],
2) 0 < max

t
∥ f1 (x, p1(t)) ∥L2[0,1]

≤ N1,1, 0 < N1,1 = const,

3)
∣∣ f1 (x, p11(t))− f1

(
x, p21(t)

) ∣∣ ≤ N1,2(x)
∣∣ p11(t)− p21(t)

∣∣ , 0 < ∥N1,2(x) ∥L2[0,1]
,

4) ρ1,1 =M1,5M1,6 ∥ g1(t) ∥C ∥N1,2(x) ∥L2[0,1]
< 1,

where M1,5 =M1,0α
−1Γ(α)(M1,1 + T 1−γ)T 2+α−2γ , M1,6 =

√
∞∗∑
n=1

λ−2
1,n.
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Then the nonlinear Fredholm functional integral equation (6.31) has a unique solution in the space of continuous
functions C[0, T ], which is found from the following iterative processp

k+1
1 (t) = g1(t)

2α

[
t1−γΨ1(t, x) +

T∫
0

t1−γ ¯̄K1(t, s, x) f1
(
pk1(s)

)
ds

]
,

p11(t) =
g1(t)
2α t1−γΨ1(t, x), k = 0, 1, 2, · · · .

(6.32)

Proof. By virtue of (4.3), from successive approximations (6.32), we obtain that for the first approximation there
holds the following estimate∥∥ p11(t) ∥∥C ≤

∥ g1(t) ∥C
2α

T 1−γ ∥Ψ1(t, x) ∥C ≤
∥ g1(t) ∥C

2α
T 1−γ ×max

t

∣∣∣∣∣
∞∗∑
n=1

ϑ1,n(x)
[
2T 1−γξ1,nσ1,3,n(t)− σ1,4,n(t)ψ1,n

] ∣∣∣∣∣
≤M1,0C1,0

∥ g1(t) ∥C
α

[∞∗∑
n=1

| ξ1,n |+
∞∗∑
n=1

|ψ1,n |

]
<∞, M1,0, C1,0 = const. (6.33)

Taking into account the estimate (6.33) and approximations (6.32), for the first difference, we derive the following
estimate

∥∥ p21(t)− p11(t)
∥∥
C
≤M1,0

∥ g1(t) ∥C
2α

T 1−γ ×
T∫

0

∣∣∣∣∣∣
∞∗∑
n=1

ϑ1,n(x)
σ1,4,n(t)t

1−γ
1

λ1,n
K1,n(t1, s)

1∫
0

f1,n
(
y, p11(s)

)
ω1,n(y)dy

∣∣∣∣∣∣
≤M1,0

∥g1(t)∥C
α

Γ(α)(M1,1 + T 1−γ)T 2+α−2γ

√√√√∞∗∑
n=1

1

λ2n

√√√√∞∗∑
n=1

[
max

t
|f1,n (p11(t))|

]2
≤M1,5 ∥ g1(t) ∥C M1,6max

t

∥∥ f1 (x, p11(t)) ∥∥L2[0,1]
≤M1,5 ∥ g1(t) ∥C M1,6N1,1 <∞, (6.34)

where

M1,5 =M1,0α
−1Γ(α)(M1,1 + T 1−γ)T 2+α−2γ , M1,6 =

√√√√∞∗∑
n=1

λ−2
1,n.

Analogously, for the arbitrary successive difference, we have estimate∥∥pk+1
1 (t)− pk1(t)

∥∥
C
≤M1,5 ∥g1(t)∥C

∞∗∑
n=1

1

λ1,n
max

t

∣∣f1,n (pk1(t))− fn
(
pk−1
1 (t)

)∣∣
≤M1,5 ∥g1(t)∥C

∞∗∑
n=1

1

λ1,n
max

t

1∫
0

N1,2(y)
∣∣pk1(t)− pk−1

1 (t)
∣∣ dy

≤M1,5M1,6 ∥ g1(t) ∥C
∥∥ pk1(t)− pk−1

1 (t)
∥∥
C

√√√√√∞∗∑
n=1

 1∫
0

N1,2(y)dy

2

≤ ρ1,1
∥∥ pk1(t)− pk−1

1 (t)
∥∥
C
, (6.35)

where

ρ1,1 =M1,5M1,6 ∥ g1(t) ∥C ∥N1,2(x) ∥L2[0,1]
.

According to the last condition of the Theorem 6.1, ρ1,1 < 1. From the validity of the estimates (6.33)–(6.35), it
follows that the operator on the right-hand side of (6.31) is contracting and for this operator there exists a unique
fixed point in the space of continuous functions C[0, T ]. Therefore, the nonlinear functional integral equation (6.31)
has a unique solution in the space C[0, T ]. The Theorem 6.2 is proved. □
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We denote this solution of the nonlinear functional integral equation (6.31) as

p1(t) = h1(t, g1(t)). (6.36)

Substituting (6.36) into (6.30), we obtain the following nonlinear Fredholm integral equation of the second kind
with respect to g1(t)

t1−γg1(t) =

T∫
0

K̄1(t, s, x) ∗ f1p (h1(s, g1(s))) ds. (6.37)

Theorem 6.3. Let the following conditions be satisfied:

1) ξ1(x), ψ1(x) ∈ L2[0, 1],
2) 0 < max

t
∥ f1p (x, h1(g1)) ∥L2[0,1]

≤ N1,3, 0 < N1,3 = const,

3)
∣∣ f1p (x, h11(t))− fp

(
x, h21(t)

) ∣∣ ≤ N1,4(x)
∣∣h11(t)− h21(t)

∣∣ , 0 < ∥N1,4(x) ∥L2[0,1]
,

4)
∣∣h1 (t, g11(t))− h1

(
t, g21(t)

) ∣∣ ≤ N1,5

∣∣ g11(t)− g21(t)
∣∣ , 0 < N1,5 = const,

5) ρ1,2 = 2M1,2N1,5M1,6 ∥N1,4(x) ∥L2[0,1]
< 1.

Then the nonlinear Fredholm integral equation (6.37) has a unique solution in the class of continuous functions
g1(t) ∈ C[0, T ], which can be found from the following iterative process:

g01(t) = 0, t1−γgk+1
1 (t) =

T∫
0

K̄1(t, s, x) ∗ f1p
(
h1(s, g

k
1 (s))

)
ds. (6.38)

Proof. Taking into account that g01(t) = 0, from successive approximations (6.38), we obtain the following estimate
for the first difference

∥∥ g11(t)− g01(t)
∥∥
C
≤ max

t

T∫
0

∣∣ K̄1(t, s, x) ∗ f1p
(
h1(s, 0)

) ∣∣ ds
≤ max

t

T∫
0

∣∣∣∣∣∣
∞∗∑
n=1

ϑ1,n(x)

1 + λ1,n
t1−γK̄1,n(t, s)

1∫
0

f1p (y, h1(s, 0)) ω1,n(y) dy

∣∣∣∣∣∣ ds
≤ 2M1,2max

t

∣∣∣∣∣∣
∞∗∑
n=1

1

λ1,n

1∫
0

f1p (y, h1(t, 0)) ω1,n(y) dy

∣∣∣∣∣∣
≤ 2M1,2

√√√√∞∗∑
n=1

1

λ21,n

√√√√∞∗∑
n=1

[
max

t
| f1,n p (h1(t, 0)) |

]2
≤ 2M1,2N1,3M1,6 <∞, (6.39)

where

M1,2 = 2Γ(α)(M1,1 + T 1−γ)T 1+α−γM1,0, M1,1 ≥ max
t
σ1,0,n(t) = max

t

∣∣∣∣ Eα,γ (−µ1,nt
α)

Eα,γ (−µ1,nTα)
T 1−γ

∣∣∣∣ .
Now, we obtain the estimate for arbitrary successive difference

∥∥ gk+1
1 (t)− gk1 (t)

∥∥
C
≤ max

t

T∫
0

∣∣∣∣∣
∞∗∑
n=1

ϑ1,n(x)

1 + λn
t1−γK̄1,n(t, s)

[
f1,n p

(
h1

(
s, gk1 (s)

))
− f1,n p

(
h1

(
s, gk−1

1 (s)
))]∣∣∣∣∣ ds

≤ 2M1,2max
t

∣∣h1 (t, gk−1
1 (t)

)
− h1

(
t, gk−1

1 (t)
) ∣∣ ∞∗∑

n=1

1

λ1,n

∣∣∣∣∣∣
1∫

0

N1,4(y)ω1,n(y) dy

∣∣∣∣∣∣
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≤ 2M1,2N1,5

√√√√∞∗∑
n=1

1

λ21,n

√√√√√∞∗∑
n=1

 1∫
0

N1,4(y) dy

2 ∥∥ gk1 (t)− gk−1
1 (t)

∥∥
C

≤ ρ1,2
∥∥ gk1 (t)− gk−1

1 (t)
∥∥
C
, (6.40)

where

ρ1,2 = 2M1,2N1,5M1,6 ∥N1,4(x) ∥L2[0,1]
.

It follows from the validity of the estimates (6.39) and (6.40) that the operator on the right-hand side of (6.37) is
contracting and there exists a unique fixed point in the space of continuous functions C[0, T ]. Therefore, the nonlinear
integral equation (6.37) has a unique solution in the space of continuous functions g1(t) ∈ C[0, T ]. The Theorem 6.3
is proved. □

Thus, we finished solving process for the Eq. (6.27). Substituting the solution of Eq. (6.37) into (6.36), we determine
the control function p̄1(t). Then we define redefinition function (6.12) and state function (6.14) (see, [24, 25, 50, 51]).

7. CS of fractional differential equation (4.7)

7.1. Direct problem. Now for the case of λ2,m = (2qmπ)
2
and for the associated functions ϑ̃2,m(x) = x cos

√
λ2,mx

we consider CS of fractional differential equation (4.7) with final condition (4.11). Applying the operator Jα
0+ to both

sides of this equation, taking into account the formula:

Jγ
0tD

γ
0tũ2,m(t) = ũ2,m(t)− 1

Γ(γ)
J1−γ
0t A2,mt

γ−1,

we have

t1−γ ũ2,m(t) = φ̃2,mσ̃2,0,m(t) +
1

1 + λ2,m

T∫
0

t1−γK̃2,m(t, s) f̃2,m(p̃2(s))ds, (7.1)

where

K̃2,m(t, s) =

{
−σ2,m(t)(T − s)α−1Eα,α (−µ2,m(T − s)α) , t ≤ s ≤ T,

−σ2,m(t)(T − s)α−1Eα,α (−µ2,m(T − s)α) + (t− s)α−1Eα,α (−µ2,m(t− s)α) , s < t,

σ2,m(t) =
Eα,γ (−µ2,mt

α)

Eα,γ (−µ2,mTα)

[
t

T

]γ−1

, σ2,0,m(t) =
Eα,γ (−µ2,mt

α)

Eα,γ (−µ2,mTα)
T 1−γ .

Substituting CS (7.1) into following Fourier series

Ũ2(t, x) =

∞∑
m=1

ũ2,m(t) ϑ̃2,m(x),

we obtain

t1−γŨ2(t, x) =

∞∑
m=1

ϑ̃2,m(x)×

φ̃2,mσ2,0,m(t) +
1

1 + λ2,m

T∫
0

t 1−γK̃2,m(t, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y) dy ds

 . (7.2)

Theorem 7.1. Let the following conditions be satisfied: φ̃2(x) ∈ L2[0, 1], max
0≤t≤T

∥∥∥ f̃2 (x, p̃2(t))∥∥∥
L2[0,1]

< ∞. Then for

function (7.2) there holds Ũ2(t, x) ∈ H̄(Ω).
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7.2. Inverse problem. Now we determinate redefinition function φ̃2(x) from the condition (4.15). Appling the
condition (4.15) into presentation (7.2):

t1−γ
1

∞∑
m=1

ϑ̃2,m(x)ψ̃2,m =

∞∑
m=1

ϑ̃2,m(x)

[
φ̃2,mσ2,0,m(t1) +

1

1 + λ2,m

T∫
0

t1−γ
1 K̃2,m(t1, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y) dy ds

 . (7.3)

Taking into account in that the functions ϑ̃2,m(x), ω2,m(x) form a complete system of biorthonormal functions in
L2[0, 1] : (

ϑ̃2,m(x), ω2,k(x)
)
=

{
0, m ̸= k,
1, m = k,

from (7.3) we obtain

φ̃2,m =
t1−γ
1 ψ̃2,m

σ2,0,m(t1)
− 1

1 + λ2,m

T∫
0

t1−γ
1

σ2,0,m(t1)
K̃2,m(t1, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y)dyds, (7.4)

and redefinition function φ̃2(x)

φ̃2(x) =

∞∑
m=1

ϑ̃2,m(x)

 t1−γ
1 ψ̃2,m

σ2,0,m(t1)
− 1

1 + λ2,m

T∫
0

t1−γ
1

σ2,0,m(t1)
K̃2,m(t1, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y) dy ds

 , (7.5)

for fixed values of control function p̃2(t). Then it is not difficult to see for fixed values of control function p̃2(t) that
the series (7.5) is convergence.

7.3. Optimal control function. Now we will start to find the control function p̃2(t). First, substituting the presen-
tation (7.4) into series (7.3), we obtain

t1−γŨ2(t, x) =

∞∑
m=1

ϑ̃2,m(x) t1−γ
1 σ2,2,m(t)ψ̃2,m +

∞∑
m=1

ϑ̃2,m(x)

1 + λ2,m

T∫
0

t1−γK̄2,m(t, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y) dy ds, (7.6)

where

¯̃K2,m(t, s) = t1−γK̃2,m(t, s)− t1−γ
1 K̃2,m(t1, s)σ2,2,m(t), σ2,2,m(t) =

Eα,γ (−µ2,mt
α)

Eα,γ (−µ2,mtα1 )
.

In order to find the control function p̃2(t) from the function (7.6) and minimization of functional (4.1) we come to the
equation

T∫
0

¯̃K2(t, s, x) ∗ f̃2p (p̃2(s)) ds =
2α p̃2(t)

Ψ̃2(t, x) +
T∫
0

¯̃̄
K1(t, s, x) ∗ f̃2 (p̃2(s)) ds

, (7.7)

where

¯̃K2(t, s, x) ∗ f̃2 (p̃2(s)) =
∞∑

m=1

ϑ̃2,m(x)

1 + λ2,m
t1−γ ¯̃K2,m(t, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y) dy,

Ψ̃2(t, x) =

∞∑
m=1

ϑ̃2,m(x)
[
2T 1−γ ξ̃2,mσ2,3,m(t)− σ2,4,m(t)ψ̃2,m

]
,

¯̃̄
K2(t, s, x) ∗ f̃2 (p̃2(s)) =

∞∑
m=1

ϑ̃2,m(x)
σ2,4,mt

1−γ
1

1 + λ2,m
K̃2,m(t1, s)

1∫
0

f̃2 (y, p̃2(s)) ω2,m(y)dy,
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σ2,2,m =
2Eα,γ (−µ2,mT

α)

Eα,γ (µ2,mTα)Eα,γ (−µ2,mtα1 )
, σ2,3,m(t) =

Eα,γ (µ2,mt
α)

Eα,γ (µ2,mTα)
,

σ2,4,m(t) = σ2,2,mEα,γ (µ2,mt
α) = 2σ2,3,m(t)

Eα,γ (−µ2,mT
α)

Eα,γ (−µ2,mtα1 )
.

We solve the Eq. (7.7) with respect to the control function p̃2(t). We consider

2αp̃2(t)

Ψ̃2(t, x) +
T∫
0

¯̃̄
K2(t, s, x) ∗ f̃2 (p̃2(s)) ds

= t1−γ g̃2(t), (7.8)

T∫
0

¯̃K2(t, s, x) ∗ f̃2p (p̃2(s)) ds = t1−γ g̃2(t), (7.9)

where g̃2(t) ∈ C[0, T ] is yet unknown function. First, we solve the Eq. (7.8) by the method of successive approxima-
tions. However, we assume that the function g̃2(t) in (7.9) is known. Therefore, the nonlinear Fredholm functional
integral equation (7.8) we rewrite as follows

p̃2(t) =
g̃2(t)

2α

t1−γΨ̃2(t, x) +

T∫
0

t1−γ ¯̃K2(t, s, x) ∗ f̃2 (p̃2(s)) ds

 . (7.10)

Theorem 7.2. Let the following conditions are fulfilled:

1) ξ̃2(x), ψ̃2(x) ∈ L2[0, 1],

2) 0 < max
t

∥∥∥ f̃2 (x, p̃2(t))∥∥∥
L2[0,1]

≤ Ñ2,1, 0 < Ñ2,1 = const,

3)
∣∣∣ f̃2 (x, p̃12(t))− f̃2

(
x, p̃22(t)

) ∣∣∣ ≤ Ñ2,2(x)
∣∣ p̃12(t)− p̃22(t)

∣∣ , 0 <
∥∥∥ Ñ2,2(x)

∥∥∥
L2[0,1]

,

4) ρ̃2,1 = C̃2,1 ∥ g̃2(t) ∥C
∥∥∥ Ñ2,2(x)

∥∥∥
L2[0,1]

< 1, C̃2,1 = const.

Then the nonlinear Fredholm functional integral equation (7.10) has a unique solution in the space of continuous
functions C[0, T ].

We denote this solution of the nonlinear integral functional equation (7.10) as

p̃2(t) = h̃2(t, g̃2(t)). (7.11)

Substituting (7.11) into (7.9), we obtain the following nonlinear Fredholm integral equation of the second kind with
respect to g̃2(t)

t1−γ g̃2(t) =

T∫
0

¯̃K1(t, s, x) ∗ f̃2p
(
h̃2(s, g̃2(s))

)
ds. (7.12)

Theorem 7.3. Let the following conditions be satisfied:

1) ξ̃2(x), ψ̃2(x) ∈ L2[0, 1],

2) 0 < max
t

∥∥∥ f̃2p (x, h̃2(g̃2))∥∥∥
L2[0,1]

≤ Ñ2,3, 0 < Ñ2,3 = const,

3)
∣∣∣f̃2,p (x, h̃12(t))− f̃2,p

(
x, h̃22(t)

)∣∣∣ ≤ Ñ2,4(x)
∣∣∣h̃12(t)− h̃22(t)

∣∣∣ , 0 <
∥∥∥Ñ2,4(x)

∥∥∥
L2[0,1]

,

4)
∣∣∣ h̃2 (t, g̃12(t))− h̃2

(
t, g̃22(t)

) ∣∣∣ ≤ Ñ2,5

∣∣ g̃12(t)− g21(t)
∣∣ , 0 < Ñ2,5 = const,

5) ρ̃2,2 = C̃2,2Ñ2,5

∥∥∥ Ñ2,4(x)
∥∥∥
L2[0,1]

< 1, C̃2,2 = const.

Then the nonlinear Fredholm integral equation (7.12) has a unique solution in the class of continuous functions
g̃2(t) ∈ C[0, T ].
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Proof. of the Theorems 7.2 and 7.3 are similar to the proof of the Theorems 6.2 and 6.3.
Substituting the solution of Eq. (7.12) into (7.11), we determine the control function ¯̃p2(t). Substituting the control

function ¯̃p2(t) into and we obtain redefinition function (7.5) and state function (7.6), respectively (see, [24, 25, 50, 51]).
By similar way, can be study the CS of fractional differential equation (4.6) with final condition (4.10). The solution

of the CS of fractional differential equation (4.7) with final condition (4.11) we denote by F̃2,m(t). Then for the solution
of (4.6) we have the presentation

t1−γu2,m(t) = φ2,mσ2,0,m(t)−
2
√
λ2,m

1 + λ2,m

t∫
0

t1−γK2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds

+
1

1 + λ2,m

T∫
0

t1−γK2,m(t, s) f2,m(p2(s))ds, (7.13)

where

K2,m(t, s) =

{
−σ2,m(t)(T − s)α−1Eα,α (−µ2,m(T − s)α) , t ≤ s ≤ T,

−σ2,m(t)(T − s)α−1Eα,α (−µ2,m(T − s)α)+(t− s)α−1Eα,α (−µ2,m(t− s)α) , s < t,

σ2,m(t) =
Eα,γ (−µ2,mt

α)

Eα,γ (−µ2,mTα)

[
t

T

]γ−1

, σ2,0,m(t) =
Eα,γ (−µ2,mt

α)

Eα,γ (−µ2,mTα)
T 1−γ ,

µ2,m =
λ2,m

1 + λ2,m
, λ2,m = (2qmπ)

2
, m = 1, 2, ...

□

8. Building the optimal process and calculating the minimal values of functional

According to formulas (4.1), (4.2), (5.21), (6.27), and (7.7), the minimum value of the functional is found from the
following formula

J [p̄] =

1∫
0

 t1−γ
1

T 1−γ
ψ0(x)− T γ−1ϑ0(x)

T∫
0

K0(t1, s)

1∫
0

f0 (y, p̄0(s))ω0(y)dy ds− ξ0(x)

+

∞∗∑
n=1

ϑ1,n(x)

 t1−γ
1

σ1,0,n(t1)

ψ1,n − 1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1 (y, p̄1(s))ω1,n(y)dyds

− ξ1,n


+

∞∑
m=1

ϑ2,m(x)

 t1−γ
1

σ2,0,m(t1)

ψ2,m +
2
√
λ2,m

1 + λ2,m

t1∫
0

K2,m(t1, s)
[
Dα,γ F̃2,m(s) + F̃2,m(s)

]
ds

− 1

1 + λ2,m

T∫
0

K2,m(t1, s)

1∫
0

f2 (y, p̄2(s)) ω̃2,m(y) dy ds

− ξ2,m


+

∞∑
m=1

ϑ̃2,m(x)dx

 t1−γ
1

σ2,0,m(t1)

ψ̃2,m − 1

1 + λ2,m

T∫
0

K̃2,m(t1, s)

1∫
0

f̃2
(
y, ¯̃p2(s)

)
ω2,m(y) dy ds

− ξ̃2,m




2

+ α

T∫
0

[
p̄0(t) + p̄1(t) + p̄2(t) + ¯̃p2(t)

]2
dt. (8.1)

Theorem 8.1. Let the conditions of Theorems 5.1–7.3 be satisfied. Then functional (8.1) takes a finite value.

Proof. The proof of the Theorem 8.1 is similar to the proof of estimates (5.6) and (6.13). □
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According to (8.1), the approximate value of the functional is calculated from the following iterative process

J [p̄k] =

1∫
0

 t1−γ
1

T 1−γ
ψ0(x)− T γ−1ϑ0(x)

T∫
0

K0(t1, s)

1∫
0

f0
(
y, p̄k0(s)

)
ω0(y)dy ds− ξ0(x)+

+

∞∗∑
n=1

ϑ1,n(x)

 t1−γ
1

σ1,0,n(t1)

ψ1,n − 1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1
(
y, p̄k1(s)

)
ω1,n(y)dyds

− ξ1,n


+

∞∑
m=1

ϑ2,m(x)

 t1−γ
1

σ2,0,m(t1)

ψ2,m +
2
√
λ2,m

1 + λ2,m

t1∫
0

K2,m(t1, s)
[
Dα,γ F̃2,m(s) + F̃2,m(s)

]
ds

− 1

1 + λ2,m

T∫
0

K2,m(t1, s)

1∫
0

f2
(
y, p̄k2(s)

)
ω̃2,m(y) dy ds

− ξ2,m


+

∞∑
m=1

ϑ̃2,m(x)dx

 t1−γ
1

σ2,0,m(t1)

ψ̃2,m − 1

1 + λ2,m

T∫
0

K̃2,m(t1, s)

1∫
0

f̃2
(
y, ¯̃pk2(s)

)
ω2,m(y)dyds

− ξ̃2,m




2

+ α

T∫
0

[
p̄k0(t) + p̄k1(t) + p̄k2(t) + ¯̃pk2(t)

]2
dt. (8.2)

According to (3.11), (5.5), (6.12), (7.5) the redefinition function is determined as follows

φ̄(x) =
t1−γ
1

T 1−γ
ψ0(x)− T γ−1ϑ0(x)

T∫
0

K0(t1, s)

1∫
0

f0 (y, p̄0(s))ω0(y)dy ds

+

∞∗∑
n=1

ϑ1,n(x)
t1−γ
1

σ1,0,n(t1)

ψ1,n − 1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1 (y, p̄1(s)) ω1,n(y) dy ds


+

∞∑
m=1

ϑ2,m(x)
t1−γ
1

σ2,0,m(t1)

ψ2,m +
2
√
λ2,m

1 + λ2,m

t1∫
0

K2,m(t1, s)
[
Dα,γ F̃2,m(s) + F̃2,m(s)

]
ds

− 1

1 + λ2,m

T∫
0

K2,m(t1, s)

1∫
0

f2 (y, p̄2(s)) ω̃2,m(y) dy ds


+

∞∑
m=1

ϑ̃2,m(x)
t1−γ
1

σ2,0,m(t1)

ψ̃2,m − 1

1 + λ2,m

T∫
0

K̃2,m(t1, s)

1∫
0

f̃2
(
y, ¯̃p2(s)

)
ω2,m(y)dyds

 . (8.3)

The redefinition function (8.3) can be approximately found using the iterative process

φ̄k(x) =
t1−γ
1

T 1−γ
ψ0(x)− T γ−1ϑ0(x)

T∫
0

K0(t1, s)

1∫
0

f0
(
y, p̄k0(s)

)
ω0(y)dyds

+

∞∗∑
n=1

ϑ1,n(x)
t1−γ
1

σ1,0,n(t1)

ψ1,n − 1

1 + λ1,n

T∫
0

K1,n(t1, s)

1∫
0

f1
(
y, p̄k1(s)

)
ω1,n(y)dyds


+

∞∑
m=1

ϑ2,m(x)
t1−γ
1

σ2,0,m(t1)

ψ2,m +
2
√
λ2,m

1 + λ2,m

t1∫
0

K2,m(t1, s)
[
Dα,γ F̃2,m(s) + F̃2,m(s)

]
ds
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− 1

1 + λ2,m

T∫
0

K2,m(t1, s)

1∫
0

f2
(
y, p̄k2(s)

)
ω̃2,m(y)dyds


+

∞∑
m=1

ϑ̃2,m(x)
t1−γ
1

σ2,0,m(t1)

ψ̃2,m − 1

1 + λ2,m

T∫
0

K̃2,m(t1, s)

1∫
0

f̃2
(
y, ¯̃pk2(s)

)
ω2,m(y)dyds

 . (8.4)

According to relations (3.1), (5.4), (6.9), (7.2), and (7.13) the optimal process is determined by the following formula

t1−γŪ(t, x) = T 1−γφ̄0(x) + ϑ0(x)

T∫
0

K0(t, s)

1∫
0

f0 (y, p̄0(s))ω0(y)dy ds

+

∞∗∑
n=1

ϑ1,n(x)

φ̄1,nσ1,0,n(t) +
1

1 + λ1,n

T∫
0

t1−γK1,n(t, s) f1,n (y, p̄1(s)) ds


+

∞∑
m=1

ϑ2,m(x)

φ̄2,mσ2,0,m(t)−
2
√
λ2,m

1 + λ2,m

t∫
0

t1−γK2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds

+
1

1 + λ2,m

T∫
0

t1−γK2,m(t, s)f2,m(p̄2(s))ds


+

∞∑
m=1

ϑ̃2,m(x)

 ¯̃φ2,mσ̃2,0,m(t) +
1

1 + λ2,m

T∫
0

t1−γK̃2,m(t, s)f̃2,m(¯̃p2(s))ds

 . (8.5)

The optimal process (8.5) can be approximately found using the iterative process

t1−γŪk(t, x) = T 1−γφ̄0(x) + ϑ0(x)

T∫
0

K0(t, s)

1∫
0

f0
(
y, p̄k0(s)

)
ω0(y)dy ds

+

∞∗∑
n=1

ϑ1,n(x)

φ̄1,nσ1,0,n(t) +
1

1 + λ1,n

T∫
0

t1−γK1,n(t, s) f1,n
(
y, p̄k1(s)

)
ds


+

∞∑
m=1

ϑ2,m(x)

φ̄2,mσ2,0,m(t)−
2
√
λ2,m

1 + λ2,m

t∫
0

t1−γK2,m(t, s)
(
Dα,γF̃2,m(s) + F̃2,m(s)

)
ds

+
1

1 + λ2,m

T∫
0

t1−γK2,m(t, s)f2,m(p̄k2(s))ds


+

∞∑
m=1

ϑ̃2,m(x)

 ¯̃φ2,mσ̃2,0,m(t) +
1

1 + λ2,m

T∫
0

t1−γK̃2,m(t, s)f̃2,m(¯̃pk2(s))ds

 . (8.6)

9. Conclusion

In this paper, a methodology is developed for solving a nonlinear optimal control problem associated with a final-
time inverse problem for the Barenblatt–Zheltov–Kochina equation involving the Hilfer fractional operator under
boundary value conditions.
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The spectral method combined with separation of variables is employed. The eigenvalues, eigenfunctions, and asso-
ciated functions of both the spectral and adjoint problems are determined, leading to countable systems of fractional-
order differential equations.

Using the maximum principle, necessary optimality conditions for the control function are formulated under a qua-
dratic performance criterion. The optimal control function is uniquely determined from a system of nonlinear integral
equations via the method of successive approximations. Explicit representations are derived for the redistribution
function, the optimal control function, and the corresponding state function.

Iterative schemes are proposed for the approximate computation of the optimal process, the redistribution function,
and the minimum value of the cost functional. In particular, the iterative procedures (5.26), (5.32), (6.32), (6.38),
(8.2), (8.4), and (8.6) are established.

The results obtained contribute to the further development of the mathematical theory of nonlinear optimal control
for systems governed by partial differential equations.
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