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Abstract . 3

The generalized solvability of a nonlinear optimal control for thermal and diffusion processes in a mixed inverse
problem for a Barenblatt—Zheltov—Kochina differential equation with Hilfer fractional operator is studied. The in-
verse problem is considered with spectral and intermediate conditions. Eigenvalues, eigenfunctions, and associated
functions of the spectral problem are found and the corresponding adjoint problem is solved. Countable systems
of fractional order differential equations with final value conditions are obtained. The necessary optimality condi-
tions for nonlinear control are formulated. The determination of the optimal control function is reduced to solve a
complicated nonlinear functional-integral equation, and the process of solving consists of solving separately taken
two nonlinear functional-integral equations. Nonlinear functional integral equations are solved by the method of
successive approximations and the unique solvability of these equations is proved by the method of contracting
mapping. Approximate calculations for the optimal control function, the redefinition function, and the state func-
tion of the controlled process are obtained. The absolute and uniform convergence of the obtained Fourier series
are proved.
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1. INTRODUCTION

Nonlocal problems with final valued conditions are encountered in mathematical modeling of phenomena of various
nature, when the initial data of the process flow domain is inaccessible for direct measurements. Some problems of the
diffusion of particles in a turbulent plasma and of the processes of heat propagation are examples, where initial values
are not defined. If we consider the technological process of aluminum production indicated above, it is impossible to
determine the initial temporary state of the aluminum at the beginning of the technological process. First, the raw
material undergoes the firing stage. We do not know in what state the raw materials enter the technological process.
The technological process consists of four cycles. After each cycle, it becomes possible to determine the intermediate
state of the manufactured product from sensor readings. The mathematical problem is posed as follows: knowing the
intermediate state of the product, predict the state of the finished product in advance at the intermediate stage. Based
on this analysis of sensor indicators, introduce control into the thermal process. If the simulation analysis needs to be
repeated, the thermal process control can be adjusted up to three times.

So, we have an inverse control problem with a final valued condition and an intermediate condition to solve the
thermal process equations with redefinition function at the final point.

The theory of optimal control for systems with distributed parameters is widely used in solving problems of aero-
dynamics, chemical reactions, diffusion, filtration, combustion, heating, etc. (see, [6, 17, 19, 29, 31, 34, 44]). Various
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analytical and approximate methods for solving problems of optimal control systems with distributed parameters are
being developed and effectively used (see, for example, [5, 18, 22, 24-26, 28, 35, 37, 41-43, 46, 48-51, 53, 60]).

The theory and applications of fractional calculus have been developed by many authors ([14, 20, 27, 33]). Let
(to;T) C Rt = [0;00) be an interval on the set of positive real numbers, where 0 < tg < T < oo. The Riemann—
Liouville 0 < a-order fractional integral of a function 7(t) is defined as follows:

t

(0% 1 o—
Jiin(t) = (o) /(75 —5)*"In(s)ds, a>0, te(t;T),
to
where T'(«) is the Gamma function.
Let n — 1 < a < mn, n € N. The Riemann-Liouville a-order fractional derivative of a function #(t) is defined as
follows:

mn

(o9 d n—o
Dtot’r](t) = (ﬁTJtot n(t), te (to,T)

The Caputo a-order fractional derivative of a function 7)(t) is defined by

_ 1 7™ (s)ds
D () = Jr7n™(t) = / t e (to:T).
C totn( ) tot 1 ( ) F(n—a) (t_s)a,n+1’ € ( 05 )
to
These derivatives are reduced to the n-th order derivatives for « = n € N

n

Diin(t) = ¢ Dgyn(t) = d?nﬁ(t)’ t e (to,T).

The Hilfer fractional operator D*7 defined by the formula D7 = Jgt_a%t]ét_v, 0 < a < v < 1. For the Hilfer
operator D7 for v = 0, and v = 1, we have D*Y = p; D, and D! = oD, respectively. So, the generalized
integro-differentiation operator D7 is a continuous interpolation of the well-known fractional order differentiation
operators of Riemann—Liouville and Caputo, which describe diffusion processes and engineering interpretation, is
given in [21, Vol. 1, P. 47-85; Vol. 4-8]. The construction of various models of theoretical physics problems using
fractional calculus is described in [21, vol. 4, 5], [30, 47]. A specific physical interpretation of the generalized fractional
operator D®7 is given in [45]. A detailed review devoted to the application of fractional calculus to solving applied
problems is given in [21, vol. 6-8], [38, 40]. In [38], in particular, the properties of the operator D*7 were studied
and an operational method for solving fractional differential equations was developed. In [36], the problem of source
identification was studied for the generalized diffusion equation with the operator D®7. We also note the work [13],
where inverse problems were investigated for the generalized parabolic equation of the fourth order with the operator
D<%7. Different boundary value and inverse problems for fractional differential and integro-differential equations were
studied in the works of many authors, in particular, in [1, 2, 4, 9, 10, 12, 15, 23, 32, 39, 52, 54-59, 61].

We can see a few publications dedicated to study different problems of fractional optimal control (see [3, 7, 8, 16]).
However, the application of fractional calculus in optimal control theory remains poorly investigated, despite the
fact that modeling control processes using fractional integro-differentiation operators is becoming more relevant. In
this paper, we consider the questions of a generalized and approximate solving of the fractional inverse problem of
nonlinear optimal control for a fractional order pseudo-parabolic differential equation with a quadratic optimality
criterion. The necessary optimality conditions are formulated by the maximum principle, and the control function,
redefinition function and state function are calculated.

2. STATEMENT OF THE PROBLEM

We consider the following fractional pseudo-parabolic equation

82 32
oYy . Dy _ _
D D 8.%‘2 axz U(t,$) f(l’,p(t)), (t,SC) € Qa (21)
an
Ba
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with final value

U(T,z) = ¢(x), x€l0,1], (2.2)
and boundary value conditions

U(t,0)=0, Ugy(t,1)=Us(t,z9), 0<t<T, 0<uzp<]l1. (2.3)

Let f(x,p) € C([0,1] x T) denote the external source function, where p(t) € C[0,T] is the control function and
U(t,x) € C(R) represents the state function of the controlled process. The function p(x) € L0, 1], is the redistribution

distribution function. The operator D*7Y — DY 88;2 — 88—; is a fractional analogue of the Barenblatt—Zheltov—Kochina
operator. Here, D*7 denotes the Hilfer fractional derivative, and J§;, 0 < « is the Riemann-Liouville fractional
integral operator. Furthermore, T = [0, M*], where 0 < M* < 0o, 2 =1[0,7] x [0,1], and 0 < T < 0.

In finding redefinition function (), we use the following additional intermediate condition
Ulti,z) =v¢(z), 0<t1<T, x€]l0,1], (2.4)

where ¢(z) € Ly[0, 1].

In this paper, an optimal control problem is considered, where the final valued condition (2.2) is connected with the
fact that often in practice there are situations when the object of research in the initial problem is either fundamentally
inaccessible for measurement, or conducting such a measurement is expensive. The function ¢(x) in the condition
(2.2) is unknown, too. There arises the necessity of using the additional condition (2.4). The necessary optimality
conditions based on the maximum principle are formulated, the control function, redefinition function and the state
function are calculated.

The inverse optimal control problem (2.1)—(2.4) contains a triple of unknown functions: {U(t,z) € C(Q2), ¢(z) €
L2[07 1]1 p(t) € C[OaT]}

We note that for a complete definition of this triple, it is not enough to use only the conditions (2.2)—(2.4).
Therefore, in this paper, we also consider the minimization of the quadratic functional of quality. The methodology
of this work can also be used to solve other problems of nonlinear optimal control associated with the heat transfer
or wave processes, for example, in problems of controlling metallurgical furnaces. In solving such optimal control
problems, it is necessary to study mathematical models of process control, which allow real-time prediction of the
temperature distribution of heated materials depending on changes in supplied power, heating time of bodies, heating
modes, etc.

So, it is important to consider the questions of generalized solvability of a mixed inverse problem in nonlinear
optimal control for a fractional analog of pseudo-parabolic differential Eq. (2.1). The equation is considered with
final value condition (2.2), boundary value conditions (2.3) and intermediate condition (2.4). The spectral method of
variable separation based on the Fourier series is applied. Eigenvalues, eigenfunctions, and associated functions of the
spectral and adjoint problems are found. Countable systems of fractional order differential equations are obtained.
This paper is a further development of the works [50, 51].

3. SPECTRAL PROBLEM

Condition A. Let xg be a rational number from the interval (0,1) such that zy = 57 p<gq, g—p=1, pandq
be positive integers.
The state function we consider as a sum

U(t,z) = Uo(t,x) + Us(t, ) + Us(t, x) + Us(t, )
and the solution of mixed inverse problem (2.1)—(2.4) we search in the form of the following Fourier series

U(t,x) = ug(t) do(z —|—Zu1n )010(2) + D (2, (t) Do,m (@) + Tz (1) Do,m (), (3.1)
m=1
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where

uo(t) = / Vot ) (y)dy,  wrn(t) = / U (t, g (9)dy,
0 0

U2.m (t) - U2 (t, y)(DZ,m(y)df% ﬂ2,m(t) = UQ (ta y)WZ,m (y)dya
/ /

“*” means that the sum is taken over n € N, different from k(q + p), k € N.
The functions

Jo(x) =2, V1n(x) =siny/A1nx, Vom(r) =sin/Asmz, n,meN, (3.2)
in (3.2) are eigenfunctions of the spectral problem [11]
9" (x) + N20(x) =0, 9(0)=0, 9(1)=9(x0), A>0, 0<z<1, (3.3)

with corresponding eigenvalues:

onm 2 omr \2
)‘0207 )\1,71:( ) ’ )\Z,m:( ) ; nvm€N~

14z 1—x

The spectral problem (3.3) for Az, has associated functions of the form

Do (x) = o8 /A ma. (3.4)
For each n,m € N, n # m(p + ¢) the functions

{wo(2); win(@); wom(@)}, (3-5)
where

0, x € [0, z0), %, x € [0,20),
S e SR pei= R

0, z € [0,x0),
W2,m(m) ~ 3 4cos \/mw

e T € (20,1],
are eigenfunctions of the following problem, which is an adjoint to problem (3.3)
G(x)+ Aw(x) =0, X>0, z€(0,20)U (z0,1), (3.6)
w(0) =0, w'(1)=0,
W(rog+0) =w'(z0—0), w(wo+0)—w(xo—0)=w(l).
The adjoint spectral problem (3.6)—(3.8) for each A ,,, has also associated functions of the form

4sin /A2 mx r

€
~ _ 1+x ?
S PUE TN rere

1—9;3 ’

[07 1’0)7
1.

(3.9)

x € (xg
We note that systems of eigenfunctions (3.2), (3.4) and (3.5), (3.9) are biorthonormal in Ls[0, 1], that is
(190(37), wo(a:)) =1, (190(x), wlm(x)) = (190(.13), O\)27m($)) = (190(33), Qg,m(x)) =0,
1, n=k,
(V1.n(2), wrp(x) = {0, n#k,
(191,”(33), wo(x)) = (?91,7,(1‘), wz,m(x)) = (191,”(33), @g,m(x)) =0,

(=)=
E)NE
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~ 17 - k7
(ﬂQ’m(x), wz,k(x)) = {0’ ::;A k,

(792,m(x)a UJO(ZL')) = (792,m($)7 wl,n(x)) = (792,m(x)a w2,k(x)) = Oa

(o (0), ) = {32 ik

(ﬁg,m(x), wo(x)) = (1§Qm(w), wg,k($)) =0,

where by (-, -) is denoted the inner product in Ls[0, 1].

Moreover, if the condition A is satisfying, then the systems of root functions of problems (3.3) and (3.6)—(3.8) form
a Riesz basis in Ls[0, 1]. }

For the functions f(z, p(t)) = fo(z,po(t)) + fi(z,p1(t)) + foz, p2(t)) + fo(z, P2(1)), ¢(x) = po(z) +p1(x) +¢2(2) +
P2(x) and ¥ (z) = Po(x) + ¥1(x) + VYa(z) + 2(x) it is assumed that

P00 = JE) + 3 il +iym 02.(@) + o) ()] (310
() = poto(z) + Zsol W01 (@) + il [2mP2.m(@) + Go.mbam(@)] (3.11)
(@) = Yooz +Zw1 W01 () + il [V2.mP2.m (@) + Voo m ()] (3.12)
where
: 1
MMZ/E%%@M(W%ﬁM):/f@mmeU@,
!

1 1
Fom®@) = [ Fa( p2(0)D2m 1)y Fom(p /fym Yoz () dy:
0

1
wo= [ wo(y)wo(y)dy, ©1n z/wl(y)wl,n(y)dy,
0

— . O O

1
Yo.m = | P2(y)02m(y)dy, Pom = / Bo(y)wa,m (y)dy;
0 X 0
Yo = [ Yo(y)wo(y)dy, Y1, = [ ¥1(y)win(y)dy,
/ /
1

1
%mz/%@@m@@,%m=/%@wm@@.
0

0
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4. REDUCING THE MIXED INVERSE PROBLEM TO COUNTABLE SYSTEMS OF FRACTIONAL EQUATIONS

Problem. Find control function p(t {p [p(t)| < M* telo, T]}, redefinition function ¢(z) and corresponding
state function U(t, z), which deliver a minimum to functionality

T

/1 1> dy + a/ p*(t) dt, (4.1)

0

where 0 < o = const, and &(z) = &o(x) + &1 (z) + &2 (x) + &(x) is given continuous function such that

£(2) = &odo(a +Z£m91n Z[&mﬁgm )+ &b m(2)] (4.2)

So= [ So(Wwo(y)dy, &1n= [ E1(y)win(y)dy,
/ /

1 1
52,771 - 52 (y)G)Q,m (y)dyv gQ,m - 52 (y)wQ,m (y)dyv
/ /

601+ Y el + D [[eam |+ |om|] < oo (4.3)
n=1 m=1
We use the following well-known spaces
CH(Q) = {U s U(t,x) € CH2(Q), U(t,0) =0, Up(t,1) = Up(t,20), 0 <t <T,0 < g < 1},
CL2(Q) = {@ L B(t,x) € CT(Q), 3(0,2) = o}.

The closure of these spaces with the norm

1
10 ey = //uwy|@a<m
0

denoted respectively by Hy(Q), Hg ().
Definition 4.1. The function U(t,z) € Hy () is called a generalized solution to the nonlocal problem (2.1)—(2.3), if

this function satisfies the differential equation (2.1) with conditions (2.2) and (2.3) almost everywhere.

Using definition and Fourier series (3.1) and (3.10), taking into account that the properties of eigenfunctions (3.2),
(3.4), (3.5), and (3.9), from Eq. (2.1) we come to the following scalar and three countable systems (CS) of ordinary
fractional order differential equations

D ug(t) = fo(po(t)), (4.4)
Da”yul,n(t) = _,ul,nul,n(t) + gl,n(t)v (45)
24/ A2 _ ~
DYy () = _172* (D Viig (£) + iz, (1)) — p12,m U2, (1) + go.m (E), (4.6)
+ Ao

D*V g () = —ph2,mU2,m(t) + Jo,m(t), (4.7)

where
]. )\1 n )\Q,m

gin(t) = Wfi,n(pi(t))a Pin =17 " Hom = TT g

[c[v]
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2 2
Mm—(;mj \ o = 2qmr)?, mmeN, n+mp+q).

We solve the differential Equations (4.4)—(4.7). Using the series (3.11) and (3.12) from given conditions (2.2) and
(2.4), we determine the final and intermediate conditions for the unknown Fourier coefficients

Uo /Uo T, y wo /900( ) (y)dy = %o, (4~8)

ul,n(T> = U, (Tv y)wl,n(y>dy = @l(y)wl,n(y)dy = $P1,n; (49)
/ /
1 1

ug, i (T) = | U2(T,y)2,m(y)dy = [ @2(y)@2,m(y)dy = ©2,m, (4.10)
/ /

Ug,m (T /02 (T, y)wa,m(y)dy = /cﬁg(y)wlm(y)dy = Q2.m; (4.11)
1O 0 ’

~ [ attr.v)ntwidy = [ voly)en(u)dy = o (4.12)

0 0

urn(t) = [ Uity y)win(y)dy = | v1(y)wn(y)dy = ¥1.n, (4.13)
/ /
1 1

U (t1) = /Uz(thy)@zn(y)dy = /¢2(y)@2,n(y)dy = Y2, (4.14)
01 01

lan(t) = | Ua(ts,y)won(y)dy = | da(y)won(y)dy = o (4.15)
/ /

5. SCALAR FRACTIONAL DIFFERENTIAL EQUATION

5.1. Direct problem. Our purpose is to find redefinition function ¢o(z), and using the functional (4.1), determine
optimal control function po(t). However, first we solve the fractional differential Eq. (4.4) with final condition (4.8).
In this order, we apply the operator J§ to both sides of the Eq. (4.4) and obtain the presentation

SR S
-t HV!t folpols)) ds, (1)

where Cj is arbitrary constant. We define by the aid of condition (4.8). So, using final value condition (4.8), from
represent (5.1) we have

T
(%zFWM*“w+Tlf/ 9™ fo(po(s)) ds. (5.2)
0
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Substituting the constant (5.2) into the Eq. (5.1), we derive a new representation
H o) =T + [ Kolts) [ folw.pols)) wn(w)dy ds,
0 0
where

1| -T'"(T —s)* 1, t<s<T,
Ko(t,s) = 1- a—1_ 41— a—1
C(y) | -T"(T —s)> 1 +t171t—s)>71, 0<s<t.

(5.3)

From the presentation (5.3), we have the solution of the problem (2.1)-(2.3), corresponding to the eigenvalues Ag = 0

and the eigenfunctions ¥o(z) = x:

U (t, ) = T Vo () —1—190(55)/K0(t78)/f0 (y,po(s)) wo(y)dy ds

for fixed values of pg(x) and po(t).

(5.4)

Theorem 5.1. Assume that condition A and the inequalities | po(x) | < 0o and (m?xg | fo(z,po(t)) | < oo are satisfied.
t,x)€e

Then, for fized values of the redistribution function po(x) and of the control function po(t), it follows that Uy(t,x) €

H(RQ), where Uy(t,z) is defined by representation (5.4).

Proof. For fixed values of the redefinition function ¢g(z) and of the control function pg(t), we substitute formula (5.4)

T1
into the integral So = [ [t2A=VUE(t, x) dx dt and we square it
00
/T
0
{x

1
< T3 {TQU V2 + 27770, 1M01\900|/|W0 N dy + | Co 1M01/ o(y)dy
0

2077 § 720328 +2w2T1‘”|¢o|/|Ko(t,8)|/|fo (4, p0(9))] lwo(y)| dyds
0 0
2

Ko f (y,po(s)) wo(y)dy ds dxdt

+

St—y T~

2CH 1 M, 2Cy.1 M
< 7327 207 2 2 4 o717 0,14Mo,1 00 | + { 0,1 0,1] } < oo,
0

1+2x 1+ 29

where
T

mzax/ | Ko(t,s)| ds < Cp,1 = const, r(na>)<|f0 (x,po(t))] < Mp1 = const.
t,x

The Theorem 5.1 is proved.

O

5.2. Inverse problem. In the presentation (5.4) functions ¢o(z) and po(t) are unknown. To find ¢o(z), we apply

the condition (4.12) into Equation (5.3):

T 1

7 _

o = ﬁiﬁo—T“’ 1/K0(t175)/f0 (y,po(s)) wo(y)dy ds.
0 0

(=)=
E)NE
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Hence, we obtain

T 1
t7 _
ola) = P tole) = T 00(2) [ Kotr,s) [ o (o)) wnly)dy ds. (55)
0 0
For the function (5.5), we have estimate
2Co,1 Mo 1 1
< —=T"7 . .
leo(@) | < [vho |+ 1+ 7o <00 (5.6)
Substituting (5.5) into presentation (5.4), we obtain
T
0o (¢, x) =t o() + 50/ [Ko(t, s) — Ko(t, )] /fo (4, po(s)) wo(y)dy ds. (5.7)
0 0

(5.7) is the solution of the problem (2.1)—(2.3) for fixed values of control function pg(t).

5.3. Optimal control function. Now we will start to find the control function po(t). Let pg(¢) is optimal control
function

AJ po(t)] = J [po(t) + Apg(t)] = J [p(t) ] = 0,
where p(t) + Api(t) € H[0,T).
We consider the following function
T

Qo (t ) |wty o + :v/ [Ko(t,s) — Ko(t1, ) /fo Y. po(8)) wo(y)dy ds | = a[p; ()], (5.8)
0
where Qo(t, ) defines by solving the following mixed problem
D¥7Qo(t,z) + D" Qozo(t,x) + Qoza(t,x) =0, (t,z) € Q, (5.9)
Qo(T,z) = =2[p(x) — ()], (5.10)
Qo(ta O) = 07 QOw(t? 1) = UOI(t7x0)7 0 S t S Ta 0< Ty < 17 (511)

which is conjugated to problem (2.1)7(2. ). The Equation (5.8) we rewrite in convenient for us form

H77Qo(t, ) | Po(t, z) o(t,s, ) * fo (ph(s))ds| = apyt)]?, (5.12)

o\

where
Bo(t,2) = ot} o, Kolt,s. ) fo (5(5) = [Ko(t,) ~ Ka(t1,)] [ fo (0.55(5) wolw)dyds.
0

According to the maximum principle, we calculate in (5.12) derivative with respect to the control function and come
to the following necessary condition for optimality

t1_7Q0(t,x)/K(t, s,x) * fp (p5(s)) ds — 2a p§(t) = 0. (5.13)

Calculating derivative in (5.13) with respect to the control function p*(¢), we obtain another necessary condition for
optimality

T
tH7Qo(t, 2) / (t,s,x) * fpp (P5(5)) ds —2a < 0. (5.14)
0

(&)
ENE
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We solve the conjugated differential equation (5.9) by the same way as we solved the Eq. (2.1). According to the

conditions of (5.11), the nonzero solution of the Eq. (5.9) we find from the fractional differential equations

Da”yqo (t) = 0,

- / Qolt, y)wo(y)dy
0

To solve the differential equation (5.15), we use the condition of (5.10) in the following form

where

1
—2 ()] Po(y)dy = =20 + 260.
“ [l

Substituting presentation (5.5) into the formula (5.16) and by virtue of (4.2), we obtain

1—"/

qo(T )—250—2T1 5

T 1
Yo — 2171 [ Ko(t1,s) [ fo(y,po(s)) woly)dy ds.
[ ]

The general solution of the homogeneous equation (5.15) has a form

ao(t) = F]fg) 0

where we determine the arbitrary coefficient of integration By from the condition (5.17)

T 1
By = 26()T 7 — 2t T(7)ho — QF(V)/KO(% 3)/f0 (¥, po(s)) wo(y)dyds.
0 0

Substituting (5.19) into general solution (5.18) of homogeneous fractional equation (5.15), we obtain

T 1
1o (t) = 2T 7€ — 2t Tehy — Q/Ko(th 8)/f0 (v, po(s)) wo(y)dyds.
0 0

Hence, we obtain a desire function

T 1
t17Qu(t, x) = 22T V€ — 2wt Tehy — 2$/K0(t1> s) / fo (y,po(s)) wo(y)dy ds.
0 0

The last equation we rewrite it in the compact form

17Q0(t,w) = Wo(t, @) / Ro(t, 5,2) * fo (po(5)) ds,
0
where
W (t, @) = 22T "€, — 2t} "oy,
1
Rolt, s,2) * fo (po(s)) = —2eKo(tr, s) / fo (. po(s)) woly)dy ds.
0

(=)=
E)NE

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Taking into account (5.20), the optimality condition (5.13) we rewrite as

T
_ 2apo(t
/ Ko(t,s,2) % f, (po(s)) ds = — Po(t) : (5.21)
0 Uo(t,z) + [ Ko(t,s,x) * fo (po(s))ds
0
Substituting (5.20) into condition (5.14), we obtain
T
_ . 2c
/ Kot 5,2) fop (93(s)) ds < _ . (5.22)
0

Wo(t, z) + le(o(t, s,x) fo (pi(s)) ds

By virtue of (5.22), we solve the Eq. (5.21) with respect to the control function po(t). However, it is difficult to
solve the Eq. (5.21) by simple way. So, we use the following techniques. If the nonlinear functional-integral equation
(5.21) is solvable, then it is true that we have the following two functional-integral equations for solving:

2apo(t)

0}[? t,s,2) * fo (po(s))ds

=t'"Tgo(t), (5.23)

T
/ (t,5,2) % f, (po(s)) ds = 17 go 1), (5.24)
0

where go(t) € C[0,T] is yet unknown function. First, we solve the Eq. (5.23) by the method of successive ap-
proximations. However, we assume that the function go(¢) in (5.23) is known. Therefore, the nonlinear Fredholm
functional-integral equation (5.23) we rewrite as follows

T

po(®) = 20w (1.0) + [ Ro(t,.2) = o o) s | (5.25)
0

For an arbitrary function p(t) € C[0,T], we consider the following continuous norm

1. = 1.
| 2(t) [l tgfg%lp()\

Theorem 5.2. Let the following conditions are fulfilled:

(1) gO(I)v ”(/}0(%) S L2[07 1]7
(2) 0< ax | fo (z,po(t))| < Mo,1, 0 < Mo,1 = const,

) ‘fO (33 po( )) Jo (ac po ‘ < No ’pé(t) —p%(t)

(4) pos = Hgo(t) le g1 ’yc(iij;lgl <1

Then the nonlmear Fredholm functional integral equation (5.25) has a unique solution in the space of continuous
functions C[0,T], which is found from the following iterative process:

, 0 < Np,1 = const,

T =
pEFL(E) = 9;7((;) HTW (¢, ) +gt1*7K0(t,s,x) * fo (PE(s)) ds|, (5.26)

po(t) = BTG (¢, 2), k=0,1,2, -

Proof. According of the conditions of the Theorem 5.2 and estimate (4.3), from successive approximations (5.26), we
obtain that for the first approximation there holds the following estimate

t
19b(0) | < 2 e gi=s o, )
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t
< || 902(03 ||CT177 ‘ 2IT177§0 _ 2111_%/)0 ‘ (5.27)

< %Tzuw ([0 +[%o]] < 0.

For the first difference, we derive that there holds the following estimate

T
730 b0 o < e rr [ Roge,s,0)] |10 (o) |
’ ’ T 1
< 0O le e 1y e 0)| 0/ | Ko(tr.5) | ds 0/ o)y

< 190(0) s g1+ 2C0a Mo

<o 5.28
« 1 —+ X0 o© ( )
Analogously, for the arbitrary successive difference, we have the estimate
T
9ot _ = ~
[P GETHOY = %Tl 7/‘Ko(t7s7m))-\fo (B5(9)) — fo (WE1(s)) | ds
0
900 lle o [ /
go(t _ = -
< M eqs [ Rofts.o)| [ 1o (b)) = fo (087 (5)) | duds
0 0

T 1
< WTN / | Kot 5,2) | [(s) — 0§~ (s) | ds / wo(y)dy

(0%

t _ Co1 N - -
< ||90(a) ”CTl v 101;071 1 P6(6) =25~ (1) || = pox || o6 () — P~ () || » (5.29)

where
_ H gO(t) ”CTl_’Y Co,1No1 .
« 1+ xo
According to the last condition of the Theorem 5.2, pg,; < 1. From the validity of the estimates (5.27)—(5.29), it
follows that the operator on the right-hand side of (5.25) is contracting and for this operator there exists a unique
fixed point in the space of continuous functions C[0,T]. Therefore, the nonlinear functional integral equation (5.25)
has a unique solution in the space C[0,T]. The Theorem 5.2 is proved. ]

0,1

We denote the solution of the nonlinear integral functional equation (5.25) as
po(t) = ho(t, go(2))- (5.30)
Substituting (5.30) into (5.24), we obtain the following nonlinear Fredholm functional integral equation of the
second kind with respect to function go(t)
T
' go(t) = /I_(O(t,s,x) x fp (ho(s,90(8)))ds. (5.31)
0
Theorem 5.3. Let the following conditions be satisfied:
1) 50(1:)7 ¢0(1‘) € L2[07 1];
2) 0< Wax | fp (z,ho(t)) | < Mo2, 0 < Moz = const,
t,x
3) | Ip (ac7 h(l)(t)) —fp (m, h%(t)) ’ < Ny,2 | h(l)(t) — h%(t) | , 0 < Nyg2 = const,

(=)=
E)NE
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4) | ho (t,g5(t)) — ho (t,93(t)) | < Nos|g5(t) —g3(t) |, 0 < Nos = const,
_ 4C9,1No,2No,3
5) pPo2 = 71+x0 < 1.

Then the nonlinear Fredholm integral equation (5.31) has a unique solution in the class of continuous functions
go(t) € C[0, T, which can be found fmm the following iterative process:

gg(t) =0, t'yg k+1 o(t,s,x) * fp (ho(s,gg(s))) ds. (5.32)

o\

Proof. From successive approximations (5.32), we obtain the following estimate for the first difference

T
5 = 9300 | < max [ | Balt.s,2) * o (hos,0) | ds
0

T 1
Smtax/ [KO(tvs)_KO(thS)]/f&p (¥, 70(0)) wo(y)dy | ds
0 0
/ 4Cy 1 M,
< 2C0,1max| fo (o ha(0))| [ wolu)dy < HT02 < oc, (5.33)
0
where
T
mtax/ | Ko(t,s) — Ko(t1,s)] ds < 2Cp1 = const.
0

Now, we obtain the estimate for arbitrary successive difference

5 0) = g (0] < max / [Rolt5.2) 5 [fy (ol g (5)) = fy (b9 (51)] | ds

(t,x)

< NO)thax/ | Ko(t,s) — Ko(ti, s) |ds/ | ho (t,gg(t)) — ho (t gg 1 )) |w0(y)dy
0 0

1
< 2Co,1No2Nojs || 96 (t) — g6 (1) o /wo(y)dy < poz|lgb(t) - g6 (1) [P (5.34)
0
where
4Cp,1No,2 Ny 3
1+ 2
It follows from the validity of these estimates (5.33) and (5.34) that the operator (5.31) is contracting and there

exists a unique fixed point in the space of continuous functions C[0,T]. Therefore, the nonlinear integral Equation
(5.31) has a unique solution in the space of continuous functions g(¢) € C[0,T]. The Theorem 5.3 is proved. O

P02 = <L

We finished solving process for the Eq. (5.21). Substituting the solution of Eq. (5.31) into (5.30), we determine the
control function p(t). Then the values of control function we substitute into Eq. (5.5) and obtain redefinition function.
The values of control function we substitute into Eq. (5.7) and obtain the state function (see, [24, 25, 50, 51]).
Thus, the process of solving of the fractional equation (4.4) is finished for the case of eigenvalues A\ = 0 and the
eigenfunctions ¥y(x) = .

(&)
ENE
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6. CS OF FRACTIONAL DIFFERENTIAL EQUATION (4.5)

2
6.1. Direct problem. Now, we consider the case of Ay, = (iqf;) and the eigenfunctions %1 ,(z) = sin /A1 p.

So, we consider CS of fractional differential equation (4.5):

D*Muy (t) = —p1 n1,50(t) + g1,0(2)

with final condition (4.9): uy »(T) = ¢1,n, Where

2
D00) = Ty PO = 135 da= (22T wen
Applying the operator J§ to both sides of the equation and taking into account the formula [38], we obtain
T Dt n(6) = 1,0(0) = =5 o At
we have
U, (t) = At 4 Jeg1.n(t) — p1nJgyuin(t), Ai, = const.

L'(v)

We represent the solution of the countable system (4.5) in the form

Aln

=1

t
A
- 1+J0+91n Mln/t_sa 1anc( Mlm(t_s)a) ﬁ*{y_l‘k‘]&-gl,n(s) ds.
0

We will rewrite this representation in the following form

¢
uy o (t) = A1y / (t—8)* By o (—p1n(t —s)*) s tds
0

T () — piam / (t = ) Bao (—prrm (= 8)%) T, g1n(s) ds. (6.1)
0

We will do some obvious calculations in representation (6.1)

ﬂl

t
/ (t—s)*~ 1Ea o (—pn(t—s)) 7V ds = t”’_lEOw (—p1,nt)
0

and
/(t a S)Q_lE%a (_ﬂ'l,n (t - S)Oé) Jél"‘gl’"(s) ds = ﬁ /(t - S)Q_lEa,a (_Nl,n(t — S)Q) ds /(5 - G)Q_lglm(ﬁ) do
0 ) J
= ﬁ /gl,n(S) ds/(t —8)* s =0 By (—pn(t —0)*) do
0

S

gl,n(s) (t— 5)20‘71Ea,2a (_Nl,n(t —5)%) ds.

Il
o—_
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By virtue of these relations, the presentation (6.1), we write as

t
un(t) = Alynt“Y_lE —p1 %) + / (t—s)*~ 1Ea o (—pn(t—$)%) g1.n(s)ds, (6.2)
0
where
E = e A ——— C, R 0
oc,’Y(Z) mZ::OF(CYm-FV)’ ZaOé:’YG 9 e(a)> ’

is Mittag—Leffler function [21, Vol. 1, P. 269-295].
In obtaining the Eq. (6.2) we took into account the following representations [21, Vol. 1, P. 269-295]:

1
Eoq(2) = ) +2E44+a(2), a>0, v>0,

20)

z

/(z — ) B, (kt*) 0 dt = 27T By 0 (K2%), a>0, v>0.
0

L
I(a)
Using the condition (4.9), we will find from (6.2) the unknown constant
T
T =

- - _ o a—1 o 7 o
Arp = Far (=T O1.n 0/(T $)* "Eaa (—p1n(T —$)%) gin(s)ds| . (6.3)

Substituting (6.3) into Eq. (6.2), we obtain the new representation

T
ul,n(t> = L)01,710'1,n<t) - Ul,n(t) /(T - S)a_lEa,a (_Ml,n(T - s>a) gl,n(s)ds
0
—|—/ (t —8) By o (—p1n(t — 5)%) g1.n(5)ds, (6.4)
0

where

(—p1,nt®) [tr—l.

FPay (=mnt®)
E., ( M1, nTe)

0'17n(t) T

The Equation (6.4) we represent in the convenient form

T
1
tl_’yul,n(t) = Spl,nal,O,n(t) + /tl_’yKl,n(t7 S) fl,n (pl (S))dS, (65)
1+ Al,n
0
where
—010 ()T = 8)* ' Eaa (—p1,n(T = 5)%), t<s<T,

=01, (t)(T — s)ailEa,a (—p,n(T = 8)%)+(t — S)CvilEa,a (—pa(t—5)Y), s<t,

EO%’Y (7:u‘1,nta) |:t:| i tlf'y _ EOC,’Y (7u1,nta) T=7
Ea,'y (_Ml,nTa) T Ea,’y <_M1,nTa) .

We note that the function oy, (t) in (6.4) has singularity at the point ¢ = 0. However, the function o1 ,(¢) in
(6.5) has no singularity at this point ¢ = 0. For all a € (0,1), @ < v <1, 0 < p1,, < 1, we have the estimate
0 <|EBaqy (—p1,ntY)| < Mo = const. Moreover, in our further calculations we take into account that

Kl,n(ta 8) = {

01,0,m(t) = o1 p ()t 7 =

(&)
ENE
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1L _ 1 _[pta 1
1+ )\1,n )\Ln o 2q7T TLQ’
| tlivKl,n(ta 5) ’ < Ml,l ' (T - S)ailEa,a (7,u1,n(T - S)O() + Tli’y(t - 5)0671Ea,a (7,Ul,n(t o 3)&) s
T T
/ ’tl_”’KLn(t, s) ’ds <2(Myq+ Tl_'y) /(T — s)a_lEa’a (—p1,n(T —s)%)ds
0

< 2T(a)(Myg + TV )T My g = My < o0,

where

Eoy (Sgnt?) 1o
Eo oy (—p1,nT*)

M171 Z m?xol,oyn(t) = m?x

Substituting CS (6.5) into following Fourier series (see (3.1))

Zuln ﬁln )

we obtain
T

1 /tli’yKl,n(t, 8) / fl (yvpl (8)) w177l(y) dy ds o . (66)
0

- ’YUl t, JJ Z Al n >< <P1,7L0'1,0,n(t) + ﬁ
n
0

We consider the space L2[0, 1] of summable squared functions ¢#(z) with the norm

| 9(x) ||L2[0,1} =

Theorem 6.1. Let the following conditions be satisfied: ¢1(x) € Lo[0,1], mtaXH Ji(@,p1(8)) [ 0,1y < 0. Then for
function (6.6) there holds Uy (t,x) € H(S).

Proof. For fixed values of the redefinition function ¢ (x) and of the control function p;(t), we substitute formula (6.6)
T 1

into the integral S; = [ [ 2=VUZ(¢t,y) dydt and we square it
00

T 2

1
1
{Zﬁln [901 n01,0,n(t)+ +1+)\1 /tlfle,n(ta 5)/f1 (2,01(5)) win(2)dzds| o dydt
0

T 1
O/{Z<P1n010n wln(y)}

0 n=1

Ot —y T
S o~ _

co* 2
{Z ©1,001,0,n(t) W1,n(y) } dydt + 2
n=1

T 1
co* 1
A [T R L) [ s w2 dzds onnly) dy
n=1 ™0 0
T 1 (., . T 1 2
+ / / > / PRt 5) / i (2 p1(5)) wrn(2)dzds S win(y)dydt. (6.7)
1,n
oo (=1 o 0
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2
We take into account that ¢1,(z) = sin\/A1,x, A1, = (iqf;) and apply the Cauchy—Schwarz and Bessel

inequalities. Then from (6.7), we obtain the following estimate

2

1
OO * o0* 1 oo *
S < (M) Z | 1,0 | + 2J\/~"1,2J\/[1,1TZ | o1,n | Z No o max Z /fl (Y, p1(t) win(y)dy
n=1 n=1"1n n=1
0

2

+ M, QTZ maxz /f1 y.p1(t) win(y)dy| | (6.8)

where MLQ = QF(Q)(Ml 1+ TliW)TlJrai’YMLo.
2

< m?XH fi(@,p1(t) [0, < o0, from (6.8) implies the assertion of

Since max
t

> ffl Y, p1(t)) win(y)dy
Theorem 6.1. O

6.2. Inverse problem. Now, we determinate redefinition function ¢;(x) from the condition (4.13). According to the
series (3.12), we apply the condition (4.13) into presentation (4.1)

T

/ 617K (L, 8) / f1 (y,p1(5)) win(y)dyds| . (6.9)
0

Wzﬂln wln*Z'&ln |:901n0—10n(t1) m
0

n=1

Taking into account that the functions 1 ,(x), and wy »(z) constitute a complete biorthonormal system in Ly[0, 1],

we obtain
0, n#k,
1, n=k,

(7‘917"(33)’ wl,k(x)) = {

from (6.9), we obtain

T 1
_ 1 _
6 "0 = QLo 0m(t) + T /fi WKl,n(tlw‘?)/fl (y,p1(s)) win(y) dy ds. (6.10)
1,n A 5
From the representation (6.10), we unique define Fourier coefficients ¢4 ,, for redefinition function ¢ (z):
T 1
t}—’le n 1 / ti_’y /
= — — Ky, (t dyd 6.11
Pl oron(t) 14+Ain ) o1,0n(t1) tnl 1’8)0 Fr () wnny) dy ds, (611
where t; > 0 and
Ea - nta —
Ul,O,n(t1>: )’Y( a 1)T1 T>0.

Eoq (—pnT?)

Substituting the Fourier coefficients (6.11) into Fourier series (3.11), we have

Zﬁln

for fixed values of control function p;(¢). Then it is not difficult to see that for fixed values of control function p;(t)
the series (6.12) is convergence

7

T 1
1
ql)l,n - 1_|_/\17n/}-(l,n(tlas)‘/fl (yvpl(s)) wl,n(y)dyds ) (6]‘2)
0 0

U10n(t1)

1

tl ol ( )(M11+T1 7)T1+a 7M10 1
n ; n(y)d
e LZ oy e+ Pt > / 11 (1:91(9) w1.0(v) dy
oo
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OO * OO *

1
SMig Y [t +Miag | Y 2 1@ pi(®) [l < oo, (6.13)

n=1 n=1 1,n
where
e Mj 5
Myg=—2"1—— M,4=—"2>—.
M or0m(ty) | M orom(t) |

6.3. Optimal control function. Now we will start to find the control function p;(t) for the case of A1 ,, = (2;%;)
and the eigenfunctions ¥ ,,(x) = sin /A1 ,x. First, substituting the presentation (6.11) into series (6.6), we obtain

T

1

D1m o

Ut ) = Zm o1t wmzl}m [0 Rt [ @ne) ea@dyds, 610
0 0

where

Kin(t,s) = tliA/Kl,n(L s) — tiinl,n(tla s)o11.n(t),

01,1 (t) = Ulvovn(t) — EO‘?’Y (—/,Ll’nta)
o 01,0n(t1)  Eaqy (—p1ntf)

Let pi(t) is optimal control function:

AJ ()] = Jpi(t) +Api ()] = J [pi(t)] = 0
where pi(t) + Api(t) € H[0,T]. We consider the following function

«@ [pT (t)]Q = tlinl(ta J?) Z ﬂl,n(x) Ul 1 n( )¢1 n
n=1

#07Qu00) > 2 [0 Ry ) [ 1003 6) o) dy s, (615)
n=1 70 0
where Q(t, ) is defined as the solution to the following mixed boundary value problem:
DY@ (t, ) + DY Quzz(t, ) + Qiza(t,x) =0, (t,2) € Q, (6.16)
Qu(T,z) = =2[p1(x) = &u(x)], Qu1(t,0) =0, Qua(t1) = Qua(t, o), (6.17)

which is conjugated to problem (2.1)—(2.3).
The Eq. (6.15) we rewrite in convenient form:

Q) / (t:5,2) i (5} (5)) ds | = a o7 () (6.13)
0
where

:Zﬂl,n(x) Ulln( )1?1 ns
n=1

Balto.2)+ 030D = 30 5 Kanos) [ 4 053(5) 1@
0

(=)=
E)NE
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According to the maximum principle, we calculate derivative of the control function and come to the following necessary
condition for optimality

Q1 (t,x) | Ki(t,s,x) * I (P1(s))ds — 2api(t) = 0. (6.19)

St~

Calculating derivative in (6.19) with respect to the control function pj(t), we obtain another necessary condition for
optimality

T
Q0 (t, @ / (t,s,x) * fipp (p1(s)) ds — 20 < 0. (6.20)

We solve the conjugated differential equation (6.16) by the same as we solved the fractional differential equation (2.1).
According to the second condition of (6.17), the nonzero solution of the Eq. (6.16) we find from the CS of fractional
differential equations

Da’qun(t) = Ul,nq1,n(t)a (621)

where

Gin(t) = / Q1 (b, y)wrn () dy.
0

To solve the CS of differential equations (6.21) we use the first condition of (6.17) in the following form
1
01,0 (T) = —2/ [o1(y) = &) win(y)dy = =201, + 2600 (6.22)
0
Substituting presentation (6.11) into the formula (6.22), we obtain

20 2 [ 4 /
W(T) =261, — Lin 1 Kin(t / " W (y) dy ds. 6.23
0(T) = 2610~ Sy P / @y ) [ f 7)) (0:23

The general solution of the CS of homogeneous equation (6.21) has a form

Q1. (t) = Bint" ' Eqy (p1,02%) (6.24)

where we determine By ,, from the condition (6.23):

2T1—'y§1 n 0'1 2 ”tl
ani’— n n Knt7 s n dd’ 6.25
YT B () Th? Yint 1+ A / 1n(l1 /fl (y,p1(s)) win(y)dy ds (6.25)
2F o ~ (—pq1 o, T
01,2n = ’,Y( 1, )

Eoy (11,0T*) Eay (—pantf)
Substituting (6.25) into general solution (6.24) of homogeneous fractional equation (6.21), we obtain

1Qu (1 ) = / Ralt,s,2) # f1 (pu(s)) ds, (6.26)
0
where

- Z "91,71 (.’E) |:2T1_’Y£1,n01,3,n (t) - 01,4,n(t)w1,n )
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1

= a S

Ki(t,s,x) = f1(pi(s Zﬁln 111)& Klm(tl,s)/fl (y,p1(s)) wi,n(y)dy,
5n 0

Eay (Nl,nta)
Ea (1 T)’

Taking into account (6.26), the optimality condition (6.19) we rewrite as

Eay (*Nl,nTa)

01,3, t) = .
) Bars (1 nf)

01,40(t) = 0120 oy (01,nt") = 201,30 (t)

T
2 t
[ a5« iy i)y s = _2eml) . (6.27)
0 + [ Ki(t,s,x) * fi(pi(s))ds
0
Substituting (6.26) into condition (6.20), we obtain
T T
/ (t,s,) fipp (P1(s))ds | U1(t, x) /f( (t,s,2) f1(pi(s))ds| < 2a. (6.28)
0 0

By virtue of (6.28), we solve the Eq. (6.27) with respect to the control function p;(t). If the nonlinear functional
integral equation (6.27) is solvable, then it is true that the following relations hold

2ap1(t)

I:( (t,s,2) * f1(p1(s)) ds

=t (1), (6.29)
\Ill (t IL’)

1t s,2) % fip (p1(s)) ds =t 7 (1), (6.30)

O\ﬂ

where ¢1(t) € C[0,T] is yet unknown function. So, from the nonlinear functional integral equation (6.27) we came
two different nonlinear equations (6.29) and (6.30). First, we solve the Eq. (6.29) by the method of successive
approximations. However, we assume that the function g1 (¢) in (6.29) is known. Therefore, the nonlinear Fredholm
functional integral equation (6.29) we rewrite as follows

T
g;—g) tl_"’\Ill(t,x)+/t1_VI:(1(t,s,x) x f1(p1(s))ds| . (6.31)

0

pi(t) =

For an arbitrary function p(t) € C[0,T], we consider the following continuous norm

I2(t) e = max [p(t)|-

Theorem 6.2. Let the following conditions are fulfilled:

1) &i(w), ¥i(x) € Lo[0, 1],

) 0< mtax|| f1(z,p1(t)) ||L2[O 1] < Ni1, 0 < Ny = const,
3) | fi (z.p1(t) = fu (2, 08(1) | < Nia(@) [pi) —0i(1) |, 0 <[ Ni2(@) [l L0
4) pra=MisMigllgi(t) o Ni2(@) [l 0,0 <1,

where My 5 = My ga 'T(a)(My + T )T 27 Myg= /> /\ffl
n=1

(=)=
E)NE
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Then the nonlinear Fredholm functional integral equation (6.31) has a unique solution in the space of continuous
functions C[0,T), which is found from the following iterative process

T =
pi(t) = g;—g) Y0 (¢ x) + [TVK(t s, 2) fi (pY(s)) ds|
0 (6.32)
pi(t) = LT (¢, 2), k=0,1,2,-
Proof. By virtue of (4.3), from successive approximations (6.32), we obtain that for the first approximation there
holds the following estimate

t - o0 *
[p1®) o < %Tl TPt 2) o < %Tl 7 x max 2191 n(2) [2T77€1 01 3,0 (8) — 01,4, (E)101,0]
n=1
< My oCho Hgl()”c lz§’n|+2|wln|l<oo M o, Ci,0 = const. (6.33)
n=1 n=1

Taking into account the estimate (6.33) and approximations (6.32), for the first difference, we derive the following
estimate

1

T OO *
| p3(t) —p1(t) ||, < Mio ”gl ”CT” /Zm Tan(B)1 Klnm, )/fl,n(y,p}(s» wi,n(y)dy
T et

>\1n
0

o0 * o0 *
1

< o ey a4 gz |3 5 Y [l GhO)]

n=1"" n=1
< Mus || 91(t) [l M gmax [ 1 (2.200) [ 1,100 < Mis l91(#) ¢ MigNi < oo, (6.34)

where
M5 = Miga 'T(a)(Myy + T )T Mg = | Y A2

Analogously, for the arbitrary successive difference, we have estimate

£ = PhOllc < Mgl e 3 5 mae e () — £ (0h7(0)
n=1 n

< Mys |oat ||CZ—max / Ny2(y) [p5() — pi=2(0)] dy

Do 250 - 0 g | S / Ny (y)dy

<pia|[pi(®) =i @) || (6.35)
where

pra=MisMigllgi(t) lo | Ni2(2) |l 1,04 -

According to the last condition of the Theorem 6.1, p1; < 1. From the validity of the estimates (6.33)—(6.35), it
follows that the operator on the right-hand side of (6.31) is contracting and for this operator there exists a unique
fixed point in the space of continuous functions C[0,T]. Therefore, the nonlinear functional integral equation (6.31)
has a unique solution in the space C[0,T]. The Theorem 6.2 is proved. (]

an
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We denote this solution of the nonlinear functional integral equation (6.31) as

pi(t) = hi(t; 91(1))- (6.36)

Substituting (6.36) into (6.30), we obtain the following nonlinear Fredholm integral equation of the second kind
with respect to g1 (t)

T

g, :/ (t,5,2) % F1p (h(s,91(5))) ds. (6.37)

Theorem 6.3. Let the following conditions be satisfied:
1) 51(13), 1/}1(‘1:) € L2[07 1]7

0 <max|| fip (2,h1(91)) | ,10,0) < N1z, 0 < Nij3 = const,

) <
3) ‘flp (x, h%(t)) fo (m h3(t ) ‘ < Nyg(z ’hl —hi(t)|, 0<| Nya(z) ||L2[o,1};
)
)

| b1 (8,91 (1) = ha (5,7 (1) | < Nus|gi(t) —gi(t)|, 0< Nis=const,
p12 =2MioN1 5 My || Nva(2) 7,004 <1

Then the nonlinear Fredholm integral equation (6.37) has a unique solution in the class of continuous functions
g1(t) € C[0,T), which can be found from the following iterative process:

gl (t) =0, t'git(t) =

\ﬂ

Ki(t,s,2) * fip (hi(s,g7(s))) ds. (6.38)

o o

Proof. Taking into account that g
for the first difference

(t) = 0, from successive approximations (6.38), we obtain the following estimate

T

Hg%(t) Hc < max/ ‘ Ki(t,s,z) * flp(hl(s,O)) ’ds
0

T
Smtax/ thl TKy,(t, s /flp (y,h1(s,0)) w1 n(y)dy |ds
0

oco* 1
< 20y omp| 3 / Fip (9, B (£,0) w10 (y) dy
n= 0

oo * 1 oo * 9
<2Mp 21 N, 2—31 {mtax | finp (ha(t,0)) |} < 2My o Ny 3 M6 < 0, (6.39)

where

Y (_H’Lnta) Tl—'y .

Mo =2T(a)(Myy + T )T Y My g, My > mgxal,o,n(t) = max Bory (—p1nT)

t

Now, we obtain the estimate for arbitrary successive difference

Z flil%()\)tl WKl n(t 5) [fl,np (hl (S,g’f(s))) - fl,np (hl (S gllC 1(8)))} ds

n=1

T
9410 - k() | < ma |
0

S 2M172mtax|h1 (t g]f 1(t)) t 91 |Z )\1n /N14 wln )dy
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g5 (t) =910 ||

(6.40)

where

p1,2 = 2Mi oN1 5 M || N1 a(x)

||L2[071] ’

It follows from the validity of the estimates (6.39) and (6.40) that the operator on the right-hand side of (6.37) is
contracting and there exists a unique fixed point in the space of continuous functions C[0,T]. Therefore, the nonlinear
integral equation (6.37) has a unique solution in the space of continuous functions ¢;(t) € C[0,T]. The Theorem 6.3
is proved. O

Thus, we finished solving process for the Eq. (6.27). Substituting the solution of Eq. (6.37) into (6.36), we determine
the control function p;(t). Then we define redefinition function (6.12) and state function (6.14) (see, [24, 25, 50, 51]).

7. CS OF FRACTIONAL DIFFERENTIAL EQUATION (4.7)

7.1. Direct problem. Now for the case of s, = (2¢gmm)* and for the associated functions Ug,, () = 2 cos /Ao m
we consider CS of fractional differential equation (4.7) with final condition (4.11). Applying the operator Jg, to both
sides of this equation, taking into account the formula:

1

J(’)YtD(’)YtQQ,m(t) = ﬂ27m(t) - ﬂ J(}t_’YAth’Y_la

we have
) T
Vg (8) = Po.mGa.0.m(t) + T /tl_“’f(gm(t,s) fo.m(Pa(s))ds, (7.1)
+ )\Q,m
0
where
—U?,m(t)(T - S)a_lEa,a (_,U/Q,m(T - 3)01) ) t S S S T,

Ham(t:) = {—02,m<t><T 9 B (i (T — %) + (£~ 5)* B (—pizm(t — 5)), s <1,

02,m(t) = Loy (_“Qamta) [ t Eay (_Nlmta)

y—1
i . Ooom(t) = =22 f2me S iy
B (g ) T] 200 = )

Substituting CS (7.1) into following Fourier series

Ug(t, 33) = ﬂ27m(t) ’l§2)m(l‘),
m=1
we obtain
- . T 1
05t 2) = 3 Dam(@) X § G2m20m(t) + 75— / t Kot ) / f2 (0 72(5)) wa,m(y) dyds . (72)
m=1 ™0 0

Theorem 7.1. Let the following conditions be satisfied: p2(x) € Lo[0, 1], Jmax H fo (z,P2(t)) ‘
function (7.2) there holds Us(t,z) € H(Q). o

< o0. Then for
L2[0,1]

(&)
ENE
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7.2. Inverse problem. Now we determinate redefinition function @o(x) from the condition (4.15). Appling the
condition (4.15) into presentation (7.2):

T 1
B o B > 5 1 . B y
t} v Z 192,m($)1/)2,m = Z 792,m($) |:<,02,m02,0,m(t1) +m /t} WKz,m(thS)/fZ (?J:pQ(S)) w2,m(y) dyds| . (7-3)
m=1 m=1 ’ 0 0

Taking into account in that the functions 152,,”(33), wa,m(z) form a complete system of biorthonormal functions in

L-[0,1] :
(Iamto) npto)) ={ T 2

from (7.3) we obtain

= 1
~ ti_’y'(/)Zm 1 / t}_’y /
m = ) _ K m t , S m dyd , 7.4
72 02,0,m(t1) 1+ )\Zm J 0'2707m(t1 2 ! ) y p2 w2, (y) yas ( )
and redefinition function @s(z)
" g ty " 1 /
z) =) Vom(z) = oy~ / 1 Kmt,/ ) wom(y)dyds 3, (7.5

for fixed values of control function ps(t). Then it is not difficult to see for fixed values of control function po(t) that
the series (7.5) is convergence.

7.3. Optimal control function. Now we will start to find the control function py(t). First, substituting the presen-
tation (7.4) into series (7.3), we obtain

T 1
oo 19 m B B _
Uy, ) Z )t 02.9.m () V2m + Z 11)\2 2) /tl YKo m( /f Y, D2(8)) wa,m(y) dyds, (7.6)
m=1 "™ 0

where

Eoy (=p2,mt”)

By (—p2,mt) '

In order to find the control function po(t) from the function (7.6) and minimization of functional (4.1) we come to the
equation

RQ,m(ta 5) = tlivkz,m(t, s) — t177f~{2,m(t1, 5)022,m(t), o22m(t) =

T ~
/f( (t,5,2) * fap (Ba(s)) ds = - - 520‘1’2“) - : (7.7)
0 Uy (t,x) + OfK 1(t,s,2) x fa(p2(s))ds
where
1
I o~ 192 m( ) 1—
Ralt.5.2) « fo (52(5)) = mZ T v / (9, 72(5)) 2, )y,
2(t, x) Z [ 2T €y 1023 (t) — U2,4,m(t)1/~)2,mi| ,

=l

1

. Sac o mt 7

(b5, * o (o) = D ) Iy (01,5) [ o (05(5) )i,
0

m=1
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2Eq  (—p2,mT?) To3m(t) = Eay (p2,mt®)
Eoq (p2,mT®) Eqy (—p2,mtT) ’ H Eo . (p2,mT*) ’

Eoq (—p2,mT)
024, t) = 02,2, E, , 2, tY) = 2(’)’2737 t ﬁ—’.
m(t) mEay (H2mt®) m(t) By (—p2mt})

We solve the Eq. (7.7) with respect to the control function ps(t). We consider
20[]52 (t)

022 m =

- T2 - =t'77Ga(1), (7.8)
Uy (t,x) + OfK o(t,s,m) * fo(Pa(s))ds

T —

/ Rty s,2) % Jop (a(s)) ds = 1=7G,(8), (7.9)
0

where g2(t) € C[0,T] is yet unknown function. First, we solve the Eq. (7.8) by the method of successive approxima-
tions. However, we assume that the function go(¢) in (7.9) is known. Therefore, the nonlinear Fredholm functional
integral equation (7.8) we rewrite as follows

T
a t ~ = ~
9;7(&) 7Dy (8, ) + /tl_VKg(t,s,x) * fo (Pa(s)) ds| . (7.10)
0
Theorem 7.2. Let the following conditions are fulfilled:
1) &(z), 2(x) € L2]0,1],

2) 0< max H fg (x,pa(t)) HL o < N1, 0< Ng,l = const,

‘f2 95172 )) f2 wpz ))S ’pz ﬁ%(t)

4) 21 =Can | 52(t) |l H Nas(x ‘

Then the nonlinear Fredholm functwnal mtegml equation (7.10) has a unique solution in the space of continuous

functions C[0,T].

p2(t) =

N 0< H NQQ(Z‘) ‘

L5[0,1)
1, 02,1 = const.

We denote this solution of the nonlinear integral functional equation (7.10) as

Pa(t) = ha(t, §2(t)). (7.11)
Substituting (7.11) into (7.9), we obtain the following nonlinear Fredholm integral equation of the second kind with
respect to go(t)

T
g (t) = /I:{ t,5,x) * fap (ib(s,gb(s))) ds. (7.12)

Theorem 7.3. Let the following conditions be satisfied:

1) &(x), ¥2(x) € Lo[0,1],

2) 0< max H fgp (Z‘ h2(92)> ) < N273, 0< N273 = const,

L»[0,1]

)
3)mm@han—hﬂa%wﬂsmawhww%%>
)
)

L 0< HNM(x)‘

L2[0,1]
1) [Ba (1,33(0) = B (1.53(0) | < N5 [ 3(2) = 2(1) |, 0 < Nas = const,

5) pa2 = CoaNas H Noa( ‘ <1, Cyo = const.

L5[0,1]
Then the nonlinear Fredholm integral equation (7.12) has a unique solution in the class of continuous functions

g2(t) € C[0,TY.
ElE
EIE
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Proof. of the Theorems 7.2 and 7.3 are similar to the proof of the Theorems 6.2 and 6.3.
Substituting the solution of Eq. (7.12) into (7.11), we determine the control function ps(t). Substituting the control
function p(t) into and we obtain redefinition function (7.5) and state function (7.6), respectively (see, [24, 25, 50, 51]).
By similar way, can be study the CS of fractional differential equation (4.6) with final condition (4.10). The solution
of the CS of fractional differential equation (4.7) with final condition (4.11) we denote by Fj ., (). Then for the solution
of (4.6) we have the presentation

21/ Aa2.m . .
1—y — 1=y a,y
t u2’m(lf) QDQ’ng’O,m(t) s )\2 o t Kg’m(t, S) (D FQ’m(S) + Fg,m(s)) ds
0
) T
— [ 'K, (¢, m ds, 7.13
s 1T e (t5) (s (1.13
0

where

_02,m(t)(T - 5)067 «a (_,UQ,m(T - S)Q) 5 t<s<T,

E
Kam(t:) = {—az,mos)(:f ) B (i (T — )+t = ) Fa (—pizmlt — 9)%), 5 <1,

an(_NZ mt®) [t]’y ! Eav(—l@ mt®) 1
oom(t) = 7+ | = , Oaom(t) = m—7—— 5T 77,
m(f) Ea (—p2,mT*) | T m () Ea (_M2,mTa)
AQ m 2
m — ’ 5 A m — 2 5 = 1, 2, vee
o = T Yam = (Gamn)”, m

8. BUILDING THE OPTIMAL PROCESS AND CALCULATING THE MINIMAL VALUES OF FUNCTIONAL

According to formulas (4.1), (4.2), (5.21), (6.27), and (7.7), the minimum value of the functional is found from the
following formula

J1pl —/{;1 1%( ) - TV*lﬁO(x)/KO(thS)/fo (Y, Po(s)) wo(y)dy ds — o()

0

cox I ) T 1
"‘;ﬁlm(fﬂ) {010171(751) [7/)1,71 - m/Kln ths)/f (v, ﬁl(S))wl,n(y)dde] —fl,n}

0

> i 2/ A2m _ _
+ ) Dom(x) {1 [wz,m + 2 /K2 m(t1,s) [D*VFy pn(s) + Flm(s)} ds
m=1

02,0,m(t1) 14 Aom

T 1
_71 +1)\2,m /K2,7IL(t17S)/f2 (y,ﬁz(s)) (:)Qym(y) dyds] —527,’”}
0

0

£ 0 ()dx{azf;:(m lm =T / nttr,s) [ 1 (yp2<>>w2,m<y>dyds]—éz,m}}
—|—a/ t) + pit) + p2(t) + p2(t)]” dt. (8.1)

Theorem 8.1. Let the conditions of Theorems 5.1-7.3 be satisfied. Then functional (8.1) takes a finite value.
Proof. The proof of the Theorem 8.1 is similar to the proof of estimates (5.6) and (6.13). O

(=)=
E)NE
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According to (8.1), the approximate value of the functional is calculated from the following iterative process

J[p’“}=/1

T 1
t 1 S
S 0 () {ol,o,n(tl) [wl,n— o /Kln t1,5)/f (y,pl(s))wLn(y)dyds] —gl,n}
0

{;};:%(m) —T”‘lﬁo(x)/Ko(tl,s)/fo (y,ﬁ'S(S)) wo(y)dy ds — &o(z)+
0 0

n=1
tl v 2y/A2,m B ~
+ Z V2, m {0'20m(tl) [1/12,m + T4 Ao /KQ m tl, F2,m(5) +F2,m(5)] ds

1
m 7 m dd - m
1+>\2m/K2 (t1,s /fz y, s (s w2, (v) dy 8] &2, }
0

2
o tl ~y B
+m221192, (z)dx o o, 1+>\2m/ 2,m(t1 / Y, P (s wz, (y)dyds | — &,

0

+a [ [P+t + 25w +550)] ar (52)

Ot~

According to (3.11), (5.5), (6.12), (7.5) the redefinition function is determined as follows

1—
=

(@) olz) — T 00 (2) / Ko(ts,s) / fo (Do (5)) wo(y)dy ds

1=y T 1
+Zm 0t {w 1+LA/K tl,s>0/f AONAC) m,n@)dyds}

tl ¥ 2 /)\ ~ ~
+ Z 192 'm {wlm + — 2m /K2 m t17 ’YFQ,'m(S) + FZ,m(S)] ds

Uzom(t1) 14+ A2m

T 1
_Hl)\z,mO/KQ’m(tl’s)O/fQ (y,p2(s)) @2,m(y)dyds}

L T
- Y

1
Pom(z)—— oy — ——— / t,/ , m(y)dyds 5 . 8.3
1 2, (I)U2,0,m(t1) {U& 1+/\2 1 (y,P2(5)) wa,m(y)dyds (8.3)
0

0

+

K

The redefinition function (8.3) can be approximately found using the iterative process

1—
Ti=7

P (@) = i ol@) =TT o) [ Koltr,s) [ o (b)) wo(w)dyds

T 1
7 1 k
+ 2191 n( 01 o) {1/11,n T Ti . /Kl,n(tlvs)/fl (%pl (5)) wl,n(y)dyds}
0 0

t1
7 2/ Nom o _
+ Z 192 m —1 {wZ,m + V2m /KZ,nz(t17 S) |:D 7’YF12,m(S) + F2,m(5)] ds

020m(t1) 14+ A2m )
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T 1
Hl)\%no/sz(ths)o/fQ (y,;ﬁg(s)) Qg,m(y)dyds}

T
o0 _ ~ 1 B
V2 () ——— m = [ K2ml(t,
£ Pame) s {1/)2, i [ Fanlt)
0

m=1

o—_
ol

Bt (s)) wz,m(y)dyds} . (8.4)

T

1
1+A1,n /tl—”/Kl,n(t“S) fl,n (yvﬁl(s))ds
0

+ Z V1,0(T) |@1,001,0,n(t) +

2/ A2.m

— ' (x) ’ 7 () 1 A2’I}'l/
0

tl—vKg,m(t, s) (DaﬁFQ,m(s) + FQ’m(s)) ds
) T
- 1—r -
+1 V. /t Kom(t,8) fam(p2(s))ds
0

T

L /tl_"*Kgm(t $) fo.m (Pa(s))ds | . (8.5)

1§ m 5 m~ m t P —
+§ 2,m(T) | P2,m02,0, ()+1 Nom
0

The optimal process (8.5) can be approximately found using the iterative process

Ut ) = T Yo (x) + ﬂo(x)/Ko(t,s)/fo (y,ﬁlg(s)) wo(y)dy ds
0
T

1
+ Z 191,11(37) Sbl,no—l,(),n(t) + /tlinl,n(ta 5) fl,n (yaplf(s)) ds

1+ )\lm
0
2/ A2m

7‘92 m 722 ’HLC 2,0,m t
: : ) ('T) ) () ( ) ] )\
0

m=1

tHKQ,m(t, $) (D™ Fon(s) + Fom(s) ) ds

T

1
+ H)Wn/tl7K2,m(t75)f2,m(25]2€(3))d5
0

+ 192,77%(1') é27m5'2,0,m(

i

T
1+/\2m0/t1 VKo m(t,s) fom(Ps(s))ds| . (8.6)

9. CONCLUSION

In this paper, a methodology is developed for solving a nonlinear optimal control problem associated with a final-
time inverse problem for the Barenblatt—Zheltov—Kochina equation involving the Hilfer fractional operator under
boundary value conditions.

(=)=
E)NE
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The spectral method combined with separation of variables is employed. The eigenvalues, eigenfunctions, and asso-
ciated functions of both the spectral and adjoint problems are determined, leading to countable systems of fractional-
order differential equations.

Using the maximum principle, necessary optimality conditions for the control function are formulated under a qua-
dratic performance criterion. The optimal control function is uniquely determined from a system of nonlinear integral
equations via the method of successive approximations. Explicit representations are derived for the redistribution
function, the optimal control function, and the corresponding state function.

Iterative schemes are proposed for the approximate computation of the optimal process, the redistribution function,
and the minimum value of the cost functional. In particular, the iterative procedures (5.26), (5.32), (6.32), (6.38),
(8.2), (8.4), and (8.6) are established.

The results obtained contribute to the further development of the mathematical theory of nonlinear optimal control
for systems governed by partial differential equations.
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