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Abstract . 3

In this work, we utilize a coupled system to describe the carrier density in the Metal-Semiconductor Field-Effect
Transistor (MESFET) device. To identify the depletion layer in this semiconductor, we define a cost functional
J, and then use it to derive the shape optimization problem, for which we prove the existence of a solution. We
develop an approach to solve this optimization problem using the finite element method combined with particle
swarm optimization. Finally, we present several numerical examples to demonstrate the robustness of our proposed
algorithm in identifying the depletion layer in the MESFET device.
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1. INTRODUCTION

Many real-world applications can be modeled as free boundary problems, including the problem of identifying
cracks [17], semiconductor theory [5, 7, 8], and others [4, 13, 14, 25]. To solve these types of problems, researchers
have developed various numerical methods, including gradient-based methods and non-gradient-based methods [22].
The use of a gradient-based method involves searching for the gradient of the objective function, which includes a
shape gradient that can be derived from the solution of an adjoint problem. This adjoint problem is established by
manipulating the sensitivity analysis [10, 19].

The MESFET is a type of semiconductor device that contains three electrodes: the source, the drain, and the gate
[24]. One of the key characteristics of this type of semiconductor is the presence of a free boundary within the device
that separates two regions: the conductivity region and the depletion region. By varying the applied voltages on the
semiconductor, the free boundary can be moved to satisfy specific operating properties. The working of a MESFET is
governed by two major modes: the depletion mode and the enhancement mode. The depletion mode is realized when
a zero voltage is applied to the gate terminal, while the enhancement mode is performed when a negative voltage is
applied to the gate.

The free boundary problem in the MESFET device has been studied as a shape optimization problem in previous
works [1, 2]. In this paper, we revisit the coupled system that describes the MESFET device [3]. The main contribution
of our work is the use of heuristic methods instead of gradient-based methods. Our motivation for using heuristic
methods instead of gradient methods is due to their simplicity of implementation and the avoidance of computing
the objective functional gradient, which typically involves searching for the adjoint problem via sensitivity analysis.
The algorithm we use to identify the depletion layer in the MESFET is a combined finite element solver with the
particle swarm optimization algorithm. In this algorithm, the depletion layer is considered as a particle in the swarm
of candidate solutions to the shape optimization problem. The numerical simulations demonstrate that the algorithm

Received: 10 June 2024; Accepted: 20 January 2025.
* Corresponding author. Email: y.elyazidiQuae.ac.ma.

606



CMDE Vol. 14, No. 2, 2026, pp. 606-615 607

converges to high-quality solutions while also maintaining the functioning properties of the MESFET. Earlier works
have also employed heuristic methods, such as in [6, 7], where differential evolution was used to identify the depletion
region in a pn junction semiconductor. Level set method [9] has also been an efficient technique to reconstruct free
boundaries. In [23], particle swarm optimization was combined with an isogeometric boundary element for structural
shape optimization. Particle swarm optimization was also used in [25] for spectrum reconstruction.

This paper is structured as follows. In the next section, we introduce the MESFET device and the coupled system
that describes the carrier density in this semiconductor. In section 3, we formulate the shape optimization problem,
which can be derived from the coupled system by defining a cost functional. We then establish the necessary estimates
to prove the existence of a solution. In section 4, we describe the proposed algorithm, which combines a finite element
solver with a particle swarm optimization. Finally, we present some numerical results in section 6 to demonstrate the
effectiveness of our approach in identifying the depletion layer in the MESFET, in both the depletion and enhancement
modes.

2. STATEMENT OF THE PROBLEM

In this part, we will try to write the shape optimization problem. For that, we first illustrate the geometry of the
MESFET in Figure 1. Thereafter, we seek the coupled problem that describes the behavior of the carrier density in
MESFET.
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FI1GURE 1. Geometry of MESFET semiconductor.

with I'y, I's and I's are the drain, the source, and the gate terminals, respectively. we set I'p =T'; UT'3 UT'5 and
I'y=Tul'yuUT.

The electrostatic potential in MESFET satisfies the famous drift diffusion model [15, 24]. Based on this drift
diffusion model, we have a coupled system of equations that describes the carrier density in the MESFET. We write
the following [15]:

—Au=0,u=w, inC,

—Au=C_,u<w, inD,

2.1
8—u:(), on 'y, (2.1)
on
U = Uq, onI'p.

V(eP=vyw) =0, €Q,

0

711) = O’ onFN7 (22)
on

w = Wy, onl'p.



608 Y. EL YAZIDI AND A. ELLABIB

where

{ud:V+ onI's, V- onIsand 0onI'y, (2.3)

wg=VTonIlsUIsand 0 on I'y.

3. SHAPE IDENTIFICATION PROBLEM

First, we give some standard notations that will be useful throughout this paper.
Let be the functional space: H} (Q) = {u € H'(Q), u=0onp}, where H'(Q) is the standard Sobolev space.

We equip H'(Q) and Hf\_ () by their usual norms, | - [|1,o and |- [1,q respectively.
In [15], Lemma 3.3.14 we have the following:

Remark 3.1. For any (u,w) solution of the coupled system, we get

uqg < u < Uq aein Q (3.1)

wg < w < Wq a.ein O

where v = inf v and v = sup v.
I'p T'p

Now we establish the variational problems, since the map of H(Q) in H2(I'p) is surjective, then there exists
a,7 € H'(Q) such that, @ = uy and W = wy on I'p, thereafter similar to [2], the variational problems are as follows

Find u € H} () such:

3.3
/ VuVudr = / Cvda — / ViaVudz, For all v € HE (). (3:3)
Q D Q

Find w € Hf () such:

3.4
/ PTG wVude = —/ PTG Vode, For all v e Hp (). (3:4)
Q Q

To simplify the second variational form (3.4), we introduce the Slotboom variable [24] 7 = e=#% then it become:
Find n € H{ () such:
Bu _ BuvT = 1 (3.5)
e”"VnVudr = e”"VnVudz, For all v € Hp (12).
Q Q

The use of the Slothoom variable n = e~#*, implies the need to show that 7 lives in H'(2). From Remark 3.1
implies that e %) ¢ 1°°(Q), then n € L?*(Q), we have Ve P = —aVw(z)e @) yields Vi € L?(Q), therefore
n € HY(Q). We mention that finding  or w is equivalent. For linearity and simplicity reasons, in the numerical
simulation, we solve problem (3.5) instead of (3.4).

As in [1], we have the next result

Proposition 3.2. The variational problems (3.3) and (3.4) have a unique solution in Hf (€2).

Let us recall [2, 3] some estimates on the solutions sequence w,, and w, of problems (3.3) and (3.4).
Lemma 3.3. Let u, be a sequence of solution of problem (3.3), there exists My > 0 such that |un|1,p < M.
Lemma 3.4. Let w, be a solution sequence of problem (3.4), there exists Mo > 0 such that |wy|1,0 < Ma.

Now we introduce the following cost functional,
2

R /D [(w(l")—u(I‘))Jrrdx—i—% /C [u(r) — w(n)] da. (3.6)
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the first part in J consist to keep the constraint u < w on D hold, the other part is for the constraint ©« = w on C'
hold. The fact that I' is a part of the boundary of D and C (also I' = 9D N dC), the solutions u(I') and w(I') will
depend on the geometry of I'. Let 6,4 be the set of admissible boundaries defined by:

Oad = {F(w)/w € C([0,L]),3Lo > 0,| p(x) —(y) [S Lo |z —y [,0 < p(z) < H Va,y € [0, L]
and ¢ =0 on [0,ar] U [br, L] }

This choice of 0,4 will guarantee that I' does not exceed the height of the semiconductor. It is better to define I"
on a fixed interval [0, L] not the variable one [ar, br], hence the condition that I" must vanish on [0,ar| U [br, L]. In
addition, the free boundary should be smooth to help with the mathematical analysis of the problem.

The space 6,4 must be equipped with a topology, for that we have

Definition 3.5. we supply the space 0,4 with the next topology:
r, — T, (3.7)

n—-aoQ
the convergence of T',, to I" is in the sense of their characteristic functions [11, 19]. We also have the convergence of
D,, and C}, to D and C respectively.

Finally the shape optimization problem can be given by the following:
Find I'* € 0,4 such:

'™ = argminJ(T) (3.8)
I'ebya

To this end, we announce the next existence result:
Theorem 3.6. The problem (3.8) admits at least one solution.

The proof of this theorem is based on the compactness of the space 6,4, and to prove the continuity of the functional
J. We will prove those two results in the next lemmas; thereafter, the proof of Theorem 3.6 can be skipped.
We state the first result as follows

Lemma 3.7. The space 0,4 is compact.

The proof is based on the Ascoli-Arzela theorem [21], for the detailed proof we refer to [6, 7].
Now, let us prove the second result:

Lemma 3.8. The functional J is continuous on 6,4.

Proof. Let T';, be a sequence in 6,4 that converge to T, u,, = w(T';,) and w,, = w(T},) are the associated solution, we
shall prove that:
lim J(T,) = J(I).

n—oo

We have
1 1
J(y,) = 7/ [(tn — wy) TP da + */ (ty, — wy)?de,
2Jp, 2 /e,

1 1
7/ Xo, [(Un — wn)+]2dx + 7/ Xe, (Un — wn)2dx~
2 Jq 2 Jo

As results of Lemmas 3.3 and 3.4, u,, and w,, are bounded in HllD (Q), then they converge weakly in H%D (Q), the fact
that the impending L?(Q) < H} () is compact, then the convergence is strong in L?(Q2), hence

lim (U, — wy)?de = / (u —w)?dx.

n—oo Chn C



610 Y. EL YAZIDI AND A. ELLABIB

For the same reason, we have also:
fim [ [ — wn)*2dz = / [(u — w)*]2dz.
n—oo D, D

In conclusion, the functional J is continuous on F. |

To solve this shape optimization problem, we use a particle swarm optimization method combined with a finite
element method. The problems (3.3) and (3.5) are resolved when the depletion layer is assumed to be known.

4. PARTICLE SWARM OPTIMIZATION

Particle Swarm Optimization(PSO) [16] is one of the efficient heuristic methods, it consists of searching for the
optimal solution of an optimization problem by adjusting a candidate solution iteratively according to a model inspired
by the birds’ behaviour in a swarm. Like the famous Genetic algorithm (GA) [12], PSO works on a swarm .S (population
in GA) of particles x (candidate solutions), which can move into the swarm with a velocity v. There is a second swarm
P where we store the best particles in each position over iterations. The best global particle is obtained from the
swarm of the best positions based on its fitness score. At the iteration n, we update the velocity and the particle with
respect to the Equations (4.1) and (4.2):

vt = ool e (pf - af) + eara (v — a7), (4.1)
it =g Pt (4.2)
where ¢; is the cognitive parameter, ¢, is the social parameter, 1 and 79 are two vectors of random floats in the range
[0,1]. w is the inertia weight.

Algorithm 1:

Input: Choose a precision tol (or maximum iteration), ¢y, co.

1 Generate a random S in the range [0, Lo] x [0, H] and set P = S.

2 For each particle in the swarm S solve the problems (3.3) and (3.5).
3 Find the best particle I'pes,
4 while | J(Tpest) |> tol do

5 Update the swarm P,

6 Update the swarm S using equations (4.1) and (4.2),

7 For each particle in the swarm S solve the problems (3.3) and (3.5),

8 Find the best particle I'peq,

Output: The optimal solution (Tpest, u, w).

5. ALGORITHM VALIDATION

Before we turn to the proposed algorithm to solve the free boundary problem in the MESFET, we shall show its
validity to solve a similar problem when the free boundary is supposed to be known. We keep the same geometry
given in Figure 1. We test our algorithm for two cases, the first is when the free boundary is given by control points,
the other one is when it is given by an explicit function.

For the PSO parameters, we take the swarm size 30 particles, the cognitive and the social parameters are 1.5 and
2 respectively. The precision tol in Algorithm 1 is replaced by a maximum iteration number, which we choose equal
to 50.

Example 5.1. We assume that the free boundary is given by the control points
p1 = (1.7,2), p2=1(2.35,1.3), p3s =(3,1.2), ps = (3.65,1.3), and ps = (4.3,2).

In Figures 2 and 3 we remark that, after 40 iterations, the calculated boundary is closer enough to the exact one.

(=)
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The proposed algorithm converges fast to the exact boundary, after only 50 iterations, and the cost is of order 10~2.
We conclude that the developed algorithm is efficient in solving the above free boundary problem.

Example 5.2. In this example, we suppose that the free boundary is given by
I'={(z,y): x€[l.3,45] and y =2+ 0.5(1.3 — z)(4.5 — z)}.

Figures 4 and 5, after 40 iterations, the computed boundary becomes closer to the exact boundary. At the end of
the maximum iteration number, the optimal boundary and the exact one are indistinguishable. Again, we conclude
the success of the proposed algorithm. At this stage, we can say that Algorithm 1 is valid to solve this kind of shape
optimization problem.

To investigate the sensitivity of the obtained results with respect to the presence of noise, we follow [6, 8] and add
some noise to the boundary data u4 and wy in the following way

lug — wall + wg —wall < 6

where ug and wg are the noise data, and J is the noise level.
In Table 1, we read the optimal cost for examples 1 and 2 with respect to different noise levels.
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TABLE 1. Comparison of errors.

Noise level 0% 1% 5% 10%
Example 1 0.0218 0.0287 0.0376 0.0877
Example 2 0.0093 0.0104 0.0481 0.0792

One can observe that as the noise increases, the quality of the approximation based on the obtained error decreases,
which is natural and expected. However, despite the increased errors, the approximation is still sufficiently accurate.

6. MESFET MODEL SIMULATION

We consider Q@ = [0,6] x [0,2] as the MESFET domain. We call the finite element P; to solve the variational
formulations (3.3) and (3.5). The free boundary I is given by a Bézier curve [20], which means we give several control
points, then we call the Casteljau [20] algorithm to determine the coordinates of I'. In this application the mesh is
not fix for the reason that we compute the state problem solution’s in each region, we have to avoid the fix mesh used
in the paper [3] for the simple reason that the solutions of problems (3.3) and (3.5) depend on the geometry of C' and
D, which change from iteration to another due to the change of the depletion layer while iteration, hence a new mesh
is required. To mesh each region, we call the algorithm proposed in [18].

The process consist to solve the problems (3.3) and (3.5) with a given candidate I" (a particle of the swarm), then
we compute the value of J, which was constructed to keep the constraints « = w in C and © < w in D hold, the value
of J is the fitness of the particle. We run the algorithm for 100 times, the optimal boundary for each example is the
mean of the obtained boundaries in the 100 runs for the same example.

The parameters used for the PSOFEM algorithm are given in Table 2.

TABLE 2. PSO parameters.

Swarm size Max iterations cognitive parameter social parameter
30 700 2 1.5

6.1. Depletion mode. The depletion mode is realized when we fix a zero voltage on the gate terminal and vary
the voltage on the drain terminal. In Figure 6 we show the obtained depletion layers for different voltages under the
depletion mode, where we fix 0V on the gate and we vary the drain voltage from 0.1V, 0.4V to 0.7V. It is obvious
that the depth of the depletion region increases while we vary the drain voltages.

In Figure 7, we plot the potential u for the depletion mode, when the applied voltage on the drain is V™ = 0.4. We
can see that the potential u is flowing, its lower values are near the gate and do not exceed the middle of the domain.

6.2. Enhancement mode. In this mode, the voltage gate is not fixed. In Figure 8, we show the obtained depletion
layers for different voltages under this mode. We fix the applied voltage on the drain at +0.4V, then we vary the
voltage on the gate from —0.1V, —0.4V to —0.7V. We can remark that the depletion region is wider if we compare it
to the last mode. We show in Figure 9 the potential u for this mode when V~ = —0.4. It is seen that v in the middle
of the MESFET starts vanishing.

6.3. High potential on the gate. We also simulate the case when we apply a higher voltage on the gate, we set
0.7 at the drain terminal, and we vary the gate voltage. As we can see in Figure 10, the depletion zone is too wide,
which can be understood as it tries to stop the current flow. Also, it is demonstrated in Figure 11 where the potential
u vanishes in the bottom-center of the MESFET.

In the table we show the cost for each case of functioning.

(=)=
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TABLE 3. The cost for some examples.

V- =0and V- =-04and V~ =-3and
V=04 Vt =04 VvVt =07
Cost on C' 0.001 0.022 0.083
Cost on D 0.115 0.431 0.952
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FIGURE 9. The potential © when V' = 0.4 and V~ = —0.4.
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FiGURE 10. Optimal boundaries under high potential mode.
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FIGURE 11. The potential © when V* = 0.7 and V~ = —1.5.
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7. CONCLUSION

In this paper, we have investigated the existence of a solution to a coupled system with a free boundary arising
from the MESFET semiconductor device. To solve this inverse problem, we proposed a combined finite element and
particle swarm optimization approach. We demonstrated the validity of our method through numerical simulations
for two cases of MESFET functioning, namely the depletion and enhancement modes, as well as a case where a higher
voltage is applied to the gate. Our results, shown in the six figures and Table 3, are consistent with the expected
properties of MESFET functioning. For future work, we suggest exploring the identification and reconstruction of
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the free surface of depletion in a three-dimensional MESFET device, which is a challenging inverse problem that may
require a robust optimization approach.
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