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Abstract
This paper studies the existence of distributional solutions for nonlinear elliptic ?(-)—equations, focusing on

=
the right-hand side which is a sum of a datum f € Lp,(')(Q) independent of u, and a compound nonlinearity
composed of a given function g € L?(')(Q)7 the solution u and its partial derivatives d;u, ¢« € {1,..., N}, where

—
L7 (Q), Lp/(')(Q) represent the variable exponents anisotropic Lebesgue spaces.
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1. INTRODUCTION

Let Q C RY (N > 2) be a bounded open Lipschitz domain (i.e. with Lipschitz boundary 952).
Our endeavor here is to prove the existence of distributional solution to the anisotropic nonlinear elliptic problems
of the form
N N

=3 0,(10:uP @2 0u) = f(2) + S (lgl+ Jal + 19:u)) D7, in . 1)
=1 i=1 :

u =0, onJ,

= =
where, f € L? ()(Q) independent of u, and g € L_P)(')(Q)7 where L?(')(Q), L ()(Q) represent the variable exponents
anisotropic Lebesgue spaces defined by

N 5 N
L?(')(Q) - ﬂ LrO(Q), L7 O(Q) = ﬂ LPiO(0),
i=1 i=1

where p}(-) denotes the Holder congugate of p;(-), and d;u = (%‘i, ie{l,...,N}.

This paper is concerned with the study of the existence results of distributional solutions concerning a class
of ?(m)—Laplacian problems (i.e. variable exponents anisotropic Laplace operator equations) characterized by a
compound nonlinearity, it should also be noted here that this type of operators has many uses in applied sciences

(see[3, 9, 18]), and it represents a generalization of p(x)—Laplacian ( For more similar problems, you can see, but not
limited to, the papers [11-17]). The right-hand side of our problem is given in terms of L? O)_data and nonlinearity

=
(lg] + |ul + |8iu\)pi(m)_1 with g € L70(Q), where L¥()(€), LP ()(Q) represent the variable exponents anisotropic
Lebesgue spaces.

We began our proof in this work by applying Leray-Schauder’s fixed point Theorem of existence (For more about
fixed point Theorem, can see [19]) in order to prove the existence of a sequence of suitable approximate solutions (uy,).
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Then we needed to provide a priori estimates for u,, and its partial derivatives. So, we proved the boundedness of u,, in
Wl’ﬁ(‘)( ), and the a.e. convergence in Q for d;u,, i € {1 , N, }, which can be turned into strong Ll—convergence.

Then, we pass to the limit strongly in the term |0;u, [P (* 28 Uy, and in (|gn| + |un| + 10; un|)pl(m . Through this
we were able to deduce the convergence of u,, to the solution u of (1.1).

Our paper was staged as follows: Section 2 for some basic concepts about anisotropic variable exponent Lebesgue-
Sobolev spaces and some important properties related to them. Our main results with proof are in section 3.

2. PRELIMINARIES AND BASIC CONCEPTS

In this section, we will learn about anisotropic Lebesgue-Sobolev spaces with variable exponent and their most
important distinctive properties, as explained, for example, in the papers [4, 5, 7].
First, we denote by
C+(Q) = {continuous function p(-): Q+— R, 1<p <ph<oo},
where,  C RY (N > 2) be a bounded open subset,

p" =maxp(z) and  p~ =minp(x).
e zEN

o Let p(-) € Co(Q). Then, V¢,€ € R and Ve > 0 the following inequalities are true :
(*) Young’s inequality :
€8] < el€P™) + e(e) ¢, (2.1)
where, p/(+) denotes the Hélder conjugate of p(-) (i.e. ﬁ + p,l.) =1in Q).
() In addition :

6 +£/P) < 97 el o).
(*) If (5»5/) 7& (070)7

22777 |¢ — Jr@ if p(a) > 2
p(x)=2¢ _ (@) =21\ (¢ _ ¢/} > o ’ 2.2
(g[P)=2¢ — €' =2¢) (¢ 5>_{(p_1)(|§| Eer <) <2 (2.2)

e Lebesgue space LP()(Q) with variable exponent p(-) € C(Q) defined by
LPO)(Q) := {measurable functions u : Q — R; pPp(y(u) < oo},
where the function

Pp(-) (U / |u(x) [P dz, is called the convex modular.
It is a Banach and reflexive space when equipped with the Luxemburg norm given by:
. u
wis Jlullpey = Jullpocr @) = it {5 > 0: gy (5) < 1,

e The following Holder type inequality holds :

1 1
[ v < ( n ) o 1ol < 2lelloes 0l
Q P P’

e Next results(see [4, 5]) we need to use them later. Let (uy), u € LP()(Q), then:

1

1 1
win (036,100 (0)) < ey < e ). ) (23)
. - +
min (Jlul2 )l ) ) < ppy () < max ([l ) (24)

e We will now define the main spaces in our paper are anisotropic Sobolev spaces with variable exponents WL?(')(Q).

(=)=
E)NE
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Let p;(-) € C(Q,[1,400)), i € {1,...,N}, and Vz € Q we set that

P(2) = (pi(x),....pn(2), pi(z) = max pi(z), p_(x) = min p;(z),

1<i<N 1<i<N
N _
1 1 1 _ Np(z) ., _
- = — s * T)= 77—, lf T) < N

The Banach space Wl’?(‘)(Q) is defined by
WLPOQ) = {u € LP+O)(Q) and dyu € LPO(Q), i € {1,.. .,N}} :

equipped with the following norm :
N
ws fullg ) = lullp, o)+ Y 10l - (2.5)
i=1

The Banach space Viflv?(')(Q) (Our results are based on it) is defined as follow
WETO(Q) = WHPO©@) N W (9),

under the norm (2.5).
e The following important results (see [6, 7]) are needed during the proof steps.
Let © ¢ RN be a bounded domain and 7 (-) € (C4(Q))N.

Lemma 2.1. If we have r € C4(Q) such that r(-) < max(p,(-), P*(-)) in Q. Then

VOVL?(')(Q) s L'O(Q) is compact embedding. (2.6)
Lemma 2.2. If we have the following condition

pi() <P() in . (2.7)
Then, there exists ¢ > independent of u, such that

N
lllp, () < €S 0ullp s Yu e WHTO (). (2.8)
i=1
Remark 2.3. If (2.7) holds, then (2.8) implies that
N
u Z |9iul[p, .y is an equivalent norm to (2.5). (2.9)
i=1

3. STATEMENT OF RESULTS AND PROOFS

Definition 3.1. u is a distributional solution of the problem (1.1) if and only if u € W' (Q), and for all p € C°(1),

N
2
A

Our main result is that :

N
Pil®) =20, 1u8;p dz = Z/ (lgl + |u| + |3iu|)pi(gc)_1 pdx "‘/ f(z)pdz.
i=17% @

o) =
Theorem 3.2. Let p;i(-) € C4(Q), i € {1,...,N} such that 5 < N and (2.7) holds, and assume that f € L? )(Q2), g €
L?(')(Q). Then the problem (1.1) has at least one solutions u € Wl’?(')(Q) in the distributional sense.

Remark 3.3. Condition (2.7) is adopted in our main Theorem in order to consider the norm (2.9) in all steps of our
work.
ElE
EIE



4 M. NACERI

3.1. Existence of approximate solutions. Let (f,) and (g,) be a two sequences of bounded functions defined in
=
Q which (f,.), (gn) converges to f, g in LP ()(Q), Lﬁ(')(ﬂ) respectively.

=~
Remark 3.4. Since f, € L? ()(Q), then from (2.3), we obtain
1 1

p' (- '
||fn||p§(-) <1 +prb_éx)) (fn) <2 +P;/ (fn) < 00.

i

Through this, we conclude that

fn is bounded in L¥()(Q), i =1,...,N. (3.1)
By following similar arguments to g, in the space L?(')(Q), we can get that

gn is bounded in LP)(Q), i =1,...,N. (3.2)
Lemma 3.5. Let p;(-) € C+(Q), i € {1,..., N} such that p < N and (2.7) holds, and assume that f € L?(‘)(Q), g€

Lﬁ(')(ﬂ). Then, there exists at least one solution u, € Wl’?(')(Q) in the weak sense to the approrimated problems

N N
3" 0:(105un” D 2000,) = ful(@) + Y (gnl + [un] + [Dun )77 in Q)

i=1 i=1 (33)
Uy, = 0, on 09,
in the sense that
N N
> / st P2 Dy Dsip dar =y / (Ign] + Jun] + i )P~ o da + / fal@)pdz, (3.4)
=17 =17 Q
for all o € WEPO(Q).
Proof. For n > 1 fixed in N and V(v,€) € X x [0, 1] which X = Wl’ﬁ(')(ﬂ), we consider the problem
> - @)1
— > 0 (|0l ™) ~20;u) = ¢ (fn + 3 (Ignl + [v] + [050])" ) , inQ, (35)
i=1 i=1 :

u=0 on 0.
Let be the operator: T : X x [0,1] = X such that :
V(v,€) € X x [0,1): u=T(v,§) &

u is the only weak solution of the problem (3.5), verify :

N N
Vo e X : Z/Q|8iu|p*(m)_28iu8i<p dr =¢ (/Q fnpdr + Z/Q (lgn| + [v] + [Bg0])P D~ goda;) : (3.6)
i=1 i=1

Since it is easy to verify that,

=1

N —
Y(v,€) € X x[0,1] : <fn + ) (Ignl + o] + |aw|)m(x>—1> e LP O)(q),

then the main Theorem on monotone operators ( see [1, 2, 10, 20]) guarantees us the existence of a weak solution
u to the problem (3.5) in X, and its uniqueness results directly from the uniqueness of the solution to the problem
(= 0), which results from the assumption that there are two weak solutions to (3.5) with taking into account the above
assumption that f is independent of u.

(=)=
E)NE
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Now we will estimate the solution u. choosing ¢ = u in (3.6), and using (2.7), Holder inequality, and (2.3), we
obtain

@) dy < 2||f,

)+ 2([(Jgn] + o] + [950] P )~

p;<-)H“ p;(->H“ pil)

pi(-

N
2
X

1
=

N L
pi(-) te <1 + Z;/Q (‘gn‘ + |U| + |81'U|)1”71(m) dl‘)

N
SCHUH?() +C (1 + Z/ﬂ (‘gn‘m(m) + |U|Pi(Z) + |82-U|Pi(93)) dx) ||UH?() (3.7)
i=1

<2||fn

wollu e

pi (")

By (2.7), Lemma 2.1, and (2.4), we get

Il

N
P d < 1+ ol

ot
<2+l

Py
< 2+ dllvll5F - (3.8)
By (2.7), (2.8), and (2.4), we get

pi (@)

pi(°)

N
Pil®@) g < N + Z ||0;v
i=1

N
9;
A

N +
P
< 2N + g ”ai'UHpj(.)
=1
n

N Py
< 2N + (Z ||0;v m(-))
=1

e
= 2N ol (3.9)

Combining (3.7), (3.8), and (3.9), we find that

al +
> /Q Ol d < € (1 + ||UH';+(,)) loll . (3.10)

From another side, by using (2.4), we can obtain

2 |

4
p;
pi(z)’ -

pi(z)

&'u

N
Pi(®) dp > Zmin{”@m
i=1

N
2
A
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pt, if [0, <1

o, it ||, 21" get

We put for every ¢ € {1,...,N}, n; :{

i
pi()

i

(o [1au

N . N
Zmin{”@iu ; Z()} > Z (|05
i=1 i=1

N _ - +
> || I;;(-) = > (o §;<.> = [|9su ifm)
i=1 {i.€i=pT}
N B _ 1 N _
> Nowllyy = >0 Mol > (5 Do llowll,, )" =N
i=1 {imi=p}) i=1

Then, we get

N 1 p_
Z/QV’%‘“V’"“) dz > (NHuHW) N,
=1

From (3.10) and (3.11), we conclude

- +
ol < (14 115, ) ol

Then, there exists ¢ > 0 such that

p_—1

+
ol < o (1 o1, )

e Prove the continuity of the operator T :

(3.11)

(3.12)

(3.13)

Let n > 1 fixed in N, and let (vk, & )k>1 C X x [0,1] be a sequence converges to (v,§) € X x [0,1]. Then, we have

vy — v, Strongly,
& — &, Strongly.
We consider the sequence (ug)ren+y Where up = T'(vg,&x). Then, we get Vi € X ;

N
> /Q By

By (3.13) and the fact that [lvg|l5 ) < +oo (due (3.14)):

p_—1

.
laklle, = 1T &0l < € (1 " |uk||;+(w)) )

with § > 0 independent of k.
From (3.17) we conclude the boundedness of (uy) in X.
So, there exists a subsequence (still denoted by (uy)) and u € X such that

ur — v weakly in X.
First of all, let us show that,
lim ®;; =0,

k—+o00

where

)

(=)=
E)NE

(I)i k= / (|8iuk|p"(x)_28iuk — |8iu|p"(x)_28iw) (@uk - alu) dSL‘, xS {1, .
Q

N
m(z)726@4uk8¢@ dx'= & </ fnpdx + Z/(|gn| + \vk\ + |8ivk|)Pi(m)1(pdx> .
Q —Ja

7N7}'

(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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After choosing ¢ = uj — u in (3.16), we can obtain that

N N
S bis=& [ Sl =0+ 3 [ (oul + fonl + sl g~ w) do
i=1 Q i=17%

N

Since || fullp: () < oo and [|(Ign] + [vk] + D50k )P )7y () < +00, ur, — u strongly in L") () where 7(-) mentioned
in Lemma 2.1, the fact that |||0;u pi(m)”&-uﬂpg(.) < 400, and (3.18), we conclude that the right side of (3.20) goes to
0 when k — —+o00, with this we get (3.19).

Now we put

pi(z)fzaiu(ﬁiuk — Ou) dz. (3.20)

Y= {zeQpix) >2},and QP = {z € Q1 < ps(a) < 2}.
From (2.2), we get

92-p /Q(U 105 (g, — w)|P* ™) da

i 3.21
< [|8u Pi(®)=29. 4, — |au pi(m)*2a_u] 3(u _ u) dr < P ( )
>~ e iUk iUk i % i\Uk >~ ¥k

i

From another side, we have

/ 18; (ug — u)|P? ™ da
S
8 (up — w)|Pi(®) pi(2)(2—p;(2))
</<2) Ol 2,0:)(2 oy ([Oiuk] + |05ul) 4 dx
27 (195ur| 4 |05ul)
- +
|0i (ur — w)|? E 10i (ur — w)|? g
§2max{(/(2) 2—-pi(z )dx) ’(/(2) , )2 (@) dm) }
o (|0yur| + |0iul) o (19sur| + |05ul)
20/ 2or
X ma: 0; + 10; p,;(z)d T, / 0; + 10; p,;(x)d :
mX{(/Q(| el + )" ) (| (9] + )" )
i i 2-p_
S2CH1&X{(CI)Z"]€) : s ((I)i,k) } X (1 + (ppi( @uk| + |81u|))2> . (322)

Since uy, u € X, and (3.19), after letting k¥ — +o00 in (3.21) and in (3.22), we obtain that

Pil@ =0, je{l,...,N,}. (3.23)

lim / |al7.l,k — 8iu

By using (2.7) and (2.3), we obtain that
N
[Jur = “H?(-) = Z 19 (u
- —

N
< Z ( poy @ — D), pl | (Diu — 8iu)> , (3.24)

where,

Ppi () (Oiug — Oju) = / |0 (ug — u)|P* @ dx, i€ {1,...,N,}.
Q
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By combining (3.23) and (3.24), we conclude that

lim uy, — ul| 5, = 0. (3.25)

k—s+o00
Then, (3.25) implies that

up — u, Strongly in X. (3.26)

N

Since the continuity of the function w + > (|gn| + |w| + [0;w])Pi®)~1 on X, we can pass to the limit in (3.16) when
i=1

k — 400, and (3.26), we obtain Vp € X,

N N
Z/ﬂ |0;ulP ) 20ud;p dx = € (/Q fapdx + Z/Q(Ign| + |v| + |9;0|)Pi @1y dx) . (3.27)
i=1 i=1

This means that, u = T'(v,£).
The uniqueness of the weak solution of (3.5) gives us

T(vg, &) =up — u="T(v,§), Strongly in X. (3.28)
Then, (3.28) implies the continuity of 7.

e Prove the compactness of the operator 7" : Let B be a bounded of X x [0,1]. Thus B is contained in a product
of the type B x [0,1] with B a bounded of X, which can be assumed to be a ball of center O and of radius r > 0.
For u € T(B), we have, thanks to (3.13):

1
el Se(1+r70) =" =0
For u = T'(v,§) with (v,€) € B x [0,1] ( H’UH?(.) <r).
This proves that T applies B in the closed ball of center O and radius p (p depend on r) in X.

~

Let (ug) C T(B) be a sequence, so u, = T'(vg, &) where (vg, &) € B.
Since u, remains in a bounded of X it is possible to extract a subsequence (still denoted (ug)) which converges weakly
to an element v of X, and like (3.28) we can get that

T(vg, &k) = up — u="T(v,§), Strongly in X.
——X
This implies that T(B) is compact. Thus, we have proven the compactness of T
e Let’s prove now that 3C > 0, such that
V(v,6) € X x [0,1] v =T(v,§) = [v| 3, <C.
We have for v € X such that v = T'(v,£) meaning that

for all p € WHPO/(Q) :

N N
> [ i t0u0pdr = ¢ ( [ fwpn 3 [ ol bl + 100l sodx> . (3.29)
i=1 i=1

(=)=
E)NE
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Choosing ¢ = v in (3.29), and using Young’s inequality, Holder inequality, Lemma 2.1, and (2.7), we get for all € > 0:

N
=178
N N
> / (Igal™ @ + o™ + D)) dw+ C(e) Y / o] d
=179 i=1 7
N
wollolge +e3 / (Ig
i=1 7%
N
Loy / v
=178

By choosing € = 1, and the use of (3.1), (3.2), and the fact that v € LP+()(Q), we obtain that

Pi®) dx < 2| fn

p ) 1llps )

< C”fn pi(z) + |U pi(x) + |ai’U Pi(z)) dx

Pi@) . (3.30)

H”Hp?:(.) <c(l+ ||'U||7(~)) : (3.31)

By using separation of cases (||[v[5 ) > 1 and [[v[5 ) < 1), we can easily get from (3.31) that, 3C > 0 independent
of n such that

ol 5, <C. (3.32)

Since it is clear that T'(v,0) = 0.
Then, the conditions for Leray-Schauder’s fixed point Theorem were met. So, the operator Ty : X — X such that
To(u) = T(u, 1) accepts a fixed point. Therefore, the proof of Lemma 3.5 was completed. |

3.1.1. A priori estimates.

Lemma 3.6. Let {u,} be the sequence of approzimating solutions of (3.4) in le?(‘)(ﬁ). Assume f, g, p;i, 1 €
{1,..., N} be restricted as in Theorem 3.2. Then, there exists C > 0 such that

lunllgy < C. (3.33)
Moreover,
Oty — Oju a.e.in Q, i€ {l,..., N} (3.34)

Proof. By choosing ¢ = u,, in (3.4), we get that

N N
Z/ |05t |PH ) daz = / Frtty dx + Z/ (lg| + |un| + |('“)iun\)pi(w)7l Up d.
i=179 Q i=17%

By using the same way as proof (3.32), we easily get (3.33).
Now, (3.33) implies that, there exists a subsequence (still denoted by (u,)) and u € Wl’?(')(Q) such that

un, = u  weakly in VDVL?(‘)(Q) and a.e in Q. (3.35)
We put

N
An = Z An,ia
=1

where,

Pi®) =29 .01,, — |O;u

A= / (I&un p’i(I)*z&-u) (Osuy, — Oju) dz.
Q
Let us first prove that,

lim A, =0, (3:36)

n—-+oo
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We have

N
An=3 /Q |0t [P 72010, (O, — Dyu) dev
=1

N

By choosing ¢ = u,, —u in (3.4), and using (3.35), the facts that || f,[/: () < 00, [[(|gn]+un|+ \3iun|)pi(”)_1||p;(.) < 00,
we obtain that

N
i 3 [ o
By (3.35) and the fact that |||8¢u|pi(”)_28iu||p(i(.) < 00, we obtain

N
lim E |0
n——+00 4 Q
=1

From (3.37) and (3.38) we obtain (3.36).
From (2.2) we get that

i@ =290 (Bsu,, — Oiu) da.

i) =291, (Byun — Byu) da = 0. (3.37)

Pi@)=29,0(dsu,, — Oju) da = 0. (3.38)

An;>0,i€{l,...,N} (3.39)
Then, by (3.39) and (3.36) we obtain
A,; — 0, strongly in L'(Q), i € {1,...,N}. (3.40)

By extracting a subsequence (still denoted by (u,) ), we conclude that
Ap; — 0 ae inQ ie{l,...,N}L (3.41)
So there is a subset Q' C Q where || =0, and Yz € @ —
|0;u(z)| < oo, and A, ; — 0
By (3.41), we get
Api(z) < @(x), (3.42)

for some functions ¢.
Let’s prove the existence of a function ¢ such that

|0lun(m)| < (z). (3.43)
By (3.42) and (2.2), we obtain

o(z) > ¢ ((|8iun| — 19ul)P- — 1) . if pi(z) > 2

() > ¢ (Lomnllowml ) 1 < pa) <2
- ‘8iun‘+‘8iu|+1 ’ Di .

Then, (3.44) implies (3.43).
We proceed by contradiction to prove that

Oiun(x) — dyu(z) in Q — Q. (3.45)
Suppose there exists a € Q — € such that lim J;u,(a) # d;u(a).

n—-+oo
So, Bolzano Weierstrass Theorem implies that

Oiun(a) — n € R. (3.46)

(=)=
E)NE

(3.44)
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By passing to the limit in A, ;(a) when n — 400 and using (3.46), we obtain

(In

By (3.47) and (2.2), we conclude that n = d;u(a). This gives us (3.34).

Pil@) =2y — |9;u(a)

pi(a)*Qﬁiu(a)) (77 - 8zu(a)) =0,

3.2. Proof of the Theorem 3.2 : By (3.34) and (3.35), we get that
|05t [P =201, — |9;u|P P 20;u ae. in Q, i€ {1,...,N}.

By (3.33) we obtain that

/ |Brtun
Q

Then, (3.49) and (2.3) implies that

Pi@ gy <e¢ ie{l,...,N}.

Pil®) =2 4y, [P (*) dx:/ 10311,
Q

<|8iun|pi(£)_28iun) uniformly bounded in Lp;(')(Q), ie{l,...,N}.
From Young’s inequality and that d;u,, € LP*()(Q), we get Ve > 0

Q

pi(x)=1 7.

Q

pi(e) g

< Cle) +€/ |9,
Q
< C(e) +ec=C'(e).
So, we conclude that

(WWAMQP%M%)GL%QLiE{L“WN}

So, through (3.48), (3.52), and (3.50), and Vitali’s Theorem [Lemma 3.4. in [8]], we derive, Vi € {1, ...

|Osun, Pi@)=29.y, | Strongly in L*(€2).
Now, through (3.34) and (3.35), we obtain that

Pi@) =290, — |du

(Ignl + ] + [Biun )P~ — (gl + Ju] + |9l 71 ae. in Q.

From another side, since g,, un, O;u, € LP*()(Q), we obtain, Vi € {1,..., N}

/ (190 + ttn |12 5
Q

SC/Q (Ign

Then, (3.55) and (2.3) implies that, Vi € {1,..., N}

") o = | (lgal + lun] + (05007 d
Q

pi(e) 4 |t pi(z) 4 |0,

Pi@)) dz < C.

(Ign| + |tn] 4 |0itn|)P* =1 uniformly bounded in LP()(€).

Like the proof of (3.52) with the note that g,, u,, ju, € LPi)(Q), we can obtain, Vi € {1,..., N}
((lgal + lun] + |Dsta )1 € L1(9).

Then, from (3.57), (3.54), and (3.56), and Vitali’s Theorem, we obtain that, Vi € {1,...,N}
(Ignl =+ [tn] +105un )P~ — (lg| + |u] + [9pul}P**) =" Strongly in L*(€).

So through this, we can easily pass to the limit in (3.4). Thus Theorem 3.2 has been proven.

7N}

11

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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